JAX Pathways: course reader
Edition 0.7.2 · 2026-10-20 · Edition changes
103 authored lessons from the shared course. Reference execution status is recorded separately in validation.json; TPU execution and expert review remain outstanding.
Follow phases in order when new to JAX. Each phase guide names preparation, a useful artifact and evidence to keep. Exercises and checkpoints are practice; project completion and reviewed competency are separate. Solutions are collected in a separate appendix.
Choose a route
	Start with JAX · Learn how arrays, derivatives and explicit state fit together by building and checking a regression experiment. Use the deeper math lessons when you need to explain why an update works or fails.
	Train neural networks · Train a CPU image classifier, preserve its complete state through interruption, inspect held-out errors and verify its exported inference. Language modeling and TPU work are optional branches.
	Simulate and discover · Simulate physical dynamics, check numerical and derivative accuracy, and recover unknown parameters with held-out evidence. Build a reusable CPU inverse-problem audit before extending to adaptive solvers or accelerators.
	Model uncertainty · Express assumptions as probability models, verify a known posterior, then implement HMC and variational inference with explicit diagnostics. Use predictive checks to distinguish a sampler problem from a model that does not explain the data.
	Learn by interacting · Train a policy from actual environment interaction, verify its objective against an independent small-state reference, and compare multiple seeded agents on fixed held-out evaluation streams.
	Make it fast. Make it scale. · Profile a correct workload, preserve its global objective while partitioning arrays, and audit actual Pallas kernels before requesting target measurements. CPU semantics are available; accelerator speed and multi-host claims require their own receipts.
	Understand JAX itself · Trace a function into jaxpr, verify forward and reverse sensitivities, write exact custom derivative rules, and compile a small transformation whose limits you can explain.
	Learn TPUs and Google Cloud · Build and recover an experiment on CPU, then learn GCP provisioning, TPU generations, training and inference memory, precision policies and XProf profiling. Connect measured error and real target traces to model engineering.
	Ship and adapt JAX workloads · Move trained computations into a measured inference service. Check framework/precision parity, package a non-root Docker image, verify readiness and connect evaluation, model identity and rollback evidence.
	Operate JAX workloads · Operate reproducible model workloads from tracked experiments to containerized inference. Practice failure recovery, MLOps release gates, LLMOps evaluation and tracing, and ModelOps ownership, approval and rollback.

Career routes and milestones: online career guide.
Phase 00: Setup & first steps
Can someone else reproduce your first result?
Start with one saved program and a known answer. The terminal, interpreter and working folder are part of the experiment: a notebook that imports a package is not yet proof that the downloaded script uses the same environment.
Prepare and work through the phase
	Make one reproducible result
Run the row-sum example as a saved file. Record the Python executable, package versions, backend, input shape and computed sums. Explain why a package version alone cannot identify which interpreter ran the file.

	Separate local practice from parallel TPU execution
Start a fresh process for virtual CPU devices and compare its device receipt with the ordinary process. Then learn how to get a TPU running (hosted TPU or single-host Cloud TPU VM), launch your experiment over SSH with explicit backend checks, and run subsequent course phases on TPU in parallel.


Readiness check
You saved a script in your course folder, but the terminal reports that the file does not exist. Which observation should you check first?
Answer: Check the terminal’s current folder and the exact filename, including its extension. Then run the environment’s Python explicitly. Reinstalling JAX will not repair a wrong path.
Transfer question
A colleague gets the right sums but a different device count. Decide whether the arithmetic is wrong and how to compare the runs.
Approach: Compare values and shapes first, then backend, process startup flags and environment. Device enumeration is a runtime property; equal arithmetic does not imply equal hardware or performance.
Common pitfall
Import works in a notebook but fails in the terminal. Compare interpreter paths before changing packages; launch both from the intended environment.
Phase artifact
Keep a saved script, its command and actual output, plus an explanation of one repaired setup error. Use foundation-toolkit stage 1. A screenshot without a rerunnable file is incomplete.
Fresh-machine Windows/Linux/macOS walkthroughs and novice usability sessions remain unverified; accelerator setup needs a separately observed device run.
Phase project: Check the CPU environment and a saved matrix arithmetic identity. Explain which device ran your code and reproduce the result in a fresh environment. Start with project stages 1, 2, 3, 4.
	welcome-audit · online workspace · project guide
	foundation-toolkit · online workspace · project guide

Set up your learning workspace
Download a starter workspace, select its Python environment, run a saved program, and verify one deliberate change.
What you will be able to do
	Open a terminal in the folder containing your experiment.
	Create a project-specific Python environment and check which interpreter you are using.
	Install the course packages and run a saved Python file.
	Recognize a successful result, save the output, and resume in a new terminal.

The problem
Let’s get your first JAX experiment running. You do not need to know Git or terminal commands yet: we will show where to type each command and how to check the result. You will need a computer, an internet connection for the downloads, and permission to install Python. By the end, you’ll have one experiment and a record of what it produced. A laptop CPU is enough.
The idea
Your first goal is a small, repeatable result: save a Python file, run it with the intended Python environment, and explain its output. A terminal accepts commands; Python executes the program; JAX is a package that Python imports. Keeping those three roles separate makes setup errors much easier to locate.
Follow a file from saving to running
Imagine that your editor shows first_experiment.py, but the terminal says the file does not exist. The program has not reached JAX yet. First save the file, check its full filename, and compare its folder with the terminal's working folder. A file visible in an editor can still be unsaved or stored elsewhere.
Now suppose Python finds the file but cannot import JAX. That is a different boundary: the selected interpreter cannot find the package. Check the interpreter path and its environment before installing anything again. On Windows, the commands below select the environment's Python directly; shell activation is not required.
Once the calculation runs, retain the command and printed result together. Tomorrow, the command tells you how to reproduce the result; a screenshot of the number alone cannot identify the file or environment that produced it.
Where the first result comes from
Predict: The notebook imports JAX, but the terminal script does not. What should you compare first?
[image: Read downward: a command runs from a working folder, selects an interpreter, opens the file and imports its packages before computing. Arrows are dependencies, not measured time. A file-path failure happens before JAX arithmetic; an import failure points to the selected environment.]Architecture and dataflow mechanism diagram.Read downward: a command runs from a working folder, selects an interpreter, opens the file and imports its packages before computing. Arrows are dependencies, not measured time. A file-path failure happens before JAX arithmetic; an import failure points to the selected environment.
Pause and reason
The notebook imports JAX, but the terminal script does not. What should you compare first?
Compare your reasoningCompare the Python executables used by the notebook kernel and terminal. They can belong to different environments. Install into, or select, the intended environment only after identifying that difference.
shape(X)=(B,D),dtype(X)∈{float32,int32}\text{shape}(X) = (B, D), \qquad \text{dtype}(X) \in \{\text{float32}, \text{int32}\}1. Download and unpack your workspace
Use the “Download the beginner workspace” button above. Open your Downloads folder and unzip jax-start-here.zip. On Windows, right-click it and choose Extract All; on macOS, double-click it. Open the extracted jax-start-here folder. Do not work inside the ZIP preview.
You should see first_experiment.py, requirements-cpu.txt, and START-HERE.md. first_experiment.py is the program you will run. requirements-cpu.txt lists the package versions to install. START-HERE.md is a copy of these instructions. Keep your own files alongside them, outside .venv. You do not need to clone the repository for this lesson.
2. Check that Python is installed
Open a terminal. On macOS, press Command–Space, type Terminal, and press Return. On Windows, open Start, type PowerShell, and open it. On Linux, open your desktop’s Terminal application.
Choose the command for your operating system below. Type or paste one line, then press Enter. Do not type a prompt symbol such as $ or PS>. If you see >>>, you are already inside the Python interpreter; type exit() and press Enter to return to the terminal before using these commands.
The course CPU examples were checked with Python 3.14.3. These commands select Python 3.143.14. If you get “command not found” or “not recognized,” Python 3.143.14 is not available through that command yet. Open the official Python downloads link in the references, select a Python 3.143.14 installer for macOS or Windows, and follow the installer. On Windows, the launcher/install manager supplies py; on macOS, the Python installer supplies python3.14. Close and reopen the terminal after installing, then retry the version check. Linux installation depends on the distribution: use its Python 3.143.14 installation instructions and return here once the version check works. Do not continue by substituting an old system Python without checking compatibility.
macOS / Linux — terminal
# Run macos / linux — terminal using the course Python environment
python3.14 --version
Expected:
A line beginning Python 3.14. The last patch number may differ from the tested 3.14.3.
Windows — PowerShell
# Windows — PowerShell
py -3.14 --version
Expected:
A line beginning Python 3.14. If py exists but cannot find 3.14, install that Python version first.
3. Put the terminal in the right folder
The program and requirements file are in the extracted workspace. A command using a filename looks for it relative to the terminal’s current folder. We need the terminal to be in jax-start-here.
macOS: type cd followed by a space, drag the extracted jax-start-here folder from Finder into the terminal, then press Enter. Dragging inserts its actual path, including spaces correctly. Linux: use cd with the actual folder path in quotes; your file manager may offer “Open in Terminal.” Windows: open the extracted folder in File Explorer, click its address bar, type powershell, and press Enter. That opens PowerShell in this folder.
Run the appropriate check below. If requirements-cpu.txt is missing, move into the extracted folder containing that file before continuing. “Repository root” in later lessons means the top folder of the full course checkout; this beginner workspace is enough for the current experiment.
macOS / Linux — check folder and files
# macOS / Linux — check folder and files
pwd
ls
Expected:
The path ends with your extracted workspace folder, and the file list includes first_experiment.py and requirements-cpu.txt.
Windows — check folder and files
# Windows — check folder and files
Get-Location
Get-ChildItem
Expected:
The displayed folder contains first_experiment.py and requirements-cpu.txt.
4. Create the environment and install the packages
Run the lines for your operating system in order, staying in the workspace folder. The venv command creates .venv using the Python version you just selected. It often finishes without printing anything. That is normal; wait until the terminal is ready for another command. If you already have a .venv from another Python version in this folder, use a fresh extracted workspace for this walkthrough.
On macOS/Linux, source loads the activation script into this terminal. You may see (.venv) at the start of the prompt. The important check is sys.executable: it should point inside this workspace’s .venv/bin. On Windows we use .venv\Scripts\python.exe explicitly, so no activation script or execution-policy change is needed.
The pip command is the package installer. -rr means “read the package list from this file.” It downloads and installs packages into the selected environment. Let it finish. Download messages are normal; a traceback or an ERROR means the step did not succeed. The final import check below is more useful than guessing from the download log. The pins describe the tested CPU course setup; accelerator installation is a later lesson.
macOS / Linux — run one line at a time
# Run macos / linux — run one line at a time using the course Python environment
python3.14 -m venv .venv
source .venv/bin/activate
python -c "import sys; print(sys.executable)"
python -m pip install -r requirements-cpu.txt
python -c "import jax, numpy, optax; print(jax.__version__, numpy.__version__, optax.__version__)"
Expected:
The interpreter path includes .venv/bin/python. The final line is 0.9.2 2.4.4 0.2.8.
Windows — run one line at a time
# Windows — run one line at a time
py -3.14 -m venv .venv
.\.venv\Scripts\python.exe -c "import sys; print(sys.executable)"
.\.venv\Scripts\python.exe -m pip install -r requirements-cpu.txt
.\.venv\Scripts\python.exe -c "import jax, numpy, optax; print(jax.__version__, numpy.__version__, optax.__version__)"
Expected:
The interpreter path includes .venv\Scripts\python.exe. The final line is 0.9.2 2.4.4 0.2.8. These PowerShell instructions have not been executed on Windows in this project.
5. Run your first saved program
Open first_experiment.py in a text/code editor if you want to see its contents. The same Python program is shown below in “Run the example.” Python code belongs in that file; the commands below belong in the terminal. The downloaded file is already saved, so you can run it without copying any code.
Run the command for your operating system. The program prints the Python and package versions, the backend, the devices, and a sum. The starter explicitly selects CPU before importing JAX, so the expected backend here is cpu. The device description can vary; the final result should be Sum: 6.06.0. The program constructs the numbers 00, 11, 22, 33; adding them gives 66. This known result checks that we ran a numerical computation, not only installed a package.
If you see a traceback, read the final line and compare it with the troubleshooting section. Do not count a failed command as a completed experiment.
macOS / Linux — activated terminal
# Run macos / linux — activated terminal using the course Python environment
python first_experiment.py
Expected:
Python: 3.14.x
JAX: 0.9.2
NumPy: 2.4.4
Backend: cpu
Devices: a CPU device description
Sum: 6.0
Windows — PowerShell
# Run windows — powershell using the course Python environment
.\.venv\Scripts\python.exe first_experiment.py
Expected:
The same version/backend/result lines. CPU device wording may differ.
6. Make one change and save your result
In the editor, find arange(4, ...) in first_experiment.py and change 44 to 66. The array now contains 00 through 55. Predict their sum before running. Also change the final assert from == 6.0 to == 15.0, because that assertion is the program’s expected-result check. Save the file with its .py extension; a filename such as first_experiment.py.txt will not match the run command.
Run it again using the Step 55 command. The final line should be Sum: 15.015.0. If it still says 6.06.0, check that you saved the file and that the terminal is in the same workspace folder you edited.
After that successful run, the commands below run it once more and save its printed output to my-first-run.txt. Open that text file and check that the versions, CPU information, and sum are present. Add a note in your editor explaining the one change and your prediction. The > symbol saves output to a file and replaces its previous contents; choose another filename when you want to keep multiple runs.
macOS / Linux — save output
# Run macos / linux — save output using the course Python environment
python first_experiment.py > my-first-run.txt
Expected:
my-first-run.txt appears in the workspace and ends with Sum: 15.0 after your saved edit.
Windows — save output
# Run windows — save output using the course Python environment
.\.venv\Scripts\python.exe first_experiment.py > my-first-run.txt
Expected:
my-first-run.txt contains the program output after your saved edit.
7. Resume when you open a new terminal
The .venv folder stays on disk when you close the terminal. On macOS/Linux, activation only applied to the terminal you used; a new terminal needs it again. Move into the workspace folder using Step 33, then use the commands below. You do not need to reinstall the packages on every session.
On Windows, move into the workspace and use the environment’s full Python path again. To leave an activated macOS/Linux environment, type deactivate. That changes the terminal’s command selection; it does not delete your code or installed packages.
macOS / Linux — new terminal, same folder
# macOS / Linux — new terminal, same folder
source .venv/bin/activate
python first_experiment.py
Expected:
The same saved program runs using the existing environment.
Windows — new PowerShell, same folder
# Run windows — new powershell, same folder using the course Python environment
.\.venv\Scripts\python.exe first_experiment.py
Expected:
The explicit environment interpreter runs the saved program without activation.
When a step fails: match the symptom
“No such file” / “Cannot find path” for requirements-cpu.txt: check Step 33. The file must be in the current folder. Do not create an empty replacement file.
“No module named jax”: first check which Python is running. Repeat the interpreter-path check in Step 44, then install using that exact environment interpreter. A different terminal or editor may be selecting a different environment.
“No module named venv” or a message that ensurepip is unavailable: your Python distribution is missing its environment component. On Linux, use the distribution’s matching Python/venv package instructions; package names vary. This needs fixing before the environment can be created.
“No matching distribution found” or a failed jaxlib wheel download: record the Python version, operating system, CPU architecture, and full error. Check the JAX installation support table linked below. Do not remove the version pins or switch to TPU packages as a blind workaround. CPU platform support is not identical across operating systems; this repository’s Windows walkthrough is documented but not execution-validated.
A SyntaxError after pasting a terminal command: check whether you pasted it into a Python file or at the >>> prompt. Terminal commands and Python statements have different places to run.
Sum: 15.015.0 followed by AssertionError: you changed the array length but left the old expected sum in the assertion. Update the expectation after deriving the new result; do not delete the check merely to hide the failure.
Workspace array verification across input elements
Predict: Before running, predict the element values and squared values of the 1D JAX array x.
[image: Workspace array verification across input elements]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Each index shows the initialized JAX array element alongside its elementwise square on the active device.
Connect it to the computation
Running this check confirms that JAX, NumPy, and Matplotlib execute deterministically in your local environment.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for set up your learning workspace.
import os
# Choose CPU before importing JAX for this first experiment.
os.environ["JAX_PLATFORMS"] = "cpu"
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
import platform
import jax
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
import numpy as np
x = jax.numpy.arange(4, dtype=jax.numpy.float32)
assert float(x.sum()) == 6.0
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Run the example
The assembled script is in the separate solutions and code appendix.
The package versions match the pins, Backend is cpu, and the last line is Sum: 6.06.0. The exact Python patch and CPU device text depend on your installation.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Your exercise
Edit the starter as shown in Step 66: change the array length from 44 to 66 and the expected sum from 66 to 1515. Save, rerun, and keep my-first-run.txt plus a note explaining why the result changed.
Attempt this before consulting the separate solutions appendix.
Checkpoint
Which evidence lets another learner reproduce your environment?
	A screenshot of the final number only
	Python/package versions, device information, and the script
	The name of your editor

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Use the troubleshooting section to identify the failing step. Keep the command and final error line, then verify the fix by repeating that step. Successful package installation, successful imports, and a correct numerical result are three separate checks.
Carry forward
	Terminal commands run from a working folder; Python statements live in the .py file.
	The environment interpreter determines which installed packages the program uses.
	Expected values let you check the numerical result after a deliberate edit.
	Keep your code and results outside .venv so the environment can be recreated.

Your evidence
Keep first_experiment.py, my-first-run.txt with package/device output, the environment interpreter path, and a note deriving the change from a sum of 6 to 15. Record a setup error and its repair if you encountered one.
Primary references
	Python downloads: choose Python 3.14 for your operating system
	Python: creating and using virtual environments
	JAX: installation and supported platforms

Meet your arrays and devices
Create an array, inspect its dtype and device, and explain the result.
What you will be able to do
	Read the table before using an API
	Derive a reduction and its output shape
	Distinguish dtype from mathematical value
	Inspect placement without assuming an accelerator

The problem
Imagine a small table: two observations, with three measurements in each row. If we ask JAX to add the values, should it add across the rows or down the columns? Let’s work out both answers before running any code. You’ll learn to check an array’s shape, number format and device, so a plausible-looking result does not hide a mistake.
The idea
An array is a collection of values with a shape, a dtype and a device. Shape tells us how to index the values; dtype tells us how they are represented; device tells us where the computation lives. Start by predicting a small reduction before asking JAX to perform it.
Read one array two ways
Take the two rows [1,2,3][1,2,3] and [4,5,6][4,5,6]. Summing across each row gives [6,15][6,15]: one answer per observation. Summing down the rows gives [5,7,9][5,7,9]: one answer per feature. The values are the same; the question determines the axis.
In Python, the row sums use axis=1, because the feature axis is reduced. The feature sums use axis=0, because the observation axis is reduced. The axis you name is the one you consume, not the one you keep.
Read the heatmap by locating one row and one column before looking at its color. Color helps compare values, but labels establish which observation and feature you are comparing. A device label is a separate property; moving the same values to another device does not change what a row means.
Pause and reason
If the batch gains a third observation with the same three features, which reduction still returns three values?
Compare your reasoningThe feature sums still return three values because axis=0 removes the observation axis. Row sums now return three values too, but for a different reason. This is why unequal axis sizes make debugging easier.
Yi,j=αXi,j+β,X∈RM×NY_{i,j} = \alpha X_{i,j} + \beta, \qquad X \in \mathbb{R}^{M \times N}Read the table before using an API
Start with the six values 00 through 55. Reshape them into two rows: [0,1,2][0, 1, 2] and [3,4,5][3, 4, 5]. The first axis selects an observation; the second selects a measurement. Shape (2,3)(2, 3) describes that organization, not the numerical values. Reshape preserves element count and ordering here; it does not create new measurements.
A length-six array and a two-by-three array contain the same values but invite different operations. In your notebook, write an axis label beside each dimension. This becomes important when a later model expects one prediction per row.
flat [0,1,2,3,4,5] → rows [[0,1,2],[3,4,5]]
axis 0: observations (2)
axis 1: measurements (3)
Derive a reduction and its output shape
Summing along axis 11 removes the measurement axis and leaves one number per observation. The first row sums to 33, the second to 1212, so the result has shape (2,)(2,). Summing along axis 00 instead combines observations and leaves three measurement totals: [3,5,7][3, 5, 7].
A reduction can also keep the reduced axis with keepdims=True. Column means then have shape (1,3)(1, 3), which states explicitly that the same three means are subtracted from every row. Derive the numbers and shape before using sum or mean.
(2,3) --sum(axis=1)--> (2,) : [3,12]
(2,3) --sum(axis=0)--> (3,) : [3,5,7]
Distinguish dtype from mathematical value
Dtype describes storage and arithmetic, not whether a value happens to be an integer. The value 33 can be represented as int32 or float32. This lesson asks for float32 explicitly so later differentiation uses an inexact input. Do not infer precision from the way Python prints a scalar.
Float32 cannot represent every real number, or even every large integer. An exact-looking printed value is not a guarantee of exact arithmetic. Keep dtype in an experiment record and compare with tolerances when arithmetic is approximate.
Inspect placement without assuming an accelerator
jax.devices() lists available devices; x.devices() describes the placement of this array. A CPU result is useful evidence of CPU execution. It is separate from that a TPU runtime is installed or that a model scales across devices.
Creating a NumPy copy brings values into host memory for inspection. Converting a scalar with float also requires a concrete value. Those are useful boundaries for tests and reports; repeated transfers inside a training loop can distort performance. Use device metadata to inspect placement and an explicit synchronization point for timing later.
Rows are groups of observations
Predict: Which row should sum to 1212?
[image: Rows are groups of observations. The horizontal axis selects a feature column; the vertical axis selects an observation row. Each cell contains one array value. The color bar maps larger numbers to darker purple: the bottom-right cell is darkest because it contains \(5\). Read across the top row to find \((0,1,2)\), then across the bottom row to find \((3,4,5)\). The picture therefore represents an array with shape \((2,3)\): two observations, each with three features.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis selects a feature column; the vertical axis selects an observation row. Each cell contains one array value. The color bar maps larger numbers to darker purple: the bottom-right cell is darkest because it contains 55.
Read across the top row to find (0,1,2)(0,1,2), then across the bottom row to find (3,4,5)(3,4,5). The picture therefore represents an array with shape (2,3)(2,3): two observations, each with three features.
Connect it to the computation
Now connect the picture to a reduction. Summing the feature columns within each row gives 0+1+2=30+1+2=3 and 3+4+5=123+4+5=12. That is why summing along axis 11 returns two values. Summing down rows instead would return (3,5,7)(3,5,7), one value per feature.
The row labels are positions, not times or class labels. The darker lower row tells us its stored values are larger; it does not imply that the observation is more important.
Prepare the inputs
Create main.py in your lesson workspace. Add this first block; use the environment from setup.
# Step 1 — Prepare the inputs: These explicit inputs define the case that the later checks will...
import jax
import jax.numpy as jnp
These explicit inputs define the case that the later checks will verify.
Build the computation
Append this block below the inputs in the same file.
# Step 2 — Build the computation: x has two observations and three features.
# Construct and reshape `x` into the target tensor dimensions.
x = jnp.arange(6, dtype=jnp.float32).reshape(2, 3)
xx has two observations and three features. axis=0 removes the observation dimension, so the means describe features; the centered result retains both axes.
Run and check the result
Append the checks, save main.py, and run python main.py from this folder using your course environment.
# Step 3 — Run and check the result: Compare the output to the expected result below before making the...
print("Shape:", x.shape)
print("Dtype:", x.dtype)
print("Devices:", x.devices())
print("Row sums:", x.sum(axis=1))
# Check tensor shape invariant: `x.shape == (2, 3)`
assert x.shape == (2, 3)
assert jnp.allclose(x.sum(axis=1), jnp.array([3., 12.]))
Compare the output to the expected result below before making the exercise change.
Run the example
The assembled script is in the separate solutions and code appendix.
Shape: (2,3)(2, 3); Dtype: float32; Row sums: [ 33. 1212.]. Device names vary.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Center each measurement
Predict before running: Predict the three column means and every centered value. Which mean is shared by the two observations?
# Experiment — Center each measurement: The calculation reuses one mean per column.
# Reduce along axis=0 to compute `means`.
means=x.mean(axis=0,keepdims=True)
centered=x-means
print("Means:",means)
print("Centered:",centered)
# Check tensor shape invariant: `means.shape==(1,3)`
assert means.shape==(1,3)
assert jnp.allclose(centered,jnp.array([[-1.5,-1.5,-1.5],[1.5,1.5,1.5]]))
Means [[1.5,2.5,3.5]][[1.5,2.5,3.5]]; centered rows are −1.5-1.5 and +1.5+1.5.
The calculation reuses one mean per column. An explicit hand calculation verifies both the values and the meaning of the reduction.
Keep a host reference
Predict before running: Will copying to NumPy preserve values and shape? Does that copy describe device-resident computation?
# Experiment — Keep a host reference: The host reference is an inspection copy.
import numpy as np
# Convert `host` to a host NumPy array for inspection or verification.
host=np.asarray(x)
# Check tensor shape invariant: `host.shape==(2,3)`
assert host.shape==(2,3)
# Create evenly spaced index values in ``.
np.testing.assert_array_equal(host,np.arange(6).reshape(2,3))
print("Host dtype:",host.dtype)
A NumPy array with the same two-by-three values.
The host reference is an inspection copy. Its existence says nothing about accelerator throughput.
Your exercise
Compute column sums instead. State the resulting shape before running the code.
Attempt this before consulting the separate solutions appendix.
Add a new observation
Practice
Append [6,7,8][6,7,8]. Predict row sums and column means, then check both.
Hint
Keep observation rows and measurement columns.
Diagnose an impossible reshape
Challenge
Try reshaping six values to (2,4)(2,4). Explain the failure and repair the intended three-measurement table.
Hint
Count required elements before changing the code.
Checkpoint
For an array of shape (2,3)(2, 3), what shape results from sum(axis=0)?
	(2,)(2,)
	(3,)(3,)
	(2,3)(2, 3)

Answer and explanation are in the separate solutions appendix.
Diagnose the result
An incompatible reshape is an element-count error. Changing a dtype or moving devices cannot fix it. Choose a shape whose product matches six.
Carry forward
	The calculation reuses one mean per column. An explicit hand calculation verifies both the values and the meaning of the reduction.
	The host reference is an inspection copy. Its existence says nothing about accelerator throughput.

Your evidence
Keep the labeled table, row/column calculations, centered-data check, array dtype/device report and the failed reshape with its element-count diagnosis.
Primary references
	JAX arrays
	JAX data placement

Practice with four virtual CPU devices
Start four logical CPU devices, inspect row-sharded and replicated arrays, and diagnose an indivisible batch.
What you will be able to do
	Start four virtual CPU devices in a fresh process.
	Explain global shape, shard index and local shape.
	Compare row partitioning with replication.
	Diagnose divisibility and distinguish CPU practice from TPU evidence.

The problem
You can explore how JAX splits an array across devices using just your laptop. We’ll create four logical CPU devices, give each one a piece of an array, and compare the result with NumPy. Start with the setup and array/device lessons. These logical devices share your CPU: they help us learn placement, but they do not reproduce accelerator speed or memory.
The idea
Logical CPU devices let us practice how a global array is divided and addressed. They share a physical host. Treat them as a way to make placement visible, then use a real accelerator run to investigate accelerator memory, communication and speed.
Distinguish ownership from extra computing power
Suppose a global array has four rows and each logical device owns one row. The global shape still describes all four rows; a local shard describes the one row stored for that owner. Asking for the global shape and inspecting a local buffer are different operations.
The ownership heatmap assigns a category to each device. A darker device color does not mean more work or a faster device. Follow the row boundary and the device label together.
Set the logical-device configuration before JAX initializes its backend, then inspect the actual device count in a fresh process. Changing a flag after initialization does not retroactively repartition an already-running process.
Pause and reason
A four-device CPU exercise passes. What can you now claim about four TPU chips?
Compare your reasoningYou have checked the array-placement exercise on logical CPU devices. TPU execution, memory behavior and performance still require a separate run on that hardware. The ownership reasoning transfers; the measured performance does not.
Xglobal∈RD0×D1  →shard  {X(d)∈R(D0/P)×D1}d=0P−1X_{\text{global}} \in \mathbb{R}^{D_0 \times D_1} \;\xrightarrow{\text{shard}}\; \{X^{(d)} \in \mathbb{R}^{(D_0 / P) \times D_1}\}_{d=0}^{P-1}Configure the runtime before it exists
Open the lesson workspace from setup and create main.py. The first block imports JAX, chooses CPU, and requests four CPU devices. Importing jax is allowed before the configuration; querying devices or creating an array can initialize the backend. That initialization is the boundary after which changing the count is too late.
Run python main.py as a fresh process. In Jupyter or Colab, restart the kernel/runtime and use Run all so this configuration is the first JAX operation. If you already ran an earlier lesson in that kernel, merely rerunning this cell cannot reliably rebuild the runtime. The explicit count check gives you a repair instruction instead of silently proceeding with one device. A terminal alternative is JAX_PLATFORMS=cpu JAX_NUM_CPU_DEVICES=4 python main.py; Windows PowerShell uses $env:JAX_PLATFORMS="cpu" and $env:JAX_NUM_CPU_DEVICES="4" before python main.py.
Distinguish logical devices from your CPU hardware
Four reported CPU devices do not mean you bought four CPUs or reserved four isolated cores. They share your computer and its resources. Each is a target JAX can place an array on. Keep the actual JAX version, device platform, process count and device count in your report so readers know what was tested.
This exercise has one controller process and four addressable devices. Multi-host JAX involves additional processes and coordination; this exercise does not test those. Even if you time an operation here, the observation belongs to this CPU setup and workload. It is distinct from whether the same partitioning is fast on a TPU.
A global array contains local pieces
The host array has shape (4,2)(4,2): four examples with two values each. Mesh assigns the four devices the named axis data. P("data",None) maps the first array dimension to that mesh axis and leaves the feature dimension unpartitioned. Each local shard therefore has shape (1,2)(1,2).
Use shard.index to identify its slice in the global array and shard.data to inspect its values. The global x.shape stays (4,2)(4,2); it does not become (1,2)(1,2) just because each device holds one row. Conversion with np.asarray(x) gathers the fully addressable global array to the host in this small single-process exercise.
Global rows [0,1] [2,3] [4,5] [6,7]
             ↓     ↓     ↓     ↓
CPU device   0     1     2     3
local shape (1,2) on every device; global shape (4,2)
Check arithmetic separately from placement
The function 2x+12x+1 is elementwise: a row does not need a value from a different row. For the first row [0,1][0,1], predict [1,3][1,3]; for the final row [6,7][6,7], predict [13,15][13,15]. The jit contract declares input and output placement explicitly. The NumPy check verifies all values, and shard inspections verify the intended partition. Neither alone verifies both.
block_until_ready waits for the result before reporting. It is useful when observing execution and essential for a future synchronized timing experiment, but no timings are claimed here. Four-way row partitioning requires a row count divisible by four. Try five rows deliberately, read the shape error, and choose a repair that preserves what your experiment means.
Four logical devices own four different rows
Predict: Does each device hold the full array or one row?
[image: Four logical devices own four different rows. Each cell represents a position in the global array, and its number identifies the logical CPU device that owns that position. The colors are categories: device \(3\) is not “more powerful” than device \(0\). Both cells in row \(0\) belong to device \(0\); both cells in row \(1\) belong to device \(1\), and the same pattern continues through row \(3\). Horizontal bands show that this layout partitions rows while keeping each row’s features together.]Plot from a recorded CPU computation · JAX 0.9.2 · 4 CPU devicesRead the figure
Each cell represents a position in the global array, and its number identifies the logical CPU device that owns that position. The colors are categories: device 33 is not “more powerful” than device 00.
Both cells in row 00 belong to device 00; both cells in row 11 belong to device 11, and the same pattern continues through row 33. Horizontal bands show that this layout partitions rows while keeping each row’s features together.
Connect it to the computation
The global shape is (4,2)(4,2), so splitting its first axis across four devices gives each device a local piece with shape (1,2)(1,2). This is the spatial meaning of the row partition in the code. The numbers in the figure are ownership labels, not the original array’s contents.
You can check the interpretation by locating row 22, feature 11: its owner is device 22. These logical devices share the host CPU. The figure establishes where values are placed, not a measured speedup or the behavior of four physical accelerators.
Start a fresh CPU runtime
Create main.py in your course workspace. Paste this block first. If using a notebook, restart its kernel before running any cell.
# Step 1 — Start a fresh CPU runtime: Configuration happens before devices() or array creation...
import jax
# Run this file in a fresh process; in a notebook restart the kernel first.
jax.config.update("jax_platforms", "cpu")
# Update state in place with the new values.
jax.config.update("jax_num_cpu_devices", 4)
import jax.numpy as jnp
import numpy as np
from jax.sharding import Mesh, NamedSharding, PartitionSpec as P
# Query the active JAX devices into `devices`.
devices = jax.devices("cpu")
# Guard input contract (`len(devices) != 4`) and fail fast if violated.
if len(devices) != 4:
    raise RuntimeError("Expected four CPU devices. Restart the notebook kernel, then Run all; do not run an earlier JAX cell first.")
# Configure multi-device placement / sharding specification (`mesh`).
mesh = Mesh(np.array(devices), ("data",))
# Configure multi-device placement / sharding specification (`rows`).
rows = NamedSharding(mesh, P("data", None))
# Configure multi-device placement / sharding specification (`replicated`).
replicated = NamedSharding(mesh, P())
Configuration happens before devices() or array creation initializes a backend. This file explicitly chooses CPU even on a GPU machine.
Place and compute
Append this block in the same file. Predict the shapes and values before running.
# Step 2 — Place and compute: Mesh axis names describe placement.
# Construct and reshape `host` into the target tensor dimensions.
host = np.arange(8, dtype=np.float32).reshape(4, 2)
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(host, rows)
# Wrap with `jax.jit` (`y`) so XLA traces and compiles the function.
y = jax.jit(lambda a: 2 * a + 1, in_shardings=rows, out_shardings=rows)(x)
# Synchronize host execution until asynchronous device computation completes.
y.block_until_ready()
Mesh axis names describe placement. They are separate from the numerical array dimensions.
Inspect and verify
Append the checks, save the file and run python main.py with the setup lesson environment.
# Step 3 — Inspect and verify: Assertions compare against host calculations or hand-derived...
print("JAX version:", jax.__version__)
print("CPU devices:", len(devices))
for shard in x.addressable_shards:
    print("Device", shard.device.id, "index", shard.index, "values", np.asarray(shard.data))
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(np.asarray(y), 2 * host + 1)
assert len(x.addressable_shards) == 4
# Check tensor shape invariant: `all(shard.data.shape == (1, 2) for shard in x.addressable_shards)`
assert all(shard.data.shape == (1, 2) for shard in x.addressable_shards)
print("Global shape:", x.shape, "result:", np.asarray(y).tolist())
Assertions compare against host calculations or hand-derived values; printing a sharding object alone is separate from correctness.
Run the example
The assembled script is in the separate solutions and code appendix.
CPU devices: 44. Four input shards of shape (1,2)(1,2). Global shape (4,2)(4,2); result [[1,3][[1,3],[5,7][5,7],[9,11][9,11],[13,15]][13,15]]. Device repr and JAX version vary.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Keep the shape, change the values
Predict before running: If every input value becomes negative, do the number of devices or local shard shapes change?
# Experiment — Keep the shape, change the values: Placement follows the declared shape/specification, not the...
negative = -host - 2
# Place `negative_x` explicitly onto the target JAX device.
negative_x = jax.device_put(negative, rows)
# Wrap with `jax.jit` (`negative_y`) so XLA traces and compiles the function.
negative_y = jax.jit(lambda a: 2*a+1, in_shardings=rows, out_shardings=rows)(negative_x)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(np.asarray(negative_y), 2*negative+1)
# Check tensor shape invariant: `all(s.data.shape == (1,2) for s in negative_x.addressable_shards)`
assert all(s.data.shape == (1,2) for s in negative_x.addressable_shards)
print("Negative input result:", np.asarray(negative_y).tolist())
Result [[−3,−5][[-3,-5],[−7,−9][-7,-9],[−11,−13][-11,-13],[−15,−17]][-15,-17]]; local shapes remain (1,2)(1,2).
Placement follows the declared shape/specification, not the signs or magnitudes of array elements.
Replicate instead of partitioning
Predict before running: With P(), which values should each CPU device receive?
# Experiment — Replicate instead of partitioning: Replication stores full copies.
copies = jax.device_put(host, replicated)
assert copies.is_fully_replicated
assert len(copies.addressable_shards) == 4
for shard in copies.addressable_shards:
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_array_equal(np.asarray(shard.data), host)
print("Replicated local shapes:", [s.data.shape for s in copies.addressable_shards])
Four local arrays of shape (4,2)(4,2), each containing the entire input.
Replication stores full copies. A global array shape alone cannot tell you how much of it lives on each device.
Your exercise
Predict and verify the per-device shapes for twelve rows, then demonstrate how replication repairs an indivisible five-row placement without deleting data.
Attempt this before consulting the separate solutions appendix.
Move from four rows to twelve
Challenge
Create twelve two-feature rows with values 00 through 2323. Predict shard shape and check every slice of a squared output.
Hint
Use each shard index to select the corresponding NumPy reference slice.
Repair a batch that does not divide evenly
Challenge
Place a (5,2)(5,2) array with the same row sharding. Capture the failure. Repair this placement demonstration by replicating it, and explain why that does not prove the partitioned algorithm supports uneven batches.
Hint
Do not drop a row to hide the error.
Checkpoint
What does a (12,2)(12,2) global array sharded with P("data",None) over four devices mean?
	Each device holds a (3,2)(3,2) slice and the global array remains (12,2)(12,2).
	Each device holds the complete array.
	Each device represents a separate TPU chip.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Five rows cannot be evenly split across the four-way data axis. Replication preserves all observations but changes the memory/communication plan; padding requires a mask when computing means.
Carry forward
	Configure the runtime before it exists
	Distinguish logical devices from your CPU hardware
	A global array contains local pieces
	Check arithmetic separately from placement

Your evidence
Keep package/device reports, global and local shapes, shard index/value tables, NumPy comparisons, changed-shape predictions, and the five-row failure/repair. State that the run uses one host and does not validate TPU performance.
Primary references
	JAX CPU device configuration (set before initialization)
	Distributed arrays and automatic parallelization

Move your experiment to a TPU
Provision a hosted TPU runtime or single-host Cloud TPU VM, launch an explicit TPU target path over SSH that fails when TPU is unavailable, verify the device of a completed prediction against NumPy, and set up parallel TPU execution for the rest of the course.
What you will be able to do
	Verify the device of a completed prediction and its independent numerical reference.
	Provision a hosted TPU notebook or single-host Google Cloud TPU VM and verify device discovery.
	Launch an explicit TPU target path over SSH that fails when TPU is unavailable, then clean up the resource.
	Run subsequent course lessons and companion labs on TPU in parallel with local CPU practice.

The problem
Your notebook imports JAX successfully, but is the prediction actually running on a TPU? We will build a portable device check with an independent numerical answer, then require the requested backend so an unavailable accelerator cannot silently become a successful CPU demonstration.
The idea
Moving an experiment to a TPU gives us two questions: did it calculate the intended result, and did it actually execute on the requested device? We answer the first with an independent numerical reference and the second with an observed device receipt.
Check arithmetic and placement separately
Consider a prediction that adds a scalar bias after a dot product. Reducing the bias by 0.250.25 should reduce every prediction by 0.250.25, whatever compatible device performs the computation. That is a numerical invariant you can derive before running.
Now inspect where the completed result resides. A correct NumPy comparison on CPU does not show that a TPU was selected. Conversely, a TPU device label does not show that the formula or input data was correct. Keep both checks.
Wait for the result before recording completion or timing. A returned array handle can precede finished device work. Preserve the requested platform, observed platform, environment and error tolerance alongside the values.
Pause and reason
The values match NumPy but the requested TPU run reports a CPU result. Which part passed?
Compare your reasoningThe arithmetic comparison passed. The requested placement did not. Investigate runtime/device selection instead of treating the numerical match as TPU validation.
Carry a prediction, not just an installation
We will move one small function between runtimes: a matrix-vector prediction with a scalar bias. Each row is an observation; three columns are three features. The weights are fixed so we can calculate the answer independently. For the first row, [0,1/8,2/8][0,1/8,2/8], the prediction is 0−1/32+1/4+1/8=11/320-1/32+1/4+1/8=11/32. A working package import is useful, but it is separate from where this computation finished.
y^i=∑j=13xijwj+b,X∈R8×3,w∈R3,b=1/8\hat y_i=\sum_{j=1}^{3}x_{ij}w_j+b,\qquad X\in\mathbb{R}^{8\times3},\quad w\in\mathbb{R}^{3},\quad b=1/8Establish the CPU reference first
Save the assembled code as main.py in your course workspace and run it in a fresh process. By default COURSE_EXPECT_PLATFORM is cpu. The program selects that backend explicitly, places both inputs on its first device and waits for the compiled prediction to finish. NumPy independently calculates the same arithmetic. Keep the environment report and predictions.
The tolerance allows small floating-point differences; a successful comparison means this prediction agrees within that tolerance. It is separate from accuracy for a larger model. We use float32 inputs deliberately. Implicit dtype changes and reduced-precision matrix multiplication should be separate experiments after the placement check.
Run the CPU reference
# Run run the cpu reference using the course Python environment
python main.py
Expected:
The report names cpu, shape [8], float32, a completed output device and a small maximum absolute error. The first prediction is 0.34375.
Get a TPU running: hosted notebook or Google Cloud TPU VM
You do not need to wait until the end of the course to use a TPU. There are two practical ways to get a TPU running right now so you can run experiments alongside the course:
1. Hosted notebook TPU (Google Colab or Kaggle): open Runtime -> Change runtime type, select a TPU accelerator (such as TPU v5e-1 or v6e-1), and restart the kernel before importing JAX so the process does not lock in a CPU backend.
2. Google Cloud single-host TPU VM: install the Google Cloud CLI on your laptop, authenticate with gcloud auth login, and create a single-host TPU VM (such as v5litepod-1, v5litepod-4 or v6e-1) in an approved project and zone. Wait until the VM state is READY. Remember that a Cloud TPU VM is a billable machine whose lifetime is separate from your Python process: when Python exits, the VM keeps running until you delete it or its bounded max-run-duration expires.
From your laptop: provision a single-host Cloud TPU VM and check READY state
# From your laptop: provision a single-host Cloud TPU VM and check READY state
export PROJECT_ID="REPLACE_WITH_YOUR_PROJECT"
export ZONE="us-central1-a"
export TPU_NAME="jax-course-tpu-01"
gcloud compute tpus tpu-vm create "$TPU_NAME" \
  --project="$PROJECT_ID" --zone="$ZONE" \
  --accelerator-type="v5litepod-1" --version="v2-alpha-tpuv5-lite"
gcloud compute tpus tpu-vm describe "$TPU_NAME" \
  --project="$PROJECT_ID" --zone="$ZONE" --format="value(state)"
Expected:
The Cloud TPU VM is created in your project/zone and describe prints READY. For bounded Flex-start templates or queued resources, see the TPU and Google Cloud practical guide.
Inside the TPU VM or hosted TPU runtime: install JAX for TPU and verify devices
# Run inside the tpu vm or hosted tpu runtime: install jax for tpu and verify devices using the course Python environment
python3 -m venv .venv
.venv/bin/python -m pip install --upgrade "jax[tpu]" numpy
.venv/bin/python -c "import jax; print(jax.default_backend(), jax.devices('tpu'))"
Expected:
The TPU environment installs compatible JAX and libtpu packages and prints tpu with the visible TpuDevice list. Record the resolved versions; installation alone is not the execution check.
Launch the experiment on TPU, retrieve the receipt, and delete the VM
Once your TPU environment is ready, copy main.py to the TPU host, launch it in a fresh process with COURSE_EXPECT_PLATFORM=tpu and JAX_PLATFORMS=tpu, and copy the output report back to your laptop. The call to jax.devices(expected) requests TPU explicitly and fails immediately if the TPU backend is unavailable.
This is a single-controller, single-device placement check even if the runtime exposes four or eight chips. Multi-chip sharding on one host and multi-host launches with jax.distributed.initialize() are covered in the virtual-CPU and distributed lessons. As soon as you copy your evidence back to your laptop, delete the Cloud TPU VM and verify that the instance list is empty.
Require TPU execution inside an active TPU session
# Require TPU execution inside an active TPU session
COURSE_EXPECT_PLATFORM=tpu JAX_PLATFORMS=tpu python main.py
Expected:
On a functioning TPU runtime the report names tpu and all assertions pass. An unavailable TPU must raise an error instead of producing a CPU success report.
From your laptop: copy main.py, launch over SSH, copy back evidence, and delete the TPU VM
# From your laptop: copy main.py, launch over SSH, copy back evidence, and delete the TPU VM
gcloud compute tpus tpu-vm scp main.py "$TPU_NAME:~/main.py" --project="$PROJECT_ID" --zone="$ZONE"
gcloud compute tpus tpu-vm ssh "$TPU_NAME" --project="$PROJECT_ID" --zone="$ZONE" \
  --command="COURSE_EXPECT_PLATFORM=tpu JAX_PLATFORMS=tpu .venv/bin/python ~/main.py | tee ~/tpu-report.txt"
gcloud compute tpus tpu-vm scp "$TPU_NAME:~/tpu-report.txt" ./tpu-report.txt --project="$PROJECT_ID" --zone="$ZONE"
gcloud compute tpus tpu-vm delete "$TPU_NAME" --project="$PROJECT_ID" --zone="$ZONE" --quiet
gcloud compute tpus tpu-vm list --project="$PROJECT_ID" --zone="$ZONE"
Expected:
The remote command runs on the TPU VM, writes tpu-report.txt locally, deletes the TPU VM, and confirms no running TPU VM remains.
Run the rest of the course on TPU in parallel
Use this same launch pattern in parallel with every phase that follows. Every authored lesson in the course provides a standalone script under exercises/<lesson-id>.py (and a notebook under exercises/<lesson-id>.ipynb). As you work through Arrays (Phase 01), Transforms (Phase 02), State (Phase 03), Optimization (Phase 04), Networks (Phase 05) and Recovery (Phase 06), run the CPU reference locally first, then upload the workspace or script to your TPU runtime and run it with JAX_PLATFORMS=tpu.
In parallel with the early phases, work through the two standalone TPU guides included in the course workspace (jax-tpu-gcp.zip): use resources/tpu-gcp/launch.py to practice supervised TPU job lifecycles and checkpoint recovery, and use resources/tpu-gcp/precision_profile.py to measure BF16/INT8 numerical error and capture XProf device traces before you scale up to full Transformers and distributed training.
Run any course lesson script and the companion TPU labs on a TPU host
# Run any course lesson script and the companion TPU labs on a TPU host
JAX_PLATFORMS=tpu .venv/bin/python exercises/arrays-01.py
.venv/bin/python resources/tpu-gcp/launch.py --platform tpu --run-dir runs/tpu-first --steps 8 --timeout 180
.venv/bin/python resources/tpu-gcp/precision_profile.py --platform tpu --run-dir runs/precision-tpu --steps 20 --trace
Expected:
The lesson script and companion TPU labs run on the TPU backend, writing verifiable device receipts, checkpoints, numerical error reports and XProf trace files.
Diagnose the boundary that failed
If import fails, check the interpreter and installation. If explicit backend selection fails, check whether you are in the intended runtime and whether its TPU service is available. If device placement succeeds but the independent comparison fails, inspect shapes, dtype, precision and the arithmetic. Do not widen tolerance just to hide a large error.
An old notebook kernel may retain an initialized CPU backend or stale variables. Restart it, set runtime choices before the first device operation and run every cell. A CPU plot from the recorded course run remains a CPU plot when viewed on a machine that happens to have TPU access; only a fresh recorded execution supplies new evidence.
The same prediction checked two ways
Predict: Should the JAX line overlap the independent NumPy points, and would overlap alone prove TPU execution?
[image: JAX and NumPy predictions overlap from 0.34375 at row zero to 3.625 at row seven in the CPU reference.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is the observation row index, starting at 00. The vertical axis is the scalar prediction. The two series use the same inputs and weights: one comes from the completed JAX array, the other from NumPy. They overlap in this recorded CPU example. The first value is 11/3211/32; the constant rise of 15/3215/32 follows from increasing every feature by 3/83/8 while the weights sum to 5/45/4.
Connect it to the computation
The line is a check of arithmetic and ordering for these eight observations. Read the printed platform report to determine placement; a curve cannot identify the device that produced it. The changed-bias exercise translates this line downward, while row reversal changes the order. This recorded figure comes from the CPU path and carries no TPU timing or correctness claim.
Choose the requested platform
Add this block to main.py after the preceding block. Run the assembled file in a fresh process.
# Step 1 — Choose the requested platform: Keep the requested backend, observed output placement and...
import os
import json
import platform
import numpy as np
import jax
import jax.numpy as jnp
Keep the requested backend, observed output placement and independent arithmetic check together in the final report.
Place inputs and compare a completed prediction
Add this block to main.py after the preceding block. Run the assembled file in a fresh process.
# Step 2 — Place inputs and compare a completed prediction: Keep the requested backend, observed output placement and...
expected = os.environ.get('COURSE_EXPECT_PLATFORM', 'cpu')
# Guard input contract (`expected not in {'cpu', 'tpu'}`) and fail fast if violated.
if expected not in {'cpu', 'tpu'}:
    raise ValueError('COURSE_EXPECT_PLATFORM must be cpu or tpu')
# Selecting a requested backend must fail when it is unavailable.
devices = jax.devices(expected)
assert devices and all(d.platform == expected for d in devices)
# Construct and reshape `x_host` into the target tensor dimensions.
x_host = np.arange(24, dtype=np.float32).reshape(8, 3) / 8
w_host = np.array([0.5, -0.25, 1.0], dtype=np.float32)
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(x_host, devices[0])
# Place `w` explicitly onto the target JAX device.
w = jax.device_put(w_host, devices[0])
# Wrap with `jax.jit` (`predict`) so XLA traces and compiles the function.
predict = jax.jit(lambda a, b: a @ b + jnp.float32(0.125))
y = predict(x, w)
# Synchronize host execution until asynchronous device computation completes.
y.block_until_ready()
reference = x_host @ w_host + np.float32(0.125)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(y), reference, rtol=1e-5, atol=1e-5)
assert {d.platform for d in y.devices()} == {expected}
# Convert `report` to a host NumPy array for inspection or verification.
report = dict(expected=expected, output_devices=[str(d) for d in y.devices()],
              platform=next(iter(y.devices())).platform, jax=jax.__version__,
              python=platform.python_version(), shape=list(y.shape), dtype=str(y.dtype),
              max_absolute_error=float(np.max(np.abs(np.asarray(y)-reference))),
              process_index=jax.process_index(), process_count=jax.process_count())
print(json.dumps(report, indent=2))
print('Completed prediction:', np.asarray(y).tolist())
Keep the requested backend, observed output placement and independent arithmetic check together in the final report.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
# Assert that the device output matches the NumPy reference and print the portability report:
assert report["max_absolute_error"] < 1e-6
print(json.dumps(report, indent=2))
print("Completed prediction:", np.asarray(y).tolist())
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
The recorded CPU reference predicts [0.34375, 0.8125, 1.28125, 1.75, 2.21875, 2.6875, 3.15625, 3.625]. Its report names the actual output device. There is no recorded TPU result.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Reject a mismatched report
Predict before running: Would a correct numeric answer be enough if the report says CPU but the requested target is TPU?
# Experiment — Reject a mismatched report: Numerical agreement and requested placement are separate...
def verify_report(record, required):
    # Guard input contract (`record['platform'] != required or record['expected'] != required`) and fail fast if violated.
    if record['platform'] != required or record['expected'] != required:
        raise ValueError('requested and observed platform disagree')
    # Guard input contract (`record['shape'] != [8] or record['dtype'] != 'float32'`) and fail fast if violated.
    if record['shape'] != [8] or record['dtype'] != 'float32':
        raise ValueError('prediction contract changed')
    return True
assert verify_report(report, expected)
wrong = {**report, 'platform': 'cpu' if expected == 'tpu' else 'tpu'}
# Run the boundary check and catch the expected exception:
try:
    verify_report(wrong, expected)
except ValueError:
    print('Mismatched platform report rejected.')
else:
    raise AssertionError('a mismatched report was accepted')
The deliberately inconsistent report raises ValueError; the actual report passes.
Numerical agreement and requested placement are separate requirements. This experiment tests report validation; the main program performs the actual backend selection and array-placement check.
Your exercise
Predict the effect of replacing the bias by minus one quarter. Run a second compiled prediction on the selected device. Compare against the original prediction plus the expected constant shift and an independent NumPy calculation.
Attempt this before consulting the separate solutions appendix.
Test row order without changing the model
Transfer
Reverse the observation rows and predict the result order before execution. Verify the first and last values, the complete vector and device placement. Explain why this is a stronger check than only comparing the vector sum.
Hint
A row-wise affine prediction commutes with row permutation. A sum would conceal an ordering bug.
Checkpoint
The values match NumPy, but the output array is on CPU when the requested platform was TPU. What has been demonstrated?
	The TPU installation and its execution are validated.
	The arithmetic matches the reference on the fallback CPU backend, so the requested TPU backend was not active.
	The model must be numerically wrong.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Read the first failing boundary: interpreter/import, explicit backend discovery, output placement or numerical comparison. Keep the original error and requested platform in the report. Restart a stale notebook kernel before trying the target again.
Carry forward
	Provision a hosted TPU runtime or single-host Cloud TPU VM early and run course experiments in parallel with your CPU baseline.
	Check an actual completed array, not only the installed package.
	Request TPU explicitly so its absence produces an error, and delete Cloud TPU VMs after copying your evidence.

Your evidence
Keep separate CPU and TPU reports with requested/observed platform, package versions, completed predictions, NumPy error and changed-bias and row-permutation checks. Until the target command succeeds, TPU execution remains unverified.
Primary references
	JAX installation and TPU support
	Manage Cloud TPU VMs with gcloud
	Course guide: From a laptop experiment to a TPU training run
	Course guide: TPU generations, precision and profiling
	JAX device placement

Phase 01: Arrays & pure functions
Can you spot a wrong axis even when the program runs?
Array bugs often return plausible numbers. Use unequal dimensions and hand-computed rows so that a successful operation cannot hide a mistaken meaning. Carry that habit into preprocessing and model inputs.
Prepare and work through the phase
	Write the data contract
Annotate observation and feature axes; calculate one normalized row by hand. Compare a feature bias with an observation bias using unequal dimensions.

	Make preprocessing safe to reuse
Pass parameters explicitly, preserve the caller’s arrays and check indexed accumulation separately from replacement. Carry shape, mask and valid-count checks into foundation-toolkit stage 2.


Readiness check
A matrix has three observations and two features. You need one mean per feature. Which axis should be reduced, and how many values remain?
Answer: Reduce the observation axis, axis 0. Two feature means remain. Reducing axis 1 instead returns three observation means, which answers a different question.
Transfer question
Normalize a matrix with a constant feature and one masked observation. What should the constant feature and the mean denominator do?
Approach: Define the constant-feature policy before division, for example a unit fallback scale. Compute statistics only from valid observations; masking the final output alone leaves the fitted statistics contaminated. Reject a feature with no valid observations or declare an explicit policy.
Common pitfall
Predictions look reasonable but adding a bias changes the wrong dimension. Write the two shapes before broadcasting and test one row and one column independently.
Phase artifact
Retain unequal-shape, constant-column and masked-row cases, a NumPy or hand reference, and proof that inputs were unchanged. Explain every axis in the output.
Sparse and ragged inputs need additional contract-focused labs; this phase deliberately teaches fixed dense arrays first.
Phase project: Audit masked batch moments and padding-sensitive denominators. Predict output shapes and explain why a pure function is easier to transform. Start with project stages 1, 2, 3, 4.
	arrays-audit · online workspace · project guide
	foundation-toolkit · online workspace · project guide

From NumPy to jax.numpy
Build feature-wise preprocessing with fitted statistics and verify behavior on new and constant data.
What you will be able to do
	Translate a feature-wise NumPy calculation to jax.numpy.
	Predict the shapes and values of reductions and broadcasted centering.
	Fit preprocessing statistics on training data and reuse them on new data.
	Handle constant features explicitly and compare against a NumPy reference.

The problem
Suppose your dataset records two measurements on very different scales. How can we put them on a more comparable footing before training a model? We’ll center each feature and divide by its scale. First we’ll work through three rows by hand; then we’ll write the JAX version and try new data, including a feature that never changes.
The idea
Feature preprocessing answers a specific question: how does each measurement compare with the training data's scale and center? Compute statistics along the observation axis, then reuse those fitted statistics. A held-out example must not help choose the transformation used to evaluate it.
Why held-out data should not center itself
Use a small new case: training values for one feature are 22 and 66, so their mean is 44. Centered training values become −2-2 and 22. A held-out value of 1010 becomes 66 when we apply the training mean.
If we center that single held-out value using its own mean, it becomes zero. The computation succeeds, but it has erased the evidence that the new value lies far from the training center. With several features, retain one fitted mean per feature rather than collapsing the entire table to one mean.
The lesson's centering plot compares values before and after the same columnwise operation. It explains a translation of each feature, not a guarantee that future observations will have zero mean. Add scaling only after specifying the variance convention and how constant features are handled.
Pause and reason
Should a correctly transformed held-out batch always have mean zero?
Compare your reasoningNo. Its mean reflects how that batch differs from training. Zero training mean is a property of the fitted centering operation; forcing held-out mean to zero changes the evaluation contract.
Follow an axis through a reduction
A shape (3,2)(3, 2) means three observations with two feature values each. mean(axis=0) reduces the three observations and leaves two feature means, so its output shape is (2,)(2,). mean(axis=1) instead averages unlike feature values within each observation, leaving shape (3,)(3,). mean() with no axis reduces every value to a scalar.
All three calculations are legal. Only the first answers the question about each feature across observations. A valid shape is not evidence of a meaningful statistic: if the features represent different units, averaging them within a row might have no useful interpretation.
(N,D) -- mean over axis 0 --> (D,)
(N,D) -- mean over axis 1 --> (N,)
(N,D) -- mean over all axes --> ()
Derive the centering and scale values
Think of one column at a time. The symbol xijx_{ij} means the value in row ii, feature jj, and NN is the number of training rows. The mean μj\mu_j is the column’s center. The variance sj2s_j^2 averages squared distances from that center; its square root sjs_j is the scale we divide by.
For the first feature [1,3,5][1, 3, 5], the mean is 33. The centered values are [−2,0,2][-2, 0, 2], so the variance is 8/38/3. The second feature [10,14,18][10, 14, 18] centers to [−4,0,4][-4, 0, 4] and has variance 32/332/3. Its scale is twice as large, so both columns have the same standardized pattern.
A constant column has scale zero. We use a safe denominator of 11 for that column, which leaves its centered training values at zero. Learn the mean and scale from training data, then reuse them on new data; recomputing them on each incoming batch changes the meaning of a feature.
μj=1N∑i=1Nxijsj2=1N∑i=1N(xij−μj)2zij=xij−μjsj(sj>0)\begin{aligned}\mu_j&=\frac{1}{N}\sum_{i=1}^{N}x_{ij}\\s_j^2&=\frac{1}{N}\sum_{i=1}^{N}(x_{ij}-\mu_j)^2\\z_{ij}&=\frac{x_{ij}-\mu_j}{s_j}\quad(s_j>0)\end{aligned}Fit statistics once; apply them consistently
Centering training data using its own mean is useful. Recomputing the mean separately for each validation batch changes the transformation and incorporates information from that batch. A model then sees features represented in different coordinate systems.
Separate fit_standardizer(training_data), which computes statistics, from apply_standardizer(data, statistics), which reuses them. The same rule will apply to training/validation splits, inference requests, and checkpointed preprocessing state. A new batch is not expected to have zero mean after applying training statistics; that difference can be meaningful.
Give constant features an explicit policy
A constant feature has zero standard deviation. Dividing its zero centered values by zero produces an undefined result. Adding epsilon to every scale is a simple bounded choice, but it perturbs the scale of every feature and can amplify a tiny feature with near-zero variability.
For this lesson, use s=1s=1 for exactly constant columns and their training standard deviation otherwise. Training values in a constant column then transform to zero without division by zero. A changed value in new data produces a nonzero centered result. This policy is explicit and testable; it is not a universal prescription for every dataset.
Use NumPy as a numerical reference, not an execution substitute
Compare a tiny JAX calculation with NumPy using explicitly matching float32 data and the same reduction definitions. Transfer and conversion are fine for this test. Converting an intermediate to NumPy inside a transformed differentiable computation is a different operation and can break its intended transform behavior.
The output of a jax.numpy operation is a JAX array with its own device behavior. We will explore devices and compilation elsewhere. At this point, focus on matching values, preserving shapes, and keeping preprocessing semantics explicit.
Center each feature around its own mean
Predict: Does centering make every entry zero, or only each column mean?
[image: Center each feature around its own mean. The horizontal axis indexes the three observations; the vertical axis gives feature values. Compare each original feature with its centered version in the legend. The connecting lines help you follow corresponding entries; they are not a time series. Feature \(0\) changes from \((1,3,5)\) to \((-2,0,2)\), a downward shift of \(3\). Feature \(1\) changes from \((10,14,18)\) to \((-4,0,4)\), a downward shift of \(14\). Both centered series pass through zero at the middle observation.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis indexes the three observations; the vertical axis gives feature values. Compare each original feature with its centered version in the legend. The connecting lines help you follow corresponding entries; they are not a time series.
Feature 00 changes from (1,3,5)(1,3,5) to (−2,0,2)(-2,0,2), a downward shift of 33. Feature 11 changes from (10,14,18)(10,14,18) to (−4,0,4)(-4,0,4), a downward shift of 1414. Both centered series pass through zero at the middle observation.
Connect it to the computation
Those shifts are the separate column means. Subtracting a mean moves a whole feature without changing the gaps between its observations: feature 00 still increases by 22, while feature 11 still increases by 44. That is why each centered line stays parallel to its original line.
Centering makes each column’s mean zero, but does not give the columns the same spread. The wider range of centered feature 11 remains visible. To check your axis choice, add the centered entries in each column: each sum should be zero.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for from numpy to jax.numpy.
import jax.numpy as jnp
x = jnp.array([[1., 10.], [3., 14.], [5., 18.]])
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
mean = x.mean(axis=0)
centered = x - mean
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
assert jnp.allclose(mean, jnp.array([3., 14.]))
assert jnp.allclose(centered.mean(axis=0), jnp.zeros(2))
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Run the example
The assembled script is in the separate solutions and code appendix.
Mean: [ 33. 1414.]; centered rows: [−2.,−4.][-2., -4.], [0.,0.][0., 0.], [2.,4.][2., 4.].
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check the normalization arithmetic
Predict before running: Predict the feature standard deviations and centered rows before comparing with NumPy.
# Experiment — Check the normalization arithmetic: Matching dtype and statistic definition makes this a useful...
import numpy as np
reference_data = np.array([[1., 10.], [3., 14.], [5., 18.]], dtype=np.float32)
# Reduce along axis=0 to compute `reference_mean`.
reference_mean = reference_data.mean(axis=0)
# Reduce along axis=0 to compute `reference_scale`.
reference_scale = reference_data.std(axis=0)
assert jnp.allclose(mean, reference_mean)
assert jnp.allclose(x.std(axis=0), reference_scale)
assert jnp.allclose(x.std(axis=0), jnp.sqrt(jnp.array([8. / 3., 32. / 3.])))
The feature means are [3,14][3, 14]; standard deviations are approximately [1.633,3.266][1.633, 3.266].
Matching dtype and statistic definition makes this a useful independent implementation check. It does not test TPU placement or performance.
Observe a new batch in training coordinates
Predict before running: Will a new row [7,22][7, 22] transform to zero just because it is the only row in its batch?
# Experiment — Observe a new batch in training coordinates: The new observation is measured relative to training data.
def fit_standardizer(training_data):
    # Reduce along axis=0 to compute `fitted_mean`.
    fitted_mean = training_data.mean(axis=0)
    # Reduce along axis=0 to compute `fitted_std`.
    fitted_std = training_data.std(axis=0)
    # Combine or mask array elements to form `fitted_scale`.
    fitted_scale = jnp.where(fitted_std == 0., 1., fitted_std)
    return fitted_mean, fitted_scale
def apply_standardizer(data, statistics):
    fitted_mean, fitted_scale = statistics
    return (data - fitted_mean) / fitted_scale
statistics = fit_standardizer(x)
new_batch = jnp.array([[7., 22.]])
new_values = apply_standardizer(new_batch, statistics)
print("new batch transformed:", new_values)
assert jnp.allclose(new_values, jnp.full((1, 2), jnp.sqrt(6.)), atol=1e-6)
Both transformed features are approximately 2.4492.449, not zero.
The new observation is measured relative to training data. Re-fitting on the one-row batch would erase this difference and produce constant-feature statistics.
Your exercise
Foundation · Standardize the original data using its standard deviation plus epsilon 10−610^{-6}. Predict the transformed rows and check feature means and scales. Explain why the scale is only approximately one with epsilon.
Attempt this before consulting the separate solutions appendix.
Test the constant-feature policy
Practice
Fit a standardizer to [[1,5][[1, 5], [3,5][3, 5], [5,5]][5, 5]]. Check the second training column and transform the new row [7,6][7, 6]. Explain why its second output is 11 rather than zero.
Hint
Fit uses scale 11 for a constant training feature. Applying statistics does not re-fit them.
Detect accidental batch-dependent preprocessing
Challenge
Transform two new rows together and separately using training statistics. The outputs should agree. Then show that re-fitting on the new batch changes the outputs.
Hint
The application function should depend on each row and fixed statistics, not on which other rows share the request.
Checkpoint
Why does x.mean(axis=0) return two values?
	It averages each row
	It preserves the two feature columns while reducing observations
	JAX always returns two values

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a statistic has the wrong length, inspect the reduced axis. If normalized values become NaN, check zero scales and finite inputs before increasing epsilon. If a model behaves differently across inference batch sizes, inspect whether preprocessing re-fits statistics on each batch. If JAX and NumPy differ, align dtype, axis, and degrees-of-freedom choices before treating the difference as a library bug.
Carry forward
	Axes need semantic names in your reasoning; legal operations can still answer the wrong question.
	Fit preprocessing statistics on training data and reuse them for new observations.
	Constant and near-constant features need an explicit numerical policy.
	Independent arithmetic and matched NumPy checks establish the intended values.

Your evidence
Keep the fitted mean/scale, hand-derived training values, NumPy comparison, constant-feature test, and together-versus-separate new-batch results. Explain why re-fitting on each inference batch changes the problem.
Primary references
	JAX: arrays and NumPy interface
	JAX: standard deviation

Shapes, broadcasting, and dtypes
Specify broadcasting contracts and detect silent pairwise-loss and dtype mistakes.
What you will be able to do
	Apply the trailing-dimension broadcasting rule before execution.
	Distinguish feature-wise and observation-wise offsets with explicit singleton axes.
	Find a silent pairwise-residual bug using values and shape checks.
	State dtype and precision assumptions for numerical experiments.

The problem
Your code runs, but has it added the bias to the right axis? This is a common array puzzle: a legal operation can still answer the wrong question. We’ll use small tables to see exactly which values combine, then catch a broadcasting mistake that turns one error per example into a whole matrix of errors.
The idea
Before adding or subtracting arrays, name what each axis represents. Broadcasting aligns dimensions from the right and reuses singleton dimensions. A legal broadcast can still answer the wrong question, especially when a final mean hides the resulting shape.
Catch the scalar that hides a shape mistake
Take predictions [1,3][1,3] and matching targets [1,3][1,3]. The intended residuals are [0,0][0,0], so mean squared error is zero. If the targets are stored as a column, subtraction instead compares each target against both predictions. The residual matrix has entries 0,2,−2,00,2,-2,0, and its mean squared error is 22.
Both calculations return a scalar after averaging. Looking only at the final loss, or checking that autodiff can differentiate it, will not expose the problem. Inspect the residual shape before reducing it and compare against a known aligned example.
This is also why a reshape should express a data contract. A singleton feature axis can mean one offset per observation; a singleton observation axis can mean one offset per feature. They are different operations even when an unlucky square fixture makes both expressions run.
Align axes before reducing
Predict: Why is checking that the loss is scalar insufficient?
[image: Feature bias reuses a vector across observations; row offsets reuse each scalar across features. The final row creates all-pairs residuals. A mean would hide the unwanted \((n,n)\) intermediate. Each row describes a different shape contract.]Architecture and dataflow mechanism diagram.Feature bias reuses a vector across observations; row offsets reuse each scalar across features. The final row creates all-pairs residuals. A mean would hide the unwanted (n,n)(n,n) intermediate. Each row describes a different shape contract.
Pause and reason
Why is checking that the loss is scalar insufficient?
Compare your reasoningA mean can reduce an incorrectly broadcast matrix to a scalar. Check prediction/target alignment and an independently known loss before reduction, not only the final result's rank.
(A+b)i,j=Ai,j+bj,A∈RM×N,  b∈R1×N(A + b)_{i,j} = A_{i,j} + b_j, \qquad A \in \mathbb{R}^{M \times N},\; b \in \mathbb{R}^{1 \times N}Work the shape rule one dimension at a time
Align (2,3)(2, 3) and (3,)(3,) as (2,3)(2, 3) and (1,3)(1, 3). The trailing 33 matches, and the leading 11 can broadcast to 22. By contrast, (2,)(2,) aligns as (1,2)(1, 2): trailing 22 conflicts with 33. That expression cannot add one scalar per row without another axis.
Represent row offsets as (2,1)(2, 1). The leading 22 matches observations and the trailing 11 broadcasts over the three features. A singleton axis is a statement about how data should be reused, not a random reshape to silence an exception.
feature bias: (2,3) + (1,3) → (2,3)
row offset:  (2,3) + (2,1) → (2,3)
wrong row offset: (2,3) + (2,) → incompatible
Do not test axes with only square arrays
If a batch happens to have B=DB=D, a vector of length BB can accidentally fit as a feature vector. The expression succeeds while doing the wrong calculation. A test with two observations and three features forces those meanings apart.
Use distinguishable values, such as feature bias [10,20,30][10, 20, 30] and row offsets [100,200][100, 200]. Then inspect at least two rows and columns. Shape checks alone do not detect every semantically wrong operation; the values need a known reference too.
A legal broadcast can change your loss
Predictions with shape (B,)(B,) and targets with shape (B,1)(B, 1) broadcast to (B,B)(B, B). Each row then compares one target to every prediction. A mean over that matrix is a scalar, so a later gradient transform can accept it even though the objective is wrong.
For predictions [1,3,5][1, 3, 5] and matching targets, the intended residual vector is all zero. A column target produces rows [0,2,4][0, 2, 4], [−2,0,2][-2, 0, 2], [−4,−2,0][-4, -2, 0], and a positive mean-squared error. Independent expected values expose the bug immediately. Validate prediction/target shape equality at the boundary where aligned examples are required.
(B,) − (B,1) → (B,B)
Intended aligned-example contract: prediction.shape == target.shape
Shape and dtype are separate contracts
Shape says how values are arranged; dtype says how each value is represented. Use explicit float32 inputs for this course experiment so the precision assumption is visible. Default JAX precision and X64 configuration can differ from expectations brought from a NumPy workflow.
A correctly shaped float32 calculation can still lose a small change at large magnitude. That is numerical representation, not an axis error. Record both shape and dtype in debugging output, and choose comparisons appropriate to their scale. Enabling a different dtype is not a substitute for correcting a broadcast.
Make boundary checks before reducing
A reduction often hides shape information. Before averaging residuals, check whether the array is the expected (B,)(B,) vector or an unintended matrix. Likewise, check that feature statistics have one entry per feature and that row offsets have the observation dimension.
These checks belong at meaningful boundaries, rather than after every elementary addition. A descriptive failure before a loss is calculated is more useful than a plausible scalar whose semantics have already been lost.
Broadcasting repeats the bias across rows
Predict: Why are both rows of the difference equal to (10,20,30)(10,20,30)?
[image: Broadcasting repeats the bias across rows. This heatmap shows the added amount, computed as the output minus the input batch. It does not show the final output array. Rows are observations and columns are features; the cell values and color bar measure added bias. Both rows read \((10,20,30)\). The repeated vertical bands show that feature \(0\) receives \(10\) in every observation, feature \(1\) receives \(20\), and feature \(2\) receives \(30\).]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
This heatmap shows the added amount, computed as the output minus the input batch. It does not show the final output array. Rows are observations and columns are features; the cell values and color bar measure added bias.
Both rows read (10,20,30)(10,20,30). The repeated vertical bands show that feature 00 receives 1010 in every observation, feature 11 receives 2020, and feature 22 receives 3030.
Connect it to the computation
The bias has shape (3,)(3,), which aligns with the last axis of the (2,3)(2,3) batch. Broadcasting applies the same feature-wise addition to both rows. For example, the input (1,2,3)(1,2,3) becomes (11,22,33)(11,22,33), while (4,5,6)(4,5,6) becomes (14,25,36)(14,25,36).
Identical rows in this picture mean identical additions, not identical predictions. If you intended a different offset for each observation, you would need a row-wise bias with a compatible shape, such as (2,1)(2,1); this figure would then have horizontal bands.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for shapes, broadcasting, and dtypes.
import jax.numpy as jnp
batch = jnp.array([[1., 2., 3.], [4., 5., 6.]], dtype=jnp.float32)
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
bias = jnp.array([10., 20., 30.], dtype=jnp.float32)
y = batch + bias
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
assert y.shape == (2, 3)
assert jnp.allclose(y[1], jnp.array([14., 25., 36.]))
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Run the example
The assembled script is in the separate solutions and code appendix.
Rows: [11.,22.,33.][11., 22., 33.] and [14.,25.,36.][14., 25., 36.]; shape (2,3)(2, 3), dtype float32.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Make the pairwise bug visible
Predict before running: Matching predictions and targets should have zero loss. Predict the matrix created by a column target and its mean-square value.
# Experiment — Make the pairwise bug visible: The final result is scalar in both cases.
predictions = jnp.array([1., 3., 5.])
targets = jnp.array([1., 3., 5.])
correct_residuals = predictions - targets
pairwise_residuals = predictions - targets[:, None]
print("aligned residuals:", correct_residuals)
print("pairwise residuals:", pairwise_residuals)
# Check tensor shape invariant: `correct_residuals.shape == (3,)`
assert correct_residuals.shape == (3,)
# Check tensor shape invariant: `pairwise_residuals.shape == (3, 3)`
assert pairwise_residuals.shape == (3, 3)
assert jnp.allclose(jnp.mean(correct_residuals ** 2), 0.)
assert jnp.allclose(jnp.mean(pairwise_residuals ** 2), 16. / 3.)
The incorrect broadcast produces shape (3,3)(3, 3) and loss 16/316/3, despite perfect aligned predictions.
The final result is scalar in both cases. Checking only the final loss shape would miss this objective bug.
Observe a precision limit separately
Predict before running: Does float32 preserve adding 11 to 100100,000000,000000? Is the shape relevant to that result?
# Experiment — Observe a precision limit separately: This scalar example isolates precision from broadcasting.
large = jnp.array(100_000_000., dtype=jnp.float32)
print("float32 large + 1 − large:", float((large + 1.) - large))
assert float((large + 1.) - large) == 0.
# Check tensor shape invariant: `large.shape == ()`
assert large.shape == ()
The recorded difference is zero because the representable spacing at this magnitude exceeds 11.
This scalar example isolates precision from broadcasting. Autodiff and compilation do not make every arithmetic operation exact.
Your exercise
Add a different scalar offset to each row using offsets [100.,200.][100., 200.]. Make its shape explicit.
Attempt this before consulting the separate solutions appendix.
Use both kinds of offsets together
Practice
Add the feature bias and row offsets to the original batch. Derive every row before running, then check with an explicitly constructed array.
Hint
Use bias shape (3,)(3,) and offsets shape (2,1)(2, 1). Do not swap their semantic roles.
Reject an aligned-loss contract violation
Challenge
Write an MSE function that requires prediction and target shapes to match. Test zero loss for matching vectors and rejection of a column target. Explain why an automatic reshape might hide a data-ordering problem.
Hint
Raise a descriptive ValueError before subtracting. The check is based on shape metadata, not array truth values.
Checkpoint
Which offset shape adds one scalar to each row of a (2,3)(2, 3) batch?
	(2,)(2,)
	(2,1)(2, 1)
	(3,2)(3, 2)

Answer and explanation are in the separate solutions appendix.
Diagnose the result
When broadcasting fails, align trailing dimensions on paper. When it succeeds with a surprising loss, inspect the residual shape before reduction and compare with hand-derived values. When a small change disappears, inspect dtype and magnitude. Use asymmetric shape tests so accidentally equal dimension sizes do not conceal a wrong axis.
Carry forward
	Broadcasting compatibility does not imply semantic correctness.
	A singleton axis declares reuse along a particular dimension.
	Prediction/target mismatch can silently create all-pairs residuals.
	Check dtype separately from shape and record numerical scale.

Your evidence
Keep an axis sketch, asymmetric offset checks, aligned-versus-pairwise residual arrays, a rejected shape mismatch, and the float32 precision observation. Explain the intended residual contract.
Primary references
	NumPy: broadcasting rules
	JAX: default dtypes and X64

Pure functions and explicit inputs
Design an explicit parameter/data interface and return new state without mutating old containers.
What you will be able to do
	Identify hidden inputs and side effects in a numerical function.
	Pass model parameters explicitly and return new state without mutating input containers.
	Test replay and independence between two parameter configurations.
	Explain why host orchestration and transformed numerical computation need different boundaries.

The problem
Have you ever rerun a notebook cell and got a different result because another cell changed a variable? Let’s make that dependency visible. We’ll pass a model’s weights into its prediction function, return new values explicitly, and check that the same inputs reproduce the same calculation.
The idea
A pure function makes its changing inputs visible and returns its result without secretly changing shared state. That gives transformations such as differentiation and compilation a clear computation to work with. When a prediction changes, we should be able to identify the input that changed.
Make a repeated call explainable
Imagine a prediction function that receives features and weights but reads a global bias. You compile it, change that Python global, and call the compiled function again. The source file now displays the new bias, but the already-traced computation may still embody the old value. The hidden dependency makes the result difficult to reason about.
Pass the bias as an explicit argument instead. Then two calls with different bias arrays are visibly two computations with different data. For a linear prediction, increasing the bias by 11 must increase every output by 11, while changing the weight vector can affect rows differently.
Purity does not mean a whole application has no state. It means the numerical function receives the state it needs and returns any new state. Files, logs and orchestration can live outside that numerical boundary.
Pause and reason
Where should a changing training step or random key live?
Compare your reasoningIn explicit state passed into the computation and returned when updated. Hiding it in a mutable Python global makes replay and transformed execution harder to verify.
X′[i]={vif i=kX[i]otherwiseX'[i] = \begin{cases} v & \text{if } i = k \\ X[i] & \text{otherwise} \end{cases}Hidden state makes the signature incomplete
A function that takes xx but reads a global weight has two effective inputs while advertising only one. Re-running it after changing the global can change its result with no visible argument change. Tests may depend on the order in which prior code ran.
Passing the weight explicitly makes the dependency visible. It also allows two model configurations to coexist without rewriting global variables. That matters for evaluation, comparisons, checkpoint recovery, and eventually multiple workers.
Array immutability does not make a dictionary immutable
JAX arrays are immutable values, but a Python dictionary holding them is still a mutable container. Assigning params["weight"] = ... changes which value the dictionary holds. If another variable refers to the same dictionary, it sees the changed entry.
Constructing {**params, "weight": new_weight} makes a new dictionary with a changed binding and keeps the old container intact. This is a shallow copy: nested mutable objects can still be shared. Our example has only array leaves, so the shallow update is sufficient for the declared structure. More general parameter trees will need deliberate tree-aware transformations.
Treat a step as an input/output contract
A training step will eventually consume parameters, optimizer state, and a batch, then return updated state and metrics. The current predictor is the simpler first piece: parameters and data in, predictions out. The caller owns the history and can save both original and updated values.
This structure makes replay a meaningful test. With the same inputs, predictions should agree; changing the weight should affect predictions in the expected way. Do not make a test depend on a global that may already have been edited elsewhere in a notebook.
predict(parameters, observations) → predictions
future step(state, batch) → new_state, metrics
Choose a clear transformation boundary
A print, file write, or list append is a Python side effect. Inside a transformed function, such effects can happen during tracing rather than every device execution. We will investigate that mechanism in the tracing lesson. For now, separate producing metrics from reporting them.
Return the values you need to inspect, then let the caller print or save them. This design also makes unit-sized numerical checks simpler: you can compare actual outputs with known arrays without parsing console messages or relying on side-effect timing.
A deterministic check has limits
Calling a function twice with fixed inputs checks a useful property, but it does not prove the absence of every hidden dependency. A hidden global might happen not to change. Inspect the implementation and deliberately exercise multiple configurations. Randomness will need an explicit input as well; that is why the next phase introduces keys rather than treating random draws as invisible global state.
Keep the evidence proportional to the claim: these tests establish the behavior of this predictor and update pattern, not the replay of an entire distributed training job.
Explicit parameters make predictions inspectable
Predict: What changes when the bias increases by 22?
[image: Explicit parameters make predictions inspectable. The horizontal axis is the input and the vertical axis is the prediction. The solid line uses bias \(1\); the dashed line uses bias \(3\). Both use the same weight \(2\). At input \(0\), the predictions are \(1\) and \(3\). At input \(2\), they are \(5\) and \(7\). The gap stays \(2\) everywhere, and the parallel lines rise by \(2\) for each unit increase in the input.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is the input and the vertical axis is the prediction. The solid line uses bias 11; the dashed line uses bias 33. Both use the same weight 22.
At input 00, the predictions are 11 and 33. At input 22, they are 55 and 77. The gap stays 22 everywhere, and the parallel lines rise by 22 for each unit increase in the input.
Connect it to the computation
In y=wx+by=wx+b, changing the explicit bias changes the vertical offset, while the unchanged weight preserves the slope. You can read the bias directly where the line meets the vertical axis because the product wxwx is zero there.
This makes the function’s inputs inspectable: the change in the output follows the change in the passed parameter. As a check, setting the bias to 00 would move the solid line down by 11 and make it pass through the origin. It would not flatten the line.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for pure functions and explicit inputs.
import jax.numpy as jnp
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
def predict(params, x):
    return params["weight"] * x + params["bias"]
params = {"weight": jnp.array(2.), "bias": jnp.array(1.)}
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
x = jnp.array([0., 1., 2.])
assert jnp.allclose(predict(params, x), jnp.array([1., 3., 5.]))
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Run the example
The assembled script is in the separate solutions and code appendix.
[11. 33. 55.]
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Expose a mutable container alias
Predict before running: If alias = params, does assigning a new weight through alias preserve the original dictionary? Predict before running on a separate example.
# Experiment — Expose a mutable container alias: The mutation concerns Python container bindings.
container = {"weight": jnp.array(2.), "bias": jnp.array(1.)}
alias = container
alias["weight"] = jnp.array(9.)
assert float(container["weight"]) == 9.
assert float(params["weight"]) == 2.
print("aliased container weight:", float(container["weight"]))
The aliased container changes to weight 99; the separate original lesson parameters remain 22.
The mutation concerns Python container bindings. It does not contradict JAX array immutability.
Replay two independent model configurations
Predict before running: What should each parameter setting predict, regardless of which was called first?
# Experiment — Replay two independent model configurations: Independent configurations reveal the benefit of explicit inputs...
first_params = {"weight": jnp.array(2.), "bias": jnp.array(1.)}
second_params = {"weight": jnp.array(-1.), "bias": jnp.array(4.)}
first_output = predict(first_params, x)
second_output = predict(second_params, x)
assert jnp.allclose(first_output, jnp.array([1., 3., 5.]))
assert jnp.allclose(second_output, jnp.array([4., 3., 2.]))
assert jnp.allclose(predict(first_params, x), first_output)
assert jnp.allclose(predict(second_params, x), second_output)
The two configurations produce [1,3,5][1, 3, 5] and [4,3,2][4, 3, 2], and both can be replayed.
Independent configurations reveal the benefit of explicit inputs more clearly than one call on one global parameter set.
Your exercise
Create new parameters with weight 33 while retaining the original bias. Show that the original parameters still produce the original predictions.
Attempt this before consulting the separate solutions appendix.
Update the bias without changing either parameter input
Practice
Implement with_bias(params, new_bias), returning a new dictionary. Verify outputs for new bias −2-2 and replay the original prediction.
Hint
A new dictionary is required; changing a binding in the original dictionary breaks the promised contract.
Return predictions and metrics together
Challenge
Write evaluate(params, inputs, targets) that returns predictions and a scalar MSE. Test two model configurations on targets [1,3,5][1, 3, 5]. Keep printing outside the function.
Hint
Compute data inside the numerical core and report it outside. A tuple return does not itself imply mutation.
Checkpoint
What makes predict easier to transform and test?
	Reading an editable global weight
	Passing parameters and data explicitly
	Printing inside every numerical operation

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a replay differs, inspect hidden globals, mutable aliases, and random state before assuming nondeterministic hardware. If an update affects an old model, check whether the caller reused the same dictionary. If logs disappear under a transform, inspect whether they are Python side effects. Preserve numerical results as return values so you can investigate without relying on side-effect behavior.
Carry forward
	Explicit inputs make model dependencies visible and configurations independent.
	Immutable arrays can still be stored in mutable Python containers.
	Return new state deliberately and let the caller own it.
	Keep numerical computation separate from host logging, I/O, and orchestration.

Your evidence
Keep both parameter configurations, their known predictions, a container-alias experiment, a non-mutating update, and an evaluation loss checked by hand. Explain which state the caller owns.
Primary references
	JAX: pure functions and common gotchas
	JAX: stateful computations

Immutable updates and indexing
Implement functional indexed updates and distinguish accumulated contributions from shape-preserving masks.
What you will be able to do
	Predict the values returned by functional indexed set and add.
	Distinguish array-value semantics from Python name rebinding and compiler storage choices.
	Accumulate repeated-index contributions with an explicit integer reference.
	Choose a fixed-shape mask when output shape must remain stable.

The problem
You want to replace a few array entries, but JAX rejects the NumPy-style assignment. The key idea is small: describe the new array value, then keep the result. We’ll try replacement and addition, check that the original value is still available, and see what happens when an index appears more than once.
The idea
An indexed update in JAX returns an array value. This makes the relationship between old and new state explicit: the caller chooses which result to keep. The programming model describes values; compiler decisions about physical memory reuse are a separate issue.
Separate a new value from a new physical buffer
Start with [2,4,6][2,4,6]. Setting the middle entry to 1010 produces [2,10,6][2,10,6]. Adding 1010 at that position produces [2,14,6][2,14,6]. Both operations begin from the same original values; the second is not automatically applied to the result of the first.
Draw two arrows from the original array, one labeled set and one labeled add. If you want sequential updates, explicitly feed the first result into the second operation. This is the same state-flow idea we will use in optimization and recurrent loops.
Do not infer allocation cost from that drawing. A compiler may reuse storage when it can preserve the program's semantics. First verify old/new values and duplicate-index behavior for the operation you use, then measure memory behavior separately.
Pause and reason
You call an indexed update but keep using the original variable. Why might later predictions be unchanged?
Compare your reasoningThe returned updated value was discarded. Assign or pass that result into the next computation; do not expect the original array value to mutate.
Ci,k=∑j=1NAi,jBj,k=einsum(’ij,jk->ik’,A,B)C_{i,k} = \sum_{j=1}^{N} A_{i,j} B_{j,k} = \text{einsum}(\texttt{'ij,jk->ik'}, A, B)A Python name and an array value are different
After y = x.at[1].set(20), xx still denotes the original array and yy denotes the updated value. After x = x.at[1].set(20), the Python name xx is rebound to the new value. That spelling does not retroactively change another name holding the original value.
Keep original = x before an update when you want a reference for tests. Comparing original and updated makes the semantics visible. Repeatedly inspecting only the newly rebound name can make a functional update look like mutation even though the old value still exists.
Set replaces; add accumulates
Replacing an entry means its old value no longer contributes at that position in the result. Adding a contribution means the old value remains and the contribution is combined with it. Use set for a known replacement and add for a scatter-like accumulation.
Repeated indices need particular care. With add, contributions to the same index are accumulated; their floating-point order may not be guaranteed. With conflicting set values for the same index, do not assume a portable last-write-wins order. Choose unique indices when you need deterministic replacement semantics and test duplicate accumulation with exact small integers before studying floating-point ordering.
Choose a mask when you want to keep the shape
Selecting xx[xx > threshold] extracts a variable number of elements: its output length depends on values. A masked replacement, jnp.where(x > threshold, x, 0), keeps the original shape. They are different calculations even if both are described casually as filtering.
A fixed-shape representation is useful for staged computation. Later lessons will explain why value-dependent output lengths can fail under jit. Decide whether downstream code expects compacted selected data or an array with masked entries before choosing the operation.
Make the index domain part of the contract
Our examples use explicit in-bounds integer indices and ordinary slices. Indexing behavior at out-of-bounds positions is not a substitute for validating bad input. Negative indexing, duplicate indices, masks, and scatter modes all need deliberate interpretation in a real data pipeline.
A small update test should verify unchanged positions as well as changed positions. Testing only the new value at one index could miss an unintended broadcast across a slice or a mistaken axis in a matrix.
Carry functional updates into training state
A model update is a larger version of the same idea: parameters and gradients produce new parameters. The caller retains or checkpoints state. Functional indexed operations let you describe a selective change without mutating an old array value.
This lesson prepares you to reason about optimizer and simulation state. It is separate from memory efficiency or a training algorithm; those require broader computations and measurements.
An update returns a new array
Predict: Which cells change after set, and which after add?
[image: An update returns a new array. Columns are array indices. The top row is the original array, and each lower row is a separate result created from that original. The cell colors encode stored values; the dark cell containing \(20\) makes the replacement easy to locate. The middle row replaces only index \(1\): \((1,2,3,4)\) becomes \((1,20,3,4)\). The bottom row instead adds \(5\) at indices \(0\) and \(2\), giving \((6,2,8,4)\).]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Columns are array indices. The top row is the original array, and each lower row is a separate result created from that original. The cell colors encode stored values; the dark cell containing 2020 makes the replacement easy to locate.
The middle row replaces only index 11: (1,2,3,4)(1,2,3,4) becomes (1,20,3,4)(1,20,3,4). The bottom row instead adds 55 at indices 00 and 22, giving (6,2,8,4)(6,2,8,4).
Connect it to the computation
The bottom row still contains 22 at index 11. This is the visual clue that the two updates branch from the original; the second operation did not continue from the middle row. In both cases, the top row remains unchanged.
An immutable update returns a new value. To make changes accumulate, pass the returned array into the next update. If these operations were chained, the final array would be (6,20,8,4)(6,20,8,4), which is deliberately not the bottom row shown here.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for immutable updates and indexing.
import jax.numpy as jnp
x = jnp.array([1., 2., 3., 4.])
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
y = x.at[1].set(20.)
z = x.at[jnp.array([0, 2])].add(5.)
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
assert jnp.allclose(x, jnp.array([1.,2.,3.,4.]))
assert jnp.allclose(y, jnp.array([1.,20.,3.,4.]))
assert jnp.allclose(z, jnp.array([6.,2.,8.,4.]))
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Run the example
The assembled script is in the separate solutions and code appendix.
Original: [1.,2.,3.,4.][1., 2., 3., 4.]; Set: [1.,20.,3.,4.][1., 20., 3., 4.]; Add: [6.,2.,8.,4.][6., 2., 8., 4.].
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
See name rebinding without old-value mutation
Predict before running: If two names point at the original array and one name is rebound, which values remain available?
# Experiment — See name rebinding without old-value mutation: Assigning a result changes the binding, while ignoring a result...
original = x
rebound = x
rebound = rebound.at[1].set(20.)
assert jnp.allclose(original, jnp.array([1., 2., 3., 4.]))
assert jnp.allclose(rebound, jnp.array([1., 20., 3., 4.]))
ignored = x.at[0].set(99.)
assert jnp.allclose(x, original)
assert float(ignored[0]) == 99.
The original remains [1,2,3,4][1, 2, 3, 4]; rebound and ignored hold separate returned values.
Assigning a result changes the binding, while ignoring a result leaves the caller using the old value.
Accumulate repeated integer contributions
Predict before running: Predict the total at index 11 after adding contributions 22 and 33 there. What differs from replacement?
# Experiment — Accumulate repeated integer contributions: The integer loop reference makes accumulation explicit.
import numpy as np
indices = jnp.array([1, 1, 3])
contributions = jnp.array([2, 3, 7], dtype=jnp.int32)
base_counts = jnp.zeros(4, dtype=jnp.int32)
counts = base_counts.at[indices].add(contributions)
# Allocate initialized array `reference_counts` with the specified shape and dtype.
reference_counts = np.zeros(4, dtype=np.int32)
for index, contribution in zip([1, 1, 3], [2, 3, 7]):
    # Accumulate the next contribution into `reference_counts[index]`.
    reference_counts[index] += contribution
assert jnp.array_equal(counts, reference_counts)
assert jnp.array_equal(counts, jnp.array([0, 5, 0, 7]))
assert jnp.array_equal(base_counts, jnp.zeros(4, dtype=jnp.int32))
The counts are [0,5,0,7][0, 5, 0, 7]; repeated index 11 receives both contributions.
The integer loop reference makes accumulation explicit. It avoids asserting a floating-point reduction order or conflicting-set behavior.
Your exercise
Replace the last two elements with zero in a new array. Keep xx unchanged.
Attempt this before consulting the separate solutions appendix.
Replace a region of a matrix
Practice
Create a (3,3)(3, 3) matrix containing 00 through 88. Set its final column to −1-1 in a returned value. Verify the whole result and original matrix.
Hint
The slice [:, −1-1] selects every row and the last column. A scalar replacement broadcasts across that slice.
Keep shape while masking values
Challenge
Keep only values greater than 22 from xx, replacing other positions with zero. Compare with compact selection and explain the shape difference.
Hint
Use where for the fixed-shape result. Boolean indexing produces selected values, not a shape-preserving mask.
Checkpoint
After y = x.at[1].set(20.), what happens to xx?
	Its second element becomes 2020
	Its value remains unchanged
	It becomes a Python list

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If nothing changes, check whether the returned update was discarded. If old values seem changed, distinguish name rebinding from mutation and inspect mutable containers around the array. If duplicate replacements are surprising, do not assume last-write-wins order; use an explicit unique-index policy. If a mask later fails under jit, inspect whether its output length depends on runtime values.
Carry forward
	Indexed updates return values; retaining them is the caller’s responsibility.
	Name rebinding and mutation are different operations.
	Repeated-index add accumulates contributions, while conflicting set needs a deliberate policy.
	A shape-preserving mask and compact selection express different computations.

Your evidence
Keep original and updated arrays, a repeated-index integer reference, the whole-matrix replacement check, and compact-versus-fixed-shape outputs. Explain replacement, accumulation, and name rebinding.
Primary references
	JAX: indexed update API
	JAX: immutability and array updates

Phase 02: JAX transformations
What changes when you differentiate, batch or compile a function?
Build one trustworthy scalar calculation before composing transformations. Differentiation changes the quantity, batching adds an axis, and compilation changes execution. Keeping these roles distinct makes later training failures easier to locate.
Prepare and work through the phase
	Establish the derivative
Predict derivatives at several inputs and compare with an analytic calculation. Check that the loss is a scalar before differentiating.

	Compose without changing the question
Compare a Python loop, mapped gradients and their compiled version on the same inputs. Change numerical values separately from shapes and static configuration; record tracing and timing as different observations.


Readiness check
For a squared residual, is the gradient of the average loss the same shape as the stack of per-example gradients?
Answer: No. A stack retains the examples axis; the gradient of the average reduces that axis. Their mean agrees for the same equally weighted differentiable objective.
Transfer question
One minibatch has two examples and another has six. How should you combine their mean gradients?
Approach: Weight each mean gradient by its example count, add the weighted gradients, then divide by eight. An unweighted average gives examples in the smaller batch too much influence. Verify against a gradient over the concatenated batch.
Common pitfall
A Python conditional works eagerly but raises a tracer error under jit. Identify the data-dependent truth test. Use a JAX control-flow operation with compatible branch outputs; do not mark changing array data static to suppress the symptom.
Phase artifact
Use foundation-toolkit stage 3. Keep independent derivatives, batched/compiled parity and one changed signature. Explain why a faster warm call does not measure first-call cost.
Transformation combinations involving nondifferentiable boundaries require further examples; passing smooth fixtures does not validate arbitrary gradients.
Phase project: Compare scalar, vmap, autodiff, and changed-shape JIT behavior. Compose grad, vmap, and jit; explain what each transformation changes. Start with project stages 1, 2, 3, 4.
	transforms-audit · online workspace · project guide
	foundation-toolkit · online workspace · project guide

Your first gradient
Explain local sensitivity and the chain rule, then compare analytic, numerical, and automatic derivatives.
What you will be able to do
	Predict the sign and magnitude of a derivative from a local change.
	Trace the chain rule through a composed numerical function.
	Compare an analytic derivative, a finite-difference estimate, and JAX autodiff.
	Distinguish a stationary point from a minimum and repair scalar-output/input-type errors.

The problem
Imagine that you can turn one dial, and a score tells you how far you are from the result you want. Which way should you turn it? We’ll begin with the curve f(x)=x2f(x)=x^2, where we can check the answer by hand. A derivative tells us how the score changes nearby; then JAX will calculate that derivative for us. You do not need to guess what the tool is doing.
The idea
A derivative tells us how an output changes near a particular input. We can understand it before using autodiff: move the input a small amount, estimate the output change from the local slope, then compare that prediction with the function.
Use a slope to predict a nearby change
For a separate hand calculation, let f(x)=x2f(x)=x^2. At x=3x=3, the derivative is 66. Moving to 3.013.01 gives a first-order prediction of 9+6(0.01)=9.069+6(0.01)=9.06. The exact value is 9.06019.0601; the small difference comes from curvature.
In the tangent figure, the tangent agrees with the curve at the selected point and has the same local slope. It need not follow the curve far away. Move the point and watch the slope change; then move only a small distance from that point to judge the linear approximation.
Autodiff computes the derivative of the operations you wrote. It does not choose a meaningful objective for you. A gradient of the wrong loss can be numerically correct, which is why later lessons check both the formula and its derivative.
Pause and reason
Does a positive derivative mean the function value itself is positive?
Compare your reasoningNo. The derivative describes local change. For f(x)=x−10f(x)=x-10 at x=0x=0, the value is −10-10 while the derivative is 11.
Read a slope before you compute it
Let’s start at x=3x=3. If we move right by δ=0.01\delta=0.01, the score changes from 99 to 9.06019.0601. That is an increase of 0.06010.0601. The slope predicts an increase of about 6×0.01=0.066\times0.01=0.06, which is close.
Here δ\delta means a small change in the input, and f′(x)f\prime(x) means the slope at that input. Expanding the square gives the exact change below. The term δ2\delta^2 is what the straight-line approximation leaves out. As the change gets smaller, that term becomes small compared with the linear term when the slope is nonzero.
Before running the code, try a negative input. At x=−3x=-3, moving a little to the right reduces the score. The slope should therefore be negative. At zero, the slope is zero even though moving away in either direction increases the square.
f(x+δ)−f(x)=2xδ+δ2f′(x)=2x\begin{aligned}f(x+\delta)-f(x)&=2x\delta+\delta^2\\f\prime(x)&=2x\end{aligned}Three ways to obtain a derivative
An analytic derivative comes from reasoning about the mathematical function. A finite difference approximates a derivative by evaluating the function at nearby inputs. Automatic differentiation applies derivative rules to the operations that execute in the program and composes those rules with the chain rule.
Autodiff is not estimating a slope with a hidden step size, and it is not a symbolic algebra system simplifying a formula. Your program still runs floating-point operations. Those operations can overflow, lose precision, or evaluate a function whose mathematical derivative is not well-defined at the chosen point. Agreement among independent approaches is stronger evidence than merely printing one number.
Follow the chain rule through the program
Now split the calculation into two small steps. First compute u=3x+1u=3x+1, then square it to get y=u2y=u^2. A small change in xx first changes uu; that change in uu then changes yy. The chain rule multiplies the two local slopes.
The first slope is 33. The second is 2u2u. Multiplying gives 6(3x+1)6(3x+1). At x=2x=2, we have u=7u=7, so the derivative is 4242. This gives us a hand-calculated answer for the JAX check. Autodiff follows the operations in the program; it is not estimating the derivative by repeatedly nudging the input.
u=3x+1,y=u2dydx=dydududx=2u⋅3\begin{aligned}u&=3x+1,\qquad y=u^2\\\frac{dy}{dx}&=\frac{dy}{du}\frac{du}{dx}=2u\cdot3\end{aligned}Know the contract of grad
The default grad transformation differentiates the first positional argument. Its differentiated inputs must have an appropriate inexact dtype, such as a floating-point array, and its output must be scalar: shape ()(), not shape (1,)(1,). A Python float like 3.03.0 works; the integer 33 is a different input type.
A vector of residuals is useful model output, but it does not yet specify a single objective. Reducing the residuals to a sum or a mean chooses an objective and its scaling. A Jacobian is the more appropriate object when you really want the derivatives of every vector output. We will first learn scalar objectives, then return to batching and derivative structure.
A zero gradient is a question, not a verdict
Both x2x^2 and x3x^3 have derivative zero at x=0x=0. The square has a minimum there; the cubic keeps decreasing toward the left. The constant function x↦5x\mapsto5 also has zero derivative everywhere. A gradient is local first-order information, so it does not by itself prove optimality, global quality, or a correct implementation.
When a model produces a surprising zero gradient, ask whether the loss actually depends on the parameter, whether you differentiated the intended argument, and whether the chosen point is stationary. Checking nearby points and a simple analytic case is often more informative than immediately changing the optimizer.
A tangent describes local change
Predict: At x=3x=3, is the slope equal to the height of the curve?
[image: A tangent describes local change. The solid curve is \(f(x)=x^2\). The dashed line is its tangent at the marked point \((3,9)\). The horizontal axis measures the input; the vertical axis shows either the function value or the tangent’s predicted value. Near the marked point the two almost coincide. Farther away they separate: at \(x=2\), the curve is \(4\) and the tangent is \(3\). At \(x=0\), the curve is \(0\), but the tangent has fallen to \(-9\).]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The solid curve is f(x)=x2f(x)=x^2. The dashed line is its tangent at the marked point (3,9)(3,9). The horizontal axis measures the input; the vertical axis shows either the function value or the tangent’s predicted value.
Near the marked point the two almost coincide. Farther away they separate: at x=2x=2, the curve is 44 and the tangent is 33. At x=0x=0, the curve is 00, but the tangent has fallen to −9-9.
Connect it to the computation
The derivative at x=3x=3 is 66, so the local prediction is f(3+Δx)≈9+6Δxf(3+\Delta x)\approx9+6\Delta x. The exact value also contains (Δx)2(\Delta x)^2. That omitted term explains why the approximation is good for small changes and increasingly poor for large ones.
The negative part of the dashed line does not mean a square became negative. It means a local linear approximation was extended beyond the neighborhood where it is useful. A gradient describes local change, not the complete function.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for your first gradient.
import jax
import jax.numpy as jnp
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
def f(x):
    return x ** 2
# Differentiate the objective to obtain `derivative` via automatic differentiation.
derivative = jax.grad(f)
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
assert jnp.allclose(derivative(3.0), 6.)
assert jnp.allclose(derivative(0.0), 0.)
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Build a numerical estimate
# Numerical estimate: Approximately 6.0.
def central_difference(function, x, h=1e-3):
    return (function(x + h) - function(x - h)) / (2 * h)

def square(x):
    return x * x

estimate = central_difference(square, 3.0)
print("Finite-difference estimate:", estimate)
assert abs(estimate - 6.0) < 1e-8
Approximately 6.06.0. This estimate evaluates the function at two nearby points; it is not automatic differentiation.
Run the example
The assembled script is in the separate solutions and code appendix.
6.06.0
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check the chain rule at three inputs
Predict before running: For g(x)=(3x+1)2g(x)=(3x+1)^2, predict the derivative at −1-1, 00, and 22. Explain why the sign changes.
# Experiment — Check the chain rule at three inputs: The inner derivative contributes a factor of 3.
def composed(x):
    return (3. * x + 1.) ** 2
for point in (-1., 0., 2.):
    # Differentiate the objective to obtain `observed` via automatic differentiation.
    observed = jax.grad(composed)(point)
    expected = 6. * (3. * point + 1.)
    print("chain rule:", point, float(observed))
    assert jnp.allclose(observed, expected)
The three derivatives are −12-12, 66, and 4242.
The inner derivative contributes a factor of 33. Omitting that factor is a chain-rule error; matching only one point can hide a wrong expression.
Choose a finite-difference scale
Predict before running: For the float32 function x3x^3 at x=3x=3, will shrinking hh forever keep improving the estimate? Run the sweep and compare with 2727.
# Experiment — Choose a finite-difference scale: A central difference has truncation error at larger h and...
def cubic32(x):
    return x ** 3
point = jnp.array(3., dtype=jnp.float32)
for step in (1e-1, 1e-2, 1e-3, 1e-5, 1e-7):
    estimate = (cubic32(point + step) - cubic32(point - step)) / (2. * step)
    print("h / estimate / error:", step, float(estimate), float(jnp.abs(estimate - 27.)))
assert jnp.allclose(jax.grad(cubic32)(point), 27.)
The errors need not decrease monotonically. At sufficiently small hh, rounding can erase the input change.
A central difference has truncation error at larger hh and cancellation/rounding error at very small hh. The original numerical-estimate example used Python floats; this sweep deliberately uses a JAX float32 array. Do not silently compare their precision as if it were identical.
Your exercise
Foundation · Define f(x)=x3f(x)=x^3. Derive f′(x)f\prime(x), predict the values at −2-2, 00, and 33, then verify every prediction with JAX. Explain why the zero at x=0x=0 is separate from a minimum.
Attempt this before consulting the separate solutions appendix.
Differentiate the parameter you intended
Practice
For the prediction y^=wx\hat y=wx, find the derivative with respect to ww and then with respect to xx. Evaluate them at w=2w=2 and x=3x=3. Predict both answers before choosing argnums.
Hint
grad defaults to argnums=0. The other input remains an input to the transformed callable.
Repair an objective without hiding its meaning
Challenge
A function returns [x2,(x−2)2][x^2,(x-2)^2]. Explain why ordinary grad rejects it. Build a scalar objective using their mean, derive its derivative, and check x=0x=0, 11, and 22. Would a sum have the same derivative magnitude?
Hint
Write the reduction as a mathematical function first: its mean is x2−2x+2x^2-2x+2.
Checkpoint
For f(x)=x3f(x)=x^3, JAX reports f′(0)=0f\prime(0)=0. What can you conclude?
	x=0x=0 is a global minimum.
	The first-order local slope is zero; optimality requires more evidence.
	JAX has stopped differentiating because the output is zero.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If grad reports a scalar-output error, inspect the output shape before adding an arbitrary reduction. If it reports an integer-input error, check the dtype of the differentiated argument. If a gradient is unexpectedly zero, evaluate the function at nearby inputs and verify argument selection. If finite differences disagree, record dtype and hh, sweep hh, and compare with an analytic test case. Each symptom calls for different evidence.
Carry forward
	A derivative is a local sensitivity; a gradient transformation returns a callable.
	Autodiff applies the chain rule to program operations, while finite differences approximate with input perturbations.
	Scalar objective, input dtype, and differentiated argument are part of the contract.
	A stationary point and a minimum are different claims.

Your evidence
Keep predictions and analytic derivations at multiple inputs, the finite-difference step/error sweep with dtype, both argnums checks, and the scalar-objective repair. Explain why a zero gradient need not mark a minimum.
Primary references
	JAX: automatic differentiation
	JAX: grad API and argument contract

Losses and value_and_grad
Derive and audit a scalar loss, its parameter gradient, and stable versus unstable updates.
What you will be able to do
	Derive a batch mean-squared-error gradient for one weight.
	Use value_and_grad to return a loss and its parameter gradient together.
	Predict how sum versus mean and residual scaling change an update.
	Verify an update with independent arithmetic and diagnose an unstable step.

The problem
Let’s turn the slope idea into a learning problem. We have three measurements and a model with one weight. How should that weight change to make its predictions better? We’ll calculate the prediction errors, combine them into one loss, and check the gradient by hand before asking JAX for the same result.
The idea
A loss value tells us how the current prediction is scored. Its derivative tells us how a small parameter change affects that score locally. value_and_grad returns both so we can inspect progress and choose an update without confusing the two quantities.
Read the value and derivative at the same point
Take L(w)=(w−2)2+1L(w)=(w-2)^2+1 as a new hand-worked objective. At w=0w=0, the loss is 55 and the derivative is −4-4. A small positive change in the weight should decrease the loss. At w=2w=2, the derivative is zero but the loss remains 11.
The added constant changes every loss value but leaves the derivative unchanged. This is a useful diagnostic: if a derivative implementation changes when you add a parameter-independent constant, investigate the implementation. Equally, a nonzero minimum loss need not mean optimization failed.
When reading a plot of value and slope, compare them at the same horizontal coordinate and respect their different vertical units. The loss is not a gradient norm, and a small loss is separate from that all parameters are close to their intended values.
Pause and reason
If every loss value is multiplied by 1010, what happens to the gradient?
Compare your reasoningIt is multiplied by 1010 as well. Unlike adding a constant, scaling the objective changes an unadjusted gradient-descent step. Learning-rate comparisons must account for the loss normalization.
From three residuals to one decision
Read the formula from the inside out. For example ii, the model predicts wxiwx_i. Subtract the observed target yiy_i to get the residual, square it, and then average over all NN examples. The symbol ∑\sum just tells us to add the individual terms.
For inputs [1,2,3][1, 2, 3], targets [2,4,6][2, 4, 6] and weight 11, the predictions are [1,2,3][1, 2, 3]. The residuals are [−1,−2,−3][-1, -2, -3]. Their squares add to 1414, so the mean loss is 14/314/3. At weight 22, every residual is zero. These two settings give us independent checks before we use gradients.
L(w)=1N∑i=1N(wxi−yi)2L(w)=\frac{1}{N}\sum_{i=1}^{N}(wx_i-y_i)^2Derive the gradient independently
Each squared residual contributes two factors when we differentiate: twice the residual, and the input xix_i from differentiating wxiwx_i. We average those contributions just as we averaged the losses.
For this dataset, the loss simplifies to (14/3)(w−2)2(14/3)(w-2)^2. At w=1w=1, its derivative is −28/3-28/3. The negative sign tells us that a small increase in the weight reduces the loss. That sign is useful: subtracting a negative gradient should move the weight upward, toward 22.
dLdw=2N∑i=1N(wxi−yi)xiL(w)=143(w−2)2for our three examples\begin{aligned}\frac{dL}{dw}&=\frac{2}{N}\sum_{i=1}^{N}(wx_i-y_i)x_i\\L(w)&=\frac{14}{3}(w-2)^2\quad\text{for our three examples}\end{aligned}Read value_and_grad as an interface
The transformation returns a callable whose result is a pair: (value, gradient). In this lesson the value has shape ()() and the gradient also has shape ()() because the parameter is scalar. For a vector parameter, the gradient would have the vector parameter shape, not the batch shape. For a structured parameter tree, the gradient mirrors the tree.
Only the first positional argument is differentiated by default. Data can be explicit additional inputs without becoming parameters. Making that boundary explicit will matter when we compile training steps and reuse them across batches. value_and_grad bundles value and derivative computation in one transformed call; it does not guarantee a specific speedup for every workload.
Predict whether a step improves the objective
A gradient descent step uses wnew=w−αgw_{\mathrm{new}}=w-\alpha g. With α=0.1\alpha=0.1 and g=−28/3g=-28/3, w_new is about 1.93331.9333, much closer to 22 than the initial 11. The loss therefore falls to about 0.020740.02074.
For this quadratic, the error e=w−2e=w-2 evolves as enew=(1−28α/3)ee_{\mathrm{new}}=(1-28\alpha/3)e. The loss decreases for a nonzero error when the absolute value of that multiplier is below one, giving 0<α<3140<\alpha<\frac{3}{14}. At α=0.3\alpha=0.3, the multiplier is −1.8-1.8: the update crosses the optimum and increases the magnitude of the error. This threshold belongs to this dataset and objective, not to all training problems. Here α\alpha is the step size, gg is the gradient, and ee measures how far the current weight is from 22. Try reading the error multiplier before running each step-size experiment.
wnew=w−αgenew=(1−28α3)e,e=w−2\begin{aligned}w_{\mathrm{new}}&=w-\alpha g\\e_{\mathrm{new}}&=\left(1-\frac{28\alpha}{3}\right)e,\qquad e=w-2\end{aligned}Separate objective value from useful metrics
A single mean can hide an important individual error. Keep residuals or another diagnostic metric alongside the scalar loss. With has_aux=True, the function returns (scalar_loss, auxiliary_data), and value_and_grad returns ((loss, auxiliary_data), gradient). The differentiation objective is still the scalar loss; the auxiliary return does not create an additional objective.
In a larger model, auxiliary data might contain predictions or accuracy. This interface avoids confusing model outputs, logging information, and the objective. It also makes it easier to test what the step actually optimizes.
Loss and slope answer different questions
Predict: Where is the loss smallest, and where does its slope change sign?
[image: Loss and slope answer different questions. The solid bowl is mean squared loss and the dashed line is its derivative with respect to the weight. The horizontal axis varies the weight. The two vertical quantities have different meanings even though they share one axis. Both reach zero at \(w=2\). At \(w=1\), the loss is about \(4.67\), while the derivative is about \(-9.33\). Left of the minimum, the derivative is negative; right of it, the derivative is positive.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The solid bowl is mean squared loss and the dashed line is its derivative with respect to the weight. The horizontal axis varies the weight. The two vertical quantities have different meanings even though they share one axis.
Both reach zero at w=2w=2. At w=1w=1, the loss is about 4.674.67, while the derivative is about −9.33-9.33. Left of the minimum, the derivative is negative; right of it, the derivative is positive.
Connect it to the computation
The loss tells us how wrong the predictions are. The derivative tells us how that loss changes when the weight increases slightly. A negative derivative means moving right initially lowers the loss, which is why subtracting the gradient moves the weight toward 22.
The dashed line below zero is a negative slope, not a negative squared loss. Likewise, an intersection of the two curves away from the minimum has no special optimization meaning. value_and_grad returns these two different pieces of information together.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for losses and value_and_grad.
import jax
import jax.numpy as jnp
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
x = jnp.array([1., 2., 3.])
y = 2. * x
def loss(weight):
    return jnp.mean((weight * x - y) ** 2)
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
value, gradient = jax.value_and_grad(loss)(1.0)
assert jnp.allclose(value, 14./3.)
assert jnp.allclose(gradient, -28./3.)
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Run the example
The assembled script is in the separate solutions and code appendix.
Loss ≈ 4.6666674.666667; gradient ≈ −9.333334-9.333334. Small floating-point differences are normal.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check JAX against the handwritten gradient
Predict before running: Predict the derivative at weights 00, 11, and 22. Does the loss decrease just because the derivative is negative?
# Experiment — Check JAX against the handwritten gradient: A derivative describes the direction.
def analytic_loss_gradient(weight):
    return 2. * jnp.mean((weight * x - y) * x)
for weight in (0., 1., 2.):
    # Differentiate the objective to obtain `(value_here, grad_here)` via automatic differentiation.
    value_here, grad_here = jax.value_and_grad(loss)(weight)
    print("weight / loss / gradient:", weight, float(value_here), float(grad_here))
    assert jnp.allclose(grad_here, analytic_loss_gradient(weight))
The gradients are −56/3-56/3, −28/3-28/3, and 00; the losses are 56/356/3, 14/314/3, and 00.
A derivative describes the direction. A new objective value is obtained only after a chosen update and a new evaluation.
Return residuals without changing the objective
Predict before running: What nested structure will has_aux=True return, and which part determines the parameter gradient?
# Experiment — Return residuals without changing the objective: The return structure separates logging data from a scalar...
def loss_with_residuals(weight):
    residuals = weight * x - y
    return jnp.mean(residuals ** 2), residuals
# Differentiate the objective to obtain `((aux_value, residuals), aux_grad...` via automatic differentiation.
(aux_value, residuals), aux_gradient = jax.value_and_grad(loss_with_residuals, has_aux=True)(1.)
# Check tensor shape invariant: `residuals.shape == (3,)`
assert residuals.shape == (3,)
assert jnp.allclose(residuals, jnp.array([-1., -2., -3.]))
assert jnp.allclose(aux_value, value)
assert jnp.allclose(aux_gradient, gradient)
The objective and gradient match the original; residuals are a separate array of shape (3,)(3,).
The return structure separates logging data from a scalar optimization target. Reducing or selecting the wrong return value is a common source of interface bugs.
Your exercise
Foundation · Starting from w=1w=1, calculate the next weight and loss for α=0.1\alpha=0.1 and α=0.3\alpha=0.3. Verify both. Explain the overshoot using the error multiplier rather than concluding that autodiff is wrong.
Attempt this before consulting the separate solutions appendix.
Make the data boundary explicit
Practice
Rewrite loss(weight, inputs, targets) with data as arguments. Use value_and_grad and verify the gradient at w=1w=1 against the hand-derived result.
Hint
Default differentiation is with respect to the first argument, not every floating-point input.
Audit reduction and batch replication
Challenge
Compare the mean and sum loss gradients. Repeat this batch twice and predict the gradient under both reductions. Explain which learning-rate adjustment makes a sum-based update match a mean-based update.
Hint
Duplicate data are not new information. Track the factor NN in the mathematical objective.
Checkpoint
You duplicate every example and keep the same learning rate. What happens to a sum-loss SGD update compared with the original batch?
	Its gradient and update magnitude double.
	It stays unchanged because the data values are unchanged.
	value_and_grad silently converts the sum to a mean.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If an update increases loss, verify the subtraction sign, reduction scale, and learning rate before blaming the gradient transform. If the objective is nonscalar, inspect the residual and reduction shapes. If metrics look plausible but gradients are wrong, compare against the independently derived formula at more than one parameter setting. These checks separate implementation mistakes from an unstable optimization choice.
Carry forward
	A scalar reduction defines both the objective and the update scale.
	value_and_grad returns a value/gradient pair; the gradient follows the parameter shape.
	Independent arithmetic and multiple parameter settings provide a useful numerical check.
	Descent direction does not guarantee descent with an arbitrary step size.

Your evidence
Keep handwritten loss/gradient arithmetic, checks at three weights, small/large-rate update results, auxiliary residuals, and mean-versus-sum batch-replication results. Explain the update-scale change.
Primary references
	JAX: value_and_grad

Batch a function with vmap
Specify batching axes and connect per-example gradients to a reduced batch objective.
What you will be able to do
	Write and check a single-example function before batching it.
	Predict vmap input/output axes and distinguish shared parameters from mapped data.
	Verify batched results against a Python-loop reference.
	Relate per-example loss gradients to the gradient of a batch mean.

The problem
You have a prediction function that works for one example. Now you need it for a batch. Rather than keep two versions of the model in sync, we’ll tell JAX which input axis contains examples. You’ll compare vmap with a short Python loop and learn which inputs stay shared.
The idea
Vectorization lets us describe one example clearly and then apply that rule across an axis. The crucial decision is which arguments vary by example and which are shared. vmap expresses that decision; it does not require us to write a Python loop or assign hardware threads.
Map examples without changing the single-example rule
Imagine three observations that use one common weight vector. Each row enters the same dot-product rule, producing one scalar, and the three scalars are stacked. Mapping the observation axis while keeping weights shared means the model is the same for every observation.
Now imagine three different weight vectors, one per observation. Mapping both arguments would answer a different question: three input/model pairs rather than one model applied to a batch. Neither choice is automatically wrong, but only one matches the intended task.
The existing output bars show the lesson's three results, 1,1,81,1,8. Their heights check the values; the axis diagram explains how the rows produced them. Compare against an explicit stack of single-row calls, then permute the rows and predict the same permutation of outputs.
Mapped rows and shared weights
Predict: What should happen if you duplicate an input row while keeping the same shared weights?
[image: Each row enters the same single-example rule with one shared weight vector. The scalar results are stacked in row order. This is a mathematical mapping, not a hardware-thread allocation. Reordering observations should reorder outputs identically.]Architecture and dataflow mechanism diagram.Each row enters the same single-example rule with one shared weight vector. The scalar results are stacked in row order. This is a mathematical mapping, not a hardware-thread allocation. Reordering observations should reorder outputs identically.
Pause and reason
What should happen if you duplicate an input row while keeping the same shared weights?
Compare your reasoningThe duplicated row should produce the same deterministic output. If it does not, inspect argument mapping and any state/randomness before blaming batching itself.
vmap⁡(f)(X)i=f(Xi),i=0,…,B−1\operatorname{vmap}(f)(X)_i = f(X_i), \qquad i = 0, \dots, B-1Write down the axis contract
There are three independent questions: which dimension represents examples, which inputs should be repeated unchanged, and where should the collected output axis go? BB and DD are labels for your reasoning, not named dimensions enforced by JAX.
For the worked example, shared weight is (2,)(2,), data is (3,2)(3, 2), and predictions are (3,)(3,). The first row [1,1][1, 1] produces 2⋅1−1⋅1=12\cdot1-1\cdot1=1. The second row [2,3][2, 3] also produces 11. The third [4,0][4, 0] produces 88. Calculate those values before reading the batched call.
single: (D,), (D,) → ()
batched: shared (D,), mapped (B,D) → (B,)
Build a reference that is easy to trust
A small Python loop makes the mapping literal: select each data row, call the original function, and stack its results. Keep that reference for tests even if it is not the production implementation. A matrix-vector product is a second independent formulation for this linear model.
Agreement among the loop, vmap, and matrix product checks different ways of describing the same computation. It does not prove that arbitrary future nonlinear models or new axis conventions are correct. Include asymmetric shapes and distinct row values so a transposition or accidentally shared example is easy to detect.
Shared does not mean copied or frozen
None in in_axes tells the transformation that an argument has no mapped axis at this level. Every logical example sees the same parameter value. It is still an argument: you can pass a different weight on the next call. It is not a static compilation argument, and None says nothing about whether a gradient can be computed with respect to it.
Setting both arguments to axis 00 would pair one weight row with one example row. That is useful for an ensemble or a collection of separate models, but it is a different computation from a single shared model. All mapped axes at the same vmap level must have compatible sizes.
Change layout without changing semantics
Some data arrive with examples in columns: shape (D,B)(D, B). Mapping axis 11 selects one column at a time and restores the same single-example shape (D,)(D,). in_axes describes that layout. out_axes controls where the new output batch axis is inserted; it does not automatically transpose existing feature dimensions.
For a scalar prediction, output collection gives a vector either way. For a vector-valued feature function, the default produces (B,K)(B, K); out_axes=1 gives (K,B)(K, B). Keep these distinctions explicit at boundaries between a data loader, model, and loss.
Separate per-example and aggregate gradients
The gradient of a single prediction with respect to its weights is just the input vector. That is a useful first test but not a training loss gradient. A per-example squared error contributes 2(y^−y)2(\hat y-y) times the input vector. Mapping grad over examples produces an array of shape (B,D)(B, D).
The gradient of the mean loss has shape (D,)(D,). For independent example losses and a plain mean reduction, it equals the mean of the per-example gradients. This equivalence is an important check, and it explains why storing all per-example gradients is not necessary for ordinary mean-loss training. Those arrays can be much larger than the aggregate gradient.
Compose transformations around the question
vmap(grad(single_loss)) asks for a gradient per example. grad(mean(vmap(single_loss))) asks for the gradient of a batch objective. Both can be useful, but their output shapes and memory needs differ. Once values match independent references, jit can compile the batched transformed function.
Choose the mathematical quantity first and the transformation order second. Do not copy a composition from a tutorial without checking whether it returns predictions, sensitivities, per-example gradients, or a reduced parameter update.
Vectorization keeps one result per row
Predict: Which observation produces the largest prediction?
[image: Vectorization keeps one result per row. Each bar belongs to one input row, and its height is that row’s scalar prediction. Reading left to right gives \(1\), \(1\), and \(8\). The horizontal positions are row labels, not successive training steps. The same weights \((2,-1)\) are used for every row. The first input \((1,1)\) gives \(2-1=1\); the second \((2,3)\) gives \(4-3=1\); the third \((4,0)\) gives \(8-0=8\).]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Each bar belongs to one input row, and its height is that row’s scalar prediction. Reading left to right gives 11, 11, and 88. The horizontal positions are row labels, not successive training steps.
The same weights (2,−1)(2,-1) are used for every row. The first input (1,1)(1,1) gives 2−1=12-1=1; the second (2,3)(2,3) gives 4−3=14-3=1; the third (4,0)(4,0) gives 8−0=88-0=8.
Connect it to the computation
vmap applies the single-example dot product across the batch and keeps one answer per row. Equal heights for the first two bars do not mean those inputs were equal; different inputs can have the same dot product.
There are three outputs because there are three observations. Summing across the whole batch would instead collapse these answers into one scalar. The figure verifies what vectorization computes; the bar heights say nothing about how long it takes.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for batch a function with vmap.
import jax
import jax.numpy as jnp
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
def predict(weight, x):
    return jnp.dot(weight, x)
weight = jnp.array([2., -1.])
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
batch = jnp.array([[1., 1.], [2., 3.], [4., 0.]])
# Vectorize across the batch dimension with `jax.vmap` (`batched`).
batched = jax.vmap(predict, in_axes=(None, 0))
assert jnp.allclose(batched(weight, batch), jnp.array([1.,1.,8.]))
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Run the example
The assembled script is in the separate solutions and code appendix.
[11. 11. 88.]
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Verify against a loop and a matrix product
Predict before running: Predict the values and output shape. Which reference will catch an incorrectly mapped parameter axis?
# Experiment — Verify against a loop and a matrix product: The loop makes example selection explicit; the matrix product...
loop_predictions = jnp.stack([predict(weight, row) for row in batch])
vector_predictions = batched(weight, batch)
# Perform matrix / vector contraction (`@`) to compute `matrix_predictions`.
matrix_predictions = batch @ weight
# Check tensor shape invariant: `vector_predictions.shape == (3,)`
assert vector_predictions.shape == (3,)
assert jnp.allclose(vector_predictions, loop_predictions)
assert jnp.allclose(vector_predictions, matrix_predictions)
print("loop / vmap / matmul:", loop_predictions, vector_predictions, matrix_predictions)
All three formulations produce [1,1,8][1, 1, 8].
The loop makes example selection explicit; the matrix product checks an independent formulation. Keep both as bounded checks of this linear case.
Move the example axis
Predict before running: Transpose the batch to shape (2,3)(2, 3). Which axis must be mapped to give a length-2 input to predict?
# Experiment — Move the example axis: The examples axis and output placement are separate choices.
column_batch = batch.T
# Vectorize across the batch dimension with `jax.vmap` (`column_predict`).
column_predict = jax.vmap(predict, in_axes=(None, 1))
assert jnp.allclose(column_predict(weight, column_batch), vector_predictions)
def feature_pair(row):
    return jnp.array([jnp.sum(row), jnp.sum(row ** 2)])
# Vectorize across the batch dimension with `jax.vmap` (`features_rows`).
features_rows = jax.vmap(feature_pair)(batch)
# Vectorize across the batch dimension with `jax.vmap` (`features_columns`).
features_columns = jax.vmap(feature_pair, out_axes=1)(batch)
# Check tensor shape invariant: `features_rows.shape == (3, 2)`
assert features_rows.shape == (3, 2)
# Check tensor shape invariant: `features_columns.shape == (2, 3)`
assert features_columns.shape == (2, 3)
assert jnp.allclose(features_rows.T, features_columns)
Column-mapped predictions match the original. Feature layouts are (3,2)(3, 2) and (2,3)(2, 3).
The examples axis and output placement are separate choices. Use values as well as shapes to verify a layout change.
Your exercise
Foundation · Compute each prediction gradient with respect to the shared weight. Predict the shape and the derivative of the dot product, then verify against the input batch.
Attempt this before consulting the separate solutions appendix.
Turn sensitivities into training gradients
Practice
Use targets [0,2,7][0, 2, 7]. Define a scalar squared-error function for one example. Compute all per-example parameter gradients and derive the first row independently.
Hint
The per-example squared-loss gradient is 2(y^−y)x2(\hat y-y)x: twice the residual times the input. A prediction gradient by itself is not a loss gradient.
Prove the mean-gradient identity with an experiment
Challenge
Define the mean loss from the mapped single loss. Compare its parameter gradient with the mean of individual_grads. Repeat after changing targets and explain why a sum changes the relationship.
Hint
Differentiation is linear over these independent sums. Ensure your function actually averages over the example axis.
Checkpoint
For BB examples and DD shared parameters, what shapes do per-example loss gradients and the mean-loss gradient have?
	Both have shape (B,D)(B, D).
	Per-example: (B,D)(B, D); mean-loss: (D,)(D,).
	Per-example: (D,)(D,); mean-loss: (B,)(B,).

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If mapped axes have inconsistent sizes, inspect every mapped input before changing the model. If dot-product shapes fail, check whether you selected a row or a column. If gradients have an unexpected examples axis, distinguish a mapped gradient from the gradient of a reduced loss. If an implementation seems faster, first establish value equivalence and use the synchronized benchmark procedure from the next lesson.
Carry forward
	Reason about one example before describing the batch axis.
	in_axes=None shares an input at that map level; it does not make it static or nondifferentiable.
	A loop reference and asymmetric data expose many axis mistakes.
	Per-example gradients and aggregate gradients answer different questions.

Your evidence
Keep the shape contract, loop/vmap/matrix equivalence, row/column layout checks, per-example gradient array, and mean-gradient identity under two target sets. Explain what each gradient shape means.
Primary references
	JAX: automatic vectorization
	JAX: vmap axis contract

Compile a function with jit
Validate compiled loss/gradient values and produce a correctly synchronized latency report.
What you will be able to do
	Explain tracing, compilation, dispatch, and synchronization as separate work.
	Validate a compiled numerical function against its eager and analytic results.
	Measure first-call latency and repeated-call latency with explicit completion.
	Compile a value-and-gradient computation without claiming a universal speedup.

The problem
Your calculation is correct, and now you want to run it many times. What does compilation actually change? We’ll compare the original function with its jitted version, separate the first call from later calls, and wait for the result before stopping the timer. A small CPU example is enough to learn a fair comparison; a speedup is not guaranteed.
The idea
Compilation prepares a program that can be reused for compatible calls. The first call can include tracing and compilation as well as execution; later compatible calls can reuse that work. Numerical equality and performance are separate checks.
Separate changing data from preparing a program
Suppose you call a compiled function on a float32 vector, then call it on different values with the same shape and dtype. Those new values can flow through the prepared computation. If the next call changes a relevant shape or static choice, JAX may need a different specialization.
Think of the first-call path as preparation followed by execution. A warm-call timing should describe the repeated workload after preparation, and it must wait for device work to finish. Timing only dispatch can make a slow computation look fast.
First compare compiled and ordinary outputs on several inputs. Then, if speed is your question, state the input size, device, warmup and synchronization boundary. Three equal bars demonstrate agreement; they do not demonstrate acceleration.
Pause and reason
Why can a tiny function be slower on its first compiled call?
Compare your reasoningThe call includes preparation costs that may exceed the work itself. Reuse can amortize those costs, but a speed claim still needs measurements of the intended workload.
(st+1,yt)=f(st,xt),t=0,…,T−1(s_{t+1}, y_t) = f(s_t, x_t), \qquad t = 0, \dots, T-1Separate the work hidden in one call
The first call can involve tracing, lowering, compilation, dispatch, and execution. Calling the same compiled function on compatible inputs can avoid much of the setup, but still involves a Python invocation, dispatch, and execution. A persistent cache or earlier compilation can also affect what first means.
Define the scope: first call to this callable in this process with these input shapes/dtypes. Do not label it cold-machine startup, pure compilation time, or kernel execution time unless your experiment actually isolates those quantities.
first relevant call → trace / compile / dispatch / execute
compatible repeated call → reuse / dispatch / execute
Check values before timing
Our input matrix has shape (4,3)(4, 3), weights have shape (3,)(3,), and targets have shape (4,)(4,). Predictions are [0,0.6,1.2,1.8][0, 0.6, 1.2, 1.8]. Residuals are [−1,−0.4,0.2,0.8][-1, -0.4, 0.2, 0.8]. Squaring and averaging yields 0.460.46. Compute this independently so that two implementations agreeing on an unintended broadcast is not mistaken for correctness.
Compilation should preserve the intended numerical calculation within suitable tolerance. Floating-point transformations and reduction ordering can change last bits; exact equality is often too strong. Choose tolerance using dtype and scale, and do not suppress large discrepancies with a very loose allclose check.
Wait for the quantity you are timing
JAX can return an array object while device computation is still pending. Timing only the Python call can therefore measure dispatch rather than completed work. block_until_ready waits for the array result without needing to print it or convert it to NumPy.
A function returning a tuple or a parameter tree needs a completion strategy for all relevant leaves. A scalar loss is convenient for this introductory experiment because waiting on it marks that result complete. Keep data creation and transfers outside the interval when measuring a prepared numerical invocation; include them deliberately when measuring end-to-end latency.
Use repetitions and report a distribution
One repeated call is easy to distort with scheduling noise. Warm the exact callable and input signature, collect multiple completion-synchronized durations, and report a median plus range and repeat count. Use the same prepared arrays and comparable waiting behavior for eager and compiled calls.
This measures invocation latency under the stated conditions, including Python overhead. It is not a throughput measurement for queued training steps, and it does not isolate accelerator kernels. A median for a small toy workload cannot justify a performance claim about your future model or a different device.
Compile the computation you intend to repeat
For training, loss and parameter gradients are often consumed together. jit(value_and_grad(loss)) expresses a compiled transformed computation that returns both. Check the value against the loss and the gradient against an independent formula before using it as part of an update.
Avoid creating a fresh jitted lambda inside every iteration. Reusing a stable transformed callable gives compilation reuse a chance. A useful compilation boundary often surrounds a complete step rather than every scalar operation, but the correct boundary depends on the workload, state, and integration constraints. We will make state explicit before building that larger step.
Decide when compilation is worth its setup
A long compilation can be worthwhile if a computation runs many times. A one-off small calculation might never recover its setup cost. You need both setup latency and steady-state measurements to reason about break-even behavior.
This lesson does not measure TPU execution, multi-device scaling, or a model training speedup. Its artifact is a reproducible correctness/timing report that records the backend, shapes, dtype, synchronization policy, warmup, repeat count, and observed durations.
Compilation preserves the result
Predict: Should compilation change the loss value?
[image: Compilation preserves the result. The three categories are eager execution, the first compiled call, and a repeated compiled call. The vertical axis is mean squared loss. Each bar reaches approximately \(0.46\), so all three execution paths return the same numerical result for this input. These are separate bars with equal heights. The first compiled call has not disappeared, and its bar is not a measurement of compilation time.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The three categories are eager execution, the first compiled call, and a repeated compiled call. The vertical axis is mean squared loss. Each bar reaches approximately 0.460.46, so all three execution paths return the same numerical result for this input.
These are separate bars with equal heights. The first compiled call has not disappeared, and its bar is not a measurement of compilation time.
Connect it to the computation
Compilation changes how the computation runs while preserving its intended result. The agreement here is the correctness check to make before asking whether compilation improved performance. Small floating-point differences should be assessed with the example’s numerical tolerance.
To measure speed, you need a time axis, synchronization, warm-up, and repeated measurements. None of those can be inferred from these loss bars. A useful next check is to change the input values and confirm that eager and compiled results still agree.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for compile a function with jit.
import time
import jax
import jax.numpy as jnp
def loss(w, x, y):
    return jnp.mean((x @ w - y) ** 2)
# Construct and reshape `x` into the target tensor dimensions.
x = jnp.arange(12, dtype=jnp.float32).reshape(4, 3) / 10.
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
w = jnp.array([1., 2., -1.])
y = jnp.ones(4)
# Wrap with `jax.jit` (`compiled`) so XLA traces and compiles the function.
compiled = jax.jit(loss)
t0 = time.perf_counter()
# Synchronize host execution until asynchronous device computation completes.
first = compiled(w, x, y).block_until_ready()
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
first_seconds = time.perf_counter() - t0
t0 = time.perf_counter()
# Synchronize host execution until asynchronous device computation completes.
second = compiled(w, x, y).block_until_ready()
repeat_seconds = time.perf_counter() - t0
assert jnp.allclose(first, loss(w, x, y))
assert jnp.allclose(second, first)
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Run the example
The assembled script is in the separate solutions and code appendix.
Loss ≈ 0.460.46. Timings depend on the device, process, and workload; no speed threshold is required.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Derive predictions and gradients outside the transform
Predict before running: Predict the loss 0.460.46 and derive 2NXT(Xw−y)\frac{2}{N}X^\mathsf{T}(Xw-y). Does the compiled result match both independent quantities?
# Experiment — Derive predictions and gradients outside the transform: The analytic value check detects mistakes that...
expected_predictions = jnp.array([0., 0.6, 1.2, 1.8])
assert jnp.allclose(x @ w, expected_predictions, atol=1e-6)
assert jnp.allclose(compiled(w, x, y), 0.46, atol=1e-6)
# Perform matrix / vector contraction (`@`) to compute `manual_gradient`.
manual_gradient = (2. / len(y)) * x.T @ (x @ w - y)
# Differentiate the objective to obtain `compiled_value_gradient` via automatic differentiation.
compiled_value_gradient = jax.jit(jax.value_and_grad(loss))
checked_value, checked_gradient = compiled_value_gradient(w, x, y)
assert jnp.allclose(checked_gradient, manual_gradient, rtol=1e-5, atol=1e-6)
The loss is 0.460.46; the gradient matches the independent matrix expression.
The analytic value check detects mistakes that eager-versus-compiled equality alone would miss.
Collect a synchronized latency sample
Predict before running: Which costs are included in these measurements? Predict whether the tiny compiled loss must be faster, then report what you actually observe.
# Experiment — Collect a synchronized latency sample: The report includes Python invocation and completed numerical...
import statistics
def completed_samples(function, repeats=20):
    # Synchronize host execution until asynchronous device computation completes.
    function(w, x, y).block_until_ready()
    durations = []
    for _ in range(repeats):
        start = time.perf_counter()
        # Synchronize host execution until asynchronous device computation completes.
        function(w, x, y).block_until_ready()
        durations.append(time.perf_counter() - start)
    return durations
for name, function in (("eager", loss), ("compiled", compiled)):
    samples = completed_samples(function)
    print(name, "median / min / max seconds:", statistics.median(samples), min(samples), max(samples))
print("backend / shapes / dtype:", jax.default_backend(), x.shape, w.shape, y.shape, x.dtype)
Twenty completed calls are measured after a warmup for each callable. Durations vary; no speed threshold is asserted.
The report includes Python invocation and completed numerical work on already prepared data. It is a bounded latency observation, not a universal accelerator benchmark.
Your exercise
Foundation · Compile value_and_grad(loss), check the loss and gradient against both the eager transform and the manual matrix formula, and explain how you would synchronize a benchmark of its two outputs.
Attempt this before consulting the separate solutions appendix.
Check that a new value remains runtime data
Practice
Keep shapes and dtypes fixed, change ww, and compare the compiled loss against an independently computed residual mean. Explain why a different numerical answer does not itself imply a new compilation.
Hint
Compilation specializes to relevant properties, not each ordinary array element value.
Build a report whose timing claim can be checked
Challenge
Benchmark the compiled value-and-gradient function for 2020 calls after warmup, waiting on every output leaf. Include backend, input shapes, dtype, and median. State what your measurement excludes.
Hint
Use jax.tree.map to block on every returned array, then stop the timer.
Checkpoint
Why wait with block_until_ready when timing a computation?
	To change its gradient
	To include completion of device work in elapsed time
	To force a different result

Answer and explanation are in the separate solutions appendix.
Diagnose the result
A suspiciously tiny time may measure dispatch only; inspect synchronization. A slow first call followed by faster calls may reflect setup, but timing alone does not identify which setup stage. Inconsistent eager/compiled results call for shape, dtype, and tolerance checks before performance tuning. Repeatedly slow setup can come from recreating transformed functions or changing specialization inputs; the next lesson tests those hypotheses directly.
Carry forward
	Compilation setup and repeated invocation are different measurements.
	Correctness needs independent numerical checks before performance interpretation.
	Asynchronous execution requires completion synchronization.
	A useful report records workload, backend, dtype, warmup, repetitions, and timing boundaries.

Your evidence
Keep the independent loss/gradient calculation, backend/shapes/dtype, first-call interval, warmup/repeat policy, median/range samples, and synchronization of every output leaf. State what the benchmark excludes.
Primary references
	JAX: just-in-time compilation
	JAX: benchmarking

Tracing, static arguments, and recompilation
Explain the staging boundary and repair configuration versus runtime-control-flow mistakes.
What you will be able to do
	Distinguish runtime array values from shape/dtype metadata and static configuration.
	Inspect a staged computation with make_jaxpr.
	Explain a Python value-dependent branch failure under jit.
	Use static configuration or JAX control flow according to the kind of decision.

The problem
A function works until you put a Python if statement inside jit. Why does that change things? We’ll separate what Python knows while tracing from what the program learns at runtime. Then you’ll choose between a small static configuration and an array-based decision, rather than making every difficult argument static.
The idea
Tracing observes how Python builds an array computation from abstract inputs. Static arguments are part of that program-building decision; dynamic array values are data for the resulting computation. Keep a small call ledger to separate these roles.
Build a call ledger before diagnosing recompilation
Record each call's shape, dtype and static choices next to the observed trace count. Change only values first. Then change one shape, then one static option. This controlled sequence makes a trace increase interpretable; changing everything at once does not.
A Python branch needs a concrete decision during tracing. If the decision is intended to vary with array data at execution time, use an appropriate JAX control-flow operation instead of converting a tracer to a Python boolean. If it genuinely selects a small number of program variants, an explicit static argument may be suitable.
Do not turn every input into a static value to silence an error. Many distinct static values can create many specializations. Trace counts are useful observations, but they are not a universal count of all compilation work or a cross-process cache guarantee.
Pause and reason
A loop passes a new Python configuration value on every call as a static argument. What should you inspect?
Compare your reasoningInspect whether that value truly changes program structure. If it is ordinary changing data, represent it dynamically where possible. Keep the call ledger and compare traces after changing one factor at a time.
θt+1=θt−η⋅1B∑i=1B∇θℓ(θt,xi,yi)\theta_{t+1} = \theta_t - \eta \cdot \frac{1}{B}\sum_{i=1}^{B} \nabla_\theta \ell(\theta_t, x_i, y_i)Separate metadata, configuration, and data
A tensor shape such as (3,)(3,) describes the size of the computation; its values [1,2,3][1, 2, 3] are runtime data. A string mode such as sum describes which computation to construct. In this lesson mode is a small finite configuration, so marking it static is reasonable.
If mode changes rarely while batches change constantly, static configuration lets a stable compiled specialization accept many batches. If you make frequently changing data static, you encourage distinct specializations and may run into hashability constraints. A JAX array is not a convenient static argument just because a Python branch wants to inspect it.
Read a tiny staged program
make_jaxpr exposes a representation of the traced array operations. A Python print inside the function may run while tracing, but it does not become an ordinary numerical operation in that representation. A multiply and a reduce_sum should appear in a multiply-then-sum example.
The exact printed formatting and primitive names are not a stable teaching contract. Read it for inputs, outputs, and the broad sequence of numerical operations. The point is to observe that the computation is staged, not to memorize an internal dump or treat the representation as a complete performance explanation.
Why a Python if can fail
Consider if xx > 00 where xx is a dynamic scalar argument. Python wants one Boolean immediately to choose which branch to execute while tracing. The tracer represents a runtime value, so that truth test cannot generally be answered at trace time. The resulting conversion error is evidence of a staging mismatch, not evidence that comparisons cannot run on an accelerator.
For a scalar runtime decision, lax.cond expresses the conditional in the numerical program. Its two branches must return compatible structures and shapes/dtypes. Both branch functions are traced; for an ordinary scalar condition the selected branch is the runtime computation. Under batching, a conditional can be transformed into selection behavior, so do not infer cost or side-effect behavior from the Python-like notation alone.
Make configuration choices explicit
The worked reduce_values function chooses sum or mean using a static mode string. Each mode can have its own specialization. It should reject unknown modes instead of silently treating any typo as mean. This is a small input-contract improvement that prevents plausible-looking wrong results.
Keep function identity stable, configure static_argnames at the transformation boundary, and pass mode deliberately. Shape and dtype changes can also require specializations. Different element values with compatible abstract input properties ordinarily do not, though caches and transformation details make exact global compilation counts a poor public guarantee.
Inspect tracing without confusing it with runtime logging
A Python print in a jitted function is a trace-time observation. If you call the function again with compatible inputs, its absence is consistent with reuse. It is not a reliable counter of all device executions or all compilations across the application. JAX provides debug facilities for observing runtime values.
Use trace observations for a small diagnostic experiment and rely on supported compiler logging/profiling when investigating a real training job. Do not make application behavior depend on a side effect inside a transformed numerical function.
Carry this boundary into the next phase
The upcoming state lessons will make randomness, parameter structure, loops, and branches explicit. The same principle applies: information needed at runtime belongs in the numerical state or arguments, while small program configuration can belong in specialization.
Before reaching for a workaround, classify the value and the question: is Python constructing the computation, or is the computation choosing a result based on runtime data? That classification leads to an implementation you can explain and test.
Compiled branch outputs: sum mode vs. mean mode
Predict: Predict the ratio between compiled(x, 'sum') and compiled(x, 'mean') for the input array x.
[image: Compiled branch outputs: sum mode vs. mean mode]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Static mode 'sum' returns the sum and 'mean' returns the mean without Python control-flow tracing errors.
Connect it to the computation
Marking mode as a static argument in jax.jit allows each distinct mode string to specialize and compile its own branch cleanly.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for tracing, static arguments, and recompilation.
import jax
import jax.numpy as jnp
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
def reduce_values(x, mode):
    if mode == "sum":
        return x.sum()
    if mode == "mean":
        return x.mean()
    raise ValueError("mode must be sum or mean")
# Wrap with `jax.jit` (`compiled`) so XLA traces and compiles the function.
compiled = jax.jit(reduce_values, static_argnames=("mode",))
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
x = jnp.array([1., 2., 3.])
assert jnp.allclose(compiled(x, mode="sum"), 6.)
assert jnp.allclose(compiled(x, mode="mean"), 2.)
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Run the example
The assembled script is in the separate solutions and code appendix.
Sum: 6.06.0; Mean: 2.02.0. These mode choices can use separate compiled specializations.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Look at the staged numerical work
Predict before running: Predict the operations needed to square and sum a vector. Which part is executed as Python during tracing?
# Experiment — Look at the staged numerical work: The second call supplies new values with the same shape/dtype.
def sum_squares(values):
    print("Tracing sum_squares; shape:", values.shape)
    return jnp.sum(values * values)
print(jax.make_jaxpr(sum_squares)(x))
# Wrap with `jax.jit` (`staged_squares`) so XLA traces and compiles the function.
staged_squares = jax.jit(sum_squares)
assert jnp.allclose(staged_squares(x), 14.)
assert jnp.allclose(staged_squares(x + 1.), 29.)
The representation contains numerical multiplication and reduction. Trace prints can appear during staging, not as one guaranteed print per call.
The second call supplies new values with the same shape/dtype. The numerical result changes while the computation structure can be reused.
Reproduce and repair a dynamic branch
Predict before running: For positive and negative scalar inputs, predict the branch result. Why can eager Python decide but tracing cannot?
# Experiment — Reproduce and repair a dynamic branch: The test expects a particular category of error and confirms the...
def python_branch(value):
    if value > 0.:
        return value ** 2
    return -value
assert python_branch(-2.) == 2.
# Run the boundary check and catch the expected exception:
try:
    jax.jit(python_branch)(jnp.array(-2.))
except jax.errors.TracerBoolConversionError:
    print("Expected dynamic Boolean conversion error")
else:
    raise AssertionError("Expected a traced Python branch to fail")
def runtime_branch(value):
    return jax.lax.cond(value > 0., lambda z: z ** 2, lambda z: -z, value)
# Wrap with `jax.jit` (`compiled_branch`) so XLA traces and compiles the function.
compiled_branch = jax.jit(runtime_branch)
assert jnp.allclose(compiled_branch(jnp.array(-2.)), 2.)
assert jnp.allclose(compiled_branch(jnp.array(3.)), 9.)
The Python branch fails under jit with a tracer Boolean conversion error. The staged conditional returns 22 and 99.
The test expects a particular category of error and confirms the repair for both branches. A broad catch-all would hide unrelated failures.
Your exercise
Foundation · Extend reduce_values with a static max mode while preserving sum and mean. Reject unknown modes. Verify all three modes on [1,2,3][1, 2, 3] and on [−4,−1,−2][-4, -1, -2].
Attempt this before consulting the separate solutions appendix.
Keep runtime values dynamic
Practice
Implement an elementwise absolute value with a numerical selection, jit it, and test mixed-sign vectors. Explain why making the whole vector static is inappropriate.
Hint
jnp.where selects elementwise; both candidate arrays are computed expressions. It is not a Python branch per element.
Audit a shape-dependent specialization
Challenge
Run a jitted sum-of-squares function for lengths 33 and 55, each with two different value sets. Compare to a loop calculation. Explain which changes can affect specialization and which are ordinary runtime data.
Hint
Do not use elapsed time alone to infer whether tracing occurred. Values and shape are different inputs to your reasoning.
Checkpoint
A frequently changing runtime scalar controls a branch. What is the most appropriate first repair for a traced Python if?
	Mark every runtime scalar static.
	Express the runtime decision with compatible JAX control flow.
	Catch every exception and return zero.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
For a tracer Boolean conversion error, inspect the Python truth test. For an unhashable static argument, reconsider whether the object is really configuration. For repeated setup, inspect function recreation, shapes/dtypes, and static values. For missing Python logs, distinguish tracing from runtime execution. Always verify both branches and preserve unknown-mode errors rather than returning a plausible fallback.
Carry forward
	Python executes while staging; numerical array operations form the runtime computation.
	Static configuration and dynamic numerical data have different roles.
	Use runtime control flow for runtime decisions and compatible branch returns.
	Inspect evidence of tracing separately from numerical correctness and timing.

Your evidence
Keep the small jaxpr observation, the expected tracer Boolean error, checks of both repaired branches, all static reduction modes including invalid-mode rejection, and shape/value-change cases. Do not infer compilation counts from timing alone.
Primary references
	JAX: tracing and compilation
	JAX: control flow
	JAX: tracer Boolean conversion errors

Phase 03: State, randomness & control flow
Have you saved everything needed to determine the next step?
A program’s state includes random keys, counters and structured values as well as model parameters. Explicit ownership lets you reproduce a transition, run a batch safely, and later recover an interrupted experiment.
Prepare and work through the phase
	Name and structure the state
Draw the key ownership tree and identify parameter, optimizer and metadata leaves. Check both tree structure and leaf values.

	Audit repeated and conditional transitions
Implement a recurrence with fixed carry shapes. Save per-step observations as outputs, compare with a Python loop, then test both conditional branches and their boundary.


Readiness check
Two simulated examples receive the same random key and run the same sampling function. Should you expect independently allocated draws?
Answer: No. The same key and operation replay the same draw in the tested environment. Split or derive distinct keys at the ownership boundary; unequal observed samples alone do not prove independence.
Transfer question
Resume a simulation halfway through with the saved position but a newly created key. What must you compare to determine whether it is a true continuation?
Approach: Compare the next draw and next state, then the remaining trajectory, against an uninterrupted reference. Restore the original key and counter as well as position. A similar final average is not a continuation check.
Common pitfall
A compiled loop fails when its history grows each step. Keep carry structure, shapes and dtypes fixed. Return the per-step history through scan outputs.
Phase artifact
Use foundation-toolkit stage 4. Save and reload state in a fresh process and verify the next transition and full remaining trajectory, not only the final mean.
Local deterministic state is separate from concurrent-writer or multi-host recovery; the recovery and operations phases extend these boundaries.
Phase project: A deterministic batched simulation. Replay the same experiment with saved state and keys; explain the update order. Start with project stage 4.
	foundation-toolkit · online workspace · project guide

Random keys without surprises
Split keys and show reproducibility without accidental key reuse.
What you will be able to do
	Treat a key as an explicit input
	Carry the continuation key explicitly
	Separate replay from a statistical claim
	Allocate randomness by sample identity

The problem
You saved the seed, yet your simulation repeats exactly the same noise at every step. Let’s follow the random key. In JAX, using a key again repeats the same draw; splitting it gives you keys for separate draws. We’ll practice both deliberate replay and fresh sampling before adding randomness to a training loop.
The idea
A random sampler in JAX receives an explicit key. Reusing the same key with the same sampler repeats the same computation. Splitting gives us separately owned keys, so the program can show which operation receives which randomness.
A key is an input, not a moving cursor
Imagine a training step that needs dropout randomness and a key for the next step. Split the incoming key, use one child for dropout, and return the other as the continuation key. The drawing should branch once; it should not show a sampler secretly advancing the parent key.
If two augmentation calls receive the same key and otherwise identical inputs, they can produce the same augmentation. Different variable names do not make the underlying key values different. This is a data-flow bug that ordinary shape checks will miss.
For recovery, save the continuation key at the same boundary as model and data position. Reconstructing an initial seed and restarting the random stream is not equivalent to restoring the next key after many training steps.
Pause and reason
Does calling a sampler consume or mutate the key variable?
Compare your reasoningNo. The key is an explicit value. Your program must choose new child keys and carry the next key forward; otherwise repeated calls can replay the same sample.
St+1=update⁡(St,Xt),pure transition (St,Xt)↦(St+1,Yt)S_{t+1} = \operatorname{update}(S_t, X_t), \qquad \text{pure transition } (S_t, X_t) \mapsto (S_{t+1}, Y_t)Treat a key as an explicit input
A JAX random operation is deterministic given its key and other arguments. The key is not a mutable generator that automatically advances after a call. Calling normal twice with the same key, shape and dtype reproduces the draw. That property is useful for replay and dangerous when accidental reuse makes samples correlated.
A seed is only the initial description of an experiment. Splitting describes where subsequent random choices come from. Write down which function owns the continuation key and which subkey is consumed by a draw. Do not pass one subkey to two independent components.
seed → root key
root key --split--> continuation key + sample key
sample key --normal(shape=(3,))--> one sample
Carry the continuation key explicitly
In the worked program, key, sample_key = split(key) replaces the variable key with a continuation value. The old key was not mutated; Python rebound a name. sample_key belongs to the immediate draw. The next split uses the retained continuation, not sample_key.
This convention gives each training or simulation step a small state transition: receive key → split → sample → return next key. Later, checkpoints need to store that next key alongside model and optimizer state. Storing parameters alone cannot reproduce the next random batch.
Separate replay from a statistical claim
For this fixed seed, fresh subkeys produce visibly different draws. That observation is not proof of statistical independence, and different random draws can theoretically coincide. Equality of a single pair is therefore not a general test of randomness quality.
The reliable replay test is to reconstruct the same program from the same seed and compare its results. A change to key allocation can alter all later samples. Do not promise identical streams across arbitrary JAX versions, PRNG implementations, shapes or devices.
Allocate randomness by sample identity
Splitting a root into four keys is useful for one fixed batch. If the batch membership changes, assignment by position may associate a different draw with a particular sample. fold_in lets you combine a stable integer identity with a base key, which can make per-example randomness stable under reordering.
Keep identifiers unique where distinct randomness is intended. Reusing an identifier repeats its derived key. This is deterministic bookkeeping, not a security primitive or a substitute for recording the PRNG implementation.
Reused keys replay the same sample
Predict: Will a repeated draw lie on top of the original?
[image: Reused keys replay the same sample. The horizontal axis selects a coordinate within a three-element random draw; the vertical axis gives its sampled value. The solid first-draw line and dashed same-key replay line lie on top of each other. The dash-dot line comes from a new split key. The replay repeats approximately \((0.606,0.799,-0.909)\), while the split-key draw is approximately \((-0.211,-1.363,-0.045)\). Two curves are hard to distinguish precisely because their coordinates are equal.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis selects a coordinate within a three-element random draw; the vertical axis gives its sampled value. The solid first-draw line and dashed same-key replay line lie on top of each other. The dash-dot line comes from a new split key.
The replay repeats approximately (0.606,0.799,−0.909)(0.606,0.799,-0.909), while the split-key draw is approximately (−0.211,−1.363,−0.045)(-0.211,-1.363,-0.045). Two curves are hard to distinguish precisely because their coordinates are equal.
Connect it to the computation
A JAX random function is deterministic given the same key and arguments. Calling it again with that key replays the result; it does not silently advance a hidden random state. Splitting produces a new key for a new draw.
The lines only connect coordinates to make equality visible. This is not a time series or a probability density, and three different values is distinct from statistical independence. The practical check is reproducibility: reuse for deliberate replay, split for the next stochastic operation.
Prepare the inputs
Create main.py in your lesson workspace. Add this first block; use the environment from setup.
# Step 1 — Prepare the inputs: These explicit inputs define the case that the later checks will...
import jax
import jax.numpy as jnp
These explicit inputs define the case that the later checks will verify.
Build the computation
Append this block below the inputs in the same file.
# Step 2 — Build the computation: random.split returns two new keys.
# Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
key = jax.random.key(42)
# Create or split explicit PRNG key(s) (`(key, sample_key)`) for reproducible randomness.
key, sample_key = jax.random.split(key)
# Sample deterministic random values into `a` using an explicit PRNG key.
a = jax.random.normal(sample_key, (3,))
# Sample deterministic random values into `repeated` using an explicit PRNG key.
repeated = jax.random.normal(sample_key, (3,))
# Create or split explicit PRNG key(s) (`(key, next_key)`) for reproducible randomness.
key, next_key = jax.random.split(key)
# Sample deterministic random values into `b` using an explicit PRNG key.
b = jax.random.normal(next_key, (3,))
random.split returns two new keys. noise_step returns the continuation key as part of its result so the caller can use fresh noise on the next transition.
Run and check the result
Append the checks, save main.py, and run python main.py from this folder using your course environment.
# Step 3 — Run and check the result: Compare the output to the expected result below before making the...
print("Replay equal:", bool(jnp.array_equal(a, repeated)))
print("Fresh draw equal:", bool(jnp.array_equal(a, b)))
assert jnp.array_equal(a, repeated)
assert not jnp.array_equal(a, b)
Compare the output to the expected result below before making the exercise change.
Run the example
The assembled script is in the separate solutions and code appendix.
Replay equal: True; Fresh draw equal: False.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Implement one random state transition
Predict before running: Predict which part of the return value must be reused for the next draw.
# Experiment — Implement one random state transition: Replay compares complete state transitions.
def noise_step(key):
    # Create or split explicit PRNG key(s) (`(next_key, draw_key)`) for reproducible randomness.
    next_key,draw_key=jax.random.split(key)
    return next_key,jax.random.normal(draw_key,(2,))
# Create or split explicit PRNG key(s) (`root`) for reproducible randomness.
root=jax.random.key(9)
k1,n1=noise_step(root)
k2,n2=noise_step(k1)
# Create or split explicit PRNG key(s) (`(r1, replay1)`) for reproducible randomness.
r1,replay1=noise_step(jax.random.key(9))
r2,replay2=noise_step(r1)
assert jnp.array_equal(n1,replay1) and jnp.array_equal(n2,replay2)
assert jnp.array_equal(jax.random.key_data(k2),jax.random.key_data(r2))
Reconstructing the two steps reproduces both samples and the continuation key.
Replay compares complete state transitions. It catches lost continuation state, not only a repeated final number.
Keep identity under reordering
Predict before running: If examples 33 and 88 swap order, should their identity-derived noise swap too?
# Experiment — Keep identity under reordering: fold_in makes the assignment explicit.
# Create or split explicit PRNG key(s) (`base`) for reproducible randomness.
base=jax.random.key(11)
def by_id(ids):
    return jax.vmap(lambda i:jax.random.normal(jax.random.fold_in(base,i),()))(ids)
forward=by_id(jnp.array([3,8]))
reverse=by_id(jnp.array([8,3]))
assert jnp.array_equal(forward,reverse[::-1])
Noise follows the identifiers, not their batch positions.
fold_in makes the assignment explicit. Repeated IDs would deliberately reproduce a draw.
Your exercise
Split a fresh seed into four keys, then use vmap to draw two normal values from each. Replay from the seed and compare.
Attempt this before consulting the separate solutions appendix.
Replay a noisy prediction
Practice
Draw one noise value per example for prediction 2x+12x+1. Reconstruct the same batch from the seed, then change only xx.
Hint
Reuse the random construction for a controlled comparison, not accidentally across independent training steps.
Diagnose key reuse in a loop
Challenge
Write the broken loop that draws with one key three times, demonstrate repeated rows, then repair it by threading the continuation.
Hint
The draw function does not mutate the key.
Checkpoint
What happens if the same key is used twice for the same random operation?
	The generator automatically advances
	The same sample is reproduced
	JAX guarantees an exception

Answer and explanation are in the separate solutions appendix.
Diagnose the result
The repeated-row symptom comes from key allocation. The last inequality checks this fixed demonstration, not every possible random stream.
Carry forward
	Replay compares complete state transitions. It catches lost continuation state, not only a repeated final number.
	fold_in makes the assignment explicit. Repeated IDs would deliberately reproduce a draw.

Your evidence
Keep a key-ownership tree, two-step replay including the final key, the per-ID reorder check, and the broken/repaired repeated-noise loop.
Primary references
	JAX pseudorandom numbers

Pytrees and structured parameters
Represent parameters and state in a nested structure and transform its leaves.
What you will be able to do
	Identify containers, leaves and structure
	Derive the matching gradient tree
	Apply corresponding leaves, not unrelated arrays
	Keep metadata separate from differentiated state

The problem
Our model has a weight vector and a bias. How do we keep each parameter paired with its gradient? We’ll store them in a small nested structure called a pytree, calculate one update by hand, and check that JAX follows the same structure. The tree is just a way to keep related values organized.
The idea
A pytree is a nested structure whose leaves hold values such as parameters. JAX can transform the leaves while preserving the structure. This makes a model's parameter groups explicit and lets us compare the gradient tree with the parameters it differentiates.
Match leaves by meaning as well as shape
Suppose parameters contain a dense-layer weight matrix and a bias vector. Each gradient leaf describes sensitivity to its corresponding parameter leaf. Match paths such as layer/weight and layer/bias before comparing shapes; two equal-shaped leaves can still be swapped.
Optimizer state is related but need not have exactly the parameter tree's structure. It may contain moment trees plus a scalar step counter or other metadata. A useful diagram aligns matching parameter/gradient paths and then shows the additional optimizer state separately.
When a tree operation fails, inspect structure, leaf paths, shapes and dtypes in that order. Flattening everything immediately may hide the semantic distinction that would explain the error.
Pause and reason
Two parameter leaves have the same shape. Is swapping their gradients safe?
Compare your reasoningNo. Shape compatibility does not identify which parameter a derivative belongs to. Preserve tree paths and compare the result with an independently known update.
Identify containers, leaves and structure
A pytree separates a nested container structure from its leaves. A dictionary with weight and bias keys is a tree; each array is a leaf. A leaf can itself have many numerical elements. Two leaves therefore do not mean two scalar parameters.
JAX transformations understand common dictionaries, lists and tuples. tree.flatten returns an ordered leaf list plus a tree definition that can reconstruct the original containers. Treat that definition as part of the contract, rather than manually guessing where each flattened value belongs.
params
├── weight: float32[2]
└── bias: float32[]
2 leaves, 3 numerical parameter values
Derive the matching gradient tree
Let’s check one example. Take x=[2,1]x=[2,1], weights w=[1,−1]w=[1,-1], and bias b=0b=0. The prediction is 11, while the target is 33, so the residual is −2-2. For squared loss, the derivative with respect to the prediction is −4-4. Multiplying by the input gives the weight gradient −4[2,1]=[−8,−4]-4[2,1]=[-8,-4]; the bias gradient is −4-4.
With learning rate 0.050.05, the new weights are [1.4,−0.8][1.4,-0.8], and the bias becomes 0.20.2. The new prediction is 2.22.2, the residual is −0.8-0.8, and the loss is 0.640.64. We can compare each of these values with the gradient tree and update. This tells us more than checking only whether the loss decreased.
y^=2(1)+1(−1)+0=1L=(1−3)2=4∇wL=(−8,−4),∂L∂b=−4\begin{aligned}\hat y&=2(1)+1(-1)+0=1\\L&=(1-3)^2=4\\\nabla_w L&=(-8,-4),\qquad \frac{\partial L}{\partial b}=-4\end{aligned}Apply corresponding leaves, not unrelated arrays
tree.map can apply p−ηgp-\eta g to corresponding leaves in the parameter and gradient trees. The containers must agree. A missing key is a structural error; an incompatible leaf shape is a numerical contract error. A matching tree structure alone does not prove that each leaf has the correct shape.
Dictionary leaves are traversed in a deterministic key order. Do not zip unrelated dictionaries merely because they have equal lengths. Use the tree definition to preserve identity and add shape checks at model boundaries.
Keep metadata separate from differentiated state
Trainable leaves should be appropriate floating-point arrays. A Python string such as a model name is not a floating-point parameter. Keep such configuration separate, or register a carefully designed custom structure when the model requires it.
Optimizer state is another tree with its own meaning. Its structure need not be identical to parameters. Model parameters, gradients and optimizer statistics are connected, but they are not interchangeable objects. This separation will matter in the Optax lesson and in recovery.
A gradient tree matches parameter leaves
Predict: Which weight changes more, and why?
[image: A gradient tree matches parameter leaves. Each pair of bars compares one parameter before and after a gradient step. Read the categories as the two weight coordinates followed by the bias. The weights move from \((1,-1)\) to \((1.4,-0.8)\), and the bias moves from \(0\) to \(0.2\). The second weight’s bar remains below zero, but becomes less negative. All three parameters increased; an upward update does not require the parameter itself to be positive.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Each pair of bars compares one parameter before and after a gradient step. Read the categories as the two weight coordinates followed by the bias. The weights move from (1,−1)(1,-1) to (1.4,−0.8)(1.4,-0.8), and the bias moves from 00 to 0.20.2.
The second weight’s bar remains below zero, but becomes less negative. All three parameters increased; an upward update does not require the parameter itself to be positive.
Connect it to the computation
For the input (2,1)(2,1), the initial prediction is 11, below the target 33. The parameter gradients are (−8,−4,−4)(-8,-4,-4). Subtracting them with learning rate 0.050.05 adds (0.4,0.2,0.2)(0.4,0.2,0.2), exactly the changes visible between the paired bars.
The updated prediction is 2.22.2, so squared error falls from 44 to 0.640.64. The tree structure lets each gradient reach its corresponding parameter leaf. The chart’s vertical axis is parameter value, not loss; you need the prediction calculation to establish improvement.
Prepare the inputs
Create main.py in your lesson workspace. Add this first block; use the environment from setup.
# Step 1 — Prepare the inputs: These explicit inputs define the case that the later checks will...
import jax
import jax.numpy as jnp
These explicit inputs define the case that the later checks will verify.
Build the computation
Append this block below the inputs in the same file.
# Step 2 — Build the computation: loss reads both parameter leaves.
params = {"weight": jnp.array([1., -1.]), "bias": jnp.array(0.)}
x = jnp.array([2., 1.])
def loss(p):
    prediction = jnp.dot(p["weight"], x) + p["bias"]
    return (prediction - 3.) ** 2
loss reads both parameter leaves. grad returns a matching gradient tree; tree.map pairs each parameter with its corresponding derivative for the update.
Run and check the result
Append the checks, save main.py, and run python main.py from this folder using your course environment.
# Step 3 — Run and check the result: Compare the output to the expected result below before making the...
# Differentiate the objective to obtain `(value, grads)` via automatic differentiation.
value, grads = jax.value_and_grad(loss)(params)
# Transform every leaf of the parameter PyTree (`updated`).
updated = jax.tree.map(lambda p, g: p - 0.05 * g, params, grads)
print("Before/after:", float(value), float(loss(updated)))
assert grads.keys() == params.keys()
assert loss(updated) < value
Compare the output to the expected result below before making the exercise change.
Run the example
The assembled script is in the separate solutions and code appendix.
Before/after: 4.04.0, approximately 0.640.64.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Verify every gradient leaf
Predict before running: Predict both weight derivatives and the bias derivative from the residual before inspecting grads.
# Experiment — Verify every gradient leaf: This check verifies parameter identity and the actual gradient...
assert jnp.allclose(grads["weight"],jnp.array([-8.,-4.]))
assert jnp.allclose(grads["bias"],-4.)
assert jnp.allclose(updated["weight"],jnp.array([1.4,-0.8]))
assert jnp.allclose(updated["bias"],0.2)
assert jnp.allclose(loss(updated),0.64,atol=1e-6)
All leaves agree with the hand-derived update.
This check verifies parameter identity and the actual gradient values, not just a matching container.
Flatten and reconstruct without losing identity
Predict before running: What is retained by the tree definition when array values are replaced?
# Experiment — Flatten and reconstruct without losing identity: The tree definition describes containers; leaves supply...
leaves,definition=jax.tree.flatten(params)
rebuilt=jax.tree.unflatten(definition,leaves)
assert jax.tree.structure(rebuilt)==jax.tree.structure(params)
assert jnp.array_equal(rebuilt["weight"],params["weight"])
assert jnp.array_equal(rebuilt["bias"],params["bias"])
The original keys and corresponding values are reconstructed.
The tree definition describes containers; leaves supply numerical values. Both are needed for reconstruction.
Your exercise
Compute the squared norm of all gradient leaves. Verify it by adding the weight and bias contributions directly.
Attempt this before consulting the separate solutions appendix.
Extend to a nested model
Practice
Place weight and bias under a layer dictionary and add a scalar scale parameter. Verify the derivative of scale for s(wx+b)s(wx+b).
Hint
At the starting point prediction is 11 and residual is −2-2, so the scale derivative is −4-4.
Repair a mismatched update tree
Challenge
Remove bias from the gradient dictionary, reproduce the structural error, then restore it and verify the hand update.
Hint
Matching leaf counts is not enough; key paths matter.
Checkpoint
What structure does grad(loss)(params) have?
	One scalar regardless of parameters
	A pytree corresponding to params
	A list of Python source lines

Answer and explanation are in the separate solutions appendix.
Diagnose the result
A missing bias gradient is a tree mismatch. Broadcasting weights or changing a learning rate cannot supply the missing parameter identity.
Carry forward
	This check verifies parameter identity and the actual gradient values, not just a matching container.
	The tree definition describes containers; leaves supply numerical values. Both are needed for reconstruction.

Your evidence
Keep the parameter/gradient tree diagram, hand-derived leaves and update, flatten/unflatten round trip, nested-scale derivative and missing-key repair.
Primary references
	JAX pytrees

Compiled loops with lax.scan
Replace a fixed-length Python loop with scan and compare final states.
What you will be able to do
	Separate carry from recorded outputs
	Keep the carry contract invariant
	Differentiate the recurrence by hand
	Compile the repeated transition without a timing promise

The problem
Suppose a simulator keeps part of its current value and adds a new input at each step. Let’s write out four steps so we know what should happen. Then we’ll express the same loop with scan, compare it with Python, and see how changing the retained fraction affects the final value.
The idea
A scan separates the state carried between steps from the outputs collected at each step. This is useful whenever the same rule repeats over time while the state keeps a fixed structure, shape and dtype.
Unroll three steps before compiling the loop
For a separate hand-worked recurrence, start with carry 00 and inputs [1,2,3][1,2,3]. Let each step add its input to the carry and emit the new carry. The successive carries are 1,3,61,3,6; the final carry is 66, while the stacked outputs are [1,3,6][1,3,6].
Those two returned objects answer different questions. Keeping only the final carry discards the intermediate outputs. Keeping outputs does not mean the carry itself grows on each iteration. A fixed carry contract is what makes the repeated computation structured.
Trace one horizontal state edge and one downward output edge in the diagram. When adapting a Python loop, write down which variables belong on each edge before translating the loop to lax.scan.
Carry moves through time; outputs are collected
Predict: What changes if the step emits the old carry instead of the new carry?
[image: An additive scan starts with carry \(0\) and inputs \(1,2,3\). Horizontal arrows pass updated carry; downward arrows collect emitted values. Final carry \(6\) and outputs \([1,3,6]\) are different return values. Arrow lengths do not represent runtime.]Architecture and dataflow mechanism diagram.An additive scan starts with carry 00 and inputs 1,2,31,2,3. Horizontal arrows pass updated carry; downward arrows collect emitted values. Final carry 66 and outputs [1,3,6][1,3,6] are different return values. Arrow lengths do not represent runtime.
Pause and reason
What changes if the step emits the old carry instead of the new carry?
Compare your reasoningThe final carry is still 66, but outputs become [0,1,3][0,1,3]. A final-state check alone would miss this off-by-one output convention.
Separate carry from recorded outputs
Each scan step receives (carry,input) and returns (next_carry,output). Carry is what the next step needs. Output is what you want stacked into a history. They can have different meanings even when this demonstration returns the new state in both positions.
For decay 0.50.5, initial state 00 and four inputs of 11, the states are 11,1.51.5,1.751.75,1.8751.875. There are four recorded outputs; the initial state is not automatically part of history. Decide whether a plot should include that initial point before labeling the time axis.
(state_t, input_t) → transition → (state_(t+1), recorded_t)
state: 0 → 1 → 1.5 → 1.75 → 1.875
Keep the carry contract invariant
Carry values change, but their pytree structure, shapes and dtypes must remain compatible across steps. Growing a Python list or concatenating a larger array into the carry changes that contract. Allocate a fixed-size state or use the separately stacked outputs instead.
This constraint is a representation decision, not an arbitrary restriction on simulation. A fixed-dimensional physical state naturally meets it. If a system has variable numbers of entities, consider padding and masks with an explicit maximum capacity.
Differentiate the recurrence by hand
With four unit inputs and initial zero, the final value is 1+d+d2+d31+d+d^2+d^3. Its derivative is 1+2d+3d21+2d+3d^2, giving 2.752.75 at d=0.5d=0.5. The derivative also obeys a recurrence: st+1=statet+dsts_{t+1}=\mathrm{state}_t+d s_t, starting from s0=0s_0=0.
Autodiff through scan differentiates the represented state transition. It does not make an unstable or inaccurate numerical model valid. Verify a small analytic case first, then a changed input sequence, before trusting a longer simulation.
sfinal(d)=1+d+d2+d3dsfinaldd=1+2d+3d2sfinal(0.5)=1.875,sfinal′(0.5)=2.75\begin{aligned}s_{\mathrm{final}}(d)&=1+d+d^2+d^3\\\frac{ds_{\mathrm{final}}}{dd}&=1+2d+3d^2\\s_{\mathrm{final}}(0.5)&=1.875,\qquad s_{\mathrm{final}}\prime(0.5)=2.75\end{aligned}Compile the repeated transition without a timing promise
A Python loop inside jit can be unrolled while tracing; scan expresses a repeated operation compactly. That can reduce compilation work for long loops, but it is not a universal promise that scan is faster for every workload.
Before benchmarking, compare numerical results on the same inputs and synchronize execution. Keep step count and precision explicit. For this lesson we verify correctness and derivatives; hardware profiling belongs to a later course unit.
The carry approaches a fixed point
Predict: Why does the increment between successive states shrink?
[image: The carry approaches a fixed point. The solid line shows the carry after each completed scan step. It starts at step \(1\) with value \(1\), then rises through \(1.5\), \(1.75\), and \(1.875\). The dashed horizontal line marks the fixed point \(2\). The initial carry \(0\) is not plotted. Each visible point is the value after applying the recurrence once more, so the first point already includes one update.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The solid line shows the carry after each completed scan step. It starts at step 11 with value 11, then rises through 1.51.5, 1.751.75, and 1.8751.875. The dashed horizontal line marks the fixed point 22.
The initial carry 00 is not plotted. Each visible point is the value after applying the recurrence once more, so the first point already includes one update.
Connect it to the computation
The update is ct+1=0.5ct+1c_{t+1}=0.5c_t+1. Subtracting it from the fixed point gives 2−ct+1=0.5(2−ct)2-c_{t+1}=0.5(2-c_t): each step halves the remaining gap. This explains both the upward movement and its slowing pace.
The shrinking gaps are 11, 0.50.5, 0.250.25, and 0.1250.125. scan carries the evolving value forward while collecting this history. One more step would produce 1.93751.9375; it would not add another full unit or restart from the initial carry.
Prepare the inputs
Create main.py in your lesson workspace. Add this first block; use the environment from setup.
# Step 1 — Prepare the inputs: These explicit inputs define the case that the later checks will...
import jax
import jax.numpy as jnp
These explicit inputs define the case that the later checks will verify.
Build the computation
Append this block below the inputs in the same file.
# Step 2 — Build the computation: step returns the next scalar carry and one recorded scalar.
def step(carry, increment):
    next_value = 0.5 * carry + increment
    return next_value, next_value
increments = jnp.array([1., 1., 1., 1.])
step returns the next scalar carry and one recorded scalar. scan feeds that carry back into step and stacks the four recorded outputs.
Run and check the result
Append the checks, save main.py, and run python main.py from this folder using your course environment.
# Step 3 — Run and check the result: Compare the output to the expected result below before making the...
# Run compiled structured control flow via `jax.lax` (`(final, history)`).
final, history = jax.lax.scan(step, jnp.array(0.), increments)
print("History:", history)
print("Final:", float(final))
assert jnp.allclose(history, jnp.array([1.,1.5,1.75,1.875]))
assert jnp.allclose(final, history[-1])
Compare the output to the expected result below before making the exercise change.
Run the example
The assembled script is in the separate solutions and code appendix.
History: [1.,1.5,1.75,1.875][1., 1.5, 1.75, 1.875]; Final: 1.8751.875.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare scan to the Python recurrence
Predict before running: Predict every output for inputs [1,−1,2,0][1,-1,2,0] and decay 0.50.5.
# Experiment — Compare scan to the Python recurrence: The loop is an independent control-flow reference and the fixed...
inputs=jnp.array([1.,-1.,2.,0.])
state=0.
reference=[]
for inc in [1.,-1.,2.,0.]:
    state=0.5*state+inc
    reference.append(state)
# Run compiled structured control flow via `jax.lax` (`(last, observed)`).
last,observed=jax.lax.scan(step,jnp.array(0.),inputs)
assert jnp.allclose(observed,jnp.array([1.,-0.5,1.75,0.875]))
assert jnp.allclose(observed,jnp.array(reference))
assert jnp.allclose(last,state)
History [1,−0.5,1.75,0.875][1,-0.5,1.75,0.875]; final 0.8750.875.
The loop is an independent control-flow reference and the fixed numbers verify time indexing.
Verify state and sensitivity together
Predict before running: How do the state and derivative recurrences differ?
# Experiment — Verify state and sensitivity together: The scalar objective is the final state.
# Define `terminal(d)` to carry state across steps with `jax.lax.scan`:
def terminal(d):
    return jax.lax.scan(lambda c,u:(d*c+u,d*c+u),jnp.array(0.),increments)[0]
# Differentiate the objective to obtain `(value, sensitivity)` via automatic differentiation.
value,sensitivity=jax.value_and_grad(terminal)(0.5)
assert jnp.allclose(value,1.875)
assert jnp.allclose(sensitivity,2.75)
assert jnp.allclose(jax.jit(terminal)(0.5),value)
Final state 1.8751.875 and sensitivity 2.752.75.
The scalar objective is the final state. Returning the whole history to ordinary grad would need a deliberate scalar reduction.
Your exercise
Make the decay an explicit scalar argument. Differentiate the final value with respect to decay and compare at 0.50.5 with the analytic derivative 2.752.75.
Attempt this before consulting the separate solutions appendix.
Record a different output
Practice
Carry the state, but record its squared value. Confirm that final carry still means state.
Hint
The second returned value is only the recorded output.
Diagnose a growing carry
Challenge
Try appending each input to the carry with concatenate. Explain why scan rejects it and replace it with stacked output.
Hint
The carry shape is part of the loop type.
Checkpoint
What must remain consistent across scan steps?
	The numerical value of the carry
	The carry structure, shapes, and dtypes
	Every recorded output must be zero

Answer and explanation are in the separate solutions appendix.
Diagnose the result
The error identifies incompatible carry input/output types. Store per-step values in scan outputs instead of growing the carry.
Carry forward
	The loop is an independent control-flow reference and the fixed numbers verify time indexing.
	The scalar objective is the final state. Returning the whole history to ordinary grad would need a deliberate scalar reduction.

Your evidence
Keep the labeled carry/output transition, Python-reference trajectory, polynomial derivative, compiled value check and growing-carry failure with a fixed-shape repair.
Primary references
	JAX scan contract
	JAX control flow

Branches with lax.cond
Implement a data-dependent branch that works inside a compiled function.
What you will be able to do
	Locate the decision boundary
	Trace both branches and check their result types
	Choose cond or where by the shape of the question
	Inspect boundary behavior and derivatives

The problem
A Python branch can choose a path when it knows a value. Inside jit, that value may not be available yet. We’ll use lax.cond to make the choice at runtime, check what both branches must return, and compare a single decision with elementwise selection.
The idea
A data-dependent branch needs a control-flow operation that can represent both alternatives in a transformed program. With a scalar predicate, lax.cond selects the result of one branch while requiring compatible result structures from both.
Trace both possibilities, execute the selected rule
Consider an absolute-value rule: return the input when it is nonnegative and its negation otherwise. Both branches return the same shape and dtype, even though only one scalar case determines a particular result. The function is continuous at zero, but its mathematical derivative is not uniquely defined there.
The plot of magnitudes shows what the branch computes, not the tracing process. During tracing, Python code in both branch functions can be visited. Avoid using Python side effects as evidence that one numerical branch executed on the device.
After batching or other transformations, the implementation of control flow can change; for example, batching a conditional can turn it into selection. Keep claims about execution scope tied to the actual transformed program.
Pause and reason
Can one branch return a vector and the other a scalar if your current input only selects the vector?
Compare your reasoningNot under the same conditional result contract. Both branches must produce compatible structures, shapes and dtypes so the transformed program has a well-defined result.
T=(Leaves(T),  TreeDef(T)),map⁡(g,T)k=g(Tk)\mathcal{T} = (\text{Leaves}(\mathcal{T}),\; \text{TreeDef}(\mathcal{T})), \qquad \operatorname{map}(g, \mathcal{T})_k = g(\mathcal{T}_k)Locate the decision boundary
The predicate x≥0x\ge0 is numerical data when xx is a traced argument. A Python if must choose a branch while tracing, before that runtime value is available. lax.cond represents the choice inside the staged computation instead.
Its arguments are a scalar Boolean predicate, two pure branch functions and an operand. Each branch receives that operand; each must return the same kind of result. Read the contract as an ordinary state transition with two possible implementations, not as a magic exception to tracing.
predicate: x>=0
true:  operand x → x
false: operand x → −x
joined result: scalar float
Trace both branches and check their result types
For a scalar predicate, cond selects one branch at runtime, but both branches are traced when building the computation. Therefore an invalid operation in a branch can fail during tracing even if a particular test input would not choose it.
Both result pytrees must agree and corresponding array leaves must have compatible shapes and dtypes. A scalar in one branch and a vector in the other cannot be joined by this contract. This is different from numerical correctness: matching output types can still hide a wrong branch formula.
Choose cond or where by the shape of the question
cond makes one scalar decision for a computation. where chooses values elementwise from compatible arrays. A vector predicate naturally belongs to where or a deliberately batched conditional.
When cond is transformed with vmap over predicates, it can become selection. Do not use a branch as a promise that side effects or invalid arithmetic will never be evaluated under transformations. Keep functions pure and design numerical expressions that are valid in the relevant domain.
Inspect boundary behavior and derivatives
Our magnitude function equals absolute value. Away from zero its derivative is +11 for positive inputs and −1-1 for negative inputs. At zero the mathematical function is not differentiable; a selected branch rule is a convention rather than proof of a derivative.
Test negative, positive and exact-boundary inputs because a > versus >= change can alter boundary behavior in other functions. Keep a separate argument about mathematical smoothness when differentiating conditional computations.
Both branches form one magnitude function
Predict: What happens on each side of zero?
[image: Both branches form one magnitude function. The horizontal axis varies the input and the vertical axis gives the returned magnitude. The V-shaped line passes through \((-3,3)\), \((0,0)\), and \((3,3)\). Equal distances to the left and right of zero produce equal outputs. The left arm comes from negating a negative input. The right arm comes from returning a nonnegative input unchanged. At zero the two values meet, so there is no jump in the output.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis varies the input and the vertical axis gives the returned magnitude. The V-shaped line passes through (−3,3)(-3,3), (0,0)(0,0), and (3,3)(3,3). Equal distances to the left and right of zero produce equal outputs.
The left arm comes from negating a negative input. The right arm comes from returning a nonnegative input unchanged. At zero the two values meet, so there is no jump in the output.
Connect it to the computation
The branches together implement ∣x∣|x|. Moving right along the negative side decreases the result with slope −1-1; moving right along the positive side increases it with slope 11. The sharp corner records that change of rule.
Continuity at the join does not imply differentiability: the classical derivative is undefined at zero because the two slopes disagree. A branch-selected autodiff value there must not be confused with a derivative of a smooth curve. The picture helps separate correct branch outputs from assumptions about gradients.
Prepare the inputs
Create main.py in your lesson workspace. Add this first block; use the environment from setup.
# Step 1 — Prepare the inputs: These explicit inputs define the case that the later checks will...
import jax
import jax.numpy as jnp
These explicit inputs define the case that the later checks will verify.
Build the computation
Append this block below the inputs in the same file.
# Step 2 — Build the computation: Both branches return the same scalar type.
# Define and JIT-compile `magnitude(x)` so XLA traces and fuses the operations:
@jax.jit
def magnitude(x):
    return jax.lax.cond(x >= 0., lambda v: v, lambda v: -v, x)
Both branches return the same scalar type. cond takes the runtime predicate and passes xx to the selected numerical branch.
Run and check the result
Append the checks, save main.py, and run python main.py from this folder using your course environment.
# Step 3 — Run and check the result: Compare the output to the expected result below before making the...
print(float(magnitude(-3.)))
assert jnp.allclose(magnitude(-3.), 3.)
assert jnp.allclose(magnitude(2.), 2.)
Compare the output to the expected result below before making the exercise change.
Run the example
The assembled script is in the separate solutions and code appendix.
3.03.0
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Reproduce the Python truth-test failure
Predict before running: Why does eager evaluation choose a branch while jit cannot use a runtime value in Python if?
# Experiment — Reproduce the Python truth-test failure: The repair changes where the decision is represented.
def eager_branch(v):
    if v>=0.:
        return v
    return -v
assert eager_branch(-3.)==3.
# Run the boundary check and catch the expected exception:
try:
    jax.jit(eager_branch)(jnp.array(-3.))
except jax.errors.TracerBoolConversionError:
    print("Expected traced Python Boolean failure")
else:
    raise AssertionError("Expected branch error")
for v in [-3.,0.,2.]:
    assert jnp.allclose(magnitude(v),abs(v))
The traced Python branch fails; cond gives the correct values for all three cases.
The repair changes where the decision is represented. It does not make xx static or remove the negative case.
Check a batched numerical selection
Predict before running: Predict the outputs and derivatives away from the nonsmooth point.
# Experiment — Check a batched numerical selection: Correct values under batching do not imply a conditional branch...
values=jnp.array([-3.,-1.,2.,4.])
assert jnp.allclose(jax.vmap(magnitude)(values),jnp.abs(values))
assert jnp.allclose(jax.vmap(jax.grad(magnitude))(values),jnp.array([-1.,-1.,1.,1.]))
Magnitudes [3,1,2,4][3,1,2,4] and slopes [−1,−1,1,1][-1,-1,1,1].
Correct values under batching do not imply a conditional branch remains lazy after every transformation.
Your exercise
Write a compiled function that applies 2x2x when xx is positive and x−2x-2 otherwise. Check positive, negative, and zero inputs.
Attempt this before consulting the separate solutions appendix.
Match a changed piecewise rule
Practice
Implement x2x^2 for x>1x>1 and 2x2x otherwise. Derive outputs at −1-1,11,22 and derivatives away from 11.
Hint
At x=1x=1 the false branch is selected.
Repair incompatible branch shapes
Challenge
Return a scalar in one branch and a length-two vector in the other, reproduce the error, then define a consistent two-value result.
Hint
Decide what each output component means before padding.
Checkpoint
Can one cond branch return a scalar and the other a length-three array?
	Yes, any shapes are allowed
	No, branch result types and shapes must be compatible
	Only if the predicate is negative

Answer and explanation are in the separate solutions appendix.
Diagnose the result
A branch mismatch is a result-contract error even when the current predicate is known. Here the repaired output explicitly means [magnitude,square].
Carry forward
	The repair changes where the decision is represented. It does not make xx static or remove the negative case.
	Correct values under batching do not imply a conditional branch remains lazy after every transformation.

Your evidence
Keep the branch-contract diagram, eager/jit failure and repair, boundary cases, batched values and off-boundary derivatives, and the shape-mismatch diagnosis.
Primary references
	JAX cond
	JAX control flow

Phase 04: Math & optimization
Can you explain an optimizer’s behavior from the objective and data?
Use a model small enough to solve independently. Connect residuals, gradients, curvature and update state before comparing optimizer names. A lower training loss is useful evidence, but it does not by itself establish better held-out predictions.
Prepare and work through the phase
	Audit the objective and derivative
Work through vectors, residuals, rank and directional derivatives. Use a linear solve and a finite-difference sweep as independent checks.

	Connect dynamics to evaluation
Predict a stable versus divergent quadratic update, inspect stable likelihood arithmetic and separate fitting, validation selection and final test reporting.

	Make optimizer comparisons fair
Count-weight unequal batches, preserve optimizer moments and schedule position, then change feature scale while retaining the prediction contract.


Readiness check
A model predicts one value for each observation. Targets accidentally have an extra trailing singleton axis. Why might mean squared error still run?
Answer: Broadcasting can construct a pairwise residual matrix instead of one residual per observation. Assert identical prediction and target shapes, then compute one residual by hand before reducing.
Transfer question
Rescale one feature by a factor of ten. Is the same learning rate automatically a fair comparison?
Approach: No. The parameterization changes directional curvature. Map coefficients to preserve predictions, verify the objective and compare trajectories under stated rates. Fit preprocessing on training data only; never use test performance to choose the rate.
Common pitfall
Gradient descent diverges while all values initially remain finite. Check the update sign, loss reduction, feature scales and largest quadratic curvature before trying a different seed.
Phase artifact
Complete regression-audit, then optimizer-audit. Keep an analytic reference, stable/unstable trajectories, a resumed optimizer comparison and an untouched final evaluation split.
Constrained, nonsmooth and large-scale stochastic optimization are not covered comprehensively. Current ranking evidence is limited to declared synthetic objectives.
Phase project: A fitted regression model. Explain prediction geometry and loss assumptions; verify derivatives; diagnose conditioning, curvature and gradient noise; justify an optimizer using held-out evidence. Start with project stages 1, 2, 3, 4, 5.
	optimizer-audit · online workspace · project guide

Vectors, norms, and projections
Read a dot product geometrically and separate a vector into a projection and an orthogonal residual.
What you will be able to do
	Read a dot product geometrically and separate a vector into a projection and an orthogonal residual.
	Read length and alignment separately
	Find the closest point on a line
	Use orthogonality as an independent check
	Know when the formula is undefined

The problem
When a model multiplies features by weights, what is it measuring? Start with two arrows you can draw on paper. We will measure length, alignment and the part of one arrow that lies along the other. These ideas make regression and gradient directions easier to reason about.
The idea
Projecting a vector onto a direction keeps the part parallel to that direction. The residual is what the direction cannot explain. This small geometric idea will reappear in least squares, gradient components and constrained updates.
A projection explains what remains
Take v=(3,4)v=(3,4) and direction u=(1,0)u=(1,0). The projection is (3,0)(3,0), leaving residual (0,4)(0,4). Their sum recovers vv, and the residual is perpendicular to uu. The original norm is 55, consistent with the right triangle.
Now replace uu by (2,0)(2,0). The direction has not changed, so the projected vector should not change. The coefficient must adjust for the direction's squared norm. Forgetting that denominator makes the result depend on an arbitrary scaling of the direction.
Read the vector figure by following the projection and then the residual to the original endpoint. Use equal axis scale: otherwise a mathematically right angle may not look right on the page.
Pause and reason
What happens if the direction vector is zero?
Compare your reasoningIt defines no direction and has zero squared norm, so the usual projection formula is undefined. Reject that input or define a separate application-specific convention explicitly.
Read length and alignment separately
Let u=(3,4)u=(3,4) and a=(1,0)a=(1,0). The length of uu is 55, and uTa=3u^\mathsf{T}a=3. The dot product is not a distance or a probability: reversing aa changes its sign. For nonzero vectors, dividing by both lengths gives the cosine of their angle, here 3/53/5. In higher dimensions we use exactly the same sum, even when we cannot draw all the axes.
∥u∥2=∑iui2,uTa=∑iuiai\|u\|_2=\sqrt{\sum_i u_i^2},\qquad u^\mathsf{T}a=\sum_i u_i a_iFind the closest point on a line
Points on the line through aa have the form caca, where cc is a scalar. Choose the point nearest uu. Its coefficient is c=(aTu)/(aTa)c=(a^\mathsf{T}u)/(a^\mathsf{T}a). For our axis direction, c=3c=3, so the projection is p=(3,0)p=(3,0) and the leftover is r=u−p=(0,4)r=u-p=(0,4). Notice that the coefficient depends on how long we draw aa; the projected point does not.
p=aTuaTaa,r=u−p,aTr=0p=\frac{a^\mathsf{T}u}{a^\mathsf{T}a}a,\qquad r=u-p,\qquad a^\mathsf{T}r=0Use orthogonality as an independent check
Orthogonal means perpendicular; algebraically, the dot product is zero. Because pp and rr are perpendicular, their squared lengths add to the squared length of uu: 9+16=259+16=25. We check both this identity and the leftover dot product. Matching a library projection to a copy of the same formula would give less independent evidence. For float32 calculations, a small absolute tolerance allows rounding near zero.
Know when the formula is undefined
The zero vector has no direction. Projecting onto it would divide by 00, and cosine similarity with it is also undefined. Our eager teaching helper raises a clear error for that input. A compiled application needs a separately defined policy, such as a validity mask or input validation before compilation. Adding a tiny constant silently changes the mathematical question; explain that policy if you choose it.
Projection and leftover form a right triangle
Predict: Which part of (3,4)(3,4) is explained by the horizontal direction?
[image: Projection and leftover form a right triangle. Both axes are ordinary vector coordinates. The diagonal arrow goes from the origin to \(u=(3,4)\). The horizontal arrow reaches the projection \(p=(3,0)\), and the vertical arrow then goes from that point up to \(u\). Follow the horizontal and vertical arrows tip to tail: together they reproduce the diagonal arrow. Although the residual arrow is drawn starting at \((3,0)\), its displacement is \(r=(0,4)\), not \((3,4)\).]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Both axes are ordinary vector coordinates. The diagonal arrow goes from the origin to u=(3,4)u=(3,4). The horizontal arrow reaches the projection p=(3,0)p=(3,0), and the vertical arrow then goes from that point up to uu.
Follow the horizontal and vertical arrows tip to tail: together they reproduce the diagonal arrow. Although the residual arrow is drawn starting at (3,0)(3,0), its displacement is r=(0,4)r=(0,4), not (3,4)(3,4).
Connect it to the computation
We projected onto the horizontal direction. The residual is perpendicular to that direction, so its dot product with (1,0)(1,0) is zero. This right angle explains why moving the projection along the horizontal line cannot remove the remaining vertical error.
The lengths form a familiar check: ∥p∥=3\lVert p\rVert=3, ∥r∥=4\lVert r\rVert=4, and ∥u∥=5\lVert u\rVert=5, with 32+42=523^2+4^2=5^2. Projection separates the part represented by the chosen direction from the part that direction cannot represent.
Draw the two vectors
Create main.py in your activated CPU course environment. Add the vectors and verify their lengths before adding a projection.
# Step 1 — Draw the two vectors: The length is 5; the component along the horizontal unit direction...
import jax.numpy as jnp
u = jnp.array([3.0, 4.0])
a = jnp.array([1.0, 0.0])
assert jnp.allclose(jnp.linalg.norm(u), 5.0)
assert jnp.allclose(jnp.dot(u, a), 3.0)
The length is 55; the component along the horizontal unit direction is 33.
Build the projection
Append this eager helper. Keep the input check outside any jitted function in this exercise.
# Step 2 — Build the projection: The leftover r contains what the chosen direction cannot explain.
def project(u, a):
    denominator = jnp.dot(a, a)
    # Guard input contract (`float(denominator) == 0.0`) and fail fast if violated.
    if float(denominator) == 0.0:
        raise ValueError('Projection needs a nonzero direction')
    return jnp.dot(a, u) / denominator * a
p = project(u, a)
r = u - p
The leftover rr contains what the chosen direction cannot explain.
Check with geometry
Append these assertions and run python main.py. Compare with your drawing before reading the experiment.
# Step 3 — Check with geometry: You should see [3,0] and [0,4]; the squared lengths sum to 25.
assert jnp.allclose(p, jnp.array([3.0, 0.0]))
assert jnp.allclose(jnp.dot(a, r), 0.0, atol=1e-06)
assert jnp.allclose(jnp.dot(p, p) + jnp.dot(r, r), jnp.dot(u, u))
print('projection / residual:', p, r)
You should see [3,0][3,0] and [0,4][0,4]; the squared lengths sum to 2525.
Run the example
The assembled script is in the separate solutions and code appendix.
Projection [3,0][3,0], residual [0,4][0,4]. Both orthogonality and the length identity pass.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Rescale the direction
Predict before running: If the direction becomes 2a2a, does the projected point double?
# Experiment — Rescale the direction: A line does not change when its nonzero direction is rescaled.
assert jnp.allclose(project(u, 2 * a), p)
assert jnp.allclose(project(u, -a), p)
assert jnp.allclose(jnp.dot(u, 2 * a), 2 * jnp.dot(u, a))
The projection stays fixed; the raw dot product doubles.
A line does not change when its nonzero direction is rescaled. A dot product alone does change.
Rotate the line
Predict before running: For a=(1,1)a=(1,1), predict the projection coefficient and leftover.
# Experiment — Rotate the line: Changing direction changes what can be explained; merely...
diagonal = jnp.array([1.0, 1.0])
p2 = project(u, diagonal)
assert jnp.allclose(p2, jnp.array([3.5, 3.5]))
assert jnp.allclose(jnp.dot(diagonal, u - p2), 0.0, atol=1e-06)
Projection [3.5,3.5][3.5,3.5], residual [−0.5,0.5][-0.5,0.5].
Changing direction changes what can be explained; merely changing its length does not.
Your exercise
Project u=(2,−1,2)u=(2,-1,2) onto a=(1,0,1)a=(1,0,1). Check the residual by hand first.
Attempt this before consulting the separate solutions appendix.
Handle an undefined direction
Transfer / diagnosis
Show that a zero direction produces a clear input error instead of a misleading projection.
Hint
Use a try/except block; a silent successful result should fail the check.
Use two perpendicular directions
Transfer / diagnosis
Reconstruct uu from projections onto (1,1)(1,1) and (1,−1)(1,-1). Would adding independent projections still work for arbitrary nonorthogonal directions?
Hint
Check the directions have zero dot product. Nonorthogonal directions can count the same component twice.
Checkpoint
Does doubling a nonzero direction double the projection onto its line?
	Yes, because the dot product doubles
	No; the coefficient and direction rescale in opposite ways
	Only when the vectors are perpendicular

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If the leftover is not perpendicular, check the denominator: it is aTaa^\mathsf{T}a, not the length of aa. If cosine exceeds its expected range, check normalization and rounding; first reject zero-length inputs.
Carry forward
	A line does not change when its nonzero direction is rescaled. A dot product alone does change.
	Changing direction changes what can be explained; merely changing its length does not.

Your evidence
Keep the hand-computed projection, perpendicular-residual check, rescaling experiment, zero-direction repair and changed-basis calculation.
Primary references
	JAX vector norms
	MIT: projections and least squares

Linear algebra and loss intuition
Connect a matrix-vector product to predictions and a scalar regression loss.
What you will be able to do
	Map one row to one prediction
	Calculate loss before differentiating
	Expose a broadcast that changes the problem
	Change the dataset and retain the contract
	Derive the vector gradient from individual errors

The problem
Let’s build a regression prediction one row at a time. Each feature gets a weight, and a bias shifts the result. Once we can calculate three predictions ourselves, we’ll write the matrix version and its loss. This small check will help us catch a transposed array or an accidental broadcast before training begins.
The idea
Represent observations as rows and features as columns. The matrix X∈Rn×dX\in\mathbb{R}^{n\times d} contains nn observations with dd features each, and w∈Rdw\in\mathbb{R}^{d} assigns a weight to each feature. Multiplying gives one weighted sum per observation; in Python, this is X @ w.
A scalar bias shifts every prediction, giving y^=Xw+b1\hat y=Xw+b\mathbf{1}, where 1\mathbf{1} is the vector of ones. Predictions and targets should both have shape (n,)(n,). Subtract them element by element, square the residuals and average to obtain one scalar mean squared loss. A mistaken (n,n)(n,n) residual matrix compares every prediction with every target, changing the problem even though its mean is still a scalar.
Calculate one complete loss by hand
Use a small worked case: X=[[1,2],[3,0]]X=[[1,2],[3,0]], w=[2,−1]w=[2,-1], and b=1b=1. The predictions are 1(2)+2(−1)+1=11(2)+2(-1)+1=1 and 3(2)+0(−1)+1=73(2)+0(-1)+1=7. With targets [2,5][2,5], the residuals are [−1,2][-1,2], their squares are [1,4][1,4], and the mean squared loss is 2.52.5.
Notice where each axis goes. The feature axis disappears in the dot product; the observation axis remains until the final average. In general, XX has shape (n,d)(n,d), ww has shape (d,)(d,), and predictions and targets both have shape (n,)(n,).
The prediction plot shows the effect of changing bias: every point moves by the same amount. Changing a weight instead affects an observation in proportion to its corresponding feature. Compare those two interventions before treating all parameter updates as interchangeable.
Pause and reason
If you duplicate every observation and target, does mean squared loss double?
Compare your reasoningNo. Both the squared-error sum and the observation count double, leaving the mean unchanged. A summed loss would double, and its gradient scale would change too.
Map one row to one prediction
Our three observations have two features each. The first row selects weight 00, the second selects weight 11, and the third adds both weights. With w=[2,−1]w=[2, -1] and bias 11, the predictions are therefore [3,0,2][3, 0, 2]. Matrix multiplication performs these three dot products together. It does not turn the bias into another feature unless you explicitly augment the design matrix.
Write the shapes beside each quantity before executing. The feature axis disappears through the dot product; the observation axis survives. This is the same contract you will use when replacing this tiny dataset with a data loader.
X (3, 2) × w (2,) → prediction (3,)
                                  + scalar bias
prediction − target (3,) → residual (3,)
mean(residual²) → scalar loss
Calculate loss before differentiating
With bias zero the prediction is [2,−1,1][2, -1, 1]. Subtracting [3,0,2][3, 0, 2] gives three residuals of −1-1. Squaring gives [1,1,1][1, 1, 1]; their mean is 11. The sign convention matters when you later derive the gradient even though either residual sign produces the same squared loss.
For residual r=Xw+b1−yr=Xw+b\mathbf{1}-y, the gradients are 2nXTr\frac{2}{n}X^\mathsf{T}r and 2mean⁡(r)2\operatorname{mean}(r) for weights and bias respectively. At this point they are [−4/3,−4/3][-4/3, -4/3] and −2-2. This hand calculation is an independent test of both the model and the reduction axis. Here rr is the vector of residuals, nn counts observations, and 1\mathbf{1} repeats the scalar bias for every row. The transpose XTX^\mathsf{T} gathers each feature’s contribution to its weight gradient.
r=Xw+b1−yL=1n∑i=1nri2∇wL=2nXTr,∂L∂b=2n∑i=1nri\begin{aligned}r&=Xw+b\mathbf{1}-y\\L&=\frac{1}{n}\sum_{i=1}^{n}r_i^2\\\nabla_w L&=\frac{2}{n}X^\mathsf{T}r,\qquad\frac{\partial L}{\partial b}=\frac{2}{n}\sum_{i=1}^{n}r_i\end{aligned}Expose a broadcast that changes the problem
A column target of shape (3,1)(3, 1) and predictions of shape (3,)(3,) combine into a (3,3)(3, 3) residual matrix. Each target is compared with every prediction. At the parameters that exactly fit our observations, this wrong loss is 28/928/9 rather than zero. JAX is following the array rules correctly; the data contract is wrong.
Check shapes at the loss boundary instead of hoping a small loss will reveal the mistake. Flattening is appropriate only when the original column really represents one scalar per observation; flattening multi-output targets would discard their meaning.
Change the dataset and retain the contract
The supplied dataset is deliberately easy to compute by hand. Test a new row [2,−1][2, -1]: its weighted sum is 55 and its prediction with bias 11 is 66. Include this row and its target, then verify zero loss. A test that only uses the training rows cannot detect every feature-order mistake.
A mean reduction makes duplicating the entire dataset leave the loss unchanged; a sum reduction would double it. Neither convention is inherently invalid, but it changes gradient scale and therefore affects the interpretation of a learning rate.
Derive the vector gradient from individual errors
For observation ii, the residual is ri=xiTw+b−yir_i=x_i^\mathsf{T}w+b-y_i. Its derivative with respect to the weights is the feature row xix_i. The chain rule multiplies this by 2ri2r_i, and averaging combines all observations. This gives ∇wL=2XTr/n\nabla_w L=2X^\mathsf{T}r/n, while the bias derivative is twice the mean residual. A sum loss has gradients nn times as large as a mean loss. Neither convention is inherently wrong, but the same learning rate then represents a different update. Use the direct solver in the next lesson to obtain a reference fit before diagnosing iterative training.
∇wL=2nXT(Xw+b1−y),∂L∂b=2n∑iri\nabla_w L=\frac{2}{n}X^\mathsf{T}(Xw+b\mathbf1-y),\qquad \frac{\partial L}{\partial b}=\frac{2}{n}\sum_i r_iA scalar bias shifts every prediction
Predict: What residual appears when the bias changes from 11 to 00?
[image: A scalar bias shifts every prediction. Each group of bars corresponds to one observation. The vertical axis contains targets and predictions, not losses. Within each group, compare the target with predictions using bias \(1\) and bias \(0\). With bias \(1\), the predictions \((3,0,2)\) have the same heights as the targets. With bias \(0\), they become \((2,-1,1)\): every prediction is exactly one unit lower. The negative bar in the middle group is a negative prediction, not a negative squared error.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Each group of bars corresponds to one observation. The vertical axis contains targets and predictions, not losses. Within each group, compare the target with predictions using bias 11 and bias 00.
With bias 11, the predictions (3,0,2)(3,0,2) have the same heights as the targets. With bias 00, they become (2,−1,1)(2,-1,1): every prediction is exactly one unit lower. The negative bar in the middle group is a negative prediction, not a negative squared error.
Connect it to the computation
The matrix-vector product produces one value per observation, and the scalar bias is added to each value. Holding the weights fixed while removing the bias therefore shifts all predictions by the same amount.
For bias 00, the prediction-minus-target residual is −1-1 on every row. Squaring and averaging gives (1+1+1)/3=1(1+1+1)/3=1. With bias 11, all residuals are zero and the mean squared loss is zero. Read the gaps between bars to understand the loss; do not average the bar heights themselves.
1. Prepare the inputs
Create a file named main.py in your activated learning environment. Add these imports and inputs first. Shapes and numeric types are part of the experiment.
# Step 1 — 1. Prepare the inputs: This block establishes the values used by the following steps; run...
import jax
import jax.numpy as jnp
This block establishes the values used by the following steps; run the completed file after step 33.
2. Define the computation
Append this block below the inputs. Before proceeding, trace which values are inputs, predictions, and state.
# Step 2 — 2. Define the computation: predict contracts the feature axis through Xw.
X = jnp.array([[1., 0.], [0., 1.], [1., 1.]])
w = jnp.array([2., -1.])
targets = jnp.array([3., 0., 2.])
def predict(w, bias, X):
    return X @ w + bias
def mse(w, bias):
    prediction = predict(w, bias, X)
    # Check tensor shape invariant: `prediction.shape == targets.shape`
    assert prediction.shape == targets.shape
    return jnp.mean((prediction - targets) ** 2)
predict contracts the feature axis through XwXw. mse checks row alignment before subtraction, squares each residual, and reduces to one scalar.
3. Measure and verify
Append the remaining block, then run python main.py in the terminal. Compare the printed result with the expected output below. Assertions stop execution if the contract fails.
# Step 3 — 3. Measure and verify: Predictions: [3., 0., 2.]; Loss: 0.0.
print("Predictions:", predict(w, 1., X))
print("Loss:", float(mse(w, 1.)))
assert jnp.allclose(predict(w, 1., X), targets)
assert jnp.allclose(mse(w, 1.), 0.)
Predictions: [3.,0.,2.][3., 0., 2.]; Loss: 0.00.0.
Run the example
The assembled script is in the separate solutions and code appendix.
Predictions: [3.,0.,2.][3., 0., 2.]; Loss: 0.00.0.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Verify the gradient by hand
Predict before running: At bias zero, what are the weight and bias derivatives?
# Experiment — Verify the gradient by hand: The matrix formula and autodiff agree for the same row-matched...
# Differentiate the objective to obtain `(gw, gb)` via automatic differentiation.
gw, gb = jax.grad(mse, argnums=(0, 1))(w, 0.)
assert jnp.allclose(gw, jnp.array([-4/3, -4/3]))
assert jnp.allclose(gb, -2.)
print("Analytic gradients:", gw, gb)
Weight gradient ≈ [−1.333333,−1.333333][-1.333333, -1.333333]; bias gradient −2-2.
The matrix formula and autodiff agree for the same row-matched scalar objective.
Make the silent shape error visible
Predict before running: Does an exact model still have zero loss against column targets?
# Experiment — Make the silent shape error visible: A valid broadcast can define an unintended objective without...
column_targets = targets[:, None]
pairwise = predict(w, 1., X) - column_targets
# Check tensor shape invariant: `pairwise.shape == (3, 3)`
assert pairwise.shape == (3, 3)
assert jnp.allclose(jnp.mean(pairwise**2), 28/9)
print("Wrong residual shape:", pairwise.shape)
(3,3)(3, 3), with loss 28/928/9.
A valid broadcast can define an unintended objective without raising an exception.
Change the reduction, predict the update
Predict before running: For the same three residuals, how much larger is the gradient of a sum loss than a mean loss?
# Experiment — Change the reduction, predict the update: Loss reduction is part of the optimization specification.
def mean_objective(weights):
    return jnp.mean((X @ weights - targets)**2)
def sum_objective(weights):
    return jnp.sum((X @ weights - targets)**2)
point = jnp.array([0.2, -0.4])
residual = X @ point - targets
analytic_mean = 2 * X.T @ residual / X.shape[0]
assert jnp.allclose(jax.grad(mean_objective)(point), analytic_mean, atol=1e-6)
# Check tensor shape invariant: `jnp.allclose(jax.grad(sum_objective)(point), X.shape[0]*analytic_...`
assert jnp.allclose(jax.grad(sum_objective)(point), X.shape[0]*analytic_mean, atol=1e-6)
The sum gradient is 33 times the mean gradient.
Loss reduction is part of the optimization specification. Match it when comparing hand calculations, libraries and learning rates.
Your exercise
Set the bias to zero. Predict each residual and calculate the loss by hand, then compare it with JAX.
Attempt this before consulting the separate solutions appendix.
Add an unseen observation
Transfer / diagnosis
Extend XX with [2,−1][2, -1], supply its target, and check predictions using ordinary arithmetic.
Hint
The new target is the dot product plus bias.
Reject and repair a column target
Transfer / diagnosis
Write a loss that rejects mismatched prediction/target shapes. Demonstrate rejection and then restore the intended one-target-per-row format.
Hint
Compare shapes before subtraction; reshape only this known scalar-target dataset.
Checkpoint
What shape should one scalar target per observation have for predictions of shape (n,)(n,)?
	(n,1)(n, 1)
	(n,)(n,)
	(d,)(d,)

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Check prediction and target shapes before blaming the optimizer. For this dataset, all residuals with bias zero are −1-1, so the mean squared loss must be 11.
Carry forward
	The matrix formula and autodiff agree for the same row-matched scalar objective.
	A valid broadcast can define an unintended objective without raising an exception.

Your evidence
Keep the row-by-row predictions, analytic weight/bias derivatives, pairwise-broadcast counterexample, and checked-loss rejection/repair. Include the analytic vector-gradient derivation and mean-versus-sum comparison.
Primary references
	JAX array operations
	Autodiff cookbook

Least squares, rank, and conditioning
Fit a linear model with a direct solver and diagnose nonunique or sensitive coefficients.
What you will be able to do
	Fit a linear model with a direct solver and diagnose nonunique or sensitive coefficients.
	Solve a fit you can verify by hand
	Use a solver, not an explicit inverse
	Separate rank from fit quality
	Measure sensitivity rather than guessing

The problem
Before training a linear model step by step, can we solve it directly? A tiny least-squares fit gives us a reference answer. Then we will make two features nearly identical and see why a good prediction can hide unreliable coefficients.
The idea
Least squares finds parameters whose predictions are close to the targets under a squared-error objective. Whether those parameters are uniquely determined and stable is a separate question. Nearly redundant features can make weights sensitive even when predictions look good.
A good fit can hide uncertain parameters
Suppose two feature columns are identical. A prediction using weights w1w_1 and w2w_2 depends only on their sum. The pairs (1,2)(1,2) and (2,1)(2,1) therefore produce identical predictions. A low residual cannot tell us which pair is the intended explanation.
If the columns are almost, rather than exactly, identical, tiny data changes can lead to large changes in the separate weights. This is conditioning: how strongly the solution responds to perturbations. Inspect parameter changes as well as prediction error.
The geometric view projects the target vector onto the space spanned by the columns. A target component outside that space remains as residual even after a correct solve. A residual and an unstable parameter estimate are different problems and call for different diagnostics.
Pause and reason
What evidence would distinguish an unavoidable residual from a faulty least-squares implementation?
Compare your reasoningCompare with an independent solver or known projection, inspect rank, and check the residual's orthogonality to the column space within tolerance. A nonzero residual alone does not imply a bug.
Solve a fit you can verify by hand
Take rows (1,0)(1,0), (0,1)(0,1), (1,1)(1,1) and targets y=(1,2,2)y=(1,2,2). These targets cannot all be matched. The best weights are w=(2/3,5/3)w=(2/3,5/3), with predictions (2/3,5/3,7/3)(2/3,5/3,7/3). The residual r=Xw−y=(−1/3,−1/3,1/3)r=Xw-y=(-1/3,-1/3,1/3) has zero dot product with each column. The mean squared error is 1/91/9.
min⁡w∥Xw−y∥22,XT(Xw−y)=0\min_w\|Xw-y\|_2^2,\qquad X^\mathsf{T}(Xw-y)=0Use a solver, not an explicit inverse
The orthogonality equation implies XTXw=XTyX^\mathsf{T}Xw=X^\mathsf{T}y. This is useful for reasoning, but forming an inverse is not a good default algorithm. Squaring a full-rank matrix into its Gram matrix squares its condition number in the Euclidean norm. Use jnp.linalg.lstsq for the direct reference; it also reports numerical rank and singular values. We recompute the residual so its meaning is explicit.
Separate rank from fit quality
Rank counts independent column directions. If both columns are the same vector aa, then predictions depend only on w0+w1w_0+w_1. Infinitely many weight pairs give the same prediction. The least-squares solver chooses a minimum-length solution; that convention is separate from which feature caused the target. A zero residual is therefore not evidence that the individual coefficients are identifiable.
Measure sensitivity rather than guessing
Singular values measure how strongly a matrix stretches different unit directions. For a full-column-rank matrix, the ratio κ=σmax⁡/σmin⁡\kappa=\sigma_{\max}/\sigma_{\min} is its condition number. A tiny smallest singular value means some weight changes barely affect predictions. The inverse question—recovering weights from targets—can then amplify small disturbances. Our perturbation experiment is deliberately aligned with such a weak direction. It illustrates sensitivity, not a universal noise model. Rank decisions also depend on the solver cutoff and dtype.
κ2(X)=σmax⁡(X)σmin⁡(X)\kappa_2(X)=\frac{\sigma_{\max}(X)}{\sigma_{\min}(X)}Least squares balances unavoidable residuals
Predict: Can every target be matched at the same time?
[image: Least squares balances unavoidable residuals. For each observation, compare the target bar with the least-squares prediction beside it. Targets are \((1,2,2)\); predictions are approximately \((0.667,1.667,2.333)\). The fitted model falls short on the first two rows and exceeds the target on the third. Each vertical gap has magnitude \(1/3\), but the signs differ. Using prediction minus target, the residual vector is \((-1/3,-1/3,1/3)\). The mean squared error is therefore \(1/9\), despite no bar pair matching exactly.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
For each observation, compare the target bar with the least-squares prediction beside it. Targets are (1,2,2)(1,2,2); predictions are approximately (0.667,1.667,2.333)(0.667,1.667,2.333). The fitted model falls short on the first two rows and exceeds the target on the third.
Each vertical gap has magnitude 1/31/3, but the signs differ. Using prediction minus target, the residual vector is (−1/3,−1/3,1/3)(-1/3,-1/3,1/3). The mean squared error is therefore 1/91/9, despite no bar pair matching exactly.
Connect it to the computation
The feature matrix makes the third prediction equal the sum of the first two. Matching the first two targets exactly would force the third prediction to be 33, not its target 22. An exact fit is impossible with these features.
Least squares balances this conflict. For each feature column, the residual contributions cancel, giving XTr=0X^{\mathsf T}r=0. That orthogonality, rather than zero residual on every row, is the optimality condition. The unequal bar heights are an unavoidable limitation of this model, not evidence that the solver failed.
Construct an imperfect fit
Create main.py and add this small matrix and target. Work out the proposed weights on paper.
# Step 1 — Construct an imperfect fit: No weights can match all three targets, so a nonzero residual is...
import jax.numpy as jnp
import numpy as np
X = jnp.array([[1.0, 0.0], [0.0, 1.0], [1.0, 1.0]])
y = jnp.array([1.0, 2.0, 2.0])
expected = jnp.array([2 / 3, 5 / 3])
No weights can match all three targets, so a nonzero residual is expected.
Solve and inspect the residual
Append the direct solve and compute the error from the actual predictions.
# Step 2 — Solve and inspect the residual: Perpendicular residuals verify optimality for this unconstrained...
w, _, rank, singular = jnp.linalg.lstsq(X, y, rcond=None)
r = X @ w - y
assert int(rank) == 2
assert jnp.allclose(w, expected, atol=2e-06)
assert jnp.allclose(X.T @ r, jnp.zeros(2), atol=2e-06)
Perpendicular residuals verify optimality for this unconstrained least-squares problem.
Compare independent references
Append the mean loss and a NumPy float64 solve; run python main.py.
# Step 3 — Compare independent references: The hand result and a separate numerical implementation agree...
assert jnp.allclose(jnp.mean(r * r), 1 / 9, atol=2e-06)
# Convert `np_w` to a host NumPy array for inspection or verification.
np_w = np.linalg.lstsq(np.asarray(X, dtype=np.float64), np.asarray(y, dtype=np.float64), rcond=None)[0]
assert np.allclose(np.asarray(w), np_w, atol=2e-06)
print('weights / rank / MSE:', w, rank, jnp.mean(r * r))
The hand result and a separate numerical implementation agree within float32 tolerance.
Run the example
The assembled script is in the separate solutions and code appendix.
Weights near (2/3,5/3)(2/3,5/3), rank 22, mean squared error near 1/91/9.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Duplicate a feature
Predict before running: For identical columns, can we tell whether a coefficient belongs to the first or second column?
# Experiment — Duplicate a feature: Fit quality and coefficient uniqueness are different questions.
a = jnp.array([1.0, 2.0, 3.0])
# Combine or mask array elements to form `duplicate`.
duplicate = jnp.stack([a, a], axis=1)
w_dup, _, rank_dup, _ = jnp.linalg.lstsq(duplicate, 3 * a, rcond=None)
assert int(rank_dup) == 1
assert jnp.allclose(duplicate @ w_dup, 3 * a, atol=3e-06)
assert jnp.allclose(duplicate @ jnp.array([1.0, 2.0]), duplicate @ jnp.array([0.0, 3.0]))
Rank 11; different weight pairs make identical predictions.
Fit quality and coefficient uniqueness are different questions.
Perturb a weak direction
Predict before running: If two columns differ by only 0.010.01 in one row, can a target change of 0.0010.001 move a weight by much more?
# Experiment — Perturb a weak direction: Nearly dependent columns can amplify target perturbations while...
near = jnp.array([[1.0, 1.0], [0.0, 0.01], [0.0, 0.0]])
base = near @ jnp.array([1.0, 1.0])
changed = base + jnp.array([0.0, 0.001, 0.0])
w0 = jnp.linalg.lstsq(near, base, rcond=None)[0]
w1 = jnp.linalg.lstsq(near, changed, rcond=None)[0]
assert jnp.allclose(w1 - w0, jnp.array([-0.1, 0.1]), atol=5e-05)
print('condition / target change / weight change:', jnp.linalg.cond(near), jnp.linalg.norm(changed - base), jnp.linalg.norm(w1 - w0))
The target change has length 0.0010.001, but the weight change has length about 0.14140.1414.
Nearly dependent columns can amplify target perturbations while preserving a close prediction fit.
Your exercise
Add a constant bias column to inputs (−1,0,1)(-1,0,1) and fit targets (−1,1,3)(-1,1,3). Recover slope 22 and bias 11.
Attempt this before consulting the separate solutions appendix.
Change feature units
Transfer / diagnosis
Multiply the first feature of XX by 100100. Predict the new weights and compare predictions.
Hint
The first weight must divide by 100100 to represent the same model.
Explain the squared conditioning
Transfer / diagnosis
Compare the condition numbers of the diagonal matrix with entries (1,0.1)(1,0.1) and its Gram matrix. Why is a solver preferable to forming the inverse?
Hint
The diagonal entries are singular values here; squaring them changes the ratio from 1010 to 100100.
Checkpoint
Can zero training error prove that fitted weights are uniquely determined?
	Yes, zero error is a unique solution
	No; dependent columns can produce many equally good weights
	Only if we use float64

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a fit changes sharply after a small target perturbation, inspect singular values and feature units. If rank drops, inspect duplicate columns and the cutoff. Compare residuals and predictions as well as coefficients.
Carry forward
	Fit quality and coefficient uniqueness are different questions.
	Nearly dependent columns can amplify target perturbations while preserving a close prediction fit.

Your evidence
Save the hand solution, residual orthogonality, duplicate-column ambiguity, perturbation table and NumPy comparison.
Primary references
	JAX least-squares solver
	MIT: positive definite matrices and least squares

The chain rule, Jacobians, and directions
Compute a small Jacobian by hand and connect forward sensitivities to reverse-mode gradients.
What you will be able to do
	Compute a small Jacobian by hand and connect forward sensitivities to reverse-mode gradients.
	Build a Jacobian one entry at a time
	Push an input direction forward
	Pull output sensitivity backward
	Check both sides of the same calculation

The problem
One model input can affect several outputs. How does a small input change move those outputs, and how does a loss send sensitivity back? We will work through one tiny vector function before asking JAX to do the same calculation.
The idea
A Jacobian collects how each output responds to each input. We often need its action on a direction rather than the full matrix. Forward products move input perturbations to output perturbations; reverse products bring output sensitivities back to inputs.
Follow one direction through a Jacobian
Take J=[[4,1],[3,2]]J=[[4,1],[3,2]] and input direction v=[1,−1]v=[1,-1]. Multiplication gives Jv=[3,1]Jv=[3,1]. This predicts the first-order output change when we move a small distance along that direction.
For output sensitivity u=[2,−1]u=[2,-1], the reverse product is JTu=[5,0]J^Tu=[5,0]. These vectors live in different spaces even though both happen to have two entries in this example. Use unequal input/output dimensions in a follow-up test so equal lengths cannot hide a transpose mistake.
There is a useful independent agreement: uT(Jv)=5u^T(Jv)=5 and (JTu)Tv=5(J^Tu)^Tv=5. This checks the relationship between forward and reverse products without requiring you to inspect every Jacobian entry.
Pause and reason
Why should we label the input and output spaces even for a square Jacobian?
Compare your reasoningEqual dimensions can hide an incorrect orientation. The labels explain whether a vector is an input direction or output sensitivity and therefore which product is meaningful.
Build a Jacobian one entry at a time
Let f(x)=(x02+x1,  x0x1)f(x)=(x_0^2+x_1,\;x_0x_1), where x=(x0,x1)x=(x_0,x_1). The first output changes at rates 2x02x_0 and 11; the second changes at rates x1x_1 and x0x_0. Rows describe outputs, columns describe inputs. At x=(2,3)x=(2,3), the output is (7,6)(7,6) and the Jacobian is J=(4132)J=\begin{pmatrix}4&1\\3&2\end{pmatrix}.
Jij=∂fi∂xj,J∈Rm×d for f:Rd→RmJ_{ij}=\frac{\partial f_i}{\partial x_j},\qquad J\in\mathbb{R}^{m\times d}\ \text{for}\ f:\mathbb{R}^d\to\mathbb{R}^mPush an input direction forward
Choose v=(1,−1)v=(1,-1). A small move εv\varepsilon v in the input changes the output by approximately εJv\varepsilon Jv. Here Jv=(3,1)Jv=(3,1): the first output moves three times as fast as the second along this direction. jax.jvp returns both the ordinary output and this directional sensitivity. It can compute the product without storing the full Jacobian.
f(x+εv)≈f(x)+εJvf(x+\varepsilon v)\approx f(x)+\varepsilon JvPull output sensitivity backward
Suppose the scalar loss is L(x)=12∥f(x)∥22L(x)=\tfrac12\|f(x)\|_2^2. Its derivative with respect to the outputs is c=f(x)=(7,6)c=f(x)=(7,6). The chain rule gives ∇xL=JTc=(46,19)\nabla_x L=J^\mathsf{T}c=(46,19). jax.vjp returns the output and a pullback function. Passing cc into that function returns input sensitivities. The pullback result is a tuple because a function can have several inputs.
∇xL=JT∇fL\nabla_x L=J^\mathsf{T}\nabla_f LCheck both sides of the same calculation
The identity cT(Jv)=vT(JTc)c^\mathsf{T}(Jv)=v^\mathsf{T}(J^\mathsf{T}c) checks that forward and reverse products agree. We also compare against the hand matrix and central differences so our evidence is not only two autodiff APIs agreeing. jax.grad needs a scalar output; use a Jacobian or a selected output direction for a vector function. These local derivatives do not describe a large move exactly.
A Jacobian maps inputs to output sensitivities
Predict: Which output is more sensitive to the first input at (2,3)(2,3)?
[image: A Jacobian maps inputs to output sensitivities. Rows identify output coordinates and columns identify input coordinates. Each cell is a partial derivative evaluated at the example input \((2,3)\). The matrix is \(J=\begin{pmatrix}4&1\\3&2\end{pmatrix}\), and darker cells indicate larger positive sensitivity here. Read down the first column: a small increase in input \(0\), holding input \(1\) fixed, changes the two outputs by approximately \(4\) and \(3\) times that increase. Read across the first row to see how both inputs influence output \(0\).]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Rows identify output coordinates and columns identify input coordinates. Each cell is a partial derivative evaluated at the example input (2,3)(2,3). The matrix is J=(4132)J=\begin{pmatrix}4&1\\3&2\end{pmatrix}, and darker cells indicate larger positive sensitivity here.
Read down the first column: a small increase in input 00, holding input 11 fixed, changes the two outputs by approximately 44 and 33 times that increase. Read across the first row to see how both inputs influence output 00.
Connect it to the computation
For a joint input change in direction v=(1,−1)v=(1,-1), multiply the whole matrix by that direction: Jv=(3,1)Jv=(3,1). The second input’s decrease offsets some of the first input’s increase. Looking only at the darkest cell would miss that interaction.
These are local sensitivities, not model weights, probabilities, or final output values. The entries can change at another input. To check the interpretation, take a small step ϵv\epsilon v and compare the output change with ϵJv\epsilon Jv.
Write the vector function
Create main.py. Define the function, its input and the hand-derived Jacobian.
# Step 1 — Write the vector function: The matrix is written from the derivatives, not obtained from an...
import jax
import jax.numpy as jnp

def f(x):
    return jnp.array([x[0] ** 2 + x[1], x[0] * x[1]])
x = jnp.array([2.0, 3.0])
v = jnp.array([1.0, -1.0])
J = jnp.array([[4.0, 1.0], [3.0, 2.0]])
assert jnp.allclose(f(x), jnp.array([7.0, 6.0]))
The matrix is written from the derivatives, not obtained from an autodiff call.
Push a direction and pull a sensitivity
Append these two transformations; predict both products first.
# Step 2 — Push a direction and pull a sensitivity: Forward mode follows an input direction; reverse mode starts with...
# Compute exact directional derivative / Jacobian / Hessian (`(out, jv)`).
out, jv = jax.jvp(f, (x,), (v,))
# Compute exact directional derivative / Jacobian / Hessian (`(_, pullback)`).
_, pullback = jax.vjp(f, x)
c = out
jt_c = pullback(c)[0]
assert jnp.allclose(jv, jnp.array([3.0, 1.0]))
assert jnp.allclose(jt_c, jnp.array([46.0, 19.0]))
Forward mode follows an input direction; reverse mode starts with output sensitivity.
Connect to a scalar loss
Append the scalar objective and independent matrix checks, then run python main.py.
# Step 3 — Connect to a scalar loss: Both routes give directional loss derivative 27.
def loss(x):
    return 0.5 * jnp.sum(f(x) ** 2)
assert jnp.allclose(jax.jacfwd(f)(x), J)
assert jnp.allclose(jax.grad(loss)(x), J.T @ c)
assert jnp.allclose(jnp.dot(c, jv), jnp.dot(v, jt_c))
print('Jv / loss gradient:', jv, jt_c)
Both routes give directional loss derivative 2727.
Run the example
The assembled script is in the separate solutions and code appendix.
Forward product [3,1][3,1], reverse product [46,19][46,19], directional loss derivative 2727.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check a finite input move
Predict before running: Does the central difference along vv agree with JvJv at step 0.010.01?
# Experiment — Check a finite input move: A numerical perturbation provides a check independent of autodiff.
h = 0.01
fd = (f(x + h * v) - f(x - h * v)) / (2 * h)
assert jnp.allclose(fd, J @ v, atol=0.0001, rtol=0.0001)
The finite-direction and hand-matrix results agree within float32 tolerance.
A numerical perturbation provides a check independent of autodiff.
Change the point
Predict before running: At x=(0,1)x=(0,1), which Jacobian entries change?
# Experiment — Change the point: The Jacobian describes sensitivity at the current point; it is...
x2 = jnp.array([0.0, 1.0])
J2 = jnp.array([[0.0, 1.0], [1.0, 0.0]])
assert jnp.allclose(jax.jacrev(f)(x2), J2)
assert jnp.allclose(jax.jvp(f, (x2,), (v,))[1], J2 @ v)
The new Jacobian swaps the direction coordinates.
The Jacobian describes sensitivity at the current point; it is not generally constant.
Your exercise
Replace the scalar loss by L(x)=f0(x)+2f1(x)L(x)=f_0(x)+2f_1(x). Predict its gradient at (2,3)(2,3) before using grad.
Attempt this before consulting the separate solutions appendix.
Find the broken derivative path
Transfer / diagnosis
A colleague wraps the first input in jax.lax.stop_gradient. The forward outputs are unchanged. Show why the gradient no longer matches the intended mathematical function.
Hint
Compare the derivative of the sum of outputs with JT(1,1)J^\mathsf{T}(1,1).
Transfer to unequal dimensions
Transfer / diagnosis
For a matrix A∈R3×2A\in\mathbb{R}^{3\times2}, check that the VJP of AxAx maps an output sensitivity of length 33 into a vector of length 22.
Hint
The reference is ATcA^\mathsf{T}c, not AcAc.
Checkpoint
Which object does a reverse-mode pullback map to input sensitivity?
	An output sensitivity vector
	An arbitrary input direction
	Only a scalar learning rate

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If shapes fail, write output-by-input Jacobian dimensions on paper. If values match but derivatives do not, inspect stop_gradient, indexing, nondifferentiable operations and the scalar loss definition.
Carry forward
	A numerical perturbation provides a check independent of autodiff.
	The Jacobian describes sensitivity at the current point; it is not generally constant.

Your evidence
Keep the handwritten Jacobian, JVP and VJP checks, adjoint identity, finite-direction check and stop-gradient diagnosis.
Primary references
	JAX autodiff cookbook: JVPs and VJPs

Gradient checking and numerical accuracy
Compare autodiff with finite differences over several step sizes.
What you will be able to do
	Build an independent derivative estimate
	Separate truncation error from cancellation
	Test directions as well as coordinates
	Recognize what a gradient check cannot prove
	Do not mistake a kink for a smooth derivative

The problem
JAX can differentiate your loss, but how can you check the answer independently? We’ll nudge one weight a little in each direction and compare the change in loss with the reported gradient. You’ll also see why making the nudge smaller and smaller eventually hurts a floating-point calculation.
The idea
A finite difference estimates a derivative by comparing nearby function values. It gives us an independent check on autodiff, but it introduces its own approximation and floating-point errors. The perturbation must be small enough to be local and large enough to produce a resolvable difference.
Explain why a smaller perturbation can be worse
For a centered difference, evaluate the function on both sides of the point, subtract, and divide by twice the perturbation. With a quadratic, the centered formula has an exact cancellation of its truncation term in real arithmetic. That special case should not be described as a universal error curve for every smooth function.
In floating point, the two function values can become almost indistinguishable as the perturbation shrinks. Subtracting them loses useful information, and dividing by a tiny number amplifies the error. The smallest perturbation is therefore not automatically the best check.
Read the saved error plot using its logarithmic axes and actual minimum region. Keep dtype, parameter scale and tolerance together. Compare several perturbations, then use an analytic derivative where available to decide whether disagreement comes from autodiff or the numerical oracle.
Pause and reason
A gradient check fails only at the smallest perturbations. What should you try before changing the model?
Compare your reasoningInspect dtype and cancellation, increase the perturbation, and compare across a range. A fragile finite-difference estimate is not sufficient evidence that the autodiff gradient is wrong.
Build an independent derivative estimate
Our objective is (w0−2)2+(w1+1)2(w_0-2)^2+(w_1+1)^2. At [0.5,0.25][0.5, 0.25], the derivative is [−3,2.5][-3, 2.5]. This formula comes from elementary differentiation, so it can check the automatic result without invoking another autodiff API. The function returns a scalar because grad requires a scalar output.
Central differences probe each coordinate along a basis vector: hold all other coordinates fixed, evaluate at w+heiw+h e_i and w−heiw-h e_i, then divide the difference by 2h2h. vmap batches these independent probes; it does not make the approximation exact. In the formula, eie_i is a vector with a 11 in position ii and zeros elsewhere. It lets us move just one weight while keeping the others fixed. The symbol ≈\approx reminds us that this is an estimate.
∂L∂wi≈L(w+hei)−L(w−hei)2h\frac{\partial L}{\partial w_i}\approx\frac{L(w+h e_i)-L(w-h e_i)}{2h}Separate truncation error from cancellation
For a general smooth function, central difference has an approximation error that typically shrinks quadratically with hh near a regular point. This quadratic objective is special: its central difference is exact in real arithmetic. Any discrepancy here mainly exposes floating-point effects. Do not use it alone to demonstrate a universal error curve.
Float32 cannot represent every nearby number. With an extremely small step, the two perturbed inputs can round to the same stored value. Subtracting their function values then gives zero rather than the derivative. A step sweep is evidence about this computation, not a recipe that works at every scale.
Test directions as well as coordinates
A directional derivative compares ∇L(w)Tv\nabla L(w)^\mathsf{T}v with a finite difference along the direction vector vv. This is useful for large parameter trees because a few directions cost fewer evaluations than probing every scalar. It can miss an error orthogonal to all tested directions, so combine it with several points and known structural cases.
An allclose check permits absolute error near zero and relative error for larger values. Record the actual difference and dtype alongside a pass/fail result. Relaxing a tolerance until a broken calculation passes removes the value of the check.
Recognize what a gradient check cannot prove
Autodiff differentiates the supplied program. If the loss accidentally omits a feature or uses the wrong targets, a perfect derivative check of that wrong loss can still pass. Compare expected predictions and loss values first, then derivatives.
At a kink such as abs(0), a classical derivative does not exist. A symmetric finite difference can report zero while autodiff follows an implementation convention. Check smooth points on either side and document the boundary instead of treating the mismatch as automatic evidence of a JAX defect.
Do not mistake a kink for a smooth derivative
The function f(x)=∣x∣f(x)=|x| has slope −1-1 for negative inputs and 11 for positive inputs. There is no classical derivative at zero because the one-sided slopes disagree. A symmetric finite difference at zero nevertheless returns zero. This is a property of the probe, not a proof of differentiability. For a piecewise model, first test points that stay inside a smooth region, then document the boundary convention separately.
Smaller perturbations eventually lose accuracy
Predict: Will shrinking the finite-difference step always improve the answer?
[image: Smaller perturbations eventually lose accuracy. The horizontal axis is the finite-difference step \(h\), increasing from left to right. The vertical axis is the largest absolute discrepancy between the numerical gradient and the analytic gradient. Both axes are logarithmic: a change by one power of ten represents a tenfold change, not an equal additive increment. At the smallest steps, the error stays near \(3\). Moving right to steps around \(10^{-2}\) brings it down to a few times \(10^{-6}\), with small irregular rises along the way. All displayed errors are positive; none of the plotted estimates is exactly equal to the analytic gradient.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is the finite-difference step hh, increasing from left to right. The vertical axis is the largest absolute discrepancy between the numerical gradient and the analytic gradient. Both axes are logarithmic: a change by one power of ten represents a tenfold change, not an equal additive increment.
At the smallest steps, the error stays near 33. Moving right to steps around 10−210^{-2} brings it down to a few times 10−610^{-6}, with small irregular rises along the way. All displayed errors are positive; none of the plotted estimates is exactly equal to the analytic gradient.
Connect it to the computation
At very small steps, float32 rounding makes the two nearby function evaluations indistinguishable or nearly so. Their subtraction then loses the change we are trying to measure. Dividing that damaged difference by an even smaller step does not repair it. The left-hand plateau is therefore a failure of the numerical estimate, not evidence that autodiff is wrong.
This particular objective is quadratic, so a central difference has no truncation error in exact arithmetic. Do not expect a pronounced U-shaped error curve on the right of this example. For a general nonlinear objective, overly large steps can introduce truncation error too. Check several step sizes and look for agreement across a useful range, rather than choosing the smallest available step.
1. Prepare the inputs
Create a file named main.py in your activated learning environment. Add these imports and inputs first. Shapes and numeric types are part of the experiment.
# Step 1 — 1. Prepare the inputs: This block establishes the values used by the following steps; run...
import jax
import jax.numpy as jnp
This block establishes the values used by the following steps; run the completed file after step 33.
2. Define the computation
Append this block below the inputs. Before proceeding, trace which values are inputs, predictions, and state.
# Step 2 — 2. Define the computation: Each row of basis perturbs one coordinate.
def objective(w):
    return jnp.sum((w - jnp.array([2., -1.])) ** 2)
w = jnp.array([0.5, 0.25], dtype=jnp.float32)
h = 1e-2
basis = jnp.eye(2)
# Vectorize across the batch dimension with `jax.vmap` (`finite`).
finite = jax.vmap(lambda e: (objective(w+h*e)-objective(w-h*e))/(2*h))(basis)
# Differentiate the objective to obtain `automatic` via automatic differentiation.
automatic = jax.grad(objective)(w)
analytic = 2 * (w - jnp.array([2., -1.]))
Each row of basis perturbs one coordinate. vmap returns both central differences; automatic and analytic are separate references for comparison.
3. Measure and verify
Append the remaining block, then run python main.py in the terminal. Compare the printed result with the expected output below. Assertions stop execution if the contract fails.
# Step 3 — 3. Measure and verify: Both gradients are approximately [-3., 2.5].
print("Finite difference:", finite)
print("Autodiff:", automatic)
assert jnp.allclose(automatic, analytic)
assert jnp.allclose(finite, automatic, atol=2e-4, rtol=2e-4)
Both gradients are approximately [−3.,2.5][-3., 2.5]. The analytic and autodiff gradients agree; finite differences agree within tolerance.
Run the example
The assembled script is in the separate solutions and code appendix.
Both gradients are approximately [−3.,2.5][-3., 2.5]. The analytic and autodiff gradients agree; finite differences agree within tolerance.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Sweep the perturbation size
Predict before running: Will 10−810^{-8} produce a more accurate estimate than 10−210^{-2} in float32?
# Experiment — Sweep the perturbation size: Nearby float32 inputs can coincide, so reducing the step does...
for step_size in [1e-1, 1e-2, 1e-4, 1e-8]:
    # Vectorize across the batch dimension with `jax.vmap` (`estimate`).
    estimate = jax.vmap(lambda e: (objective(w+step_size*e)-objective(w-step_size*e))/(2*step_size))(basis)
    print("h / max error:", step_size, float(jnp.max(jnp.abs(estimate-analytic))))
# Vectorize across the batch dimension with `jax.vmap` (`tiny`).
tiny = jax.vmap(lambda e: (objective(w+1e-8*e)-objective(w-1e-8*e))/(2e-8))(basis)
assert not jnp.allclose(tiny, analytic, atol=1e-3)
The tiny-step check fails; exact intermediate errors depend on backend arithmetic.
Nearby float32 inputs can coincide, so reducing the step does not monotonically improve a check.
Check a new direction
Predict before running: For direction [1,−2][1, -2], predict grad dot direction before evaluation.
# Experiment — Check a new direction: A new projection supplies a separate numerical check, though it...
direction = jnp.array([1., -2.])
directional = (objective(w+h*direction)-objective(w-h*direction))/(2*h)
assert jnp.allclose(directional, -8., atol=2e-4)
assert jnp.allclose(jnp.dot(automatic, direction), -8.)
Directional derivative −8-8 within tolerance.
A new projection supplies a separate numerical check, though it does not test every direction.
A symmetric probe can hide a kink
Predict before running: What does a symmetric finite difference of ∣x∣|x| report at x=0x=0, and what do the one-sided slopes report?
# Experiment — A symmetric probe can hide a kink: Agreement with one numerical probe can conceal nondifferentiability.
h_kink = 0.01
symmetric = (jnp.abs(h_kink)-jnp.abs(-h_kink))/(2*h_kink)
left = (jnp.abs(0.)-jnp.abs(-h_kink))/h_kink
right = (jnp.abs(h_kink)-jnp.abs(0.))/h_kink
assert jnp.allclose(symmetric,0.)
assert jnp.allclose(left,-1.) and jnp.allclose(right,1.)
assert jnp.allclose(jax.grad(jnp.abs)(jnp.array(-2.)),-1.)
assert jnp.allclose(jax.grad(jnp.abs)(jnp.array(2.)),1.)
The symmetric estimate is 00; left and right slopes are −1-1 and 11.
Agreement with one numerical probe can conceal nondifferentiability. Choose probes that test the assumption your claim needs.
Your exercise
Check the gradient again at w=[2.,−1.]w=[2., -1.]. Explain why this checks a minimum but does not prove correctness everywhere.
Attempt this before consulting the separate solutions appendix.
Move to a different smooth objective
Transfer / diagnosis
Check the derivative of sum(sin(z)) at [0.2,−0.7][0.2, -0.7] using cosine and central differences.
Hint
Use cosine as the analytic reference; here truncation error also matters.
Catch the wrong objective despite correct gradients
Transfer / diagnosis
A model is meant to use both coordinates. Show that an objective omitting the second coordinate has a correct derivative for itself but fails the intended analytic reference. Repair it.
Hint
Differentiate (z0−2)2(z_0-2)^2 and compare both coordinates.
Checkpoint
Does passing one gradient check prove a loss implementation is correct for all inputs?
	Yes, autodiff is an oracle
	No; it is evidence at tested inputs and must be combined with shape and objective checks
	Only on TPU

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If the finite-difference check fails, sweep several step sizes before changing the model. Inspect dtype, reduction axes, and whether the point crosses a nonsmooth operation.
Carry forward
	Nearby float32 inputs can coincide, so reducing the step does not monotonically improve a check.
	A new projection supplies a separate numerical check, though it does not test every direction.

Your evidence
Save analytic and numerical derivatives, the step-size/error table with dtype, the nonquadratic transfer check, and the omitted-term failure/repair. Add the one-sided slopes showing why a symmetric probe cannot certify differentiability at a kink.
Primary references
	Automatic differentiation
	JAX default dtypes

Curvature, Hessians, and learning rates
Use curvature to explain learning-rate stability, slow directions and why a zero gradient need not be a minimum.
What you will be able to do
	Use curvature to explain learning-rate stability, slow directions and why a zero gradient need not be a minimum.
	Read a bowl through its curvature
	Derive a stability bound
	See why scaling helps
	Distinguish a minimum from a stationary point

The problem
Why can the same learning rate crawl along one direction and explode along another? A gradient tells us the local slope. Curvature tells us how quickly that slope changes. We will use a two-dimensional bowl whose behavior can be predicted exactly.
The idea
Curvature describes how quickly the gradient changes as we move. A direction with high curvature can overshoot under a learning rate that makes slow progress in a flatter direction. Contours make this imbalance easier to see than loss alone.
Why one learning rate must respect the steep direction
For the illustrative quadratic L(x,y)=(x2+10y2)/2L(x,y)=(x^2+10y^2)/2, a gradient step multiplies the coordinates by 1−η1-\eta and 1−10η1-10\eta. Here η\eta is the learning rate. With η=0.1\eta=0.1, the steep coordinate reaches zero in one exact-arithmetic step while the other shrinks by 0.90.9.
With η=0.25\eta=0.25, the steep coordinate is multiplied by −1.5-1.5: it changes sign and grows in magnitude. The flatter coordinate still shrinks, so observing one coordinate could make the update look healthy while the total objective diverges.
Sketch narrow elliptical contours for this quadratic and mark the first two iterates. The saved coordinate plot shows how each direction progresses. Keep the objective coefficients, initial point and rate labels aligned when comparing this calculation with a trajectory; a path from another quadratic would tell a different story.
Pause and reason
For this quadratic, what condition on a positive learning rate contracts both coordinates?
Compare your reasoningRequire ∣1−10η∣<1\lvert1-10\eta\rvert<1 and ∣1−η∣<1\lvert1-\eta\rvert<1. For a positive rate, both hold when 0<η<0.20<\eta<0.2. At the boundary the steep coordinate can oscillate without shrinking.
Read a bowl through its curvature
Consider L(w)=12(w02+10w12)L(w)=\tfrac12(w_0^2+10w_1^2). Its gradient is (w0,10w1)(w_0,10w_1), and its Hessian is diagonal with entries 11 and 1010. Moving equally far along the second axis changes the slope ten times as much. An eigenvector of a matrix keeps its direction when multiplied by that matrix; its eigenvalue is the scale factor. Here the coordinate axes are eigenvectors, and their eigenvalues are those diagonal entries.
Hij=∂2L∂wi∂wj,H=(10010)H_{ij}=\frac{\partial^2 L}{\partial w_i\partial w_j},\qquad H=\begin{pmatrix}1&0\\0&10\end{pmatrix}Derive a stability bound
Gradient descent uses wt+1=wt−η∇L(wt)w_{t+1}=w_t-\eta\nabla L(w_t), where η\eta is the learning rate. Along an eigenvector with positive curvature λ\lambda, the error is multiplied by 1−ηλ1-\eta\lambda. Its magnitude shrinks only when ∣1−ηλ∣<1|1-\eta\lambda|<1. All directions of this strictly convex quadratic shrink when 0<η<2/λmax⁡=0.20<\eta<2/\lambda_{\max}=0.2. At the boundary the steep coordinate flips sign without shrinking. This exact global bound belongs to this constant-curvature quadratic; a nonquadratic model needs more care.
0<η<2λmax⁡0<\eta<\frac{2}{\lambda_{\max}}See why scaling helps
At η=0.1\eta=0.1, the steep coordinate reaches zero immediately, while the shallow coordinate shrinks by 0.90.9 each step. Reparameterize with z=(w0,10w1)z=(w_0,\sqrt{10}w_1). The same objective becomes 12∥z∥2\tfrac12\|z\|^2, an evenly curved bowl. A step of size 11 in these coordinates reaches the optimum. Real feature standardization is a practical approximation to improving this geometry; it does not remove all correlations or guarantee one-step convergence.
Distinguish a minimum from a stationary point
At a stationary point the gradient is zero. Positive definite curvature gives a strict local minimum for a twice continuously differentiable function; an indefinite Hessian has both rising and falling directions and indicates a saddle. For S(w)=w02−w12S(w)=w_0^2-w_1^2, the origin is a saddle despite its zero gradient. A positive semidefinite Hessian alone can be inconclusive. For large models, avoid storing the full Hessian when a product HvHv answers your question; use a JVP of the gradient.
Unequal curvature produces unequal progress
Predict: At rate 0.10.1, which coordinate reaches zero immediately?
[image: Unequal curvature produces unequal progress. The horizontal axis counts completed updates; the point at \(0\) is the initial state. The vertical axis shows a parameter coordinate, not the total loss. Both coordinates start at \(1\), but the coordinate with curvature \(10\) drops to zero after one update, while the coordinate with curvature \(1\) decays gradually. The gradual curve starts \(1,0.9,0.81\) and is still about \(0.122\) after \(20\) updates. The dashed curve remains at zero after its first drop. It has reached its optimum in this particular direction.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis counts completed updates; the point at 00 is the initial state. The vertical axis shows a parameter coordinate, not the total loss. Both coordinates start at 11, but the coordinate with curvature 1010 drops to zero after one update, while the coordinate with curvature 11 decays gradually.
The gradual curve starts 1,0.9,0.811,0.9,0.81 and is still about 0.1220.122 after 2020 updates. The dashed curve remains at zero after its first drop. It has reached its optimum in this particular direction.
Connect it to the computation
For a quadratic direction with curvature λ\lambda, gradient descent multiplies the coordinate by 1−ηλ1-\eta\lambda. At learning rate 0.10.1, that multiplier is 0.90.9 for curvature 11 and zero for curvature 1010. The unequal curves come from curvature interacting with the same learning rate.
The steeper direction is faster here because the rate exactly cancels it. Increasing the rate further does not keep making it better: sufficiently large steps produce oscillation or divergence. This is why one shared rate can be constrained by a steep direction while making slow progress in a flatter one.
Write the bowl
Create main.py with the objective and independently known curvature.
# Step 1 — Write the bowl: At the starting point the gradient is (1,10).
import jax
import jax.numpy as jnp

def loss(w):
    return 0.5 * (w[0] ** 2 + 10 * w[1] ** 2)
w = jnp.array([1.0, 1.0])
H = jnp.diag(jnp.array([1.0, 10.0]))
assert jnp.allclose(jax.grad(loss)(w), H @ w)
At the starting point the gradient is (1,10)(1,10).
Check second derivatives
Append the full Hessian and a product check.
# Step 2 — Check second derivatives: The product agrees with the diagonal matrix without constructing a...
assert jnp.allclose(jax.hessian(loss)(w), H)
v = jnp.array([2.0, -1.0])
# Differentiate the objective to obtain `hv` via automatic differentiation.
hv = jax.jvp(jax.grad(loss), (w,), (v,))[1]
assert jnp.allclose(hv, jnp.array([2.0, -10.0]))
The product agrees with the diagonal matrix without constructing a Hessian inside the JVP.
Run an explicit trajectory
Append this scan and run python main.py. The history records losses after each update.
# Step 3 — Run an explicit trajectory: The second coordinate vanishes; the first remains near 0.1216...
# Define `run(rate, steps)` to evaluate the objective and its automatic derivatives:
def run(rate, steps=20):

    # Define `step(w, _)` to evaluate the objective and its automatic derivatives:
    def step(w, _):
        # Differentiate the objective to obtain `w` via automatic differentiation.
        w = w - rate * jax.grad(loss)(w)
        return (w, loss(w))
    return jax.lax.scan(step, jnp.array([1.0, 1.0]), None, length=steps)
final, history = run(0.1)
assert jnp.allclose(final, jnp.array([0.9 ** 20, 0.0]), atol=2e-06)
assert jnp.all(jnp.diff(history) <= 1e-06)
print('final weights / loss:', final, history[-1])
The second coordinate vanishes; the first remains near 0.12160.1216 after 2020 steps.
Run the example
The assembled script is in the separate solutions and code appendix.
At rate 0.10.1, the final loss is about 0.007390.00739 and the trajectory is decreasing.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Cross the stability boundary
Predict before running: Predict the steep coordinate at rates 0.20.2 and 0.210.21.
# Experiment — Cross the stability boundary: A learning-rate bound depends on curvature, not on a universal...
edge, _ = run(0.2)
bad, bad_history = run(0.21)
assert jnp.allclose(jnp.abs(edge[1]), 1.0, atol=2e-06)
assert jnp.abs(bad[1]) > 6.0
assert bad_history[-1] > loss(w)
At the boundary its magnitude stays 11; above it the magnitude grows.
A learning-rate bound depends on curvature, not on a universal default value.
Change coordinates
Predict before running: For 12∥z∥2\tfrac12\|z\|^2, what happens after a gradient step of size 11?
# Experiment — Change coordinates: Coordinates can change optimization geometry while representing...
z = jnp.array([w[0], jnp.sqrt(10.0) * w[1]])
round_loss = lambda z: 0.5 * jnp.dot(z, z)
# Differentiate the objective to obtain `z_next` via automatic differentiation.
z_next = z - jax.grad(round_loss)(z)
assert jnp.allclose(z_next, jnp.zeros(2))
assert jnp.allclose(round_loss(z), loss(w))
The transformed objective starts at the same value and reaches zero in one step.
Coordinates can change optimization geometry while representing the same underlying objective.
Your exercise
For curvatures (2,8)(2,8), derive the stable interval and check one step at rate 0.10.1 from (1,1)(1,1).
Attempt this before consulting the separate solutions appendix.
Reject the zero-gradient shortcut
Transfer / diagnosis
At the origin of S(w)=w02−w12S(w)=w_0^2-w_1^2, show zero gradient and both a lower and higher nearby value.
Hint
Move by 0.10.1 along each axis separately.
Transfer to a nonquadratic function
Transfer / diagnosis
For F(w)=∑iewiF(w)=\sum_i e^{w_i}, verify a Hessian-vector product at (0,log⁡2)(0,\log 2) along (1,3)(1,3).
Hint
The analytic Hessian is diagonal with entries ewie^{w_i}.
Checkpoint
A smooth function has zero gradient at a point. What can we conclude?
	It is a global minimum
	It is stationary; curvature or other evidence is needed
	The optimizer implementation is broken

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a run oscillates or diverges, inspect the steepest curvature and the effective step size. If it barely moves, compare directional scales. If a zero gradient appears suspicious, probe nearby values before declaring success.
Carry forward
	A learning-rate bound depends on curvature, not on a universal default value.
	Coordinates can change optimization geometry while representing the same underlying objective.

Your evidence
Keep the Hessian and Hessian-vector checks, stable/divergent trajectories, rescaling comparison and saddle counterexample.
Primary references
	JAX autodiff cookbook: Hessian-vector products
	JAX Hessian API

Write gradient descent yourself
Fit a regression model using explicit parameter updates.
What you will be able to do
	Derive one update before writing the loop
	Read the learning rate through curvature
	Make the trajectory part of the state contract
	Diagnose dynamics instead of only the final number
	Use stopping evidence that survives rescaling

The problem
You now have a loss and a gradient. Let’s use them to move a weight toward a better value. We’ll calculate the first two updates ourselves, turn the update into a loop, and try a step size that is too large. Watching the whole path will tell us more than looking only at the final loss.
The idea
Gradient descent subtracts a scaled gradient from the current parameters. The gradient points toward local increase; its negative gives a local descent direction. A sufficiently large step can cross the useful local region and increase the loss instead.
The sign tells you which way to step
Take L(w)=(w−3)2L(w)=(w-3)^2, starting from w=0w=0. The derivative is −6-6. With learning rate 0.10.1, the update gives w=0.6w=0.6, and the loss falls from 99 to 5.765.76. The negative derivative produces a positive parameter change because we subtract it.
With learning rate 1.11.1, the first update jumps to 6.66.6. The new loss is 12.9612.96, larger than the starting loss. The derivative was correct in both cases; the step length changed the outcome.
When the loss plot rises, inspect the parameter trajectory and update norm before changing the derivative implementation. Loss hides the side of the minimum on which the parameter lies. A signed trajectory exposes overshoot.
Pause and reason
Does a correct gradient guarantee that any positive learning rate reduces the loss?
Compare your reasoningNo. The gradient describes local behavior. Step-size stability depends on the objective's curvature and the update rule; the worked large-step case increases the loss despite the correct derivative.
Derive one update before writing the loop
Starting at w=0w=0, our gradient is −4-4. Subtracting 0.10.1 times −4-4 gives w=0.4w=0.4, whose loss is 2.562.56. A second step gives w=0.72w=0.72 and loss 1.63841.6384. These two hand-computed steps check the sign, learning rate, and whether your history records loss before or after the update.
Define the error e=w−2e=w-2. The next error is (1−2η)e(1-2\eta)e. This recurrence explains the whole trajectory for this quadratic. An optimizer update must follow the negative gradient; adding it moves away from the minimum. The subscript kk counts updates. The symbol η\eta is the learning rate, and ek=wk−2e_k=w_k-2 is the remaining error. Focus on the multiplier 1−2η1-2\eta: its magnitude tells us whether this particular error shrinks.
wk+1=wk−η 2(wk−2)0⟶0.4⟶0.72(η=0.1)ek=(1−2η)ke0\begin{aligned}w_{k+1}&=w_k-\eta\,2(w_k-2)\\0&\longrightarrow0.4\longrightarrow0.72\quad(\eta=0.1)\\e_k&=(1-2\eta)^k e_0\end{aligned}Read the learning rate through curvature
Rates between 00 and 0.50.5 approach the optimum without crossing it. A rate of 0.50.5 reaches it in one ideal step. Rates between 0.50.5 and 11 alternate around the optimum with shrinking error. A rate of 11 alternates forever; values above 11 grow in magnitude. These statements follow from the error multiplier for this specific loss.
For L=a(w−c)2L=a(w-c)^2 with positive a, the stable interval is 0<η<1a0<\eta<\frac{1}{a}. Scaling a loss changes the curvature and the safe update scale. There is no universal threshold such as 0.10.1 for neural networks.
Make the trajectory part of the state contract
scan carries the current scalar parameter and stacks one post-update loss per iteration. Its carry must retain a fixed shape and dtype. Our finite step count is a Python integer at construction; if you wrap train in jit, that length must be static or you must choose a different loop formulation.
Keep initial loss separately so you can interpret the first history entry. For this implementation, history[0][0] is 2.562.56, not 44. A graph without this convention can make two correct training loops look off by one.
Diagnose dynamics instead of only the final number
Plotting or printing the first few weights and losses reveals a sign error or an overly aggressive step much earlier than waiting for NaN. In this small problem the recurrence is an independent oracle for all tested steps. In larger models use loss, gradient norm, update norm, dtype and finite-value checks.
A deterministic loop should not be “fixed” by changing a random seed. Reproduce the failing rate, derive its error multiplier, lower it according to the model curvature, and check both the trajectory and the endpoint.
Use stopping evidence that survives rescaling
A small change in the weights does not prove convergence: it can mean the learning rate is tiny. For L(w)=(w−2)2L(w)=(w-2)^2 at w=0w=0, the gradient is −4-4. A rate of 10−810^{-8} changes the weight by only 4×10−84\times10^{-8}, while it remains far from the solution. Inspect the objective, gradient magnitude, update magnitude and held-out behavior together. Relative tolerances can help across scales, but no single stopping test certifies a global optimum for a general nonconvex model.
Gradient descent trades step size for stability
Predict: Which rate will cause errors to grow rather than shrink?
[image: Gradient descent trades step size for stability. The horizontal axis counts completed updates, including the initial state at \(0\). The vertical axis is squared error. It uses a symmetric-log scale: values near zero are on a linear region, while large values are compressed logarithmically. That lets the zero-loss trajectory remain visible. All three curves begin at loss \(4\). Learning rate \(0.1\) decreases it gradually; rate \(0.5\) reaches zero after one update and stays there. Rate \(1.1\) increases it from \(4\) to \(5.76\), then beyond \(200\) by the last plotted update.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis counts completed updates, including the initial state at 00. The vertical axis is squared error. It uses a symmetric-log scale: values near zero are on a linear region, while large values are compressed logarithmically. That lets the zero-loss trajectory remain visible.
All three curves begin at loss 44. Learning rate 0.10.1 decreases it gradually; rate 0.50.5 reaches zero after one update and stays there. Rate 1.11.1 increases it from 44 to 5.765.76, then beyond 200200 by the last plotted update.
Connect it to the computation
Here the loss is (w−2)2(w-2)^2. One update multiplies the weight error w−2w-2 by 1−2η1-2\eta. The three rates therefore multiply that error by 0.80.8, 00, and −1.2-1.2, respectively. Squaring gives loss multipliers 0.640.64, 00, and 1.441.44.
The large rate crosses the optimum and lands farther away on each step. The loss plot shows the growing distance, while the sign change follows from the update equation; loss alone does not reveal which side the weight is on. The one-step success of rate 0.50.5 depends on this simple quadratic’s curvature and is not a universal best learning rate.
1. Prepare the inputs
Create a file named main.py in your activated learning environment. Add these imports and inputs first. Shapes and numeric types are part of the experiment.
# Step 1 — 1. Prepare the inputs: This block establishes the values used by the following steps; run...
import jax
import jax.numpy as jnp
This block establishes the values used by the following steps; run the completed file after step 33.
2. Define the computation
Append this block below the inputs. Before proceeding, trace which values are inputs, predictions, and state.
# Step 2 — 2. Define the computation: train defines a state transition that subtracts the derivative.
def loss(w):
    return (w - 2.) ** 2
# Define `train(initial, rate, steps)` to evaluate the objective and its automatic derivatives:
def train(initial, rate, steps):
    # Define `step(w, _)` to evaluate the objective and its automatic derivatives:
    def step(w, _):
        # Differentiate the objective to obtain `next_w` via automatic differentiation.
        next_w = w - rate * jax.grad(loss)(w)
        return next_w, loss(next_w)
    return jax.lax.scan(step, jnp.array(initial), None, length=steps)
train defines a state transition that subtracts the derivative. scan retains the new parameter and records its post-update loss for exactly steps iterations.
3. Measure and verify
Append the remaining block, then run python main.py in the terminal. Compare the printed result with the expected output below. Assertions stop execution if the contract fails.
# Step 3 — 3. Measure and verify: The weight approaches 2.0 and the final loss is below 10^{-8}.
final, history = train(0., 0.1, 60)
print("Final weight:", float(final))
print("Final loss:", float(history[-1]))
assert jnp.allclose(final, 2., atol=1e-4)
assert history[-1] < 1e-8
assert jnp.all(jnp.diff(history) <= 1e-7)
The weight approaches 2.02.0 and the final loss is below 10−810^{-8}.
Run the example
The assembled script is in the separate solutions and code appendix.
The weight approaches 2.02.0 and the final loss is below 10−810^{-8}.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check the first two steps
Predict before running: Does history contain the initial loss or the post-update loss?
# Experiment — Check the first two steps: A hand-derived trajectory checks update sign and the recording...
two_w, two_losses = train(0., 0.1, 2)
assert jnp.allclose(two_w, 0.72)
assert jnp.allclose(two_losses, jnp.array([2.56, 1.6384]))
print("First two post-update losses:", two_losses)
[2.56,1.6384][2.56, 1.6384], with final weight 0.720.72.
A hand-derived trajectory checks update sign and the recording convention.
Test the edge of stability
Predict before running: What does rate 11 do after five steps from zero?
# Experiment — Test the edge of stability: Magnitude-one error multipliers do not contract even though the...
edge_w, edge_losses = train(0., 1., 5)
assert jnp.allclose(edge_w, 4.)
assert jnp.allclose(edge_losses, jnp.full(5, 4.))
The weight alternates 00 and 44; loss remains 44.
Magnitude-one error multipliers do not contract even though the loop remains finite.
A tiny update far from the solution
Predict before running: Can a parameter-change threshold of 10−610^{-6} declare success while the gradient magnitude is 44?
# Experiment — A tiny update far from the solution: A stopping rule must distinguish lack of progress from reaching...
far = jnp.array(0.)
quadratic = lambda value: (value-2.)**2
# Differentiate the objective to obtain `grad_far` via automatic differentiation.
grad_far = jax.grad(quadratic)(far)
next_far = far - 1e-8*grad_far
assert jnp.abs(next_far-far)<1e-6
assert jnp.abs(grad_far)>3.
assert quadratic(next_far)>3.9
The update is below the threshold, but the objective is still near 44.
A stopping rule must distinguish lack of progress from reaching a useful solution.
Your exercise
Run ten steps with learning rate 1.11.1. Predict whether the error contracts before executing; show evidence of divergence.
Attempt this before consulting the separate solutions appendix.
Transfer the stability analysis
Transfer / diagnosis
For 4(w−3)24(w-3)^2, derive a stable rate and verify convergence from zero.
Hint
The error multiplier is 1−8η1-8\eta; use η=0.1\eta=0.1.
Reproduce an uphill update and repair it
Transfer / diagnosis
Show how adding the gradient increases loss, then verify subtraction at the same starting point.
Hint
The derivative at zero is −4-4.
Checkpoint
What makes rate 1.11.1 unstable for this particular quadratic?
	The error multiplier has magnitude greater than one
	scan cannot differentiate scalar weights
	All learning rates above 0.010.01 are unstable

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Record the loss trajectory and parameter values. An alternating, growing error here follows from the update equation; changing the PRNG seed cannot fix it.
Carry forward
	A hand-derived trajectory checks update sign and the recording convention.
	Magnitude-one error multipliers do not contract even though the loop remains finite.

Your evidence
Keep the two hand-computed steps, rate stability derivation, edge/divergent runs, scaled-curvature transfer and uphill-update repair. Include the tiny-update counterexample and explain your stopping criteria.
Primary references
	lax.scan contract
	grad API

Probability, likelihood, and stable losses
Derive binary cross-entropy from a probability model and compute it safely from logits.
What you will be able to do
	Derive binary cross-entropy from a probability model and compute it safely from logits.
	Read likelihood as support for the observed data
	Move from probabilities to logits
	Avoid overflowing intermediate values
	Extend the idea without overstating it

The problem
A classifier should tell us how strongly it believes a label, not only which label it chooses. How do we turn that belief into a loss? We will start with a yes-or-no event, derive the penalty for a prediction, and discover why an algebraically correct formula can fail on a computer.
The idea
A classification loss rewards probability assigned to the observed outcome. A logit is an unconstrained score that becomes a probability through a link such as the sigmoid. Stable formulas let us compute the same objective without overflowing or taking the logarithm of a rounded zero.
Connect a logit to the observed label
For a binary label of one, predicting probability 0.50.5 gives loss −log⁡(0.5)≈0.693-\log(0.5)\approx0.693. Predicting 0.90.9 gives about 0.1050.105. If the observed label is instead zero, that same 0.90.9 prediction gives −log⁡(0.1)≈2.303-\log(0.1)\approx2.303. Confidence helps only when it supports the observed outcome.
At logit zero, the sigmoid gives 0.50.5, so either binary label has the same loss. Moving the logit right helps the positive label and hurts the negative one. Follow the correct label's curve rather than treating a lower curve as universally better.
Extreme logits expose numerical differences between mathematically equivalent formulas. Prefer a stable logit-based loss and verify it against moderate-value hand calculations before exploring extreme cases.
Pause and reason
Can an accurate classifier still produce poorly calibrated probabilities?
Compare your reasoningYes. Correct top-label decisions do not determine whether predicted probabilities match observed frequencies. Classification accuracy and probability quality require different checks.
Read likelihood as support for the observed data
The Bernoulli model writes the probability of an observed label as py(1−p)1−yp^y(1-p)^{1-y}. If the label is 11, predictions p=0.8p=0.8 and p=0.2p=0.2 incur losses about 0.22310.2231 and 1.60941.6094, respectively. Both can be compared even before applying a classification threshold. For independent observations conditional on their inputs and model parameters, likelihoods multiply. Taking negative logarithms turns the product into a sum; dividing by the sample count gives a mean.
ℓ(p,y)=−ylog⁡p−(1−y)log⁡(1−p)\ell(p,y)=-y\log p-(1-y)\log(1-p)Move from probabilities to logits
A logit zz is an unrestricted real score. The sigmoid maps it into a probability: p=1/(1+e−z)p=1/(1+e^{-z}). At z=0z=0, the probability is 1/21/2 and either binary label has loss log⁡2\log 2. For a positive label, differentiating the loss gives p−1p-1, so gradient descent increases the logit. More generally the derivative is p−yp-y. A very wrong, confident prediction still supplies a useful gradient.
ℓ(z,y)=softplus⁡(z)−yz,∂ℓ∂z=sigmoid⁡(z)−y\ell(z,y)=\operatorname{softplus}(z)-yz,\qquad \frac{\partial\ell}{\partial z}=\operatorname{sigmoid}(z)-yAvoid overflowing intermediate values
Computing log(sigmoid(z)) directly can take a logarithm of a rounded zero. For z=−100z=-100 and y=1y=1, the correct loss is close to 100100, not infinity. Use jax.nn.softplus or an established logits-based loss. The equivalent expression below explains the stability: its exponential argument is never positive. We use the library softplus for differentiation rather than hand-assembling maximum and abs, whose derivative conventions at a tie need care.
softplus⁡(z)=max⁡(z,0)+log⁡(1+e−∣z∣)\operatorname{softplus}(z)=\max(z,0)+\log(1+e^{-|z|})Extend the idea without overstating it
For mutually exclusive classes, the probability of class kk is the softmax of its score zkz_k. Use jax.nn.log_softmax and select the observed class. Adding the same constant to every score must not change the probabilities or loss. A low training cross-entropy is not proof of calibration or generalization; check held-out predictions. Squared error also has a likelihood interpretation under independent Gaussian errors with fixed variance, but that assumption differs from the Bernoulli model.
ℓ(z,y)=log⁡ ⁣(∑kezk)−zy\ell(z,y)=\log\!\left(\sum_k e^{z_k}\right)-z_yConfidence is rewarded only when it matches the label
Predict: For a positive label, which direction should the logit move?
[image: Confidence is rewarded only when it matches the label. The horizontal axis is a logit, which becomes the predicted probability of label \(1\) after a sigmoid. The vertical axis is binary cross-entropy loss. The solid curve assumes the observed label is \(1\); the dashed curve assumes it is \(0\). At logit \(0\), the predicted probability is \(0.5\), and both losses are \(\log 2\approx0.693\). Moving right lowers the loss for observed label \(1\) but raises it for observed label \(0\). At logit \(10\), the latter loss is about \(10\), while the former is close to zero.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is a logit, which becomes the predicted probability of label 11 after a sigmoid. The vertical axis is binary cross-entropy loss. The solid curve assumes the observed label is 11; the dashed curve assumes it is 00.
At logit 00, the predicted probability is 0.50.5, and both losses are log⁡2≈0.693\log 2\approx0.693. Moving right lowers the loss for observed label 11 but raises it for observed label 00. At logit 1010, the latter loss is about 1010, while the former is close to zero.
Connect it to the computation
A large positive logit strongly favors label 11. That confidence is rewarded only if label 11 is actually observed. For label 00, the same confidence is a large mistake. The mirror-image curves make the dependence on the target explicit.
Loss is not a probability or classification accuracy, so values above 11 are valid. The near-flat parts approach zero without implying an exact zero probability for the other class. Computing this loss from logits with a stable formula avoids unnecessary overflow or taking the logarithm of a rounded zero.
Write a loss from logits
Create main.py. Start at an uncertain prediction so you can verify the answer by hand.
# Step 1 — Write a loss from logits: A balanced probability assigns loss \log 2 to either outcome.
import jax
import jax.numpy as jnp
import optax

def binary_loss(z, y):
    return jax.nn.softplus(z) - y * z
z = jnp.array(0.0)
y = jnp.array(1.0)
assert jnp.allclose(binary_loss(z, y), jnp.log(2.0))
A balanced probability assigns loss log⁡2\log 2 to either outcome.
Check the derivative independently
Append the analytic gradient and a library comparison at moderate scores.
# Step 2 — Check the derivative independently: The derivative points toward assigning more probability to the...
assert jnp.allclose(jax.grad(binary_loss)(z, y), -0.5)
logits = jnp.array([-2.0, 0.0, 2.0])
labels = jnp.array([0.0, 1.0, 1.0])
analytic = jax.nn.sigmoid(logits) - labels
# Differentiate the objective to obtain `actual` via automatic differentiation.
actual = jax.vmap(jax.grad(binary_loss))(logits, labels)
assert jnp.allclose(actual, analytic, atol=1e-06)
assert jnp.allclose(binary_loss(logits, labels), optax.sigmoid_binary_cross_entropy(logits, labels), atol=1e-06)
The derivative points toward assigning more probability to the observed label.
Check a confident mistake
Append the extreme case and run python main.py.
# Step 3 — Check a confident mistake: The confident mistake has a large finite loss and derivative near -1.
assert jnp.allclose(binary_loss(jnp.array(-100.0), jnp.array(1.0)), 100.0)
assert jnp.allclose(jax.grad(binary_loss)(jnp.array(-100.0), jnp.array(1.0)), -1.0)
print('uncertain loss / confident-wrong loss:', binary_loss(z, y), binary_loss(-100.0, 1.0))
The confident mistake has a large finite loss and derivative near −1-1.
Run the example
The assembled script is in the separate solutions and code appendix.
Uncertain loss about 0.69310.6931; confident-wrong loss 100100.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Break the probability-first implementation
Predict before running: What happens when a positive logit of 100100 is passed through sigmoid before taking the log-probability of label 00?
# Experiment — Break the probability-first implementation: A stable final answer requires stable intermediate computations.
p = jax.nn.sigmoid(jnp.array(100.0))
naive = -jnp.log(1 - p)
stable = binary_loss(jnp.array(100.0), jnp.array(0.0))
# Confirm that all computed values remain finite (no NaN or Inf).
assert not jnp.isfinite(naive)
assert jnp.isfinite(stable) and jnp.allclose(stable, 100.0)
The naive loss is infinite; the logits-based loss remains finite.
A stable final answer requires stable intermediate computations.
Shift every class score
Predict before running: Will adding 10001000 to all class scores change the predicted probabilities?
# Experiment — Shift every class score: Only relative class scores matter.
scores = jnp.array([1.0, 2.0, 3.0])
target = 2
# Evaluate numerically stable log-space cross-entropy/likelihood (`nll`).
nll = -jax.nn.log_softmax(scores)[target]
# Evaluate numerically stable log-space cross-entropy/likelihood (`shifted`).
shifted = -jax.nn.log_softmax(scores + 1000.0)[target]
assert jnp.allclose(nll, shifted, atol=1e-06)
reference_loss = jnp.log(jnp.exp(-2.0) + jnp.exp(-1.0) + 1.0)
assert jnp.allclose(nll, reference_loss, atol=1e-06)
Both losses are about 0.40760.4076.
Only relative class scores matter. Stable log-softmax respects this invariance.
Your exercise
Compute the binary losses for positive labels at probabilities 0.80.8 and 0.20.2, and explain which prediction is better supported.
Attempt this before consulting the separate solutions appendix.
Fit a constant probability
Transfer / diagnosis
A dataset contains labels (1,1,1,0)(1,1,1,0). For a model with one constant logit, show that p=3/4p=3/4 is stationary and has less mean loss than p=1/2p=1/2.
Hint
The mean gradient is p−yˉp-\bar y. Convert the desired probability to log-odds.
Catch a reduction mistake
Transfer / diagnosis
Duplicate every observation. Verify that mean loss stays fixed while total loss doubles. What happens to gradients?
Hint
The mean divides by the new observation count; the sum does not.
Checkpoint
Why compute binary cross-entropy from logits?
	It makes all classifications correct
	It avoids unstable probability and logarithm intermediates
	It removes the need for held-out evaluation

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If loss becomes infinite, inspect logits and intermediate probabilities before clipping targets or shrinking the learning rate. Check label range, class axis and reduction. Keep stability checks separate from calibration and accuracy measurements.
Carry forward
	A stable final answer requires stable intermediate computations.
	Only relative class scores matter. Stable log-softmax respects this invariance.

Your evidence
Keep the hand log-loss, analytic gradient, extreme-logit failure/repair, multiclass shift check and empirical-probability calculation.
Primary references
	JAX softplus
	Optax losses

Regularization and honest validation
Derive a ridge solution, distinguish data loss from penalized loss, and select a penalty using held-out data.
What you will be able to do
	Derive a ridge solution, distinguish data loss from penalized loss, and select a penalty using held-out data.
	State the exact objective
	Work through shrinkage by hand
	Keep fitting, choosing and reporting separate
	Choose which parameters to penalize

The problem
A model can fit the training data closely and still make poor predictions on new data. Can we trade a little training fit for a simpler model? We will make that tradeoff visible with a dataset small enough to solve by hand, while keeping the validation data separate from fitting.
The idea
Regularization changes which solutions training prefers. Validation helps choose settings using data that did not fit the model, and a final test estimates performance after those choices are fixed. Keeping these jobs separate makes the reported result interpretable.
Give each split one job
Imagine trying several penalty strengths. For each setting, fit weights on the training split, then score the frozen result on validation. Pick a setting using those validation results. Repeatedly using test performance to make that choice quietly turns the test into another validation set.
Preprocessing belongs inside the same boundary: fit means, scales and feature selection using training data only. Applying a transformation to validation is allowed; allowing validation to choose the transformation's fitted statistics changes the experiment.
The regularization plot may show training error improving while validation error worsens. That gap motivates model selection, but one small fixture does not prove a universal best penalty. Preserve split identities and the selection rule so another person can reconstruct the decision.
Pause and reason
After selecting a penalty, you inspect the test score and change the penalty again. What has changed?
Compare your reasoningThe test data has influenced model selection. Its score no longer represents a single untouched final evaluation under the original protocol. Use a fresh evaluation protocol or disclose the repeated selection.
State the exact objective
Let nn be the training sample count and λ≥0\lambda\ge0 the penalty strength. We use mean squared error plus λ∥w∥22\lambda\|w\|_2^2, without a factor of one half. Differentiating gives 2XT(Xw−y)/n+2λw2X^\mathsf{T}(Xw-y)/n+2\lambda w. Setting it to zero gives the linear system below. Other conventions change the numerical meaning of the same penalty value, so copy the objective along with a reported hyperparameter.
Lλ(w)=1n∥Xw−y∥22+λ∥w∥22,(XTX+nλI)w=XTyL_\lambda(w)=\frac1n\|Xw-y\|_2^2+\lambda\|w\|_2^2,\qquad (X^\mathsf{T}X+n\lambda I)w=X^\mathsf{T}yWork through shrinkage by hand
Train a slope without a bias on inputs (−1,1)(-1,1) and targets (−3,3)(-3,3). The data loss is (w−3)2(w-3)^2, so the ridge solution is w=3/(1+λ)w=3/(1+\lambda). At λ=0\lambda=0, it fits the training slope 33. At λ=1/2\lambda=1/2, it gives slope 22. Our deliberately constructed validation targets follow slope 22, making the tradeoff easy to inspect. Real validation curves are noisier and do not guarantee that positive regularization helps.
Keep fitting, choosing and reporting separate
Fit weights on training examples for each candidate λ\lambda. Choose using validation prediction loss, not the training objective with its penalty. Validation targets must never enter the fit or preprocessing statistics. After many choices, validation itself can be overfit; a final untouched test set estimates the selected procedure. This tiny exercise has a training and validation split only, so its result is a demonstration, not a final generalization estimate.
Choose which parameters to penalize
A bias can represent the overall target level, so many models exclude it from weight regularization. For an augmented parameter vector (w,b)(w,b), use a diagonal penalty mask with entries (1,0)(1,0). Scaling a feature also changes the size of its coefficient, and therefore the penalty. Standardize using training statistics when that matches your modeling choice, then reuse those statistics unchanged for validation and inference. Ridge adds curvature in penalized directions; it cannot repair leaked data or a wrong target.
Training error and validation error select different penalties
Predict: Does the smallest training error imply the best validation result?
[image: Training error and validation error select different penalties. The horizontal axis varies the ridge penalty \(\lambda\). For each penalty, the model is fitted again. The vertical axis shows mean squared prediction error on training and validation data; it does not include the penalty term. At \(\lambda=0\), training error is zero and validation error is \(4\). At \(\lambda=0.5\), training error rises to \(1\), but validation error falls to zero. Increasing the penalty to \(2\) makes both errors \(4\). The validation curve therefore has a minimum between the extremes.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis varies the ridge penalty λ\lambda. For each penalty, the model is fitted again. The vertical axis shows mean squared prediction error on training and validation data; it does not include the penalty term.
At λ=0\lambda=0, training error is zero and validation error is 44. At λ=0.5\lambda=0.5, training error rises to 11, but validation error falls to zero. Increasing the penalty to 22 makes both errors 44. The validation curve therefore has a minimum between the extremes.
Connect it to the computation
The fitted weight is w=3/(1+λ)w=3/(1+\lambda). The training targets favor slope 33, while the validation targets in this constructed example favor slope 22. Moderate shrinkage moves the model toward the validation relationship; too much shrinkage moves it past that relationship and toward underfitting.
Select the penalty using the validation minimum, not the intersection of the curves or the smallest training error. Here that choice is 0.50.5. A zero validation error is a property of this tiny synthetic example, not a promise that regularization removes all error on real data.
Create separate training and validation examples
Create main.py. Keep validation arrays separate from the solver inputs.
# Step 1 — Create separate training and validation examples: The helper solves the explicitly stated mean-loss convention.
import jax
import jax.numpy as jnp
X = jnp.array([[-1.0], [1.0]])
y = jnp.array([-3.0, 3.0])
Xv = jnp.array([[-2.0], [2.0]])
yv = jnp.array([-4.0, 4.0])

def ridge(X, y, lam):
    return jnp.linalg.solve(X.T @ X + X.shape[0] * lam * jnp.eye(X.shape[1]), X.T @ y)

def mse(w, X, y):
    return jnp.mean((X @ w - y) ** 2)
The helper solves the explicitly stated mean-loss convention. We use a small well-conditioned system here; this is not a general replacement for robust least-squares algorithms.
Verify the penalized optimum
Append the hand solution and its gradient check.
# Step 2 — Verify the penalized optimum: The data gradient and penalty gradient cancel at w=2.
lam = 0.5
w = ridge(X, y, lam)
objective = lambda w: mse(w, X, y) + lam * jnp.dot(w, w)
assert jnp.allclose(w, jnp.array([2.0]), atol=1e-06)
assert jnp.allclose(jax.grad(objective)(w), jnp.zeros(1), atol=1e-06)
The data gradient and penalty gradient cancel at w=2w=2.
Separate the quantities you report
Append the three losses and run python main.py.
# Step 3 — Separate the quantities you report: Training prediction loss is 1, validation loss is 0, and the...
train = mse(w, X, y)
validation = mse(w, Xv, yv)
penalized = objective(w)
assert jnp.allclose(jnp.array([train, validation, penalized]), jnp.array([1.0, 0.0, 3.0]))
print('train / validation / objective:', train, validation, penalized)
Training prediction loss is 11, validation loss is 00, and the penalized objective is 33. They answer different questions.
Run the example
The assembled script is in the separate solutions and code appendix.
The regularized slope is 22; data loss and penalized objective are reported separately.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Sweep the penalty
Predict before running: Will the penalty with the lowest training error also have the lowest validation error?
# Experiment — Sweep the penalty: Regularization deliberately trades training fit against a...
candidates = jnp.array([0.0, 0.5, 2.0])
# Combine or mask array elements to form `fits`.
fits = jnp.stack([ridge(X, y, float(a)) for a in candidates])
training = jnp.array([mse(a, X, y) for a in fits])
validation = jnp.array([mse(a, Xv, yv) for a in fits])
assert jnp.allclose(fits[:, 0], jnp.array([3.0, 2.0, 1.0]))
assert jnp.allclose(training, jnp.array([0.0, 1.0, 4.0]))
assert jnp.allclose(validation, jnp.array([4.0, 0.0, 4.0]))
assert int(jnp.argmin(training)) != int(jnp.argmin(validation))
print('penalty / train / validation:', candidates, training, validation)
Validation selects λ=0.5\lambda=0.5; training error prefers λ=0\lambda=0.
Regularization deliberately trades training fit against a preference for smaller weights.
Duplicate the training set
Predict before running: If every training example is repeated, should the same mean-loss objective choose different weights?
# Experiment — Duplicate the training set: Using a mean data loss keeps the penalty tradeoff unchanged...
repeat = ridge(jnp.tile(X, (2, 1)), jnp.tile(y, 2), lam)
assert jnp.allclose(repeat, w, atol=1e-06)
The weights stay fixed.
Using a mean data loss keeps the penalty tradeoff unchanged under exact dataset duplication.
Your exercise
For a target slope of 44 and penalty λ=1\lambda=1, derive the fitted slope and verify its gradient.
Attempt this before consulting the separate solutions appendix.
Do not accidentally shrink the intercept
Transfer / diagnosis
Fit constant targets (5,5,5)(5,5,5) using inputs (−1,0,1)(-1,0,1) and a bias. Compare penalizing only the slope with penalizing both parameters at λ=1\lambda=1.
Hint
Use a diagonal mask diag⁡(1,0)\operatorname{diag}(1,0).
Catch preprocessing leakage
Transfer / diagnosis
Training inputs are (0,2)(0,2) and validation input is 100100. Compare training-only centering with centering all inputs together. Which can be reused for a truly unseen example?
Hint
Fit the mean on training data; do not refit it on validation data.
Checkpoint
Which loss should select the penalty in this exercise?
	The penalized training objective alone
	Unpenalized validation prediction loss
	A repeatedly inspected final test loss

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If increasing λ\lambda improves the penalized objective but worsens predictions, check which quantity is being compared. Inspect the mean-versus-sum convention, bias mask, feature units and where preprocessing statistics were fitted.
Carry forward
	Regularization deliberately trades training fit against a preference for smaller weights.
	Using a mean data loss keeps the penalty tradeoff unchanged under exact dataset duplication.

Your evidence
Keep the ridge gradient/solve comparison, penalty sweep with separate train/validation losses, duplication check and bias-mask repair.
Primary references
	Stanford CS229 notes: regularization and model selection
	JAX linear solve

Minibatches, expectation, and gradient noise
Explain an unbiased minibatch gradient and verify how sampling and reduction affect its variance.
What you will be able to do
	Explain an unbiased minibatch gradient and verify how sampling and reduction affect its variance.
	Define the population before estimating it
	Make the independence assumption explicit
	Weight unequal batches by example count
	Separate noise, replay and progress

The problem
A minibatch may suggest a different update from the full dataset. Is it wrong, or is it a noisy estimate? We will enumerate every possible tiny batch so expectation and variance become quantities you can inspect rather than claims you have to trust.
The idea
A minibatch gradient estimates the full-data gradient using fewer examples. Its noise depends on the sampling scheme and batch size. When combining batches, the denominator must still represent the population you intend to average over.
Average examples rather than batch averages
Suppose one batch has two examples with mean loss 11, and another has one example with loss 44. Averaging batch means gives 2.52.5. The mean over all three examples is (2+4)/3=2(2+4)/3=2. The first calculation gave the small batch too much weight.
Carry loss sums and example counts through aggregation, then divide once. For token losses, carry valid-token counts instead: examples and tokens are different denominators when lengths vary. The same weighting issue appears when combining gradients across devices.
The variance plot illustrates the benefit of averaging under its stated sampling assumptions. Correlated examples, sampling without replacement, and nonuniform sampling can change the relationship. Batch size alone does not fully describe the estimator.
Pause and reason
Why might doubling batch size fail to halve observed gradient variance?
Compare your reasoningThe usual inverse-size relationship assumes a particular sampling model, often independent samples. Correlation, finite-population effects, changing parameters or too few repeated measurements can alter the observed ratio.
Define the population before estimating it
Use the per-example loss ℓ(w,y)=12(w−y)2\ell(w,y)=\tfrac12(w-y)^2 with targets (1,2,3,4)(1,2,3,4). At w=0w=0, the per-example gradients are (−1,−2,−3,−4)(-1,-2,-3,-4). Their mean is −2.5-2.5, and their population variance is 1.251.25: average the squared deviations from the mean, dividing by 44. This finite training dataset is the population for our sampling experiment, not the population of all future data.
g=1n∑i=1ngi,Var⁡(gi)=1n∑i=1n(gi−g)2g=\frac1n\sum_{i=1}^n g_i,\qquad \operatorname{Var}(g_i)=\frac1n\sum_{i=1}^n(g_i-g)^2Make the independence assumption explicit
Draw BB examples independently and uniformly with replacement, where BB is the batch size. Repeated examples are allowed. The batch gradient g^\hat g has expectation gg and variance Var⁡(gi)/B\operatorname{Var}(g_i)/B. For B=2B=2, enumerate all 1616 ordered pairs. The batch variance is 0.6250.625. Sampling without replacement follows a different variance formula; correlated samples can reduce the benefit of averaging.
E[g^]=g,Var⁡(g^)=Var⁡(gi)B\mathbb{E}[\hat g]=g,\qquad \operatorname{Var}(\hat g)=\frac{\operatorname{Var}(g_i)}{B}Weight unequal batches by example count
A batch mean over three examples and a batch mean over one example should not receive equal weight when reconstructing the dataset mean. Our first three gradients average to −2-2, while the last is −4-4. Averaging those means gives −3-3, which is wrong. Weighting by counts gives (3(−2)+1(−4))/4=−2.5(3(-2)+1(-4))/4=-2.5. The same issue appears when accumulating gradients or aggregating metrics across devices.
Separate noise, replay and progress
A random key records a reproducible sampling choice; reusing it repeats that choice. Split keys for fresh batches. An individual minibatch update can worsen the full loss even though its gradient is unbiased at the current parameters. Log full or held-out evaluation at defined intervals instead of expecting a monotone minibatch curve. Unbiasedness alone does not prove convergence, and changing batch size can change both compute cost and optimization behavior.
Averaging independent gradients reduces variance
Predict: How much variance remains when the batch grows from 11 to 22?
[image: Averaging independent gradients reduces variance. The horizontal categories are batch sizes \(1\), \(2\), and \(3\). The vertical axis is the variance of the estimated gradient at one fixed weight. The bar heights are \(1.25\), \(0.625\), and approximately \(0.417\), respectively. Doubling the batch size from \(1\) to \(2\) halves the variance. Tripling it divides the variance by \(3\). These are exact enumerations of the possible sampled batches in this small example, rather than noisy estimates from a handful of trials.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories are batch sizes 11, 22, and 33. The vertical axis is the variance of the estimated gradient at one fixed weight. The bar heights are 1.251.25, 0.6250.625, and approximately 0.4170.417, respectively.
Doubling the batch size from 11 to 22 halves the variance. Tripling it divides the variance by 33. These are exact enumerations of the possible sampled batches in this small example, rather than noisy estimates from a handful of trials.
Connect it to the computation
Each batch averages independent, uniformly sampled per-example gradients with replacement. Under those assumptions, the variance of the average is the single-example variance divided by batch size. Its expected gradient remains −2.5-2.5 for all three sizes; the estimate becomes less variable without changing its mean.
The bar heights are squared gradient units, not loss or gradient magnitude. A shorter bar does not mean a smaller learning rate or a faster overall training run. Sampling without replacement, correlated examples, and changing parameters require a different variance analysis.
Compute per-example gradients
Create main.py. Keep the parameter fixed while measuring the sampling distribution.
# Step 1 — Compute per-example gradients: Each example supplies a slope; the dataset objective uses their mean.
import jax
import jax.numpy as jnp
y = jnp.array([1.0, 2.0, 3.0, 4.0])
w = jnp.array(0.0)

def example_loss(w, y):
    return 0.5 * (w - y) ** 2
# Differentiate the objective to obtain `per` via automatic differentiation.
per = jax.vmap(jax.grad(example_loss), in_axes=(None, 0))(w, y)
# Differentiate the objective to obtain `full` via automatic differentiation.
full = jax.grad(lambda w: jnp.mean(jax.vmap(example_loss, in_axes=(None, 0))(w, y)))(w)
assert jnp.allclose(per, jnp.array([-1.0, -2.0, -3.0, -4.0]))
assert jnp.allclose(full, -2.5)
Each example supplies a slope; the dataset objective uses their mean.
Enumerate every pair
Append the exact with-replacement distribution. No random simulation is needed for this check.
# Step 2 — Enumerate every pair: All ordered pairs are equally likely under independent uniform draws.
pairs = (per[:, None] + per[None, :]) / 2
# Check tensor shape invariant: `pairs.shape == (4, 4)`
assert pairs.shape == (4, 4)
assert jnp.allclose(jnp.mean(pairs), full)
assert jnp.allclose(jnp.var(per), 1.25)
assert jnp.allclose(jnp.var(pairs), 0.625)
All ordered pairs are equally likely under independent uniform draws.
Sample and replay one batch
Append a PRNG example and run python main.py.
# Step 3 — Sample and replay one batch: Replay checks reproducibility.
# Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
key = jax.random.key(7)
# Sample deterministic random values into `indices` using an explicit PRNG key.
indices = jax.random.choice(key, 4, shape=(2,), replace=True)
# Sample deterministic random values into `replay` using an explicit PRNG key.
replay = jax.random.choice(key, 4, shape=(2,), replace=True)
assert jnp.array_equal(indices, replay)
print('full gradient / single variance / pair variance:', full, jnp.var(per), jnp.var(pairs))
print('sample indices / sample gradient:', indices, jnp.mean(per[indices]))
Replay checks reproducibility. One sample does not estimate the full sampling distribution.
Run the example
The assembled script is in the separate solutions and code appendix.
Full gradient −2.5-2.5; variances 1.251.25 for one example and 0.6250.625 for two independent draws.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Combine unequal batches
Predict before running: Will an unweighted mean of the two batch means recover the full gradient?
# Experiment — Combine unequal batches: Batch means require example-count weights when batch sizes differ.
# Aggregate array values to compute `first`.
first = jnp.mean(per[:3])
# Aggregate array values to compute `last`.
last = jnp.mean(per[3:])
wrong = (first + last) / 2
correct = (3 * first + last) / 4
assert jnp.allclose(wrong, -3.0)
assert jnp.allclose(correct, full)
The unweighted result is −3-3, while count weighting recovers −2.5-2.5.
Batch means require example-count weights when batch sizes differ.
Take a noisy step at the full optimum
Predict before running: At the full-data optimum w=2.5w=2.5, does a step toward target 11 improve the full loss?
# Experiment — Take a noisy step at the full optimum: A noisy gradient may point away from the full optimum on a...
# Aggregate array values to compute `full_loss`.
full_loss = lambda w: jnp.mean(0.5 * (w - y) ** 2)
optimum = jnp.array(2.5)
# Differentiate the objective to obtain `noisy` via automatic differentiation.
noisy = optimum - 0.1 * jax.grad(example_loss)(optimum, y[0])
assert jnp.allclose(jax.grad(full_loss)(optimum), 0.0)
assert full_loss(noisy) > full_loss(optimum)
The single-example step increases the full-data loss.
A noisy gradient may point away from the full optimum on a particular draw.
Your exercise
Enumerate all 6464 ordered batches of size 33. Check their mean and variance against the independent-sampling formula.
Attempt this before consulting the separate solutions appendix.
Accumulate before updating
Transfer / diagnosis
At the same fixed ww, accumulate gradients from microbatches of sizes 33 and 11. Verify that one update matches the full-batch update.
Hint
Do not update parameters between microbatches. Weight each mean by its sample count.
Detect a biased sampler
Transfer / diagnosis
A sampler chooses targets 11 and 44 with probabilities 0.90.9 and 0.10.1, never the others. Compute its expected gradient. Does it estimate the uniform dataset gradient?
Hint
Use the sampling probabilities as weights. Missing examples cannot be recovered by naive averaging.
Checkpoint
When does averaging batch means reproduce the dataset mean?
	Always
	When batch sizes are equal, or the means are weighted by their example counts
	Only with Adam

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If changing batch size unexpectedly scales the gradient, inspect sum versus mean and accumulation weights. If replay fails, retain the key and sampled indices. If the estimate stays biased over many draws, inspect the sampling distribution rather than only increasing batch size.
Carry forward
	Batch means require example-count weights when batch sizes differ.
	A noisy gradient may point away from the full optimum on a particular draw.

Your evidence
Keep the exact per-example mean, enumerated batch-variance calculation, uneven-batch repair, PRNG replay and gradient-accumulation check.
Primary references
	JAX random sampling
	JAX pseudorandom numbers

Optimize with Optax
Replace the handwritten update with an optimizer and track its state.
What you will be able to do
	Distinguish gradients, updates, and parameters
	Understand the state even when SGD has none
	Make a resumable training transition
	Verify the simpler algorithm before composing one
	Preserve state when a gradient happens to be zero

The problem
An optimizer helps turn gradients into parameter changes. Before introducing a more complicated one, we’ll check that Optax SGD agrees with the update you already know. Then we’ll add momentum and follow the extra state it remembers, so you can explain why resetting that state changes the next step.
The idea
An optimizer transforms gradients into parameter updates and may retain state between steps. Optax makes that state explicit: initialize it, pass it into each update, and keep the returned state together with the new parameters.
The optimizer has memory of earlier gradients
For plain gradient descent without extra state, the current parameters and gradient can determine the next update. For momentum or Adam, earlier gradients also matter through stored accumulators. Two runs at the same parameters can therefore take different next steps if their optimizer states differ.
Follow the update cycle in order: calculate the loss and gradients from current parameters, ask the optimizer for updates and new state, then apply those updates to the parameters. Keeping only one returned object breaks the cycle.
The fitted-line figure shows that the example recovered a useful prediction rule. It does not by itself prove correct state continuation. Save a mid-run state and compare the next update with an uninterrupted run to test that separate capability.
Pause and reason
You restore weights but initialize Adam from scratch. Is that an exact continuation?
Compare your reasoningNo. The moment estimates and step counter have changed, so subsequent updates can differ. This may be a deliberate new optimization run, but it is not an exact resume.
Distinguish gradients, updates, and parameters
A gradient describes local sensitivity; an update is the change the optimizer wants to add to parameters. Optax SGD transforms gg into −ηg-\eta g. apply_updates adds that update, so subtracting it again would reverse the intended direction. The tree structure of gradients and updates follows the parameter tree.
For our evenly spaced xx values, mean⁡(x)=0\operatorname{mean}(x)=0 and mean⁡(x2)=1130\operatorname{mean}(x^2)=\frac{11}{30}. At zero parameters, the weight derivative is −4⋅1130=−2215-4\cdot\frac{11}{30}=-\frac{22}{15} and the bias derivative is −2-2. With rate 0.20.2, the first weight becomes 22/7522/75 and bias 0.40.4. Compute these values before trusting a long run.
params → loss → grads
grads + old optimizer state → updates + new optimizer state
params + updates → next params
Understand the state even when SGD has none
Plain SGD here has no momentum history, so the equality with manual gradient descent is a useful baseline. Momentum adds a trace of prior gradients. Its returned state must be threaded through every call; rebuilding state each step discards that history and gives a different algorithm.
With momentum 0.90.9 and gradients 22 then 11, the trace is first 22 then 2.82.8. At rate 0.10.1 the second update is −0.28-0.28. Reinitializing before the second gradient gives −0.1-0.1. This two-step example demonstrates the actual state dependence without assuming that the regression fit alone proves it.
Make a resumable training transition
Treat a training step as (params, optimizer_state, batch) → (new_params, new_state, metrics). A checkpoint must preserve the algorithm state as well as parameter values. With a deterministic fixed dataset, replaying the next step from identical saved parameters and state should produce identical results within the same environment.
This lesson performs an in-memory replay; it does not implement file persistence or claim crash recovery. Random keys, data iterator position and distributed topology become additional state in later training systems. A tuple called “checkpoint” is not a resilient checkpoint service.
Verify the simpler algorithm before composing one
Compare one Optax SGD step to a hand-derived tree update before introducing momentum, clipping, schedules or Adam. Composition order matters: transformations operate on the value produced by preceding transformations. Keep loss convention and the rate fixed while comparing algorithms.
The 120-step fit is a small CPU regression example, not a TPU throughput benchmark or evidence that the same rate is suitable for a network. Inspect the parameters, loss, and optimizer transition separately; the final loss alone cannot reveal a reset-state bug in every problem.
Preserve state when a gradient happens to be zero
Momentum remembers earlier gradients. Under the convention mt=βmt−1+gtm_t=\beta m_{t-1}+g_t, a zero current gradient can still produce a nonzero update. With β=0.9\beta=0.9, a previous trace of 22 becomes 1.81.8 when the new gradient is zero. This is why an optimizer’s behavior cannot be reconstructed from the current gradient and weights alone. The next lesson builds on this state model to explain Adam and learning-rate schedules.
mt=βmt−1+gt,Δwt=−ηmtm_t=\beta m_{t-1}+g_t,\qquad \Delta w_t=-\eta m_tThe fitted line recovers slope and bias
Predict: What does each learned parameter change in the predictions?
[image: The fitted line recovers slope and bias. The horizontal axis gives input values and the vertical axis gives predictions. The dashed initial model is flat at zero. The target and trained-model lines rise together from approximately \((-1,-1)\) through \((0,1)\) to \((1,3)\). The trained line lies almost exactly on top of the target, so one can hide the other. This overlap is the intended result, not a missing legend entry. It means the predictions agree to the numerical tolerance used in the example.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis gives input values and the vertical axis gives predictions. The dashed initial model is flat at zero. The target and trained-model lines rise together from approximately (−1,−1)(-1,-1) through (0,1)(0,1) to (1,3)(1,3).
The trained line lies almost exactly on top of the target, so one can hide the other. This overlap is the intended result, not a missing legend entry. It means the predictions agree to the numerical tolerance used in the example.
Connect it to the computation
Read the learned parameters from the geometry: the intercept is 11, and increasing the input by 11 raises the prediction by 22. Training has therefore recovered the target relationship y=2x+1y=2x+1, whereas the initial model used zero slope and zero intercept.
This picture shows the final fit across the displayed inputs, not the optimizer’s path or its runtime. Agreement on an exact synthetic linear target is a useful correctness check. It is separate from performance on noisy data or on a different relationship.
1. Prepare the inputs
Create a file named main.py in your activated learning environment. Add these imports and inputs first. Shapes and numeric types are part of the experiment.
# Step 1 — 1. Prepare the inputs: This block establishes the values used by the following steps; run...
import jax
import jax.numpy as jnp
import optax
This block establishes the values used by the following steps; run the completed file after step 33.
2. Define the computation
Append this block below the inputs. Before proceeding, trace which values are inputs, predictions, and state.
# Step 2 — 2. Define the computation: loss maps the two parameter leaves to row-wise predictions.
params = {"weight": jnp.array(0.), "bias": jnp.array(0.)}
x = jnp.linspace(-1., 1., 21)
y = 2. * x + 1.
def loss(p):
    return jnp.mean((p["weight"] * x + p["bias"] - y) ** 2)
# Configure or step the Optax optimizer state (`optimizer`).
optimizer = optax.sgd(0.2)
state = optimizer.init(params)
loss maps the two parameter leaves to row-wise predictions. optimizer.init establishes the initial SGD state; retain the update state in the next block.
3. Measure and verify
Append the remaining block, then run python main.py in the terminal. Compare the printed result with the expected output below. Assertions stop execution if the contract fails.
# Step 3 — 3. Measure and verify: Weight approaches 2.0, bias approaches 1.0, and loss is below 10^{-8}.
initial_loss = loss(params)
for _ in range(120):
    # Differentiate the objective to obtain `grads` via automatic differentiation.
    grads = jax.grad(loss)(params)
    # Apply the computed gradient updates to update the model parameters.
    updates, state = optimizer.update(grads, state, params)
    # Configure or step the Optax optimizer state (`params`).
    params = optax.apply_updates(params, updates)
print("Parameters:", params)
print("Loss:", float(loss(params)))
assert loss(params) < 1e-8
assert jnp.allclose(params["weight"], 2., atol=1e-4)
assert jnp.allclose(params["bias"], 1., atol=1e-4)
Weight approaches 2.02.0, bias approaches 1.01.0, and loss is below 10−810^{-8}.
Run the example
The assembled script is in the separate solutions and code appendix.
Weight approaches 2.02.0, bias approaches 1.01.0, and loss is below 10−810^{-8}.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check the first update against arithmetic
Predict before running: Predict both parameters after one SGD step at the zero initialization.
# Experiment — Check the first update against arithmetic: Independent arithmetic checks the gradient scale and the update...
p0 = {"weight": jnp.array(0.), "bias": jnp.array(0.)}
# Differentiate the objective to obtain `g0` via automatic differentiation.
g0 = jax.grad(loss)(p0)
# Apply the computed gradient updates to update the model parameters.
u0, s0 = optimizer.update(g0, optimizer.init(p0), p0)
# Configure or step the Optax optimizer state (`p1`).
p1 = optax.apply_updates(p0, u0)
assert jnp.allclose(p1["weight"], 22/75)
assert jnp.allclose(p1["bias"], 0.4)
print("First parameters:", p1)
Weight ≈ 0.2933330.293333; bias 0.40.4.
Independent arithmetic checks the gradient scale and the update sign.
Observe stateful momentum
Predict before running: After gradients 22 then 11, is the second update the same if you reset state?
# Experiment — Observe stateful momentum: Resetting momentum removes the prior-gradient contribution; it...
# Configure or step the Optax optimizer state (`momentum`).
momentum = optax.sgd(0.1, momentum=0.9)
m0 = momentum.init(jnp.array(0.))
u1, m1 = momentum.update(jnp.array(2.), m0)
u2, m2 = momentum.update(jnp.array(1.), m1)
reset_u2, _ = momentum.update(jnp.array(1.), m0)
assert jnp.allclose(u1, -0.2)
assert jnp.allclose(u2, -0.28)
assert jnp.allclose(reset_u2, -0.1)
Second update −0.28-0.28 with retained state, −0.1-0.1 after reset.
Resetting momentum removes the prior-gradient contribution; it changes the optimization algorithm.
Coast through a zero-gradient step
Predict before running: After gradient 22, does a zero gradient stop momentum SGD immediately?
# Experiment — Coast through a zero-gradient step: Optimizer state carries information from earlier steps.
# Configure or step the Optax optimizer state (`momentum_tx`).
momentum_tx = optax.sgd(0.1, momentum=0.9)
position = jnp.array(0.)
momentum_state = momentum_tx.init(position)
coast_first, momentum_state = momentum_tx.update(jnp.array(2.),momentum_state,position)
# Configure or step the Optax optimizer state (`position`).
position = optax.apply_updates(position,coast_first)
coast_second, momentum_state = momentum_tx.update(jnp.array(0.),momentum_state,position)
assert jnp.allclose(coast_first,-0.2)
assert jnp.allclose(coast_second,-0.18)
The second update is −0.18-0.18, despite a zero current gradient.
Optimizer state carries information from earlier steps. A zero current gradient need not produce a zero update.
Your exercise
At the original zero parameters, compare the first Optax SGD update with an explicit tree-map gradient descent step.
Attempt this before consulting the separate solutions appendix.
Replay a momentum continuation
Transfer / diagnosis
Save the state after the first update; run the next update twice from that state and compare every state leaf.
Hint
Optimizer transformations return new state; reuse the saved value for the replay.
Catch double subtraction
Transfer / diagnosis
At zero parameters, subtract SGD updates by mistake. Show the loss increases; repair using apply_updates.
Hint
SGD updates already contain the minus sign.
Checkpoint
What should a training step retain besides updated parameters for a stateful optimizer?
	Only the final loss
	The new optimizer state returned by update
	A freshly initialized state every time

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If an adaptive optimizer behaves differently after restarting, compare both parameter values and optimizer state. Equal parameters alone are separate from an identical continuation.
Carry forward
	Independent arithmetic checks the gradient scale and the update sign.
	Resetting momentum removes the prior-gradient contribution; it changes the optimization algorithm.

Your evidence
Save the analytic first update, manual/Optax equivalence, retained/reset momentum comparison, continuation replay and double-subtraction repair. Include the zero-gradient momentum step and explain why retained state still moves the parameter.
Primary references
	Optax getting started
	Optax optimizer API

Adam, clipping, and learning-rate schedules
Explain Adam’s moments, inspect clipping and schedule order, and compare optimizers with a controlled update budget.
What you will be able to do
	Explain Adam’s moments, inspect clipping and schedule order, and compare optimizers with a controlled update budget.
	Calculate the first two Adam steps
	Clip a direction without rotating it
	Make the schedule clock explicit
	Compare decisions with evidence
	Bring the phase together in a training audit

The problem
An optimizer can lower the loss while hiding several choices: how it averages gradients, rescales coordinates, clips large values, and changes the step size. We will expose those choices one at a time before running a controlled comparison. The goal is to explain a training decision, not to crown a universal winner.
The idea
Adam combines gradient history with coordinatewise scaling. Clipping limits a gradient or update according to a chosen rule, while a learning-rate schedule changes scale over training. These mechanisms interact, but we should inspect each separately before interpreting their combined loss curve.
Clipping changes a vector; a schedule changes a clocked scale
Use the analytic gradient g=(3,4)g=(3,4), whose norm is 55. Global-norm clipping at 2.52.5 scales the entire vector to (1.5,2)(1.5,2), preserving its direction. Clipping each coordinate to the interval [−2.5,2.5][-2.5,2.5] instead produces (2.5,2.5)(2.5,2.5), whose direction and norm differ.
Now consider four microbatches accumulated into one optimizer update. A schedule indexed by optimizer updates should advance once for that group, not four times. The schedule's clock is part of the algorithm and should be restored with optimizer state.
The existing optimizer plot uses its labeled learning rates and shows nonmonotone trajectories, including rebounds. It compares that specific fixture; it does not demonstrate clipping or scheduling. Use the separate clipping diagram to understand the geometry, then test each mechanism with its own controlled change.
A norm ball and a coordinate box
Predict: Does coordinate clipping at 2.52.5 guarantee that the whole gradient norm is at most 2.52.5?
[image: The blue arrow is \((3,4)\). Green scales it to norm \(2.5\) along the same ray. Orange clips each coordinate to \(2.5\), landing at the box corner with norm \(2.5\sqrt{2}\). The circle and box are analytic constraints, not training measurements.]Architecture and dataflow mechanism diagram.The blue arrow is (3,4)(3,4). Green scales it to norm 2.52.5 along the same ray. Orange clips each coordinate to 2.52.5, landing at the box corner with norm 2.522.5\sqrt{2}. The circle and box are analytic constraints, not training measurements.
Pause and reason
Does coordinate clipping at 2.52.5 guarantee that the whole gradient norm is at most 2.52.5?
Compare your reasoningNo. For the clipped vector (2.5,2.5)(2.5,2.5), the norm is 2.522.5\sqrt{2}. A coordinate bound describes a box; a global-norm bound describes a ball.
Calculate the first two Adam steps
Let gtg_t be the gradient at update tt. Adam tracks a first moment mtm_t and a second raw moment vtv_t, using decay rates β1\beta_1 and β2\beta_2. Starting at zero makes the early averages small; divide by 1−β1t1-\beta_1^t and 1−β2t1-\beta_2^t to correct that bias. At the first step, corrected moments are g1g_1 and g12g_1^2. With a small ϵ\epsilon, each nonzero coordinate initially moves close to the learning rate in the opposite sign direction. This does not mean later steps ignore magnitude.
mt=β1mt−1+(1−β1)gtvt=β2vt−1+(1−β2)gt2m^t=mt/(1−β1t),v^t=vt/(1−β2t)Δwt=−ηtm^tv^t+ϵ\begin{aligned}m_t&=\beta_1m_{t-1}+(1-\beta_1)g_t\\v_t&=\beta_2v_{t-1}+(1-\beta_2)g_t^2\\\hat m_t&=m_t/(1-\beta_1^t),\quad \hat v_t=v_t/(1-\beta_2^t)\\\Delta w_t&=-\eta_t\frac{\hat m_t}{\sqrt{\hat v_t}+\epsilon}\end{aligned}Clip a direction without rotating it
Global norm clipping rescales a gradient only when its length exceeds a threshold cc. For g=(3,4)g=(3,4), the norm is 55, so clipping at c=1c=1 gives (0.6,0.8)(0.6,0.8). Coordinate-wise clipping to the same threshold instead gives (1,1)(1,1), changing direction. Clipping before Adam limits the gradient entering its moments; it does not impose that same bound on the final parameter update. Clipping cannot repair NaNs, wrong labels or a wrong objective.
g~=gmin⁡ ⁣(1,c∥g∥2)for ∥g∥2>0\tilde g=g\min\!\left(1,\frac{c}{\|g\|_2}\right)\quad\text{for }\|g\|_2>0Make the schedule clock explicit
A schedule maps an optimizer update count to a learning rate. Our linear example goes from 0.10.1 at count 00 to 0.010.01 at count 44, then stays there. Count 00 is the first update, not an epoch. Gradient accumulation changes how many optimizer updates occur per data pass. Restoring only model weights loses the moments and schedule position; retain optimizer state to continue the same run.
Compare decisions with evidence
Use the same objective, initialization, data and number of updates when comparing SGD, momentum and Adam. Report the loss history and chosen rates; equal updates are not equal wall-clock time, and one rate per method is not a thorough tuning study. An adaptive method does not make scaling or validation irrelevant. Adding an L2L_2 penalty to an Adam loss also differs from decoupled weight decay in AdamW: the penalty gradient is transformed by Adam’s moments, while decoupled decay acts separately on the weights.
Bring the phase together in a training audit
For the regression audit project, first document feature and target shapes, loss reduction and dtype. Use a direct least-squares fit as a reference when its assumptions match. Check gradients at more than one point, inspect feature scales, and preserve optimizer state for replay. If you introduce a penalty or change the batch size, state how that changes the objective or noise. Finish with separate training and held-out losses, an unstable run, and a short explanation of your choice. The existing project checks a subset of these skills; keep the new lesson evidence alongside it rather than treating a project pass as assessment of all twelve lessons.
Compare optimizer paths under a fixed update budget
Predict: Will equal update counts produce equal loss histories?
[image: Compare optimizer paths under a fixed update budget. Start with the axes. The horizontal axis counts completed parameter updates; \(0\) is the shared starting point. The vertical axis is the objective \(L(w)=\tfrac12(w_0^2+10w_1^2)\), so lower is better. It is logarithmic: falling from \(10^{-2}\) to \(10^{-3}\) means a tenfold reduction, not a decrease of one unit. Zero cannot appear on this scale. All three methods begin at \(w=(1,1)\), with loss \(5.5\). The solid SGD curve drops smoothly and then develops a slower tail. With learning rate \(0.05\), each update multiplies the two coordinates by \(0.95\) and \(0.5\). The steep direction shrinks quickly; the flatter direction accounts for the slow remaining progress.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Start with the axes. The horizontal axis counts completed parameter updates; 00 is the shared starting point. The vertical axis is the objective L(w)=12(w02+10w12)L(w)=\tfrac12(w_0^2+10w_1^2), so lower is better. It is logarithmic: falling from 10−210^{-2} to 10−310^{-3} means a tenfold reduction, not a decrease of one unit. Zero cannot appear on this scale.
All three methods begin at w=(1,1)w=(1,1), with loss 5.55.5. The solid SGD curve drops smoothly and then develops a slower tail. With learning rate 0.050.05, each update multiplies the two coordinates by 0.950.95 and 0.50.5. The steep direction shrinks quickly; the flatter direction accounts for the slow remaining progress.
Connect it to the computation
Now follow the dashed momentum curve. Its loss falls to about 0.5680.568 at update 22, then rises to about 3.7143.714 at update 44. Momentum retains past gradients, so a favorable current position does not guarantee a favorable next step: the accumulated update can carry the parameters past the minimum. The repeated dips and rebounds occur under a generally declining envelope. They are deterministic optimizer behavior in this example, not noise from shuffled minibatches.
The dash-dot Adam curve makes the same caution especially clear. It reaches about 1.45×10−41.45\times10^{-4} at update 1111, then rises to about 0.4100.410 by update 1919. Adam adapts coordinate-wise update sizes using gradient history, but that history can still move parameters away after a close approach. A deep dip means the current parameters are near the minimum; it does not mean subsequent updates will stay there. The scalar loss alone does not tell us which side of the minimum each coordinate occupies.
At update 5050, the losses are approximately 1.28×10−41.28\times10^{-4} for Adam, 2.96×10−32.96\times10^{-3} for SGD, and 2.49×10−22.49\times10^{-2} for momentum. Adam finishes lowest under these settings, although it was not lowest at every earlier update. Compare the same update budget, read the endpoint as well as the dips, and remember that equal update counts do not imply equal runtime. This figure uses fixed rates without clipping or a schedule; the later experiments examine those separate choices.
Build a transparent Adam reference
Create main.py. Use an explicit two-gradient sequence to inspect the optimizer independently of a training loop.
# Step 1 — Build a transparent Adam reference: The supplied gradients isolate optimizer arithmetic; they are not...
import jax
import jax.numpy as jnp
import optax
params = jnp.zeros(2)
# Configure or step the Optax optimizer state (`adam`).
adam = optax.adam(0.1, b1=0.9, b2=0.99, eps=1e-08)
state = adam.init(params)
m = jnp.zeros(2)
v = jnp.zeros(2)
gradients = [jnp.array([2.0, -4.0]), jnp.array([1.0, 3.0])]
The supplied gradients isolate optimizer arithmetic; they are not presented as a model’s measured training gradients.
Verify both moment updates
Append the manual recurrences and compare each update with Optax.
# Step 2 — Verify both moment updates: The first update is near (-0.1,0.1); the next depends on both...
for t, g in enumerate(gradients, start=1):
    m = 0.9 * m + 0.1 * g
    v = 0.99 * v + 0.01 * g * g
    expected = -0.1 * (m / (1 - 0.9 ** t)) / (jnp.sqrt(v / (1 - 0.99 ** t)) + 1e-08)
    update, state = adam.update(g, state, params)
    assert jnp.allclose(update, expected, atol=2e-06, rtol=2e-06)
    # Apply the computed gradient updates to update the model parameters.
    params = optax.apply_updates(params, update)
    print('step / update:', t, update)
The first update is near (−0.1,0.1)(-0.1,0.1); the next depends on both gradients.
Inspect one clipped update
Append a global clipping plus SGD chain and run python main.py.
# Step 3 — Inspect one clipped update: For this SGD chain, the update norm is 0.1.
g = jnp.array([3.0, 4.0])
# Configure or step the Optax optimizer state (`clip`).
clip = optax.clip_by_global_norm(1.0)
clipped, _ = clip.update(g, clip.init(jnp.zeros(2)))
assert jnp.allclose(clipped, jnp.array([0.6, 0.8]), atol=1e-06)
# Configure or step the Optax optimizer state (`chain`).
chain = optax.chain(optax.clip_by_global_norm(1.0), optax.sgd(0.1))
update, _ = chain.update(g, chain.init(jnp.zeros(2)))
assert jnp.allclose(update, jnp.array([-0.06, -0.08]), atol=1e-06)
For this SGD chain, the update norm is 0.10.1. That bound does not automatically apply to a chain containing Adam.
Run the example
The assembled script is in the separate solutions and code appendix.
Two Adam updates match the manual moment calculation; the clipped SGD update is (−0.06,−0.08)(-0.06,-0.08).
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Inspect the schedule boundary
Predict before running: List the rates used by the first five updates. Is the fifth rate already the final value?
# Experiment — Inspect the schedule boundary: A schedule is indexed by optimizer updates.
# Configure or step the Optax optimizer state (`schedule`).
schedule = optax.linear_schedule(init_value=0.1, end_value=0.01, transition_steps=4)
rates = jnp.array([schedule(i) for i in range(6)])
assert jnp.allclose(rates, jnp.array([0.1, 0.0775, 0.055, 0.0325, 0.01, 0.01]), atol=1e-06)
# Configure or step the Optax optimizer state (`tx`).
tx = optax.sgd(schedule)
p = jnp.array(0.0)
s = tx.init(p)
for _ in range(5):
    delta, s = tx.update(jnp.array(1.0), s, p)
    # Configure or step the Optax optimizer state (`p`).
    p = optax.apply_updates(p, delta)
assert jnp.allclose(p, -0.275, atol=1e-06)
print('schedule rates:', rates)
The fifth update uses count 44 and rate 0.010.01.
A schedule is indexed by optimizer updates. Recording only the number of epochs leaves its behavior ambiguous.
Compare a fixed update budget
Predict before running: Will every optimizer produce the same path on a bowl with unequal curvature?
# Experiment — Compare a fixed update budget: This is a controlled demonstration at stated rates and update...
def bowl(w):
    return 0.5 * (w[0] ** 2 + 10 * w[1] ** 2)
start = jnp.array([1.0, 1.0])
# Configure or step the Optax optimizer state (`optimizers`).
optimizers = {'sgd': optax.sgd(0.05), 'momentum': optax.sgd(0.05, momentum=0.9), 'adam': optax.adam(0.1)}
traces = {}
for name, tx in optimizers.items():

    # Define `step(carry, _)` to evaluate the objective and its automatic derivatives:
    def step(carry, _):
        p, s = carry
        # Differentiate the objective to obtain `(delta, s)` via automatic differentiation.
        delta, s = tx.update(jax.grad(bowl)(p), s, p)
        # Configure or step the Optax optimizer state (`p`).
        p = optax.apply_updates(p, delta)
        return ((p, s), bowl(p))
    # Run compiled structured control flow via `jax.lax` (`((_, _), history)`).
    (_, _), history = jax.lax.scan(step, (start, tx.init(start)), None, length=50)
    # Confirm that all computed values remain finite (no NaN or Inf).
    assert jnp.all(jnp.isfinite(history))
    assert history[-1] < bowl(start)
    traces[name] = history
    print(name, 'initial / final loss:', bowl(start), history[-1])
assert not jnp.allclose(traces['sgd'], traces['adam'])
All three reduce the loss for these specified settings; the trajectories differ.
This is a controlled demonstration at stated rates and update counts, not evidence that one optimizer universally wins.
Your exercise
Compare global norm clipping with coordinate-wise clipping on (3,4)(3,4). Check which preserves the ratio of the coordinates.
Attempt this before consulting the separate solutions appendix.
Catch schedule restart
Transfer / diagnosis
After five scheduled SGD steps with constant gradient 11, compare a retained optimizer state with a freshly initialized state for the next update.
Hint
The retained count has reached the final rate; a reset count starts at 00.
Check transformation order
Transfer / diagnosis
For gradient (3,4)(3,4), compare clipping before SGD at rate 0.10.1 with clipping after it. Write a decision memo explaining which quantity you intended to bound.
Hint
The un-clipped SGD update already has norm 0.50.5, below the threshold 11.
Checkpoint
Does clipping gradients before Adam guarantee that final updates obey the same norm threshold?
	Yes, every later transformation preserves that bound
	No; Adam subsequently rescales coordinates
	Only if the loss is a scalar

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a restart changes the trajectory, compare optimizer moments and schedule count. If a clipped run still jumps, measure both gradient and update norms and inspect transformation order. Record rates, reductions, dtype and validation behavior before recommending a method.
Carry forward
	A schedule is indexed by optimizer updates. Recording only the number of epochs leaves its behavior ambiguous.
	This is a controlled demonstration at stated rates and update counts, not evidence that one optimizer universally wins.

Your evidence
Keep two hand-checked Adam steps, clipping-direction checks, schedule values and boundary, equal-budget loss traces, and the optimization decision memo.
Primary references
	Optax Adam
	Optax transformations
	Optax schedules

Phase 05: Neural network training
Did the network learn the task, or exploit an evaluation mistake?
Move from explicit matrix operations to stateful modules while preserving independent checks. Learn to distinguish capacity, optimization, data quality and evaluation errors before adding layers.
Prepare and work through the phase
	Connect equations to module state
Check a forward pass and unreduced loss independently, then identify parameter and nonparameter state in the NNX model.

	Train and evaluate under separate contracts
Keep held-out examples out of updates, verify evaluation leaves state unchanged and read confusion rows as true-class denominators.

	Diagnose one failure at a time
Use recorded input ranges, losses, gradient norms and update sizes to distinguish a scale problem from a data or shape problem.


Readiness check
A classifier predicts the majority class on every example and reports high accuracy. What information is missing?
Answer: Class counts and per-class errors are missing. A majority baseline can score highly on imbalanced data while missing every rare example. Inspect the confusion matrix and the denominator for each class.
Transfer question
Training loss falls, but recall for a rare class is zero. Write the next three checks before changing the model.
Approach: Inspect class counts and labels; compare a constant predictor and per-class confusion; then inspect score distributions and choose any threshold on validation data. Report final metrics on held-out data without using it to tune the repair.
Common pitfall
Evaluation results change even though you did not call an optimizer. Compare state snapshots and train/eval flags; stochastic or running-statistic behavior may still be active.
Phase artifact
Use mlp-classifier before the larger image harness. Retain independent forward/loss checks, two runs with declared seeds, state-pure evaluation and class-specific failure analysis.
Natural-image dataset ingestion, richer augmentation studies and pretrained vision transfer remain larger follow-up labs; synthetic images are separate from real-photo generalization.
Phase project: Build and audit a neural classifier. Keep train and evaluation behavior separate and reproduce metrics from a saved configuration.
	mlp-classifier · online workspace · project guide
	reproducible-experiments · online workspace · project guide

Build a tiny multilayer perceptron
Implement a small model with explicit parameters before adding a model library.
What you will be able to do
	Trace the shapes from observations to logits
	Explain why the hidden activation matters
	Use stable binary cross-entropy
	Separate learning from held-out measurement

The problem
Four points can give us a useful puzzle: how do we separate the two diagonal pairs in XOR? A single straight line cannot do it. We’ll add a small hidden layer and a nonlinear activation, check the shapes, and train a classifier. Then we’ll test nearby points to see what it has learned beyond the four training examples.
The idea
A multilayer perceptron combines learned linear maps with nonlinear activations. The hidden layer builds features that the output layer can combine. The activation lets the composition represent boundaries that a single linear map cannot.
Why hidden layers need nonlinear operations
XOR gives the same label to opposite corners of a square. One straight separating line cannot isolate both opposite corners from the other two. Hidden units can form intermediate regions that an output layer combines.
Remove every nonlinear activation and the weight matrices simply multiply into one linear map. More matrices alone do not solve this geometry. Biases change offsets but do not remove the limitation.
Read the decision field both at and between the training points. The four observed labels constrain only a tiny part of the plane. A smooth-looking boundary is still an extrapolation. Connect each layer's actual width to the feature vector it produces before interpreting that extrapolation.
Pause and reason
Does fitting all four XOR points establish generalization to another dataset?
Compare your reasoningNo. It checks representation and optimization on this teaching fixture. A different population requires its own held-out evaluation.
Trace the shapes from observations to logits
Each row is one observation with two features. The first weight matrix has shape (2,8)(2, 8), so a batch (B,2)(B, 2) becomes (B,8)(B, 8). A bias vector (8,)(8,) broadcasts across rows; it does not create eight observations. tanh changes values without changing shape. The second matrix (8,1)(8, 1) produces one logit per row. Squeeze only the final axis to produce (B,)(B,), preserving the batch dimension even when BB is one. A logit is an unrestricted real score; a positive logit predicts class one when the decision threshold is probability 0.50.5.
(B, 2) → affine → (B, 8) → tanh → (B, 8) → affine → (B, 1) → (B,)
Explain why the hidden activation matters
XOR assigns matching signs to class zero and opposite signs to class one. A single line cannot place both diagonal pairs on opposite sides. Two affine layers without an activation still collapse to one affine map: (xx W1 + b1) W2 + b2. More parameters alone therefore do not solve this obstacle. tanh introduces curved intermediate features that can support a nonlinear boundary. Eight hidden units are deliberately small enough to inspect. They are not a principled best width, and successful training at one seed does not guarantee every initialization will converge.
Use stable binary cross-entropy
Do not calculate log⁡σ(z)\log\sigma(z) by separately taking the sigmoid and logarithm. At large negative scores the probability may round to zero. The stable scalar loss is logaddexp⁡(0,z)−yz\operatorname{logaddexp}(0,z)-yz. Average these losses over the batch so duplicating every row does not double the objective. Labels are zero or one, logits and labels both have shape (B,)(B,), and gradients are taken with respect to the parameter tree. The derivative with respect to each score is σ(z)−y\sigma(z)-y, divided by batch size. We verify the implementation independently with NumPy and verify a zero-parameter example against log⁡2\log2.
Separate learning from held-out measurement
The four XOR corners are the complete training set. Held-out points are perturbed versions of those corners, generated from a separate fixed seed. Their labels follow the original sign rule. They check nearby transfer rather than merely memorizing four exact inputs. They do not test arbitrary extrapolation across the plane; this small fixture is especially easy. Record initial and final loss, the seed, hidden width, learning rate, update count, and held-out accuracy. Keep evaluation outside the update loop and do not select a hyperparameter by repeatedly inspecting the held-out answers.
Read the classification loss one example at a time
The logit zz is the model’s raw score; the label yy is either 00 or 11. A positive logit favors class 11. When z=0z=0, the sigmoid probability is one half, so either label gives a loss of log⁡2\log 2. That is a useful sanity check. In code, logaddexp evaluates the softplus term stably instead of separately computing an exponential and logarithm.
ℓ(z,y)=log⁡(1+ez)⏟softplus(z)−yz\ell(z,y)=\underbrace{\log(1+e^z)}_{\mathrm{softplus}(z)}-yzA tiny MLP separates the XOR regions
Predict: Can a single straight boundary separate these labels?
[image: A tiny MLP separates the XOR regions. The axes are the two input features. Background color shows the model’s predicted probability of label \(1\): dark purple is near \(1\), and the pale regions are near \(0\). The markers give observed labels independently of that background: triangles are label \(1\), circles are label \(0\). The triangles at \((-1,1)\) and \((1,-1)\) sit in dark regions. The circles at \((-1,-1)\) and \((1,1)\) sit in pale regions. Thus the learned pattern assigns label \(1\) to opposite-sign corners and label \(0\) to same-sign corners, matching XOR.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The axes are the two input features. Background color shows the model’s predicted probability of label 11: dark purple is near 11, and the pale regions are near 00. The markers give observed labels independently of that background: triangles are label 11, circles are label 00.
The triangles at (−1,1)(-1,1) and (1,−1)(1,-1) sit in dark regions. The circles at (−1,−1)(-1,-1) and (1,1)(1,1) sit in pale regions. Thus the learned pattern assigns label 11 to opposite-sign corners and label 00 to same-sign corners, matching XOR.
Connect it to the computation
A single straight boundary cannot separate these alternating corners. The hidden nonlinear layer allows the model to bend the boundary and create separated regions for the same class. The transition band between light and dark marks inputs where the predicted probability changes rapidly.
Most colored locations are grid queries, not additional labeled observations. Their colors show how this trained model extends its predictions between and beyond the examples. A dark region alone is separate from calibrated confidence or accuracy there; those claims need appropriate held-out data.
1. Define the fixture and parameter tree
Create main.py and copy this block. Before running, write the four XOR labels and the expected shape of each parameter.
# Step 1 — 1. Define the fixture and parameter tree: The parameter count is 16+8+8+1=33.
import jax
import jax.numpy as jnp
import numpy as np
import optax
x = jnp.array([[-1.,-1.],[-1.,1.],[1.,-1.],[1.,1.]])
y = jnp.array([0.,1.,1.,0.])
# Create or split explicit PRNG key(s) (`(k1, k2)`) for reproducible randomness.
k1, k2 = jax.random.split(jax.random.key(0))
# Sample deterministic random values into `params` using an explicit PRNG key.
params = {'w1':jax.random.normal(k1,(2,8))*.4, 'b1':jnp.zeros(8),
          'w2':jax.random.normal(k2,(8,1))*.4, 'b2':jnp.zeros(1)}
assert sum(a.size for a in jax.tree.leaves(params)) == 33
The parameter count is 16+8+8+1=3316+8+8+1=33. Independent keys initialize the two layers; biases start at zero.
2. Write prediction and verify the loss
Append these functions. The NumPy reference has no autodiff or optimizer and tests the objective itself.
# Step 2 — 2. Write prediction and verify the loss: The zero-score baseline is about 0.693147.
def logits(p, batch):
    return (jnp.tanh(batch@p['w1']+p['b1'])@p['w2']+p['b2']).squeeze(-1)
def loss(p, batch, labels):
    return jnp.mean(optax.sigmoid_binary_cross_entropy(logits(p,batch),labels))
# Convert `scores` to a host NumPy array for inspection or verification.
scores = np.asarray(logits(params,x))
# Aggregate array values to compute `expected`.
expected = np.mean(np.logaddexp(0.,scores)-np.asarray(y)*scores)
np.testing.assert_allclose(loss(params,x,y), expected, rtol=1e-6)
# Transform every leaf of the parameter PyTree (`zeros`).
zeros = jax.tree.map(jnp.zeros_like, params)
np.testing.assert_allclose(loss(zeros,x,y),np.log(2.),rtol=1e-6)
# Check tensor shape invariant: `logits(params,jnp.ones((1,2))).shape == (1,)`
assert logits(params,jnp.ones((1,2))).shape == (1,)
The zero-score baseline is about 0.6931470.693147. A loss below it alone does not prove held-out skill.
3. Train and evaluate untouched points
Append the compiled step and loop. Prediction: can the nonlinear model beat chance on points near each training corner?
# Step 3 — 3. Train and evaluate untouched points: The independent held-out seed changes input coordinates.
# Configure or step the Optax optimizer state (`tx`).
tx = optax.adam(.03)
state = tx.init(params)
# Define and JIT-compile `step(p, s)` so XLA traces and fuses the operations:
@jax.jit
def step(p,s):
    # Differentiate the objective to obtain `(value, grads)` via automatic differentiation.
    value,grads = jax.value_and_grad(loss)(p,x,y)
    updates,s = tx.update(grads,s,p)
    return optax.apply_updates(p,updates),s,value
initial = float(loss(params,x,y))
for _ in range(200): params,state,_ = step(params,state)
# Draw pseudorandom samples for `rng` using the explicit RNG state.
rng = np.random.default_rng(12)
# Convert `held_x` to a host NumPy array for inspection or verification.
held_x = np.repeat(np.asarray(x),8,axis=0)+rng.normal(0,.12,(32,2))
held_y = (held_x[:,0]*held_x[:,1]<0).astype(np.float32)
held_scores = np.asarray(logits(params,jnp.array(held_x)))
# Aggregate array values to compute `accuracy`.
accuracy = np.mean((held_scores>0)==held_y)
final = float(loss(params,x,y))
assert final < .03 and accuracy >= .95
print('Training loss:', initial, '->', final, 'held-out accuracy:', accuracy)
The independent held-out seed changes input coordinates. Passing this check establishes behavior on this fixture only.
Run the example
The assembled script is in the separate solutions and code appendix.
Loss falls below 0.030.03 and nearby held-out accuracy is at least 0.950.95. Exact initialization and losses may vary across backend/version.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Duplication preserves a mean objective
Predict before running: If every observation is repeated three times, should the loss and gradient change?
# Experiment — Duplication preserves a mean objective: Averaging normalizes repeated identical data.
repeated_x=jnp.repeat(x,3,axis=0)
repeated_y=jnp.repeat(y,3)
np.testing.assert_allclose(loss(params,repeated_x,repeated_y),loss(params,x,y),rtol=1e-5)
# Differentiate the objective to obtain `original_g` via automatic differentiation.
original_g=jax.grad(loss)(params,x,y)
repeated_g=jax.grad(loss)(params,repeated_x,repeated_y)
for a,b in zip(jax.tree.leaves(original_g),jax.tree.leaves(repeated_g)):
    np.testing.assert_allclose(a,b,rtol=1e-4,atol=1e-7)
The losses and corresponding gradient leaves agree within tolerance.
Averaging normalizes repeated identical data. Summing would change the learning-rate interpretation.
An affine stack stays affine
Predict before running: Can removing tanh create a nonlinear XOR separator merely by keeping two matrices?
# Experiment — An affine stack stays affine: This exact affine identity explains why removing the...
def affine_stack(batch):return (batch@params['w1']+params['b1'])@params['w2']+params['b2']
midpoint=jnp.array([[.2,-.3]])
delta=jnp.array([[.4,.1]])
# Combine or mask array elements to form ``.
np.testing.assert_allclose(affine_stack(midpoint),.5*(affine_stack(midpoint+delta)+affine_stack(midpoint-delta)),atol=1e-6)
The midpoint identity holds for the affine stack.
This exact affine identity explains why removing the nonlinearity limits the class of functions, regardless of width.
Your exercise
Swap class zero and one. Transform only the trained output layer to preserve the boundary and verify predictions on new coordinates.
Attempt this before consulting the separate solutions appendix.
Reorder hidden units without changing predictions
Transfer
Permute the hidden units and make the matching change to the output layer. Predict whether the logits change. Test the result on new coordinates, then show why permuting only one side breaks the contract.
Hint
Columns of the first kernel and rows of the second kernel describe the same hidden units.
Diagnose accidental pairwise broadcasting
Intermediate
Demonstrate how labels shaped (B,1)(B, 1) and scores shaped (B,)(B,) create a (B,B)(B, B) loss. Repair the contract before averaging.
Hint
Inspect the unreduced loss shape; a scalar mean can hide the error.
Checkpoint
Why does the two-layer XOR model need a nonlinear activation?
	Without it the composition is still affine
	Two affine layers always separate XOR
	Cross-entropy itself changes the prediction boundary

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Inspect unreduced loss shapes before tuning learning rate. Compare the loss with NumPy, check finite gradients, and test B=1B=1. If fit succeeds but perturbed held-out points fail, investigate the learned boundary rather than claiming generalization from four exact predictions.
Carry forward
	Trace the shapes from observations to logits
	Explain why the hidden activation matters
	Use stable binary cross-entropy
	Separate learning from held-out measurement

Your evidence
Keep the 33-parameter shape calculation, independent NumPy cross-entropy, train and held-out seeds, initial/final loss, nearby held-out accuracy, and one repaired score/label shape failure.
Primary references
	Optax sigmoid binary cross-entropy
	JAX automatic differentiation

Model and state with Flax NNX
Express a model and inspect the distinction between parameters and other state.
What you will be able to do
	Move the explicit equations into a module
	Separate parameter state from diagnostic state
	Reconstruct an independent graph from a snapshot
	Check a library forward pass independently

The problem
A model library can organize weights for us, but we still want to see what is being learned. We’ll build a small Flax NNX module, compare its predictions with NumPy, and inspect its state. A diagnostic counter will help us distinguish trainable parameters from other values a model carries.
The idea
A model has a computation structure and state values. Some state is trainable; other state may record statistics or randomness. Flax NNX helps manage these objects, but we still need to understand which identities are shared and which values an update changes.
Distinguish shared structure from changing values
Imagine two attributes referring to the same layer object. They share one parameter set. Drawing two independent weight boxes would misrepresent the computation, even if the printed values initially match.
Separating graph structure and state lets us transform the numerical state while preserving the intended relationships. Compare paths and values before and after splitting, merging or cloning; copying a Python reference does not create independent model state.
The existing merge figure is a map of these roles. Use the actual NNX operations in the lesson to test the map, especially when a model has state beyond parameters. Evaluation should follow its declared state rules rather than silently repeating training updates.
Pause and reason
What should a diagram show when two attributes use the same layer?
Compare your reasoningOne shared parameter identity with two uses. Show independent copies only after an explicit operation and identity/value checks establish independence.
(G,Θ,S)=split⁡(M),M′=merge⁡(G,Θ′,S′)(\mathcal{G}, \Theta, \mathcal{S}) = \operatorname{split}(M), \qquad M' = \operatorname{merge}(\mathcal{G}, \Theta', \mathcal{S}')Move the explicit equations into a module
A module groups the same equations from the previous lesson with the arrays that they use. nnx.Linear owns a kernel and bias; hidden( x ) computes xW+bxW+b. A second Linear consumes tanh of the hidden values. The constructor must know the feature dimensions, so an input feature mismatch is a contract error rather than a request to infer a new model. Our width-three example has 6+3+3+1=136+3+3+1=13 trainable scalars. A batch dimension can vary without adding parameters. Class-based organization has not changed the mathematics.
Separate parameter state from diagnostic state
The calls counter is an ordinary nnx.Variable, not nnx.Param. Calling the model with record=True increments it as a deliberate teaching example. It is not a learned weight and should not enter optimizer updates. nnx.state(model, nnx.Param) selects trainable variables; nnx.state(model, nnx.Not(nnx.Param)) selects the remaining state. A real model may have batch-normalization statistics or dropout RNG counts in this second category. Excluding a variable from gradients does not make it immutable. You still need to specify when forward passes may change it.
model
├─ hidden: kernel, bias [Param]
├─ out: kernel, bias [Param]
└─ calls: diagnostic counter [Variable]
Reconstruct an independent graph from a snapshot
nnx.split separates the graph definition from dynamic state; nnx.merge reconstructs a module from those pieces. In the tested Flax version, merging the original State can reuse Variable objects; map a copying function over state leaves to reconstruct independent typed state first. Think of graph definition as the wiring and state as the current array contents. This is an in-memory demonstration, not a durable checkpoint format. The copied-state clone starts with identical values and independent mutable variables, which we verify below. Incrementing its counter must not increment the original. Copying an attribute reference, in contrast, may share a module. Explicitly test independence rather than assuming any assignment or shallow copy creates a training snapshot.
Check a library forward pass independently
Reading model.hidden.kernel[...] retrieves its array contents in the tested Flax API. Compute the affine maps and tanh with NumPy using those arrays and compare the logits on several observations. This verifies the wiring, activation placement, and squeeze axis; it does not independently validate the initializer. Then change one output bias and predict the exact added logit shift. Keep this algebraic test separate from classification accuracy. A library refactor can preserve predictions but change state ownership, so both numerical and ownership checks are necessary.
Layer parameter counts across the NNX module tree
Predict: Predict how many trainable parameters live in the kernel versus the bias of the NNX module.
[image: Layer parameter counts across the NNX module tree]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Each bar shows the exact element count of a parameter leaf extracted by nnx.state(model, nnx.Param).
Connect it to the computation
Splitting an NNX module into its graph definition and state PyTree makes every parameter leaf inspectable and transformable by standard JAX functions.
1. Define typed state and the model
Create main.py. From the repository root, run python3 -m pip install -rr requirements-cpu.txt in your activated environment; the course pins Flax 0.12.6. Copy the model before adding any optimizer.
# Step 1 — 1. Define typed state and the model: nnx.Rngs manages initializer keys.
from flax import nnx
import jax
import jax.numpy as jnp
import numpy as np
# Define `TinyMLP` module / container with explicit state and forward pass:
class TinyMLP(nnx.Module):
    def __init__(self,seed=0):
        rngs=nnx.Rngs(seed)
        self.hidden=nnx.Linear(2,3,rngs=rngs)
        self.out=nnx.Linear(3,1,rngs=rngs)
        # Create device-backed JAX array `self.calls`.
        self.calls=nnx.Variable(jnp.array(0,dtype=jnp.int32))
    def __call__(self,x,record=False):
        if record:self.calls[...] += 1
        return self.out(nnx.tanh(self.hidden(x))).squeeze(-1)
model=TinyMLP()
batch=jnp.array([[1.,2.],[-1.,.5],[0.,0.]])
nnx.Rngs manages initializer keys. The optional diagnostic counter changes only when explicitly requested.
2. Verify equations and inspect the filters
Append an independent NumPy computation. Count only nnx.Param leaves, not the counter.
# Step 2 — 2. Verify equations and inspect the filters: The matching forward pass verifies the network wiring.
scores=model(batch,record=True)
# Convert `h` to a host NumPy array for inspection or verification.
h=np.tanh(np.asarray(batch)@np.asarray(model.hidden.kernel[...])+np.asarray(model.hidden.bias[...]))
# Convert `expected` to a host NumPy array for inspection or verification.
expected=(h@np.asarray(model.out.kernel[...])+np.asarray(model.out.bias[...])).squeeze(-1)
np.testing.assert_allclose(scores,expected,rtol=1e-5,atol=1e-6)
param_state=nnx.state(model,nnx.Param)
other_state=nnx.state(model,nnx.Not(nnx.Param))
assert sum(a.size for a in jax.tree.leaves(param_state))==13
assert sum(a.size for a in jax.tree.leaves(other_state))==1
assert int(model.calls[...])==1
The matching forward pass verifies the network wiring. The filters identify 1313 learned scalars and one unlearned state scalar.
3. Split, merge, and test independence
Append the clone test. Predict which counter changes when the clone executes.
# Step 3 — 3. Split, merge, and test independence: nnx.grad differentiates Param variables by default.
graphdef,state=nnx.split(model)
# Transform every leaf of the parameter PyTree (`clone`).
clone=nnx.merge(graphdef,jax.tree.map(lambda a:jnp.array(a,copy=True),state))
np.testing.assert_allclose(clone(batch),model(batch),rtol=1e-6)
clone(batch,record=True)
assert int(clone.calls[...])==2 and int(model.calls[...])==1
# Differentiate the objective to obtain `grads` via automatic differentiation.
grads=nnx.grad(lambda m:jnp.mean(m(batch)**2))(model)
assert sum(a.size for a in jax.tree.leaves(grads))==13
assert 'calls' not in grads
print('Trainable scalars: 13; other state: 1; clone counters:',int(model.calls[...]),int(clone.calls[...]))
nnx.grad differentiates Param variables by default. Counter independence is a state-ownership invariant, not a performance measurement.
Run the example
The assembled script is in the separate solutions and code appendix.
Trainable scalars: 1313; other state: 11; original and cloned counters are 11 and 22.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Bias shifts every score equally
Predict before running: Adding 0.250.25 to the output bias should do what to each logit?
# Experiment — Bias shifts every score equally: An affine output bias changes the decision threshold uniformly;...
before=np.asarray(model(batch))
saved=model.out.bias[...]
model.out.bias[...] = saved+.25
np.testing.assert_allclose(model(batch),before+.25,atol=1e-6)
model.out.bias[...] = saved
All logits increase by 0.250.25.
An affine output bias changes the decision threshold uniformly; the hidden representation is unchanged.
Repeated construction reproduces state
Predict before running: Will two modules initialized with the same seed produce equal parameters?
# Experiment — Repeated construction reproduces state: Replay is checked in one pinned environment.
replay=TinyMLP(0)
for a,b in zip(jax.tree.leaves(nnx.state(replay,nnx.Param)),jax.tree.leaves(param_state)):
    # Execute `np.testing.assert_array_equal(a,b)`
    np.testing.assert_array_equal(a,b)
different=TinyMLP(1)
assert not np.array_equal(np.asarray(different.hidden.kernel[...]),np.asarray(model.hidden.kernel[...]))
Equal seeds reproduce the parameter arrays; a changed seed changes the hidden kernel.
Replay is checked in one pinned environment. Seeds alone do not promise identical bytes across package versions or backends.
Your exercise
Apply the model to one new row and to five rows. Verify the scalar parameter count stays 1313 and the batch axis survives.
Attempt this before consulting the separate solutions appendix.
Change a clone without changing its source
Transfer
Increase only the cloned model’s output bias by one. Predict the change in every logit and verify the original model’s parameter leaves remain unchanged.
Hint
Snapshot the original parameters before editing clone.out.bias.
Diagnose a shared module reference
Intermediate
Assign shared = model, increment its counter, and demonstrate why this is not a snapshot. Then reconstruct an independent module.
Hint
Assignment changes which name refers to the same object.
Checkpoint
What does excluding the counter from nnx.Param guarantee?
	It is excluded from parameter gradients, but may still change in a forward pass
	It can never change
	It is automatically saved to disk

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If evaluation changes state, inspect every nonparameter variable and forward flag. If a clone changes the original, inspect shared references. If an NNX module fails under a raw JAX transform, use nnx transformations or split it into graph/state deliberately instead of hiding the error.
Carry forward
	Move the explicit equations into a module
	Separate parameter state from diagnostic state
	Reconstruct an independent graph from a snapshot
	Check a library forward pass independently

Your evidence
Keep the NumPy forward comparison, count of 13 trainable scalars and one diagnostic counter, counter independence after copying state, and logits for batch size one and five.
Primary references
	Flax NNX basics
	NNX module and pytree guide

A compiled train and evaluation step
Build train and eval steps and check that evaluation does not update weights.
What you will be able to do
	Choose a transparent train and held-out split
	Read the state transition in execution order
	Compute useful metrics without changing the model
	Make replay a controlled experiment

The problem
Training changes a model; evaluation should measure it without changing it. We’ll write those two steps separately and compile them with Flax NNX. Then we’ll check the parameters and optimizer counter before and after evaluation, so this important promise is something we test rather than assume.
The idea
Training computes gradients and changes the model. Evaluation measures a fixed model under a declared input and scoring contract. Keeping those roles separate prevents held-out data from quietly participating in fitting.
Evaluation observes a frozen model
Suppose validation loss improves after an accidental optimizer step on validation examples. The number is real, but it no longer evaluates the unchanged training result. The evaluation has influenced fitting.
Capture parameter and relevant state values before evaluation and compare afterward. If the model has training-only randomness or running statistics, verify its evaluation convention too. Depict only the mechanisms the actual model uses.
Aggregate evaluation contributions with their counts. Unequal batch sizes make an average of batch means different from an example mean. Finally, inspect actual errors in the held-out prediction field: a visually attractive boundary cannot rule out leakage or a denominator mistake.
Pause and reason
Why compare state before and after evaluation instead of checking only the score?
Compare your reasoningA score can look plausible even if evaluation updates parameters or statistics. State comparison tests whether the measurement changed the object it was meant to evaluate.
L(Θ)=−1B∑i=1B∑c=1Cyi,clog⁡p^i,c(Θ)\mathcal{L}(\Theta) = -\frac{1}{B}\sum_{i=1}^{B} \sum_{c=1}^{C} y_{i,c} \log \hat{p}_{i,c}(\Theta)Choose a transparent train and held-out split
Generate separate arrays from fixed independent seeds. Labels follow the known line x0 + 0.50.5 x1 > 00, so there is no label ambiguity and no external dataset download. Forty-eight training rows and forty-eight held-out rows are intentionally tiny. The held-out distribution matches the training distribution; this measures interpolation on a controlled problem, not robustness under distribution shift. Keep held-out rows out of optimizer calls. Real projects also need validation for model selection and a final test set; this example fixes hyperparameters in advance and does not supply a production evaluation protocol.
Read the state transition in execution order
nnx.value_and_grad computes loss and gradients for the current parameters. optimizer.update(model, grads) then changes the model and optimizer state. The returned loss is pre-update loss, not the loss at the new weights. nnx.Optimizer is configured with wrt=nnx.Param, and optax.adam maintains first and second moments plus an update counter. A model snapshot alone cannot exactly resume Adam training. Conversely, a metrics call should not increment optimizer.step. Counting 8080 requested updates checks loop behavior, while comparing full snapshots checks evaluation isolation.
(model parameters, optimizer state, training batch) → loss/gradients → updated model and optimizer
(fixed model, held-out batch) → loss and accuracy only
Compute useful metrics without changing the model
Binary cross-entropy uses scores directly. Accuracy thresholds scores at zero; sigmoid is unnecessary for this decision. Return both because confidence and hard decisions measure different behavior. A wrong but extremely confident prediction can dominate loss while changing accuracy by only one observation. We calculate held-out loss independently with NumPy logaddexp and held-out accuracy with NumPy comparisons. Capture every parameter array before evaluation and compare bytes afterward. This model has no dropout or batch normalization; later stateful models require explicit evaluation mode and nonparameter-state checks too.
Make replay a controlled experiment
Repeat the full initialization and training routine from the same seed and batches. Compare final parameter arrays within tolerance and compare held-out metrics. This is stronger than checking that one seeded initialization looks similar. It verifies the sequence of updates, but only in the tested CPU environment. Floating-point reductions, package versions, and backend changes may affect results. Store model seed, data seeds, batch policy, learning rate, iteration count, dependency versions, and metrics. Do not use a different initialization as a supposed resume of an existing optimizer state.
Inspect predictions on held-out inputs
Predict: Where would a mistake appear relative to the decision boundary?
[image: Inspect predictions on held-out inputs. The horizontal and vertical axes are input features. The background is the trained model’s probability of label \(1\), from pale near \(0\) to dark purple near \(1\). Circles mark held-out examples with label \(0\), and triangles mark held-out examples with label \(1\). A slanted transition separates a mostly pale left side from a dark right side. The circles lie on the low-probability side and the triangles on the high-probability side. The example’s direct evaluation reports accuracy \(1\) on this fixed held-out set; the figure shows where those correct decisions occur.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal and vertical axes are input features. The background is the trained model’s probability of label 11, from pale near 00 to dark purple near 11. Circles mark held-out examples with label 00, and triangles mark held-out examples with label 11.
A slanted transition separates a mostly pale left side from a dark right side. The circles lie on the low-probability side and the triangles on the high-probability side. The example’s direct evaluation reports accuracy 11 on this fixed held-out set; the figure shows where those correct decisions occur.
Connect it to the computation
The data rule assigns label 11 when x0+0.5x1>0x_0+0.5x_1>0, whose boundary is x1=−2x0x_1=-2x_0. That explains the overall downward slant. The network approximates this separation; its transition need not be perfectly straight everywhere.
To inspect a mistake in a changed run, look for a triangle where the probability is below 0.50.5, or a circle where it is above 0.50.5, and check the model at that exact point. Grid colors are sampled approximations. Perfect accuracy on this small synthetic set is separate from accuracy outside it, and extreme probabilities do not by themselves establish calibration.
1. Construct data, model, and optimizer
Create main.py in the training dependency environment. The generator returns separate train and held-out arrays.
# Step 1 — 1. Construct data, model, and optimizer: The held-out seed is 11; every optimizer call below uses seed-10...
from flax import nnx
import jax
import jax.numpy as jnp
import numpy as np
import optax
def dataset(seed,n=48):
    a=np.random.default_rng(seed).normal(size=(n,2)).astype(np.float32)
    b=(a[:,0]+.5*a[:,1]>0).astype(np.float32)
    return jnp.array(a),jnp.array(b)
train_x,train_y=dataset(10)
test_x,test_y=dataset(11)
# Define `Classifier` module / container with explicit state and forward pass:
class Classifier(nnx.Module):
    def __init__(self,seed=0):
        rngs=nnx.Rngs(seed)
        self.hidden=nnx.Linear(2,8,rngs=rngs)
        self.out=nnx.Linear(8,1,rngs=rngs)
    def __call__(self,x):return self.out(nnx.tanh(self.hidden(x))).squeeze(-1)
def objective(m,x,y):return jnp.mean(optax.sigmoid_binary_cross_entropy(m(x),y))
def initialize():
    m=Classifier(0)
    return m,nnx.Optimizer(m,optax.adam(.03),wrt=nnx.Param)
model,optimizer=initialize()
The held-out seed is 1111; every optimizer call below uses seed-10 data only.
2. Define the two compiled functions
Append train and evaluation functions. Notice that only train_step receives an optimizer.
# Step 2 — 2. Define the two compiled functions: The 80-update counter is an optimizer invariant.
# Define and JIT-compile `train_step(m, o, x, y)` so XLA traces and fuses the operations:
@nnx.jit
def train_step(m,o,x,y):
    # Differentiate the objective to obtain `(value, grads)` via automatic differentiation.
    value,grads=nnx.value_and_grad(objective)(m,x,y)
    # Update state in place with the new values.
    o.update(m,grads)
    return value
# Define and JIT-compile `evaluate(m, x, y)` so XLA traces and fuses the operations:
@nnx.jit
def evaluate(m,x,y):
    scores=m(x)
    return jnp.mean(optax.sigmoid_binary_cross_entropy(scores,y)),jnp.mean((scores>0)==y)
def snapshot(m):return [np.array(a,copy=True) for a in jax.tree.leaves(nnx.state(m))]
before_loss=float(objective(model,train_x,train_y))
# Execute `for _ in range(80):train_step(model,optimizer,train_x,train_y)`.
for _ in range(80):train_step(model,optimizer,train_x,train_y)
assert int(optimizer.step[...])==80
The 80-update counter is an optimizer invariant. Pre-update losses returned during the loop are not the final held-out metric.
3. Verify held-out metrics and state isolation
Append snapshot and reference comparisons. Print both training and held-out results instead of a single success number.
# Step 3 — 3. Verify held-out metrics and state isolation: The synthetic fixture normally exceeds 0.85 held-out accuracy.
frozen=snapshot(model)
step_count=int(optimizer.step[...])
test_loss,test_accuracy=evaluate(model,test_x,test_y)
for a,b in zip(frozen,snapshot(model)):np.testing.assert_array_equal(a,b)
assert int(optimizer.step[...])==step_count
# Convert `scores` to a host NumPy array for inspection or verification.
# Convert `labels` to a host NumPy array for inspection or verification.
scores=np.asarray(model(test_x))
labels=np.asarray(test_y)
np.testing.assert_allclose(test_loss,np.mean(np.logaddexp(0.,scores)-labels*scores),rtol=1e-5,atol=1e-6)
np.testing.assert_allclose(test_accuracy,np.mean((scores>0)==labels),atol=1e-6)
assert float(test_accuracy)>.85 and float(objective(model,train_x,train_y))<before_loss*.3
print('Updates:',step_count,'held-out loss:',float(test_loss),'accuracy:',float(test_accuracy))
The synthetic fixture normally exceeds 0.850.85 held-out accuracy. Parameter bytes and optimizer count remain unchanged during evaluation.
Run the example
The assembled script is in the separate solutions and code appendix.
8080 optimizer updates; held-out accuracy above 0.850.85; evaluation snapshots unchanged. Exact scalar metrics are printed by your run.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Replay the complete update sequence
Predict before running: Should equal seed, batches, and update count reproduce the final model?
# Experiment — Replay the complete update sequence: Replay reconstructs optimizer state from the start.
replay,replay_optimizer=initialize()
# Execute `for _ in range(80):train_step(replay,replay_optimizer,train_x,train_y)`.
for _ in range(80):train_step(replay,replay_optimizer,train_x,train_y)
for a,b in zip(snapshot(model),snapshot(replay)):np.testing.assert_allclose(a,b,rtol=1e-6,atol=1e-6)
np.testing.assert_allclose(evaluate(replay,test_x,test_y),evaluate(model,test_x,test_y),rtol=1e-6)
Final parameters and held-out metrics agree within CPU tolerances.
Replay reconstructs optimizer state from the start. It is not a checkpoint-resume implementation.
Duplicating evaluation data
Predict before running: If the held-out rows are repeated twice, should mean loss or accuracy change?
# Experiment — Duplicating evaluation data: Means normalize the observation count.
doubled=evaluate(model,jnp.concatenate([test_x,test_x]),jnp.concatenate([test_y,test_y]))
np.testing.assert_allclose(doubled,evaluate(model,test_x,test_y),rtol=1e-5,atol=1e-6)
Both metrics stay the same.
Means normalize the observation count. Duplicating data does not create independent evaluation evidence.
Your exercise
Compute held-out metrics in three equal chunks and reconstruct the overall means. Then confirm no state changed.
Attempt this before consulting the separate solutions appendix.
Aggregate unequal batches
Transfer
Evaluate the held-out set in batches of seven and forty-one observations. Reconstruct both metrics from sums and counts. Use a separate constructed count example to demonstrate why averaging batch accuracies can be wrong.
Hint
Weight each batch mean by its number of observations.
Catch an evaluation function that trains
Intermediate
On an independent clone, deliberately call train_step with held-out data and show the isolation checks fail. Keep the real model untouched.
Hint
Compare both optimizer.step and model parameters around the bad call.
Checkpoint
The train step returns a loss before optimizer.update. Which parameters does it describe?
	The parameters entering that update
	The final parameters after all updates
	A separate held-out model

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If metrics look suspiciously good, trace which arrays reach train_step. If evaluation modifies the model, compare snapshots and optimizer counts. If replay fails, compare data seeds, iteration counts, optimizer initialization, and versions before guessing that compilation is nondeterministic.
Carry forward
	Choose a transparent train and held-out split
	Read the state transition in execution order
	Compute useful metrics without changing the model
	Make replay a controlled experiment

Your evidence
Keep pre/post parameter snapshots around evaluation, optimizer step count 80, independent held-out loss and accuracy, complete replay comparison, and a deliberately bad held-out update on an isolated clone.
Primary references
	NNX optimizer API
	NNX transforms

Train a CNN on a small dataset
Train a classifier with a fixed data split and report held-out metrics.
What you will be able to do
	Generate images with an explicit label rule
	Derive the convolution output shape
	Pool spatial responses and retain class scores
	Read a confusion matrix rather than a success label

The problem
Can a small model tell horizontal bars from vertical bars in noisy images? We’ll create the images locally and train a convolutional classifier on CPU. You’ll then test images from a different random seed and read a confusion matrix. The task is small enough to inspect without downloading a dataset.
The idea
A convolution combines a local input patch with weights reused across spatial positions. Layout, stride and padding decide which pixels contribute to each output. Trace one position first; the full feature map repeats that same rule.
Trace one convolution output
In a separate shape example, a three-by-three kernel sliding over a five-by-five image with stride one and no padding has three valid positions along each axis. It produces a three-by-three output per filter.
For one output location, multiply the selected patch by the kernel and sum over spatial and input-channel axes, then add the filter bias. Moving to another location changes the patch while reusing the filter. A new padding or stride convention changes the indexing contract.
The confusion matrix answers a later question about classification errors. Pick one off-diagonal cell, identify its true/predicted labels, and inspect an image from that cell. Correct synthetic-shape classification is separate from recognition of natural photographs.
Pixels behind one convolution output
Predict: What stays shared when the kernel moves?
[image: The purple square selects one three-by-three patch within a five-by-five input. Each selected cell contributes to one output under the declared convolution. Moving the patch reuses weights. This separate shape example has three valid positions per axis at stride one without padding; it does not display learned weights.]Architecture and dataflow mechanism diagram.The purple square selects one three-by-three patch within a five-by-five input. Each selected cell contributes to one output under the declared convolution. Moving the patch reuses weights. This separate shape example has three valid positions per axis at stride one without padding; it does not display learned weights.
Pause and reason
What stays shared when the kernel moves?
Compare your reasoningThe filter weights and bias. The input patch changes. This is different from learning unrelated weights at every spatial location.
Hout=⌊Hin+2P−KS⌋+1,Wout=⌊Win+2P−KS⌋+1H_{\text{out}} = \left\lfloor \frac{H_{\text{in}} + 2P - K}{S} \right\rfloor + 1, \qquad W_{\text{out}} = \left\lfloor \frac{W_{\text{in}} + 2P - K}{S} \right\rfloor + 1Generate images with an explicit label rule
Our images have height eight, width eight, and one channel. Class zero contains a horizontal bright bar; class one contains a vertical bright bar. The bar position varies among interior rows or columns, and independent Gaussian noise perturbs every pixel. Alternate labels so both splits are balanced. Generate training and held-out sets from different seeds; identical seeds would reproduce images and create leakage. Every observation follows a known rule, so inspect a few images and labels before training. This synthetic distribution contains no occlusion, perspective, or multiple objects and should never be described as realistic vision evaluation.
Derive the convolution output shape
NNX Conv accepts channels-last arrays: batch, height, width, channels. A 3×33\times3 filter with stride one and VALID padding slides only where the whole patch fits. An 8×88\times8 image therefore yields 6×66\times6 spatial outputs. Four output channels mean four independently learned filters; the kernel shape is (3,3,1,4)(3, 3, 1, 4), followed by four biases. Each output is a patch dot product plus a bias. Deep-learning convolution uses cross-correlation here: do not reverse the filter in the independent NumPy reference. We check one interior output explicitly before fitting, which catches axis or padding misunderstandings.
(B,8,8,1) → Conv3×3/VALID → (B,6,6,4) → ReLU → spatial mean → (B,4) → Linear → (B,2)
Pool spatial responses and retain class scores
ReLU replaces negative filter responses with zero. Averaging axes one and two summarizes how strongly each learned pattern appears anywhere in the remaining image. Pooling discards exact position, which suits orientation classification but would hurt a task asking for bar location. The classifier head emits two logits per image. softmax_cross_entropy_with_integer_labels consumes those scores and integer labels directly; do not apply softmax beforehand. A stable independent NumPy reference subtracts the largest score before computing log-sum-exp. The objective is averaged over observations, not over classes.
Read a confusion matrix rather than a success label
Use rows for true classes and columns for predicted classes. The diagonal counts correct classifications; off-diagonal cells identify orientation-specific mistakes. A balanced 24-image held-out set contains 1212 examples per class, so a model always predicting horizontal has accuracy 0.50.5. After training, print both held-out mean loss and accuracy, along with all four confusion counts. Check that the matrix sums to 2424 and that its trace divided by 2424 equals accuracy. This independent accounting prevents a reduction-axis error from looking like good performance. Keep the split and hyperparameters fixed; a new data distribution is a new experiment, not another chance to select the reported test result.
See the image task and its classification errors
Predict: Which axis of the confusion matrix is the actual label?
[image: See the image task and its classification errors. The upper panel is one held-out image, with pixel columns across and rows down. Its dark horizontal stripe is near row \(3\); the faint variation elsewhere is added noise. This color bar measures pixel value, so the picture is an input to the classifier. The lower panel summarizes all held-out predictions. Rows are actual classes and columns are predicted classes. The two diagonal cells contain \(12\) each; both off-diagonal cells contain zero. The lower color bar measures example count, which is a different quantity from pixel intensity.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The upper panel is one held-out image, with pixel columns across and rows down. Its dark horizontal stripe is near row 33; the faint variation elsewhere is added noise. This color bar measures pixel value, so the picture is an input to the classifier.
The lower panel summarizes all held-out predictions. Rows are actual classes and columns are predicted classes. The two diagonal cells contain 1212 each; both off-diagonal cells contain zero. The lower color bar measures example count, which is a different quantity from pixel intensity.
Connect it to the computation
The upper-left confusion cell counts horizontal images classified as horizontal; the lower-right counts vertical images classified as vertical. Off-diagonal counts would identify the two kinds of confusion. Here the 2424 held-out images are all classified correctly.
Use the sample image to understand the task and the confusion matrix to understand the observed errors. The single image is distinct from accuracy, and a zero in the matrix means no observed mistakes of that kind in this set, not that such a mistake is impossible. This is a small synthetic stripe task, not evidence of general image recognition.
1. Generate two disjoint synthetic splits
Create main.py. Print a training image as an 8×88\times8 array if you want to inspect the task before fitting.
# Step 1 — 1. Generate two disjoint synthetic splits: Two seeds produce separate examples.
from flax import nnx
import jax
import jax.numpy as jnp
import numpy as np
import optax
def bars(seed,n,noise=.08):
    # Draw pseudorandom samples for `rng` using the explicit RNG state.
    rng=np.random.default_rng(seed)
    # Allocate initialized array `images` with the specified shape and dtype.
    images=np.zeros((n,8,8,1),np.float32)
    labels=np.arange(n,dtype=np.int32)%2
    for i,label in enumerate(labels):
        # Draw pseudorandom samples for `position` using the explicit RNG state.
        position=int(rng.integers(2,6))
        if label==0:images[i,position,:,0]=1.
        else:images[i,:,position,0]=1.
    # Accumulate the next contribution into `images`.
    images+=rng.normal(0,noise,images.shape).astype(np.float32)
    return jnp.array(images),jnp.array(labels)
train_x,train_y=bars(20,48)
test_x,test_y=bars(21,24)
# Check tensor shape invariant: `train_x.shape==(48,8,8,1) and test_x.shape==(24,8,8,1)`
assert train_x.shape==(48,8,8,1) and test_x.shape==(24,8,8,1)
assert not np.array_equal(np.asarray(train_x[:24]),np.asarray(test_x))
Two seeds produce separate examples. Both labels are balanced by construction; noise can make orientation harder as its scale grows.
2. Build and independently inspect the convolution
Append the small CNN and the patch dot-product check before defining an optimizer.
# Step 2 — 2. Build and independently inspect the convolution: The first output at (0,0) consumes exactly the top-left 3\times3...
# Define `BarCNN` module / container with explicit state and forward pass:
class BarCNN(nnx.Module):
    def __init__(self):
        rngs=nnx.Rngs(0)
        # Combine or mask array elements to form `self.conv`.
        self.conv=nnx.Conv(1,4,(3,3),padding='VALID',rngs=rngs)
        self.head=nnx.Linear(4,2,rngs=rngs)
    def __call__(self,x):
        # Apply nonlinear activation or probability normalization to compute `features`.
        features=jnp.mean(nnx.relu(self.conv(x)),axis=(1,2))
        return self.head(features)
model=BarCNN()
raw=model.conv(train_x[:1])
# Check tensor shape invariant: `raw.shape==(1,6,6,4)`
assert raw.shape==(1,6,6,4)
# Convert `patch` to a host NumPy array for inspection or verification.
patch=np.asarray(train_x[0,:3,:3,:])
# Convert `kernel` to a host NumPy array for inspection or verification.
kernel=np.asarray(model.conv.kernel[...])
# Aggregate array values to compute `expected`.
expected=np.sum(patch*kernel[:,:,:,0])+np.asarray(model.conv.bias[...])[0]
np.testing.assert_allclose(raw[0,0,0,0],expected,rtol=1e-5,atol=1e-6)
def loss(m,x,y):return jnp.mean(optax.softmax_cross_entropy_with_integer_labels(m(x),y))
# Configure or step the Optax optimizer state (`optimizer`).
optimizer=nnx.Optimizer(model,optax.adam(.03),wrt=nnx.Param)
@nnx.jit
def train_step(m,o,x,y):
    # Evaluate both scalar loss and parameter gradients in one pass (`(value, grads)`).
    value,grads=nnx.value_and_grad(loss)(m,x,y)
    # Update state in place with the new values.
    o.update(m,grads)
    return value
The first output at (0,0)(0,0) consumes exactly the top-left 3×33\times3 patch. The NumPy result validates filter orientation and layout.
3. Fit, then measure the held-out split once
Append 8080 full-batch updates, stable NumPy loss, and confusion accounting. Every update uses only train_x/train_y.
# Step 3 — 3. Fit, then measure the held-out split once: The output is a measured CPU result for synthetic bars.
initial=float(loss(model,train_x,train_y))
# Execute `for _ in range(80):train_step(model,optimizer,train_x,train_y)`.
for _ in range(80):train_step(model,optimizer,train_x,train_y)
# Convert `scores` to a host NumPy array for inspection or verification.
# Convert `labels` to a host NumPy array for inspection or verification.
scores=np.asarray(model(test_x))
labels=np.asarray(test_y)
predictions=scores.argmax(axis=-1)
# Reduce along axis=-1 to compute `shifted`.
shifted=scores-scores.max(axis=-1,keepdims=True)
# Reduce along axis=-1 to compute `reference_loss`.
reference_loss=np.mean(np.log(np.exp(shifted).sum(axis=-1))-shifted[np.arange(len(labels)),labels])
np.testing.assert_allclose(loss(model,test_x,test_y),reference_loss,rtol=1e-5,atol=1e-6)
# Allocate initialized array `confusion` with the specified shape and dtype.
confusion=np.zeros((2,2),dtype=int)
np.add.at(confusion,(labels,predictions),1)
# Aggregate array values to compute `accuracy`.
accuracy=np.mean(predictions==labels)
assert confusion.sum()==24 and np.isclose(np.trace(confusion)/24,accuracy)
assert accuracy>=.9 and float(loss(model,train_x,train_y))<initial*.3
print('Held-out loss:',reference_loss,'accuracy:',accuracy,'confusion:\n',confusion)
The output is a measured CPU result for synthetic bars. No MNIST, TPU, or throughput claim is implied.
Run the example
The assembled script is in the separate solutions and code appendix.
Held-out accuracy is at least 0.90.9 for the fixed fixture; confusion counts total 2424. The runnable script prints the actual measured loss and counts.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Trace a second patch and a second filter
Predict before running: If the spatial location changes to (2,3)(2,3), which input patch produces that output?
# Experiment — Trace a second patch and a second filter: The same learned filter is reused at each valid location;...
patch=np.asarray(test_x[0,2:5,3:6,:])
# Convert `weights` to a host NumPy array for inspection or verification.
weights=np.asarray(model.conv.kernel[...])[:,:,:,2]
# Aggregate array values to compute `expected`.
expected=np.sum(patch*weights)+np.asarray(model.conv.bias[...])[2]
np.testing.assert_allclose(model.conv(test_x[:1])[0,2,3,2],expected,rtol=1e-5,atol=1e-6)
The output uses rows 22–44 and columns 33–55 of the input.
The same learned filter is reused at each valid location; changing the output coordinate changes the patch, not the filter.
Predict the chance classifier
Predict before running: On a balanced held-out split, what is the accuracy of always predicting class zero?
# Experiment — Predict the chance classifier: A majority or constant-label baseline is part of evaluation.
always_zero=np.zeros_like(labels)
# Aggregate array values to compute `baseline`.
baseline=np.mean(always_zero==labels)
assert baseline==.5
# Allocate initialized array `baseline_confusion` with the specified shape and dtype.
baseline_confusion=np.zeros((2,2),dtype=int)
np.add.at(baseline_confusion,(labels,always_zero),1)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(baseline_confusion,np.array([[12,0],[12,0]]))
Accuracy is 0.50.5 with confusion [[12,0][[12,0],[12,0]][12,0]].
A majority or constant-label baseline is part of evaluation. A good-looking class-specific count alone can hide a useless predictor.
Your exercise
Apply the trained model to one 10×1010\times10 image. Predict the intermediate activation shape and total parameter count before executing, then verify both assertions.
Attempt this before consulting the separate solutions appendix.
Read a confusion matrix as conditional rates
Transfer
Normalize each confusion-matrix row by its true-class count. Explain the diagonal and verify that weighting class recalls by class counts reproduces overall accuracy. Then remove a class in a constructed case and report its recall as undefined.
Hint
Keep the integer counts; a normalized row without a count hides how much evidence supports it.
Catch a channel-order mistake
Intermediate
Transpose NHWC images to NCHW and show why this convolution rejects them. Repair the layout and compare predictions.
Hint
The final axis is the input-channel dimension for NNX Conv.
Checkpoint
What does spatial mean pooling discard in this classifier?
	The exact location of local responses
	The number of output channels
	All orientation-sensitive features

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Before tuning, inspect sample labels and input layout. Validate a convolution patch numerically, inspect prediction counts, and compare the constant baseline. If all predictions choose one class, examine class balance, score ranges, and per-class errors. If held-out samples equal training samples, repair the split before reporting metrics.
Carry forward
	Generate images with an explicit label rule
	Derive the convolution output shape
	Pool spatial responses and retain class scores
	Read a confusion matrix rather than a success label

Your evidence
Keep the 8-by-8-to-6-by-6 shape diagram, NumPy patch dot product, seeds 20/21, independent held-out cross-entropy, 24-observation confusion matrix, constant-class baseline, and layout failure repair.
Primary references
	Flax NNX Conv API
	Optax classification losses

Debug unstable learning
Introduce a bad learning rate and diagnose it using loss and gradient evidence.
What you will be able to do
	Derive the gradient and curvature on paper
	Record pre-update and post-update quantities distinctly
	Use gradient clipping for a bounded symptom, not a diagnosis
	Change the feature scale and predict the new bound

The problem
The loss is growing. Should you immediately lower the learning rate? Let’s first gather evidence. We’ll use a one-weight model whose update we can derive, deliberately make it unstable, and inspect its losses, gradients and weights. You’ll learn how to connect a symptom to a cause.
The idea
Unstable learning is a symptom with several possible causes. Connect the first unexpected value to inputs, forward computation, loss, gradients, optimizer state or the applied update. That ordering turns a vague failure into a testable diagnosis.
Locate the first broken boundary
Start with a reproducible failing batch. Check inputs and forward loss before differentiating. If the loss is finite but gradients are not, inspect derivative-sensitive operations. If gradients are finite but the next loss explodes, inspect update size and parameter change.
Change one factor at a time and keep the original failing case. Clipping can limit damage without repairing the cause, so test whether the intervention predicts behavior on a changed input or learning rate.
The loss curve shows when behavior diverges. To explain why, add the relevant evidence: gradient norm, parameter norm, update norm and the first nonfinite intermediate. Keep those quantities distinct; a large parameter norm does not automatically imply a large gradient.
Pause and reason
Why is “the loss is NaN” not yet a diagnosis?
Compare your reasoningIt names the final symptom. Find the earliest nonfinite value and its producing operation, then test a specific repair against the same failing case.
Derive the gradient and curvature on paper
The training pairs are x=[1,2,3]x=[1, 2, 3] and y=2xy=2x. The head predicts wxwx, so the mean squared loss is mean⁡(x2)(w−2)2=143(w−2)2\operatorname{mean}(x^2)(w-2)^2=\frac{14}{3}(w-2)^2. The gradient is 283(w−2)\frac{28}{3}(w-2), and the constant curvature is 28/328/3. Gradient descent transforms the weight error e=w−2e=w-2 into (1−η 28/3)e(1-\eta\,28/3)e. Stability requires the magnitude of that multiplier to be less than one, hence 0<η<3140<\eta<\frac{3}{14} for this specific objective. This calculation lets us predict failure before observing a plot.
L(w)=143(w−2)2enext=(1−η283)e0<η<314≈0.214286\begin{aligned}L(w)&=\frac{14}{3}(w-2)^2\\e_{\mathrm{next}}&=\left(1-\eta\frac{28}{3}\right)e\\0&<\eta<\frac{3}{14}\approx0.214286\end{aligned}Record pre-update and post-update quantities distinctly
At each iteration, record the current weight, loss, and absolute gradient, then compute the new weight. The history therefore describes the parameter entering each update. At rate 0.10.1 the error multiplier is about 0.0666670.066667; the weight converges quickly. At rate 0.30.3 the multiplier is −1.8-1.8; errors alternate sign and grow in magnitude, with loss increasing by a factor 3.243.24 per update until precision limits intervene. We run only six unstable steps to preserve a readable finite trace. A finite-number check catches overflow, but finite values can still represent a badly diverging run.
Use gradient clipping for a bounded symptom, not a diagnosis
Clipping a scalar gradient to magnitude one limits each rate-0.3 update to at most 0.30.3. That prevents the explosive trajectory in this small example, but it is separate from a generally correct learning rate, good final accuracy, or a solved numerical problem. Inspect the original norm as well as the clipped update. A repeatedly clipped run may indicate badly scaled features or excessive rate. Diagnose the data and objective before adopting clipping as a permanent fix. For cross-entropy models, large steps can produce confidently wrong finite predictions; monitoring only NaNs would miss them.
Change the feature scale and predict the new bound
Multiply every xx and yy by ten while keeping the true weight two. The loss and curvature multiply by 100100, and the stable learning-rate ceiling divides by 100100. A rate of 0.10.1 that was stable on the original data is now unstable. This demonstrates why a copied learning rate can fail after preprocessing changes. Standardization, objective normalization, adaptive optimizers, and clipping affect update behavior in different ways. Preserve an independent analytic check when possible, then instrument real networks with finite checks, gradient norms, prediction ranges, class balance, and evaluation isolation. Do not apply the quadratic bound to an unrelated model.
Correct gradients can still produce unstable training
Predict: Which learning rate crosses the stability limit?
[image: Correct gradients can still produce unstable training. The horizontal axis is the pre-update step: step \(0\) shows the initial loss before training. The vertical axis is mean squared loss on a logarithmic scale. Both runs start at approximately \(18.67\), but the solid rate-\(0.1\) curve falls while the dashed rate-\(0.3\) curve rises. After the first update, the smaller rate gives loss about \(0.083\), whereas the larger rate gives about \(60.48\). By the last plotted step, the losses differ by many orders of magnitude. Equal vertical distances represent equal ratios, not equal absolute changes.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is the pre-update step: step 00 shows the initial loss before training. The vertical axis is mean squared loss on a logarithmic scale. Both runs start at approximately 18.6718.67, but the solid rate-0.10.1 curve falls while the dashed rate-0.30.3 curve rises.
After the first update, the smaller rate gives loss about 0.0830.083, whereas the larger rate gives about 60.4860.48. By the last plotted step, the losses differ by many orders of magnitude. Equal vertical distances represent equal ratios, not equal absolute changes.
Connect it to the computation
The loss here has curvature 28/328/3. A step multiplies the weight error by 1−η(28/3)1-\eta(28/3). At rate 0.10.1, this factor is 1/151/15; at rate 0.30.3, it is −1.8-1.8. The larger rate crosses the optimum and increases the error’s magnitude, so squared loss grows by a factor of 3.243.24 per update.
The derivative can be correct while the update is unstable. That is the diagnosis this comparison isolates: change the step size before assuming a rising loss proves broken autodiff. The loss curve itself hides the sign alternation; the update equation explains it.
1. Define the controlled objective
Create main.py. Calculate mean⁡(x2)\operatorname{mean}(x^2) and the gradient at w=0w=0 before running this block.
# Step 1 — 1. Define the controlled objective: The initial loss is 56/3 and the initial gradient is -56/3.
import jax
import jax.numpy as jnp
import numpy as np
x=jnp.array([1.,2.,3.])
y=2*x
def loss(w,features=x,targets=y):return jnp.mean((w*features-targets)**2)
def analytic_gradient(w):return (28/3)*(w-2)
np.testing.assert_allclose(loss(0.),56/3,rtol=1e-6)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(loss)(0.),-56/3,rtol=1e-6)
The initial loss is 56/356/3 and the initial gradient is −56/3-56/3. These values independently anchor the autodiff trace.
2. Instrument the update loop
Append the runner. Each history row stores pre-update weight, loss, and gradient magnitude; no optimizer library hides the update.
# Step 2 — 2. Instrument the update loop: The rate changes while initial state, data, and objective stay fixed.
# Define `run(rate, steps, features, targets...)` to evaluate the objective and its automatic derivatives:
def run(rate,steps,features=x,targets=y,clip=None):
    w=jnp.array(0.)
    history=[]
    objective=lambda value:loss(value,features,targets)
    for _ in range(steps):
        # Differentiate the objective to obtain `(value, grad)` via automatic differentiation.
        value,grad=jax.value_and_grad(objective)(w)
        history.append([float(w),float(value),float(jnp.abs(grad))])
        # Confirm that all computed values remain finite (no NaN or Inf).
        assert np.all(np.isfinite(history[-1]))
        # Combine or mask array elements to form `update`.
        update=jnp.clip(grad,-clip,clip) if clip is not None else grad
        w=w-rate*update
    return float(w),np.asarray(history)
stable,good=run(.1,6)
unstable,bad=run(.3,6)
assert abs(stable-2)<1e-5 and bad[-1,1]>bad[0,1]*100
The rate changes while initial state, data, and objective stay fixed. This isolates the intervention.
3. Match the recorded failure to the exact recurrence
Append analytic comparisons for every recorded iteration, then print the finite divergence trace.
# Step 3 — 3. Match the recorded failure to the exact recurrence: An alternating parameter error and a 3.24 loss multiplier support...
for rate,history in [(.1,good),(.3,bad)]:
    expected_w=2-2*(1-rate*28/3)**np.arange(len(history))
    expected_loss=(14/3)*(expected_w-2)**2
    np.testing.assert_allclose(history[:,0],expected_w,rtol=2e-5,atol=1e-5)
    np.testing.assert_allclose(history[:,1],expected_loss,rtol=2e-5,atol=1e-8)
np.testing.assert_allclose(bad[1:,1]/bad[:-1,1],3.24,rtol=1e-5)
print('Stable final weight:',stable,'unstable pre-update [weight,loss,|gradient|]:\n',bad)
An alternating parameter error and a 3.243.24 loss multiplier support the learning-rate diagnosis. Near zero, float32 cancellation makes relative loss error misleading, so the analytic comparison uses a 10−810^{-8} absolute floor. No timing or accelerator result is claimed.
Run the example
The assembled script is in the separate solutions and code appendix.
Rate 0.10.1 approaches weight 22. Rate 0.30.3 produces alternating growing errors; consecutive unstable losses have ratio 3.243.24 before overflow.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Bounded clipped updates
Predict before running: At rate 0.30.3 with clipping threshold one, how far can one scalar update move?
# Experiment — Bounded clipped updates: Clipping changes the effective update.
clipped,clipped_history=run(.3,6,clip=1.)
assert np.all(np.abs(np.diff(clipped_history[:,0]))<=.300001)
assert clipped_history[-1,1]<clipped_history[0,1]
assert clipped_history[0,2]>1.
Each recorded displacement is at most 0.30.3 while the original gradient norm initially exceeds one.
Clipping changes the effective update. Its boundedness is a useful invariant, not proof of optimal training.
Feature scaling changes curvature
Predict before running: Scale both features and targets by ten. Does the original stable rate remain stable?
# Experiment — Feature scaling changes curvature: The gradient multiplies by 100 because both prediction and...
scaled_final,scaled=run(.1,3,x*10,y*10)
assert scaled[-1,1]>scaled[0,1]
adjusted_final,adjusted=run(.001,6,x*10,y*10)
np.testing.assert_allclose(adjusted[:,0],good[:,0],rtol=1e-5,atol=1e-5)
np.testing.assert_allclose(adjusted[:,1],good[:,1]*100,rtol=1e-4,atol=1e-8)
Rate 0.10.1 diverges after scaling. Dividing the rate by 100100 restores the original weight trajectory.
The gradient multiplies by 100100 because both prediction and target are scaled; adjusting rate compensates for this fixture.
Your exercise
Use features [1,1,1][1, 1, 1] and targets 22. Predict the new stability ceiling. Compare stable rate 0.50.5 and unstable rate 1.11.1.
Attempt this before consulting the separate solutions appendix.
Rescale the objective and compensate the update
Transfer
Multiply the squared-loss objective by five. Compare one plain gradient-descent update at the old rate and at one fifth of that rate. Explain why this compensation does not automatically describe Adam or clipping.
Hint
Differentiate the scaled objective; plain gradient descent multiplies its gradient by the learning rate.
Diagnose a nonfinite input before an update
Intermediate
Insert one NaN feature. Show that loss/gradient finite checks fail, then repair the source data and recheck the independent initial gradient.
Hint
Changing the learning rate cannot make a NaN observation valid.
Checkpoint
Why does scaling both xx and yy by ten require a different stable step-size range?
	The squared-loss curvature grows by 100100
	Autodiff stops working on scaled inputs
	The number of observations changes

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Start with finite input and loss checks, then inspect shape contracts and independent objective values. Record gradient norm, parameter norm, learning rate, and step index. Alternating growing errors can support a curvature diagnosis; NaNs from corrupted inputs require data repair. Preserve separate train and held-out metrics before declaring the fix successful.
Carry forward
	Derive the gradient and curvature on paper
	Record pre-update and post-update quantities distinctly
	Use gradient clipping for a bounded symptom, not a diagnosis
	Change the feature scale and predict the new bound

Your evidence
Keep the analytic error recurrence, per-step weight/loss/gradient norm for rates 0.1 and 0.3, observed 3.24 loss multiplier, changed-scale comparison, clipping bound, and one repaired nonfinite-input case.
Primary references
	JAX numerical accuracy
	Optax clipping transformations

Phase 06: Data & checkpoint recovery
Can an interrupted run make exactly the same next update?
Recovery is a contract between data order, model state and publication. Tracking explains which run produced an artifact; a checkpoint supplies the values needed to continue it. Neither replaces the other.
Prepare and work through the phase
	Preserve record identity and position
Inspect record IDs through shuffling and batching. State the final-batch policy and save iterator state only at the intended consumption boundary.

	Prove a committed continuation
Save complete state, restore in a fresh process and compare future IDs and updates across an epoch boundary. Reject an incomplete or incompatible checkpoint before publishing it.

	Connect continuation to lineage
Retrieve an MLflow run and its artifact, compare data/source identities and metric-step conventions, and distinguish a registry selection from active deployment.


Readiness check
The weights restore exactly, but the next loss differs. Which state should you inspect before blaming numerical nondeterminism?
Answer: Compare optimizer moments and count, random keys, data permutation/cursor, preprocessing and configuration. The same weights with a different next batch are a different transition.
Transfer question
The checkpoint is valid, but the dataset was reordered without changing its filename. Is the saved cursor sufficient?
Approach: No. The cursor is meaningful relative to a dataset identity and ordering configuration. Verify content/version identity first; reject mismatches rather than silently resuming on different records.
Common pitfall
The advertised checkpoint step is newer than the restored state. Inspect completion and publication order. An asynchronous save request is not proof that the artifact is durable or restorable.
Phase artifact
Use sharded-training recovery stages and the MLflow extension. Keep uninterrupted and restarted trajectories, a corrupt/incompatible rejection, and a retrieved artifact tied to its run.
Network storage failures, concurrent checkpoint writers and true multi-host recovery still need separate failure-injection qualification.
Phase project: Resume optimizer and PRNG state across an interrupted training update. Compare resumed and uninterrupted runs under a stated determinism tolerance. Start with project stages 1, 2, 3, 4.
	recovery-audit · online workspace · project guide
	engineering-release · online workspace · project guide
	sharded-training · online workspace · project guide
	reproducible-experiments · online workspace · project guide

Design an input pipeline
Build and audit a deterministic batched host pipeline.
What you will be able to do
	Build and audit a deterministic batched host pipeline.
	Distinguish membership, order, alignment and final-batch policies.
	Use masks to preserve statistics after padding.
	State what a preparation timing does and does not measure.

The problem
Your dataset has eleven examples, but your model takes batches of four. What happens to the last three? We’ll build a small input pipeline and follow example IDs through shuffling and batching. That lets us catch missing examples or mismatched labels before a model’s loss hides the problem.
The idea
An input pipeline decides which examples reach the model and in what order. Preserve example identities so duplication, omission and split leakage remain detectable. Shapes alone cannot tell us whether the intended data was used.
Preserve identity through shuffling and batching
Imagine IDs A, B, C, D shuffled into C, A, D, B. Membership stays the same while order changes. A batch size of three leaves one example after the first batch. Dropping it, padding it or emitting a smaller batch are different policies.
Padding requires a validity mask so an artificial slot does not become another observation. Dropping requires acknowledging the lost coverage. Fixed shape should not silently choose the statistical meaning of an epoch.
Read the existing sample-ID plot as an ordering check. The height of an ID is not a physical measurement. Compare membership and multiplicities, then inspect exact order where continuation requires it.
Pause and reason
Does the right epoch length prove every example occurred once?
Compare your reasoningNo. A duplicate and an omission preserve the count. Check identities and multiplicities against the intended membership.
Ct=(Θt,  Mt,  kt,  t),restore(Ct)  ⟹  Θt+kresumed=Θt+kuninterrupted\mathcal{C}_t = (\Theta_t,\; M_t,\; k_t,\; t), \qquad \text{restore}(\mathcal{C}_t) \implies \Theta_{t+k}^{\text{resumed}} = \Theta_{t+k}^{\text{uninterrupted}}Preserve identity across every transformation
The dataset has IDs 00 through 1010. Each ID maps to x=id/10x=\mathrm{id}/10 and y=2x−1y=2x-1, giving a direct alignment reference. Shuffle indices, then use the same indices for IDs, features and labels. Shuffling feature and target arrays separately creates plausible shapes with the wrong learning problem.
An ID can identify an original record even when a transform changes its values. For a real dataset, choose stable identifiers and retain the data revision. Our digest includes shape, dtype and bytes of features and labels. It detects changes to this exact tiny dataset; it is not a substitute for a versioned data source contract.
record identity → shared index → {id,x,y}
shuffle index, not independent x and y arrays
Make epoch ordering a pure decision
epoch_order takes seed and epoch as inputs. SeedSequence([seed,epoch]) supplies a deterministic generator state for that epoch. Reconstructing epoch 00 with the same versions gives the same permutation; epoch 11 is a separate decision. We do not hardcode a specific permutation as a cross-version promise.
A seed alone cannot express how much of an epoch has been consumed. To resume mid-epoch, you also need position or a stateful iterator snapshot. Changing batch size changes how a position measured in batches maps to records. The final recovery lesson saves the actual Grain iterator state and checks the next IDs rather than guessing from step count.
Choose a deliberate policy for the last batch
Eleven observations grouped by four produce lengths 44,44,33. Keeping the final partial batch preserves all examples but changes its shape, which can matter for compilation caching. drop_last instead produces 44,44 and omits three examples. Neither policy is automatically correct: choose based on training/evaluation needs and report what was excluded.
Another option pads the last batch to a fixed shape and carries a mask. A mean must then divide by the number of real observations, not padded length. The practice checks this with known labels. Do not introduce artificial repeated examples without accounting for their statistical weight.
11 records → [4] [4] [3]
drop remainder → [4] [4] + 3 omitted
pad/mask → [4] [4] [3 real + 1 masked]
Measure what the stopwatch surrounds
The local perf_counter interval covers shuffling, host indexing and materializing three NumPy batches. It does not include compilation, device execution, storage I/O, decoding or asynchronous transfer. This microsecond-scale toy observation may be dominated by overhead and is not a throughput benchmark.
For a useful pipeline benchmark, first define a representative dataset and transforms. Warm up caches deliberately, measure multiple windows, and report examples per second together with batch shapes, worker settings and storage conditions. Here the useful result is the audited membership and order, not a claim that this sampler is fast.
Shuffling changes order, not dataset membership
Predict: Where does the short final batch begin?
[image: Shuffling changes order, not dataset membership. The horizontal axis is position within a shuffled epoch. The vertical axis is the example ID encountered at that position. The line begins with IDs \(9,10,4,1\); its zigzags show a changed ordering, not increases and decreases in loss or example quality. The dotted separators fall between positions \(3\) and \(4\), and between \(7\) and \(8\). They divide the sequence into batches of sizes \(4\), \(4\), and \(3\). The final, shorter batch contains IDs \(2,5,3\).]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is position within a shuffled epoch. The vertical axis is the example ID encountered at that position. The line begins with IDs 9,10,4,19,10,4,1; its zigzags show a changed ordering, not increases and decreases in loss or example quality.
The dotted separators fall between positions 33 and 44, and between 77 and 88. They divide the sequence into batches of sizes 44, 44, and 33. The final, shorter batch contains IDs 2,5,32,5,3.
Connect it to the computation
All IDs from 00 through 1010 appear once, so shuffling preserves membership while changing order. The final batch is shorter because 1111 examples do not divide evenly into groups of 44. Dropping that batch would omit three examples from this epoch.
The connected segments are a visual aid for following the sequence; an ID halfway between two plotted IDs is not a generated example. For recovery, record the ordering rule and the iterator’s position, so the resumed run consumes the same remaining examples.
Prepare the data and state
Create main.py in your course workspace. Use the tested course environment and add this block first.
# Step 1 — Prepare the data and state: This setup makes the dataset and software assumptions explicit.
import numpy as np
import hashlib
import time
ids = np.arange(11,dtype=np.int64)
features = (ids/10).astype(np.float32)
labels = (2*features-1).astype(np.float32)
def dataset_digest(x,y):
    # Compute deterministic cryptographic digest `digest` for provenance verification.
    digest = hashlib.sha256()
    for array in (x,y):
        # Update state in place with the new values.
        digest.update(str(array.dtype).encode())
        # Update state in place with the new values.
        digest.update(str(array.shape).encode())
        # Update state in place with the new values.
        digest.update(array.tobytes())
    return digest.hexdigest()
fingerprint = dataset_digest(features,labels)
def epoch_order(seed,epoch):
    return np.random.default_rng(np.random.SeedSequence([seed,epoch])).permutation(len(ids))
This setup makes the dataset and software assumptions explicit. No external dataset or accelerator is required.
Build the pipeline or state transition
Append this block to the same file; follow the named state objects through each function.
# Step 2 — Build the pipeline or state transition: The function boundaries expose which inputs determine the next...
def make_batches(seed,epoch,batch_size=4,drop_last=False):
    # Guard input contract (`batch_size <= 0`) and fail fast if violated.
    if batch_size <= 0:
        raise ValueError("batch_size must be positive")
    order = epoch_order(seed,epoch)
    for start in range(0,len(order),batch_size):
        chosen = order[start:start+batch_size]
        if drop_last and len(chosen) < batch_size:
            break
        # Execute `yield {"id":ids[chosen],"x":features[chosen],"y":labels[chosen]}`.
        yield {"id":ids[chosen],"x":features[chosen],"y":labels[chosen]}
start_time = time.perf_counter()
batches = list(make_batches(seed=17,epoch=0))
elapsed = time.perf_counter()-start_time
# Combine or mask array elements to form `seen`.
seen = np.concatenate([b["id"] for b in batches])
The function boundaries expose which inputs determine the next output and which state must be preserved.
Run the comparison
Append the checks, save main.py and run python main.py. Predict what should agree before running.
# Step 3 — Run the comparison: The comparison checks the next behavior, not merely whether a save...
assert [len(b["id"]) for b in batches] == [4,4,3]
# Execute `np.testing.assert_array_equal(np.sort(seen),ids)`
np.testing.assert_array_equal(np.sort(seen),ids)
assert len(np.unique(seen)) == len(ids)
for batch in batches:
    np.testing.assert_allclose(batch["y"],2*batch["x"]-1,atol=1e-7)
# Combine or mask array elements to form `repeated`.
repeated = np.concatenate([b["id"] for b in make_batches(17,0)])
# Execute `np.testing.assert_array_equal(seen,repeated)`
np.testing.assert_array_equal(seen,repeated)
print("Batch sizes:",[len(b["id"]) for b in batches])
print("Example order:",seen.tolist())
print("Preparation seconds (local observation only):",elapsed)
print("Dataset SHA256:",fingerprint)
The comparison checks the next behavior, not merely whether a save call succeeded.
Run the example
The assembled script is in the separate solutions and code appendix.
Batch sizes [4,4,3][4,4,3]; eleven distinct IDs exactly once, aligned labels and repeated order. Preparation time and digest are local observed values.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare epochs without a hard-coded order
Predict before running: What should remain the same when changing epoch from zero to one?
# Experiment — Compare epochs without a hard-coded order: Coverage is an invariant; ordering is a deterministic...
epoch_one = np.concatenate([b["id"] for b in make_batches(17,1)])
# Execute `np.testing.assert_array_equal(np.sort(epoch_one),ids)`
np.testing.assert_array_equal(np.sort(epoch_one),ids)
assert not np.array_equal(epoch_one,seen)
print("Epoch one order:",epoch_one.tolist())
Same eleven IDs exactly once, different ordering for this tested seed/dataset.
Coverage is an invariant; ordering is a deterministic epoch-specific output. A changed order alone does not imply data loss.
Expose dropped records
Predict before running: Predict the count when drop_last=True with batch size four.
# Experiment — Expose dropped records: Logging just the number of batches hides exclusions.
dropped = list(make_batches(17,0,drop_last=True))
# Combine or mask array elements to form `dropped_ids`.
dropped_ids = np.concatenate([b["id"] for b in dropped])
assert len(dropped_ids)==8
omitted = np.setdiff1d(ids,dropped_ids)
assert len(omitted)==3
print("Omitted IDs:",omitted.tolist())
Eight retained IDs and three explicitly identified omissions.
Logging just the number of batches hides exclusions. An ID audit exposes which observations were not processed.
Your exercise
Pad the final three-label batch to four elements with zero. Show that an unmasked mean differs, then derive the correct masked mean.
Attempt this before consulting the separate solutions appendix.
Fingerprint meaning, not just a row count
Transfer
Reorder features and labels together, then change one label without changing any shape. Verify that both changes alter the dataset fingerprint while copying unchanged arrays preserves it. Explain why a new iterator order differs from a changed source dataset.
Hint
The fingerprint includes dtype, shape and array bytes.
Catch a feature/label shuffle mismatch
Challenge
Reverse the target order inside a batch but keep features unchanged. Reject this batch with an independent alignment check, then repair shared indexing.
Hint
The known relation y=2x−1y=2x-1 provides a stronger oracle than a falling training loss.
Checkpoint
What information is missing from a model-only checkpoint for mid-epoch recovery?
	The order/cursor and dataset/configuration identity.
	The number of input columns is always enough.
	Nothing: parameters reveal consumed example IDs.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Wrong alignment can preserve shapes and numeric ranges. Keep common record IDs through transformations, and record dataset identity so restoring an old cursor does not silently select new content.
Carry forward
	Preserve identity across every transformation
	Make epoch ordering a pure decision
	Choose a deliberate policy for the last batch
	Measure what the stopwatch surrounds

Your evidence
Keep the exact epoch/example ID order, uneven final-batch sizes, hand-derived masked versus unmasked label mean, changed seed order and duplicate/drop audit.
Primary references
	NumPy Generator permutation
	Grain DataLoader guide

Load, batch, and checkpoint order with Grain
Build a Grain source/sampler/batch pipeline and verify its record order.
What you will be able to do
	Build a Grain source/sampler/batch pipeline and verify its record order.
	Restore the next-read boundary rather than restarting from a seed.
	Check each epoch coverage independently.
	Distinguish tested serial iteration from unmeasured worker/prefetch performance.

The problem
Now that you can check example order yourself, let’s use Grain to manage the input pipeline. We’ll shuffle two small epochs, batch the records, save the iterator position, and replay the next batch. Using zero worker processes keeps the sequence easy to inspect; this exercise does not measure prefetch speed.
The idea
A resumable iterator preserves a position in a particular data sequence. Restoring it should reproduce the next batch under the same dataset and configuration. Prefetching makes it especially important to separate requested data from consumed data.
Restore the next batch by identity
Suppose batches are A/B, C/D and E/F. After training completes the C/D update, the next restored batch should be E/F. Returning another two-element array passes a shape check but may repeat or skip data.
Capture the iterator state at the model's completed-update boundary. Do not substitute a guessed offset unless the pipeline contract makes it sufficient. Shuffling, filtering and prefetching can make requested batch counts differ from completed training work.
Compare exact IDs and values before and after restore. Then change the dataset identity deliberately and require the restore process to detect the incompatible sequence. The same numeric cursor can point to different examples in another dataset.
Pause and reason
Why can a correct cursor still produce an incorrect resume?
Compare your reasoningPosition only has meaning relative to its data sequence and configuration. Recovery needs those identities as well as the cursor.
vt+1=μvt+gt,θt+1=θt−ηvt+1v_{t+1} = \mu v_t + g_t, \qquad \theta_{t+1} = \theta_t - \eta v_{t+1}Map a record key to a testable source
TutorialSource implements len and indexing. A request for key i returns the same id=i\mathrm{id}=i, x=i/10x=i/10 and y=2x−1y=2x-1. Its repr includes a version and count because the iterator state records its source configuration. No file I/O, decoder or download is hidden in this example.
In a real corpus, a source key must remain associated with the same record revision. A human-readable repr is only a basic compatibility check; preserve a dataset revision or digest separately. Changing the underlying values without changing the source identity can defeat a cursor restore even if record counts match.
Follow the sampler-to-batch boundary
IndexSampler chooses record keys over two epochs from a fixed seed. DataLoader reads them and applies Batch(4). The ID vector is the evidence of actual record order after these operations; feature shapes alone would not tell you whether the order changed.
We have twelve records, so one epoch contains exactly three full batches. operations order matters: per-example transforms normally precede batching, while a batch transform receives grouped values. Keep an independent relation check on labels to verify that transforms did not break alignment.
IndexSampler → record keys → TutorialSource[key]
             → Batch(4) → iterator → {id[4],x[4],y[4]}
Snapshot the iterator after consumption
After next(iterator) returns the first batch, get_state captures the next-read boundary. We read the second batch as our expected future. A fresh iterator receives set_state(snapshot), then next returns that same second batch. Saving before the first batch would repeat it; saving after the second would skip it on a restore intended for the first boundary.
The snapshot is opaque bytes. Let Grain interpret it rather than editing its internal fields. The two iterators must use compatible sampler, source and worker configuration. The practical check compares all three fields, not only IDs, so deterministic order cannot hide changed content.
Worker and buffer settings are workload choices
worker_count=0 runs in the current process and is convenient for debugging or notebook execution. With workers enabled, decoding/transformation can run in child processes and buffer outputs; top-level source and transform classes must be serializable, and a main guard is important in standalone multiprocessing scripts. The code here deliberately does not start workers.
Prefetching can overlap preparation and consumption, but its benefit depends on storage, transform cost, device demand and memory use. Changing workers or buffers is a new configuration to validate and measure. Do not infer that this small in-memory source needs prefetching, or claim a pipeline speedup without a representative synchronized workload.
Restoring the iterator repeats the next batch
Predict: Does the restored sequence start at the first batch again?
[image: Restoring the iterator repeats the next batch. Each group is a slot within a batch, and bar height gives the example ID in that slot. Compare the “next batch” and “restored next” bars beside one another: their heights match at every slot. They are adjacent bars, not overlapping curves. The first batch contains \((8,6,7,9)\). The uninterrupted next batch contains \((0,5,1,2)\), and the restored iterator produces that same sequence. The zero-height bars in the first slot represent example ID \(0\); they are not missing data.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Each group is a slot within a batch, and bar height gives the example ID in that slot. Compare the “next batch” and “restored next” bars beside one another: their heights match at every slot. They are adjacent bars, not overlapping curves.
The first batch contains (8,6,7,9)(8,6,7,9). The uninterrupted next batch contains (0,5,1,2)(0,5,1,2), and the restored iterator produces that same sequence. The zero-height bars in the first slot represent example ID 00; they are not missing data.
Connect it to the computation
The checkpoint captures the iterator after the first batch. Restoring it therefore resumes at the next batch, rather than replaying the first one. Equal IDs in the same slots establish that both membership and ordering agree at this boundary.
IDs are labels, so a taller bar does not indicate a larger input value or a better batch. This comparison verifies the next batch only. To establish a complete training restart, also restore the matching model, optimizer, random state, and dataset configuration, then compare the next update.
Prepare the data and state
Create main.py in your course workspace. Use the tested course environment and add this block first.
# Step 1 — Prepare the data and state: This setup makes the dataset and software assumptions explicit.
import numpy as np
import grain.python as grain
# Define `TutorialSource` module / container with explicit state and forward pass:
class TutorialSource:
    def __init__(self,count=12):
        self.count = count
    def __len__(self):
        return self.count
    def __getitem__(self,index):
        value = np.float32(index/10)
        return {"id":np.int64(index),"x":value,"y":np.float32(2*value-1)}
    def __repr__(self):
        return f"TutorialSource(v1,n={self.count})"
def make_loader(seed=42,batch_size=4,count=12,drop_remainder=False):
    return grain.DataLoader(
        data_source=TutorialSource(count),
        sampler=grain.IndexSampler(num_records=count,num_epochs=2,shuffle=True,seed=seed),
        operations=[grain.Batch(batch_size,drop_remainder=drop_remainder)],
        worker_count=0)
This setup makes the dataset and software assumptions explicit. No external dataset or accelerator is required.
Build the pipeline or state transition
Append this block to the same file; follow the named state objects through each function.
# Step 2 — Build the pipeline or state transition: The function boundaries expose which inputs determine the next...
loader = make_loader()
iterator = iter(loader)
first_batch = next(iterator)
snapshot = iterator.get_state()
second_batch = next(iterator)
restored_iterator = iter(make_loader())
restored_iterator.set_state(snapshot)
replayed_batch = next(restored_iterator)
The function boundaries expose which inputs determine the next output and which state must be preserved.
Run the comparison
Append the checks, save main.py and run python main.py. Predict what should agree before running.
# Step 3 — Run the comparison: The comparison checks the next behavior, not merely whether a save...
np.testing.assert_array_equal(second_batch["id"],replayed_batch["id"])
for key in ("x","y"):
    # Execute `np.testing.assert_array_equal(second_batch[key],replayed_bat`
    np.testing.assert_array_equal(second_batch[key],replayed_batch[key])
for batch in (first_batch,second_batch):
    np.testing.assert_allclose(batch["y"],2*batch["x"]-1,atol=1e-7)
one_epoch = list(make_loader())[:3]
# Create evenly spaced index values in ``.
np.testing.assert_array_equal(np.sort(np.concatenate([b["id"] for b in one_epoch])),np.arange(12))
print("First IDs:",first_batch["id"].tolist())
print("Next IDs:",second_batch["id"].tolist())
print("Iterator state bytes:",len(snapshot))
print("Restored next batch matches")
The comparison checks the next behavior, not merely whether a save call succeeded.
Run the example
The assembled script is in the separate solutions and code appendix.
The restored next IDs, features and labels match. One epoch contains twelve unique IDs. Exact shuffled order is determined by tested Grain version/configuration.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
A fresh iterator restarts
Predict before running: If you use the same seed but do not restore state, which batch arrives next?
# Experiment — A fresh iterator restarts: The seed fixes ordering.
fresh_first = next(iter(make_loader()))
# Execute `np.testing.assert_array_equal(fresh_first["id"],first_batch[`
np.testing.assert_array_equal(fresh_first["id"],first_batch["id"])
assert not np.array_equal(fresh_first["id"],second_batch["id"])
print("Same seed restarts; it does not resume")
The first batch repeats, rather than replaying the saved next batch.
The seed fixes ordering. Position is separate state.
Audit both epochs
Predict before running: Predict total record count and uniqueness per epoch.
# Experiment — Audit both epochs: Across epochs, repeated IDs are intentional.
two_epochs = list(make_loader())
assert len(two_epochs)==6
for start in (0,3):
    # Combine or mask array elements to form `values`.
    values = np.concatenate([b["id"] for b in two_epochs[start:start+3]])
    # Create evenly spaced index values in ``.
    np.testing.assert_array_equal(np.sort(values),np.arange(12))
print("Each epoch covers all twelve IDs")
Six batches; each set of three covers twelve records exactly once.
Across epochs, repeated IDs are intentional. Check coverage at the correct epoch boundary instead of treating every repeat as a bug.
Your exercise
Consume two batches, snapshot, and replay the third batch with a new compatible iterator.
Attempt this before consulting the separate solutions appendix.
Replay through an epoch boundary
Transfer
Save the iterator after the third batch and compare the next two batches with a fresh restored iterator. Check IDs and values. Explain why reproducing only the last batch of one epoch is not sufficient.
Hint
The loader has two epochs; the fourth and fifth batches belong to the next epoch.
Reject a changed sampler
Challenge
Try restoring the original snapshot into a loader with a different seed. Capture the compatibility error, then rebuild the matching loader.
Hint
Read the restore diagnostic; changing the seed changes sampler identity.
Checkpoint
What makes a fresh loader resume at the saved next batch?
	Only using the original seed.
	Restoring compatible iterator state after rebuilding its source/sampler configuration.
	Calling next once regardless of checkpoint position.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
A snapshot cannot be assumed to apply to a different ordering configuration. Recreate the same pipeline configuration before restoring; explicit version/data identity checks remain necessary.
Carry forward
	Map a record key to a testable source
	Follow the sampler-to-batch boundary
	Snapshot the iterator after consumption
	Worker and buffer settings are workload choices

Your evidence
Keep Grain sampler configuration and exact example IDs for full and partial batches; save iterator bytes, recreate the loader, and compare the next batch before/after restore. Record the incompatible configuration failure.
Primary references
	NumPy Generator permutation
	Grain DataLoader guide

Save model, optimizer, and random state
Checkpoint complete training state with Orbax and replay the next update.
What you will be able to do
	Checkpoint complete training state with Orbax and replay the next update.
	Explain Adam memory and continuation-key requirements.
	Restore known shapes/structure and validate version/data/configuration identity.
	Distinguish tested local synchronous saving from production durability.

The problem
A saved file is useful only if it contains what you need to continue. We’ll train a tiny regression model, save its weights, optimizer state, random key and step with Orbax, and check the next update after restoring. Then we’ll leave out pieces on purpose to see why they matter.
The idea
A training checkpoint needs enough state to reproduce the next update. Weights alone do not capture optimizer memory or random-state ownership. Think of the checkpoint as the complete input to a future state transition.
Save the inputs to the next update
Two runs with identical weights but different Adam moments can receive the same gradient and take different next steps. Different random keys can change augmentation or dropout before the gradient is computed.
The existing diagram merges state components into one snapshot. Its arrows mean membership in the snapshot, not a sequence in which parameters must be computed before moments or randomness. Every component must agree on the completed-step boundary.
Loading bytes successfully checks serialization. Test continuation by restoring into a fresh process and comparing the next transition with an uninterrupted run. Add iterator state through the data-recovery procedure that follows this lesson.
Pause and reason
What is stronger evidence than matching loaded weights?
Compare your reasoningMatch the next example identities, random state, optimizer update and resulting parameters. This tests the checkpoint's purpose rather than only its stored parameter values.
sha256(serialize(Ct))=sha256(deserialize(path))\text{sha256}(\text{serialize}(\mathcal{C}_t)) = \text{sha256}(\text{deserialize}(\text{path}))Inventory everything the next step reads
step reads parameters, Adam memory and key_data, then consumes xx and yy. It returns new parameters, new optimizer state, the continuation key and an incremented step count. Adam includes first and second gradient moments plus a count for bias correction. Reinitializing it from saved parameters discards those moments.
The noisy targets deliberately make randomness matter, so a key reset cannot pass invisibly. We serialize key_data as uint32 words and explicitly reconstruct a threefry2x32 key. Raw words alone do not identify every possible PRNG implementation; the contract records that choice. The learning rate and Adam identity are recorded because optimizer state does not encode every update rule.
params + Adam moments/count + continuation key + step
                 + next batch → next update
Save to a real local checkpoint directory
StandardCheckpointer may perform asynchronous work internally. We call wait_until_finished immediately after save and before restore. save writes an actual Orbax checkpoint under an absolute path in a TemporaryDirectory, then restore reads it back. Calling save alone is not our completion claim. No restore is accepted just because the directory exists: we compare the complete state and its next transition. All files are removed when the temporary workspace is cleaned up; copy a learner-run checkpoint to your chosen evidence folder if you want to keep it.
This example does not implement a cloud retention policy, an asynchronous manager, multi-process synchronization or protection against every storage failure. A successful synchronous local save demonstrates the tested library path and numerical replay. It is not evidence of production durability under a machine or disk failure.
Restore into an explicit state template
The target supplies a known model dictionary and the Adam namedtuple/pytree structure initialized by the same optimizer definition. That prevents relying on an untyped collection of arrays as if it were a complete model. We then compare pytree structure and every leaf, including the continuation key and count.
The compatibility contract is encoded as JSON bytes in a fixed-size uint8 buffer with a separate length. This keeps the restore target shapes known without pickling Python objects. The 4096-byte capacity is a tutorial simplification: oversized metadata fails explicitly. For a different model shape or optimizer, define a migration deliberately rather than claiming a generic restore.
Version and data checks belong to the application
The payload includes schema version, package versions, learning rate, optimizer identity, key implementation and a digest of this exact input/target pair. validate_contract rejects any mismatch before continuing training. A checksum can identify changed data; it does not repair it or authenticate a hostile checkpoint.
The strongest local recovery check is the next loss and full updated state against an uninterrupted transition at the same boundary. We use float32 and allclose with rtol=1e-6, atol=1e-7 for numerical leaves. Keys and counters are integer state whose expected values should remain identical. Changing hardware, reductions or library versions needs new validation; this lesson establishes only the tested CPU environment.
Parameter parity: uninterrupted step vs. Orbax-restored step
Predict: Predict the maximum absolute difference between the uninterrupted next state and the Orbax-restored next state.
[image: Parameter parity: uninterrupted step vs. Orbax-restored step]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Adjacent bars for each parameter leaf have identical L2 norms between the uninterrupted run and the Orbax-restored run.
Connect it to the computation
Verifying exact leaf equality after deserialization guarantees that the restored checkpoint reproduces the exact next training step.
Prepare the data and state
Create main.py in your course workspace. Use the tested course environment and add this block first.
# Step 1 — Prepare the data and state: This setup makes the dataset and software assumptions explicit.
import jax
# Update state in place with the new values.
jax.config.update("jax_platforms","cpu")
import jax.numpy as jnp
import numpy as np
import optax
import orbax.checkpoint as ocp
import tempfile
import json
import hashlib
from pathlib import Path
# Configure or step the Optax optimizer state (`tx`).
tx = optax.adam(0.05)
def initial_state():
    params = {"weight":jnp.array(0.,jnp.float32),"bias":jnp.array(0.,jnp.float32)}
    return {"params":params,"optimizer":tx.init(params),
            "key_data":jax.random.key_data(jax.random.key(7,impl="threefry2x32")),
            "step":jnp.array(0,jnp.int32)}
def pack_bytes(raw,capacity=4096):
    # Guard input contract (`len(raw) > capacity`) and fail fast if violated.
    if len(raw)>capacity:
        raise ValueError("Snapshot exceeds tutorial fixed-byte capacity")
    # Allocate initialized array `buffer` with the specified shape and dtype.
    buffer = np.zeros(capacity,dtype=np.uint8)
    buffer[:len(raw)] = np.frombuffer(raw,dtype=np.uint8)
    return {"buffer":buffer,"length":np.array(len(raw),dtype=np.int32)}
def unpack_bytes(packed):
    length = int(packed["length"])
    # Guard input contract (`not 0 <= length <= len(packed['buffer'])`) and fail fast if violated.
    if not 0 <= length <= len(packed["buffer"]):
        raise ValueError("Invalid snapshot length")
    return np.asarray(packed["buffer"],dtype=np.uint8)[:length].tobytes()
def same_tree(left,right):
    assert jax.tree.structure(left)==jax.tree.structure(right)
    for a,b in zip(jax.tree.leaves(left),jax.tree.leaves(right)):
        # Convert `(host_a, host_b)` to a host NumPy array for inspection or verification.
        host_a,host_b = np.asarray(a),np.asarray(b)
        # Check tensor shape invariant: `host_a.shape==host_b.shape and host_a.dtype==host_b.dtype`
        assert host_a.shape==host_b.shape and host_a.dtype==host_b.dtype
        if np.issubdtype(host_a.dtype,np.integer):
            np.testing.assert_array_equal(host_a,host_b)
        else:
            np.testing.assert_allclose(host_a,host_b,rtol=1e-6,atol=1e-7)
# Define `step(state, x, y)` to evaluate the objective and its automatic derivatives:
def step(state,x,y):
    # Sample deterministic random values into `key` using an explicit PRNG key.
    key = jax.random.wrap_key_data(state["key_data"],impl="threefry2x32")
    # Create or split explicit PRNG key(s) (`(next_key, sample_key)`) for reproducible randomness.
    next_key,sample_key = jax.random.split(key)
    # Sample deterministic random values into `target_noise` using an explicit PRNG key.
    target_noise = 0.01*jax.random.normal(sample_key,y.shape)
    def objective(params):
        residual = params["weight"]*x+params["bias"]-(y+target_noise)
        return jnp.mean(residual**2)
    # Evaluate both scalar loss and parameter gradients in one pass (`(value, gradient)`).
    value,gradient = jax.value_and_grad(objective)(state["params"])
    updates,opt_state = tx.update(gradient,state["optimizer"],state["params"])
    # Initialize explicit deterministic PRNG key `next_state`.
    next_state = {"params":optax.apply_updates(state["params"],updates),
                  "optimizer":opt_state,"key_data":jax.random.key_data(next_key),
                  "step":state["step"]+1}
    return next_state,value
def package_versions():
    import importlib.metadata
    return {name:importlib.metadata.version(name) for name in ("jax","numpy","optax","orbax-checkpoint")}
def encode_contract(contract):
    return pack_bytes(json.dumps(contract,sort_keys=True).encode())
def validate_contract(saved,expected):
    actual = json.loads(unpack_bytes(saved))
    # Guard input contract (`actual != expected`) and fail fast if violated.
    if actual != expected:
        raise ValueError("Checkpoint contract differs: verify dataset, optimizer configuration, key implementation and package versions")
workspace = tempfile.TemporaryDirectory()
root = Path(workspace.name)
This setup makes the dataset and software assumptions explicit. No external dataset or accelerator is required.
Build the pipeline or state transition
Append this block to the same file; follow the named state objects through each function.
# Step 2 — Build the pipeline or state transition: The function boundaries expose which inputs determine the next...
x = jnp.array([0.,0.5,1.],dtype=jnp.float32)
y = 2*x-1
# Convert `contract` to a host NumPy array for inspection or verification.
contract = {"schema":1,"learning_rate":0.05,"optimizer":"adam",
            "key_impl":"threefry2x32","versions":package_versions(),
            "data_sha256":hashlib.sha256(np.asarray(x).tobytes()+np.asarray(y).tobytes()).hexdigest()}
state = initial_state()
for _ in range(3):
    state,_ = step(state,x,y)
checkpoint_path = root/"step_3"
payload = {"training":state,"contract":encode_contract(contract)}
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as checkpointer:
    checkpointer.save(checkpoint_path,payload)
    checkpointer.wait_until_finished()
    restored = checkpointer.restore(checkpoint_path,target={"training":initial_state(),"contract":encode_contract(contract)})
validate_contract(restored["contract"],contract)
The function boundaries expose which inputs determine the next output and which state must be preserved.
Run the comparison
Append the checks, save main.py and run python main.py. Predict what should agree before running.
# Step 3 — Run the comparison: The comparison checks the next behavior, not merely whether a save...
same_tree(state,restored["training"])
expected_next,expected_loss = step(state,x,y)
restored_next,restored_loss = step(restored["training"],x,y)
same_tree(expected_next,restored_next)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(expected_loss),np.asarray(restored_loss),rtol=1e-6)
assert int(restored_next["step"])==4
print("Restored step:",int(restored["training"]["step"]))
print("Optimizer count:",int(restored["training"]["optimizer"][0].count))
print("Next update and loss agree; checkpoint exists:",checkpoint_path.exists())
The comparison checks the next behavior, not merely whether a save call succeeded.
Run the example
The assembled script is in the separate solutions and code appendix.
Saved/restored training step 33 and Adam count 33; next step 44, loss and full state agree within stated tolerances. Actual checkpoint path is temporary.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Model-only restoration loses Adam history
Predict before running: With the same parameters, key and input, will a freshly initialized optimizer reproduce the next update?
# Experiment — Model-only restoration loses Adam history: Saved weights give the same pre-update predictions but not...
model_only = dict(restored["training"])
model_only["optimizer"] = tx.init(model_only["params"])
wrong_next,_ = step(model_only,x,y)
assert any(not np.allclose(np.asarray(a),np.asarray(b),rtol=1e-6,atol=1e-7) for a,b in zip(jax.tree.leaves(wrong_next["params"]),jax.tree.leaves(expected_next["params"])))
assert int(wrong_next["optimizer"][0].count)==1
print("Model-only checkpoint produces a different Adam update")
Fresh optimizer count becomes 11 and parameters differ from the full-state continuation.
Saved weights give the same pre-update predictions but not necessarily the same optimizer transition.
Reset the random stream
Predict before running: What changes if parameters and Adam memory restore correctly but the key resets to seed seven?
# Experiment — Reset the random stream: A seed identifies the initial stream; a saved continuation key...
reset_random = dict(restored["training"])
reset_random["key_data"] = initial_state()["key_data"]
reset_next,reset_loss = step(reset_random,x,y)
assert not np.isclose(float(reset_loss),float(expected_loss),rtol=1e-6,atol=1e-7)
assert not np.array_equal(np.asarray(reset_next["key_data"]),np.asarray(expected_next["key_data"]))
print("Reset key changes the noisy objective and continuation stream")
The noisy objective and continuation key differ.
A seed identifies the initial stream; a saved continuation key identifies the current boundary.
Your exercise
Advance to step five, save to a new directory, restore and verify step six against uninterrupted execution.
Attempt this before consulting the separate solutions appendix.
Show what weights-only recovery loses
Transfer
Keep the restored parameters but reset Adam’s memory. Compare the next update with the full-state restore. Keep data and random state identical so the optimizer memory is the only changed factor.
Hint
Create a new mapping and replace only its optimizer entry.
Reject an incompatible update configuration
Challenge
Attempt to restore the contract under learning rate 0.10.1. Show the rejection, then validate the original configuration. Also inspect shape and dtype equality of restored parameter leaves.
Hint
A compatible pytree can still represent the wrong update rule.
Checkpoint
Which checkpoint supports replaying the next Adam update with stochastic targets?
	Parameters alone.
	Parameters, Adam state/count, continuation key, step and compatible data/configuration.
	A seed plus the last printed loss.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Array restoration does not verify that a learning rate, data revision or PRNG implementation agrees with the saved experiment. Refuse an incompatible continuation before applying an update.
Carry forward
	Inventory everything the next step reads
	Save to a real local checkpoint directory
	Restore into an explicit state template
	Version and data checks belong to the application

Your evidence
Keep Orbax save/wait/restore commands, snapshot step, Adam count/moments, exact PRNG words, numerical next-update replay and the parameter-only restart counterexample.
Primary references
	Orbax StandardCheckpointer
	Optax Adam
	JAX random key data

Recover data position and resume
Persist model/optimizer/key and Grain iterator position at one boundary.
What you will be able to do
	Persist model/optimizer/key and Grain iterator position at one boundary.
	Replay across an epoch transition and compare every future batch.
	Diagnose reader-only and model-only restores.
	Reject changed pipeline configuration and state the tested recovery limits.

The problem
Let’s bring model recovery and data recovery together. We’ll interrupt training after two batches, save both the model state and the next-read position, then continue. Comparing the remaining batches with an uninterrupted run will show whether we really resumed at the same point, including across an epoch boundary.
The idea
Exact recovery joins numerical state and input-pipeline state at one completed update. Mixing boundaries can repeat or skip examples while producing a plausible training curve.
Align model time with data time
If saved weights include the C/D update but the iterator still points to C/D, recovery trains on that batch again. If the iterator is one batch too far ahead, it skips data. Both runs can continue without a shape error.
Draw one vertical boundary after an update and align parameters, optimizer, key and cursor with it. The next restored arrow must consume the same examples as the uninterrupted run.
When comparing loss trajectories, align measurement conventions too. A loss before an update and a loss after it describe different states. Compare IDs and state values alongside loss, because similar scalar losses can conceal different training histories.
One checkpoint, one completed-step boundary
Predict: Why reject a resume even when its first loss nearly matches the reference?
[image: Read down the middle column: all state describes the same completed update. Across each row is its next use. An older cursor repeats data and a newer cursor skips it. The table shows logical state, not wall-clock timing.]Architecture and dataflow mechanism diagram.Read down the middle column: all state describes the same completed update. Across each row is its next use. An older cursor repeats data and a newer cursor skips it. The table shows logical state, not wall-clock timing.
Pause and reason
Why reject a resume even when its first loss nearly matches the reference?
Compare your reasoningDifferent data or optimizer state can coincidentally produce similar loss. Exact continuation requires the intended full state and data boundary.
(kt+1,kstep)=split⁡(kt),it+1=(it+B) mod N(k_{t+1}, k_{\text{step}}) = \operatorname{split}(k_t), \qquad i_{t+1} = (i_t + B) \bmod NCommit one logical boundary
consume retrieves a batch, computes an update and returns the updated training state. After two calls, the model step is two and the iterator points at batch three. We pack that iterator snapshot in the same Orbax payload as the model, Adam memory, random stream and contract.
A real prefetcher may prepare data ahead of consumption; the snapshot semantics must refer to the iterator boundary supported by its implementation. This tutorial uses a serial Grain loader and synchronous checkpointing, so no speculative workers or asynchronous outstanding writes complicate the boundary. Do not extrapolate this protocol to an arbitrary data queue without checking its restore contract.
read batch 1 → update 1
read batch 2 → update 2 → save {state_2,next_read_3}
restore → read batch 3 → update 3
Persist opaque iterator bytes without editing them
Grain get_state returns bytes. We store them as a fixed-size uint8 buffer plus length so the Orbax restore target has a predictable shape. set_state receives the original byte sequence recovered from that buffer. The application does not inspect or patch Grain internal counters.
The buffer capacity is 40964096 bytes and over-capacity snapshots fail. It is a teaching representation, not a general replacement for Grain checkpoint integration handlers. Restore is supported for this tested source/sampler/worker configuration. Changing those settings may invalidate a snapshot, so our contract also records seed, batch size, record count and source revision.
Audit the future, including an epoch transition
There are twelve records in each of two epochs and three four-example batches per epoch. We checkpoint after two batches. The remaining four batches are the final batch of epoch zero followed by all three batches of epoch one. Compare each future ID vector and each future loss in order, then compare every final state leaf.
Comparing only final loss can miss skipped or repeated observations, particularly on an easy dataset. Comparing only IDs can miss an optimizer/key reset. Comparing only weights can miss a count or random-state error that changes a subsequent step. The combined check targets all three failure classes.
epoch 0: batch 1 | batch 2 | checkpoint | batch 3
epoch 1: batch 4 | batch 5 | batch 6
replay compares IDs + losses + params + Adam + key + step
Define the limits of this recovery claim
The payload contract contains dataset SHA256, source revision, counts, ordering configuration, update configuration, PRNG implementation and package versions. Refuse a mismatch rather than silently announcing a resumed run. This is intentionally stricter than claiming compatibility between arbitrary versions.
The local directory is temporary and the writer is synchronous. The lesson verifies readable files and CPU replay after reconstructing objects in the same process; it does not simulate power loss, a separate machine, multi-host orchestration, async interruption or remote storage behavior. Your portfolio report should state those limits and identify the next failure mode to test. Production use should adopt the library-supported combined handlers/manager and test its completion/recovery boundaries.
Loss trajectory parity: uninterrupted vs. checkpoint-resumed run
Predict: Predict whether resuming training at step 2 with restored optimizer, iterator, and PRNG state matches an uninterrupted trajectory.
[image: Loss trajectory parity: uninterrupted vs. checkpoint-resumed run]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The uninterrupted and resumed loss curves overlap to machine precision across steps 3 through 6.
Connect it to the computation
Saving and restoring the step counter, PRNG key, data iterator state, and optimizer moments alongside model weights ensures exact continuation.
Prepare the data and state
Create main.py in your course workspace. Use the tested course environment and add this block first.
# Step 1 — Prepare the data and state: This setup makes the dataset and software assumptions explicit.
import jax
# Update state in place with the new values.
jax.config.update("jax_platforms","cpu")
import jax.numpy as jnp
import numpy as np
import optax
import orbax.checkpoint as ocp
import tempfile
import json
import hashlib
from pathlib import Path
# Configure or step the Optax optimizer state (`tx`).
tx = optax.adam(0.05)
def initial_state():
    params = {"weight":jnp.array(0.,jnp.float32),"bias":jnp.array(0.,jnp.float32)}
    return {"params":params,"optimizer":tx.init(params),
            "key_data":jax.random.key_data(jax.random.key(7,impl="threefry2x32")),
            "step":jnp.array(0,jnp.int32)}
def pack_bytes(raw,capacity=4096):
    # Guard input contract (`len(raw) > capacity`) and fail fast if violated.
    if len(raw)>capacity:
        raise ValueError("Snapshot exceeds tutorial fixed-byte capacity")
    # Allocate initialized array `buffer` with the specified shape and dtype.
    buffer = np.zeros(capacity,dtype=np.uint8)
    buffer[:len(raw)] = np.frombuffer(raw,dtype=np.uint8)
    return {"buffer":buffer,"length":np.array(len(raw),dtype=np.int32)}
def unpack_bytes(packed):
    length = int(packed["length"])
    # Guard input contract (`not 0 <= length <= len(packed['buffer'])`) and fail fast if violated.
    if not 0 <= length <= len(packed["buffer"]):
        raise ValueError("Invalid snapshot length")
    return np.asarray(packed["buffer"],dtype=np.uint8)[:length].tobytes()
def same_tree(left,right):
    assert jax.tree.structure(left)==jax.tree.structure(right)
    for a,b in zip(jax.tree.leaves(left),jax.tree.leaves(right)):
        # Convert `(host_a, host_b)` to a host NumPy array for inspection or verification.
        host_a,host_b = np.asarray(a),np.asarray(b)
        # Check tensor shape invariant: `host_a.shape==host_b.shape and host_a.dtype==host_b.dtype`
        assert host_a.shape==host_b.shape and host_a.dtype==host_b.dtype
        if np.issubdtype(host_a.dtype,np.integer):
            np.testing.assert_array_equal(host_a,host_b)
        else:
            np.testing.assert_allclose(host_a,host_b,rtol=1e-6,atol=1e-7)
# Define `step(state, x, y)` to evaluate the objective and its automatic derivatives:
def step(state,x,y):
    # Sample deterministic random values into `key` using an explicit PRNG key.
    key = jax.random.wrap_key_data(state["key_data"],impl="threefry2x32")
    # Create or split explicit PRNG key(s) (`(next_key, sample_key)`) for reproducible randomness.
    next_key,sample_key = jax.random.split(key)
    # Sample deterministic random values into `target_noise` using an explicit PRNG key.
    target_noise = 0.01*jax.random.normal(sample_key,y.shape)
    def objective(params):
        residual = params["weight"]*x+params["bias"]-(y+target_noise)
        return jnp.mean(residual**2)
    # Evaluate both scalar loss and parameter gradients in one pass (`(value, gradient)`).
    value,gradient = jax.value_and_grad(objective)(state["params"])
    updates,opt_state = tx.update(gradient,state["optimizer"],state["params"])
    # Initialize explicit deterministic PRNG key `next_state`.
    next_state = {"params":optax.apply_updates(state["params"],updates),
                  "optimizer":opt_state,"key_data":jax.random.key_data(next_key),
                  "step":state["step"]+1}
    return next_state,value
def package_versions():
    import importlib.metadata
    return {name:importlib.metadata.version(name) for name in ("jax","numpy","optax","orbax-checkpoint")}
def encode_contract(contract):
    return pack_bytes(json.dumps(contract,sort_keys=True).encode())
def validate_contract(saved,expected):
    actual = json.loads(unpack_bytes(saved))
    # Guard input contract (`actual != expected`) and fail fast if violated.
    if actual != expected:
        raise ValueError("Checkpoint contract differs: verify dataset, optimizer configuration, key implementation and package versions")
workspace = tempfile.TemporaryDirectory()
root = Path(workspace.name)

# Import required JAX, NumPy, and standard-library modules.
import numpy as np
import grain.python as grain
# Module/container class `TutorialSource` encapsulating model parameters and forward pass:
class TutorialSource:
    def __init__(self,count=12):
        self.count = count
    def __len__(self):
        return self.count
    def __getitem__(self,index):
        value = np.float32(index/10)
        return {"id":np.int64(index),"x":value,"y":np.float32(2*value-1)}
    def __repr__(self):
        return f"TutorialSource(v1,n={self.count})"
def make_loader(seed=42,batch_size=4,count=12,drop_remainder=False):
    return grain.DataLoader(
        data_source=TutorialSource(count),
        sampler=grain.IndexSampler(num_records=count,num_epochs=2,shuffle=True,seed=seed),
        operations=[grain.Batch(batch_size,drop_remainder=drop_remainder)],
        worker_count=0)
This setup makes the dataset and software assumptions explicit. No external dataset or accelerator is required.
Build the pipeline or state transition
Append this block to the same file; follow the named state objects through each function.
# Step 2 — Build the pipeline or state transition: The function boundaries expose which inputs determine the next...
def data_contract(seed=42):
    source = TutorialSource()
    values = np.array([[source[i]["x"],source[i]["y"]] for i in range(len(source))],dtype=np.float32)
    return {"schema":1,"seed":seed,"batch_size":4,"count":12,"source":"TutorialSource(v1,n=12)",
            "sha256":hashlib.sha256(values.tobytes()).hexdigest(),
            "learning_rate":0.05,"optimizer":"adam","key_impl":"threefry2x32",
            "versions":dict(package_versions(),grain=__import__("importlib.metadata",fromlist=["version"]).version("grain"))}
def consume(state,iterator,count):
    losses=[]
    orders=[]
    for _ in range(count):
        batch = next(iterator)
        orders.append(batch["id"].copy())
        # Create device-backed JAX array `(state, value)`.
        state,value = step(state,jnp.asarray(batch["x"]),jnp.asarray(batch["y"]))
        losses.append(float(value))
    return state,np.array(losses),orders
contract = data_contract()
reference_iterator = iter(make_loader())
reference_state,_,_ = consume(initial_state(),reference_iterator,2)
payload = {"training":reference_state,"pipeline":pack_bytes(reference_iterator.get_state()),"contract":encode_contract(contract)}
resume_path = root/"completed_step_2"
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as cp:
    cp.save(resume_path,payload)
    cp.wait_until_finished()
    restored_payload = cp.restore(resume_path,target={"training":initial_state(),"pipeline":pack_bytes(b""),"contract":encode_contract(contract)})
validate_contract(restored_payload["contract"],contract)
resumed_iterator = iter(make_loader())
resumed_iterator.set_state(unpack_bytes(restored_payload["pipeline"]))
The function boundaries expose which inputs determine the next output and which state must be preserved.
Run the comparison
Append the checks, save main.py and run python main.py. Predict what should agree before running.
# Step 3 — Run the comparison: The comparison checks the next behavior, not merely whether a save...
reference_final,reference_losses,reference_ids = consume(reference_state,reference_iterator,4)
resumed_final,resumed_losses,resumed_ids = consume(restored_payload["training"],resumed_iterator,4)
for a,b in zip(reference_ids,resumed_ids):np.testing.assert_array_equal(a,b)
np.testing.assert_allclose(reference_losses,resumed_losses,rtol=1e-6,atol=1e-7)
same_tree(reference_final,resumed_final)
assert int(resumed_final["step"])==6
print("Restored next four ID batches:",[a.tolist() for a in resumed_ids])
print("Restored next four losses:",resumed_losses.tolist())
print("Full state agrees at step six")
The comparison checks the next behavior, not merely whether a save call succeeded.
Run the example
The assembled script is in the separate solutions and code appendix.
The next four ID batches and losses match; parameters, Adam state, continuation key and step agree at step six. One epoch boundary is crossed.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Restart only the reader
Predict before running: Keep restored training state but start a fresh iterator. Which IDs arrive first, and should the next update match?
# Experiment — Restart only the reader: A model step counter does not automatically seek a data iterator.
fresh = iter(make_loader())
wrong_state,wrong_losses,wrong_ids = consume(restored_payload["training"],fresh,1)
assert not np.array_equal(wrong_ids[0],reference_ids[0])
assert not np.isclose(wrong_losses[0],reference_losses[0],rtol=1e-6,atol=1e-7)
print("Missing iterator restore repeats earlier IDs and changes the next loss")
The first batch repeats instead of the saved next batch; the next loss differs.
A model step counter does not automatically seek a data iterator.
Restore only the reader
Predict before running: Replay the correct IDs but initialize model/optimizer/key from scratch. Will losses match?
# Experiment — Restore only the reader: Input replay and model-state replay are complementary...
reader_only = iter(make_loader())
reader_only.set_state(unpack_bytes(restored_payload["pipeline"]))
wrong_model,wrong_model_losses,correct_ids = consume(initial_state(),reader_only,1)
# Execute `np.testing.assert_array_equal(correct_ids[0],reference_ids[0`
np.testing.assert_array_equal(correct_ids[0],reference_ids[0])
assert not np.isclose(wrong_model_losses[0],reference_losses[0],rtol=1e-6,atol=1e-7)
assert int(wrong_model["step"])==1
print("Correct IDs alone do not restore the training transition")
IDs agree but loss and step differ.
Input replay and model-state replay are complementary requirements; either alone can look superficially successful.
Your exercise
Repeat the protocol after one batch and compare the next five batches through step six. Save to a distinct directory.
Attempt this before consulting the separate solutions appendix.
Reject an incompatible resume before consuming data
Transfer
Try the saved contract with a changed sampler seed and then a changed dataset fingerprint. Both must fail before training resumes. Verify that the unchanged contract still passes.
Hint
Use validate_contract on copies of the expected contract; do not rewrite the saved payload.
Reject changed batch size before consuming
Challenge
Pretend the resumed application now uses batch size three. Reject the saved contract before a reader is used, then restore the original configuration and check the next IDs.
Hint
The stored cursor is interpreted in a particular pipeline configuration.
Checkpoint
Which evidence supports a consistent restart boundary?
	The checkpoint directory exists.
	The next IDs, losses and full training state match the uninterrupted future under a compatible contract.
	The final loss eventually decreases.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Changing batching changes consumption semantics. Refuse the mismatched configuration instead of assuming that training step two corresponds to the same next examples.
Carry forward
	Commit one logical boundary
	Persist opaque iterator bytes without editing them
	Audit the future, including an epoch transition
	Define the limits of this recovery claim

Your evidence
Keep the committed model/optimizer/key/iterator snapshot, uninterrupted and resumed batch-ID ledger across the epoch boundary, exact keys/counts, declared floating tolerances and inconsistent model-only/reader-only restart failures.
Primary references
	NumPy Generator permutation
	Grain DataLoader guide
	Orbax StandardCheckpointer
	Optax Adam
	JAX random key data

Asynchronous checkpoints and failure boundaries
Distinguish requested, completed, verified and published checkpoint state. Continue a functional update while an asynchronous writer is alive.
What you will be able to do
	Distinguish requested, completed, verified and published checkpoint state.
	Continue a functional update while an asynchronous writer is alive.
	Recover from the last accepted checkpoint after an interrupted publication.
	Surface an asynchronous failure before announcing a checkpoint.

The problem
Your training loop says “saved,” then the process disappears. Which step can you safely resume? We will separate an asynchronous save request, completed storage work and the application’s announcement of a recoverable checkpoint. You will interrupt publication deliberately and show which state recovery selects.
The idea
Asynchronous saving overlaps writing with training. A snapshot moves through requested, writing, completed and accepted states. Recovery must select a checkpoint whose completion and validity satisfy the actual storage contract.
Distinguish a save request from a recovery point
Imagine live training reaches step 42 while a snapshot of step 40 is still being written. The live progress log does not make step 42 recoverable. Failure before the pending snapshot is accepted may leave an earlier checkpoint as the valid choice.
Keep completion signals separate from the record used to select accepted snapshots. Validate required files and metadata before making a new snapshot eligible. Also ensure live training cannot mutate the snapshot's intended contents during writing.
The saved/live/accepted bars represent different boundaries. Their gaps describe work at risk of replay or loss, not necessarily a defect. Interpret them against the failure location and the checkpoint API's stated guarantees.
Pause and reason
Can a “save requested” message justify deleting the previous accepted checkpoint?
Compare your reasoningNo. The replacement may never complete or validate. Retention should preserve a recoverable accepted checkpoint until the replacement meets the acceptance contract.
Tcommit=max⁡h∈{1,…,H}Twrite(h)<TrenameT_{\text{commit}} = \max_{h \in \{1,\dots,H\}} T_{\text{write}}^{(h)} < T_{\text{rename}}Define a completed training boundary
Let the completed training step be ss. Our state contains a weight vector and that step counter. A snapshot at s=1s=1 must restore the vector belonging to that step, even if the live computation advances to s=2s=2. The example adds the same known increment to every weight, so an independent array comparison can identify the snapshot without relying on a decreasing training loss.
A real training snapshot also includes optimizer memory, random state and input position from the preceding lessons. Asynchronous writing changes when storage finishes; it does not reduce the state that must be captured.
Separate save latency from acceptance
The timer before and after save measures the blocking part of the call. A second interval includes our continuing update and the remaining completion wait. These intervals are adjacent in one run, so their sum describes this application’s request-to-completion boundary. Neither isolates disk throughput.
Keep the checkpointer alive until its work finishes. A quickly returned call can already be finished for a small snapshot; do not require a race to reproduce. The invariant we control is that the application does not update its accepted-checkpoint manifest before completion and restoration checks.
Publish a checkpoint you can actually restore
After waiting, restore against an explicit target and compare the step and every saved value with the snapshot. Write a new manifest to a temporary sibling and replace the old manifest only after the checks pass. On the local filesystem used here this avoids a reader seeing a half-written JSON file.
A rename alone is not a universal durability or distributed-consistency protocol. Object stores, power failures, concurrent writers and multiple hosts need storage-specific guarantees. Our local manifest is an instructional boundary around a single writer, not a replacement for a production checkpoint manager.
Practice interruption without relying on lucky timing
The second checkpoint is fully written, but an injected exception prevents application publication. Recovery still selects step one through the unchanged manifest. Step two exists on disk yet is not selected by this application. This distinction explains why “directory exists” is a weak recovery test.
The extra failure experiment injects an exception in a finalization callback. The exception is observed when waiting; no manifest is published for that attempt. It exercises error propagation after finalization, not a claim to reproduce every disk failure. Preserve the old accepted checkpoint until the new one is accepted.
Translate the boundary into an operational rule
Log the requested step, completed step and accepted step separately. If a job exits with an outstanding save, wait during orderly shutdown; if it dies abruptly, resume from the last accepted artifact and expect to repeat work after that step. Record the replay policy rather than silently claiming no work was lost.
When a restore differs, compare sample IDs and state before tuning tolerances. A different next batch, reset optimizer or mismatched package/data contract is a different trajectory, even if the restored weights look reasonable.
A live step can be ahead of the accepted checkpoint
Predict: After the publication interruption, which step will application recovery select?
[image: Completed-step bars: snapshot one, live two, accepted one after interrupted publication.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal labels name three different state positions; the vertical axis is a completed-step count, not elapsed time. The saved snapshot and accepted checkpoint both have height 11, while the live computation reaches 22. Equal bars here mean equal step counters.
The gap of one step is intentional. It shows work that the live process has completed but the application has not accepted as its recovery point. The failed publication does not move the accepted bar to two merely because a newer directory is present.
Connect it to the computation
The code verifies the saved vector and then injects an interruption before publishing the next checkpoint. Recovery consults the earlier manifest and restores the earlier vector. The full state comparison, rather than bar height alone, establishes which values were restored.
This plot is a local controlled failure experiment. It does not measure checkpoint bandwidth, simulate power loss or establish multi-host atomicity. Inspect the separately recorded timing intervals and exception output for those different questions.
Define functional state and publication
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# Step 1 — Define functional state and publication: The manifest has its own acceptance boundary.
import json
import tempfile
import time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
import orbax.checkpoint as ocp
root=Path(tempfile.mkdtemp(prefix='jax-async-lesson-'))
def transition(state):
    return {'weight':state['weight']+.25,'step':state['step']+1}
def publish(path, step):
    pending=root/'LATEST.pending'
    # Write the serialized artifact payload to disk.
    pending.write_text(json.dumps({'path':str(path),'step':step}))
    pending.replace(root/'LATEST.json')
def accepted():
    return json.loads((root/'LATEST.json').read_text())
The manifest has its own acceptance boundary. State updates return new arrays so later work cannot redefine the snapshot.
Save, continue and verify
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# Step 2 — Save, continue and verify: Wait on the real background writer, restore against the snapshot...
state={'weight':jnp.arange(1024,dtype=jnp.float32),'step':jnp.array(0,jnp.int32)}
snapshot=transition(state)
path=root/'step_1'
t0=time.perf_counter()
# Enter `ocp.AsyncCheckpointer(ocp.StandardCheckpointH` context block:
with ocp.AsyncCheckpointer(ocp.StandardCheckpointHandler()) as cp:
    cp.save(path,args=ocp.args.StandardSave(snapshot))
    returned=time.perf_counter()
    assert not (root/'LATEST.json').exists()
    live=transition(snapshot)
    cp.wait_until_finished()
    committed=time.perf_counter()
    restored=cp.restore(path,args=ocp.args.StandardRestore(snapshot))
    # Execute `np.testing.assert_array_equal(restored['weight'],snapshot['w`
    np.testing.assert_array_equal(restored['weight'],snapshot['weight'])
    assert int(restored['step'])==1 and int(live['step'])==2
    publish(path,1)
report={'save_call_seconds':returned-t0,'remaining_work_and_wait_seconds':committed-returned,
        'accepted_step':accepted()['step'],'live_step':int(live['step'])}
assert report['accepted_step']==1
Wait on the real background writer, restore against the snapshot contract and publish only after the comparison passes.
Interrupt publication deliberately
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# A deliberately interrupted application publication leaves the previous commit selected.
unpublished=root/'step_2'
# Enter `ocp.AsyncCheckpointer(ocp.StandardCheckpointH` context block:
with ocp.AsyncCheckpointer(ocp.StandardCheckpointHandler()) as cp:
    cp.save(unpublished,args=ocp.args.StandardSave(live))
    cp.wait_until_finished()
    # Run the boundary check and catch the expected exception:
    try:
        raise RuntimeError('injected interruption before updating LATEST')
    except RuntimeError:
        pass
assert accepted()['step']==1
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as cp:
    previous=cp.restore(accepted()['path'],target=snapshot)
# Execute `np.testing.assert_array_equal(previous['weight'],snapshot['w`
np.testing.assert_array_equal(previous['weight'],snapshot['weight'])
assert int(previous['step'])==1
print('Checkpoint workspace:',root)
print(json.dumps(report,indent=2))
print('Unpublished step 2 exists; application recovery still selects verified step 1.')
The injected application interruption leaves the old accepted checkpoint intact even though a newer directory exists.
Run the example
The assembled script is in the separate solutions and code appendix.
The accepted step remains 11 while the live state reaches 22. A real local checkpoint restores the saved vector. Both timing intervals are observed and vary by machine.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Trigger an asynchronous error
Predict before running: If finalization reports an error, should directory existence justify announcing success?
# Experiment — Trigger an asynchronous error: The controlled failure happens in the finalization callback.
def injected_failure():
    raise RuntimeError('injected finalization callback failure')
failed_path=root/'callback_failure'
cp=ocp.AsyncCheckpointer(ocp.StandardCheckpointHandler(),async_options=ocp.options.AsyncOptions(post_finalization_callback=injected_failure))
# Run the boundary check and catch the expected exception:
try:
    cp.save(failed_path,args=ocp.args.StandardSave(live))
    # Run the boundary check and catch the expected exception:
    try:
        cp.wait_until_finished()
    except RuntimeError as error:
        assert 'injected' in str(error)
        print('Expected background failure surfaced:',error)
    else:
        raise AssertionError('background error was hidden')
finally:
    cp.close()
assert accepted()['step']==1
An intentional error log and caught RuntimeError; the accepted step is unchanged.
The controlled failure happens in the finalization callback. Some storage may already exist; the application still requires successful completion and verification before accepting it.
Your exercise
Verify and publish the already written second checkpoint. Restore it and compare the next functional transition against the live state. Keep the original snapshot unchanged.
Attempt this before consulting the separate solutions appendix.
Keep only a genuinely accepted target
Transfer
Create a manifest pointing to a nonexistent checkpoint in a disposable variable. Write a preflight that rejects it without replacing the real accepted manifest. Explain why a preflight alone cannot prove numerical correctness.
Hint
Check path existence and the declared step before restoration; still compare restored contents afterward.
Checkpoint
A new checkpoint directory exists but the completion wait raises an exception. Which recovery decision follows this lesson’s protocol?
	Accept the newest directory immediately.
	Delete the previous checkpoint because save returned.
	Retain the previous accepted checkpoint and investigate the failed attempt.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If the accepted step is ahead of the restored state, inspect publication order and the saved step counter. If wait raises, keep that error and the last accepted manifest; do not suppress the error and publish anyway.
Carry forward
	Record save request, completion and acceptance separately.
	Keep the asynchronous writer alive until completion or reported failure.
	Verify a restored next transition before replacing the accepted recovery point.

Your evidence
Keep the requested/completed/accepted step log, the restored snapshot comparison, interrupted-publication result and surfaced finalization error. Explain why directory presence alone is separate from acceptance.
Primary references
	Orbax asynchronous checkpointing

Track experiments and lineage with MLflow
Track, retrieve and compare two JAX experiments using explicit data identity, metric steps and downloaded model artifacts.
What you will be able to do
	Decide what makes runs comparable
	Give data and code an identity
	Use a database and a deliberate artifact location
	Log at a useful boundary

The problem
You ran two training configurations yesterday. Today you remember which curve looked better, but not which dataset, preprocessing or checkpoint produced it. Let’s make the comparison reproducible: train two small JAX models, log them to a real local MLflow database, then retrieve the selected run and its artifact.
The idea
A tracker is useful when a plotted point leads back to the data, source, configuration and artifact that produced it. A run name or best label is not enough to identify a deployable checkpoint or reproduce its evaluation.
Make every metric point traceable
Two runs may log validation loss at step 100 using different splits or denominators. The matching metric name and step do not make the values comparable. Record what was averaged and which examples contributed.
Link a selection decision to the precise checkpoint and evaluation. A run often contains many checkpoints, so selecting a run is not the same as selecting weights. Keep the model artifact's identity even if a dashboard display name changes.
The MLflow curves are recorded observations. Read configuration and metric definitions before ranking them. Tracking preserves a comparison's evidence; it cannot repair incompatible evaluation contracts. The same principle applies to Weights & Biases and other experiment trackers.
Pause and reason
What belongs with a selected checkpoint besides its minimum validation value?
Compare your reasoningIts artifact identity, dataset revision, metric definition, step convention, source/configuration and selection rule. Together these explain and reproduce the decision.
Decide what makes runs comparable
We reuse a known regression problem so the engineering does not hide behind model complexity. Training inputs and validation inputs are separate. The target is y=2x+1y=2x+1, and the learned parameters are a weight and bias. Both runs start from zero, use the same examples and receive 3030 updates. Only the learning rate changes. Log those choices as parameters. Never compare two metrics with the same name when one is a sum and the other a mean, or one was measured before the update and the other afterward.
Give data and code an identity
A path such as data.csv is a location, not a version. Hash the actual bytes, record the split IDs, and preserve preprocessing configuration. For this tiny fixture the hash covers the training arrays; a real dataset manifest should additionally identify schema, split/group rules and transformations. A Git commit is useful for clean code, but uncommitted edits require a source hash or captured diff. A checkpoint and an MLflow run should refer to the same identities; neither replaces the other.
Use a database and a deliberate artifact location
The companion creates a temporary SQLite database and local artifact directory. SQLite stores run metadata; the artifacts contain the learned coefficients and preprocessing note. MlflowClient reads the records back, so a print statement is not our only evidence that logging occurred. These local examples use MLflow 3.16.1. A shared server needs supported database storage, artifact access, authentication, backup and retention; do not expose this local exercise as a public service.
From the course workspace, install the tested CPU dependencies
# Run from the course workspace, install the tested cpu dependencies using the course Python environment
python -m pip install -r requirements-cpu.txt
Expected:
MLflow 3.16.1 and the course numerical packages are installed in the selected environment.
Log at a useful boundary
JAX dispatch is asynchronous. Converting a scalar loss to a Python float waits for it; logging every update is acceptable for this small demonstration but can slow a real training loop. Choose a reporting cadence, log the completed step, and separate checkpoint cadence from logging cadence. Here every training MSE is measured after its update. The validation MSE is computed on a fixed four-row set, with a second Python calculation checking the denominator.
MSE⁡=1n∑i=1n(y^i−yi)2\operatorname{MSE}=\frac{1}{n}\sum_{i=1}^{n}(\hat y_i-y_i)^2Retrieve before trusting the dashboard
The checker fetches all thirty metric steps, compares their stored values with the actual trajectory, checks the data tag and queries runs ordered by validation MSE. The faster-learning candidate wins this fixture. That is validation selection, not a final test result or a universal learning-rate recommendation. Finally we download the selected artifact and inspect its coefficients. Autologging can help supported frameworks, but explicit logging makes the boundary of this custom JAX loop visible.
Continue into a real registry
Run the connected project lab to log two pyfunc models, register immutable versions, move a champion alias, reload the selected version and retain prompt/trace evidence. An alias is a mutable lookup; resolve it to a version for a deployment record. Setting champion does not roll out a service and MLflow does not enforce this course’s quality policy for you.
Keep the local database and artifacts in a new output folder
# Run keep the local database and artifacts in a new output folder using the course Python environment
python projects/engineering-release/mlflow_lab.py --output ./engineering-run
Expected:
Two training runs, two registered versions, one prompt version, one three-span trace and a model.json artifact are written. Use a fresh folder for another independent run.
Compare the runs that MLflow actually recorded
Predict: Do the two runs improve at the same rate, and can these training curves select a release by themselves?
[image: Two recorded training MSE curves fall at different rates over thirty updates.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis counts completed updates, from 11 to 3030. The vertical axis is post-update training MSE on a logarithmic scale: equal vertical distances represent ratios. The rate 0.150.15 curve drops more quickly and ends far below the rate 0.020.02 curve. The companion independently retrieves every plotted metric from MLflow. The final validation errors are about 0.119940.11994 and 5.05×10−105.05\times10^{-10}, respectively; they are not plotted as a fabricated validation trajectory.
Connect it to the computation
The comparison is controlled by shared data, initialization and update budget. It illustrates tracking and retrieval of evidence, not a general optimizer ranking. A separately held-out test and release checks still belong after validation selection.
Step 1: Set up imports and input tensors
Import the required JAX modules and define the initial inputs for track experiments and lineage with mlflow.
import os
# Configure environment variable before initializing the runtime.
os.environ['MLFLOW_DISABLE_AGENT_HINT'] = '1'
# Configure environment variable before initializing the runtime.
os.environ['MLFLOW_ENABLE_TELEMETRY'] = 'false'
# Import required JAX, NumPy, and standard-library modules.
import hashlib, json, tempfile
from pathlib import Path
import numpy as np
Establishing explicit input shapes and dtypes first makes the downstream transformation contract deterministic.
Step 2: Apply the core JAX transformation
Write the core computation and transformation step over the initialized inputs.
import jax
import jax.numpy as jnp
import mlflow
from mlflow import MlflowClient
x = jnp.array([-2., -1., 0., 1., 2.])
y = 2 * x + 1
This stage executes the primary numerical transformation and binds the intermediate outputs.
Step 3: Verify shapes and numerical invariants
Check that the resulting arrays satisfy the expected shape, dtype, and numerical tolerances.
vx = jnp.array([-1.5, -.5, .5, 1.5])
vy = 2 * vx + 1
# Aggregate array values to compute `objective`.
objective = lambda p: jnp.mean((p[0] * x + p[1] - y) ** 2)
# Differentiate the objective to obtain `update` via automatic differentiation.
update = jax.jit(lambda p, rate: p - rate * jax.grad(objective)(p))
# Convert `data_hash` to a host NumPy array for inspection or verification.
data_hash = hashlib.sha256(np.asarray(x).tobytes() + np.asarray(y).tobytes()).hexdigest()
curves, validation, run_ids = [], [], []
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='tracking-lesson-') as folder:
    root = Path(folder)
    mlflow.set_tracking_uri('sqlite:///' + str(root / 'tracking.db'))
    client = MlflowClient()
    experiment = client.create_experiment('two-rates', artifact_location=(root / 'artifacts').as_uri())
    for rate in [.02, .15]:
        # Allocate initialized array `p` with the specified shape and dtype.
        p = jnp.zeros(2)
        history = []
        with mlflow.start_run(experiment_id=experiment) as run:
            mlflow.log_params({'rate': rate, 'updates': 30})
            # Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for ``.
            mlflow.set_tags({'data_sha256': data_hash, 'jax': jax.__version__, 'backend': jax.default_backend(), 'metric_boundary': 'after update'})
            for step in range(1, 31):
                p = update(p, rate)
                metric = float(objective(p))
                history.append(metric)
                mlflow.log_metric('train_mse', metric, step=step)
            held = float(jnp.mean((p[0] * vx + p[1] - vy) ** 2))
            # Independent host arithmetic checks what the reported validation metric means.
            oracle = sum((float(p[0]) * t + float(p[1]) - (2 * t + 1)) ** 2 for t in [-1.5, -.5, .5, 1.5]) / 4
            assert abs(held - oracle) < 1e-6
            mlflow.log_metric('validation_mse', held, step=30)
            mlflow.log_dict({'weight': float(p[0]), 'bias': float(p[1]), 'preprocessing': 'one unscaled scalar feature'}, 'model.json')
            run_ids.append(run.info.run_id)
        curves.append(history)
        validation.append(held)
        saved = client.get_metric_history(run_ids[-1], 'train_mse')
        assert [m.step for m in saved] == list(range(1, 31))
        # Execute `np.testing.assert_allclose([m.value for m in saved], history`
        np.testing.assert_allclose([m.value for m in saved], history)
        assert client.get_run(run_ids[-1]).data.tags['data_sha256'] == data_hash
    selected = client.search_runs([experiment], order_by=['metrics.validation_mse ASC'])[0]
    assert selected.info.run_id == run_ids[int(np.argmin(validation))]
    artifact = client.download_artifacts(selected.info.run_id, 'model.json')
    restored = json.loads(Path(artifact).read_text())
    assert abs(restored['weight'] - 2) < .001 and abs(restored['bias'] - 1) < .001
These assertions lock in the exact numerical contract before you run the full experiment and variations.
Run the example
The assembled script is in the separate solutions and code appendix.
Validation MSE by learning rate: {0.02: 0.1199446..., 0.15: 5.04947...e-10}
Verified 30 logged steps per run; selected and reloaded the better validation candidate.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check the stored comparison
Predict before running: Which learning rate should give the smaller error after the same update budget?
# Experiment — Check the stored comparison: Both runs share initialization, data and update count.
assert validation[1] < validation[0]
print('Validation difference:',validation[0]-validation[1])
The rate 0.15 run has smaller validation MSE than the rate 0.02 run.
Both runs share initialization, data and update count. This isolates a configuration comparison; it does not compare equal wall-clock budgets or establish an optimal rate.
Your exercise
Add a third, deliberately wrong model artifact and show why the smallest training loss alone is insufficient to select a release.
Attempt this before consulting the separate solutions appendix.
Change a data value
transfer
Change one training target and compute the data fingerprint again without overwriting the original record.
Hint
Hash the same input bytes plus changed target bytes.
Checkpoint
A run is tagged champion. What does that establish?
	It is automatically deployed and monitored.
	A registry alias points to that version; deployment and acceptance need their own evidence.
	Its validation set is now an untouched test set.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a run is missing, inspect the tracking URI and experiment ID before repeating training. If metrics disagree, compare step and reduction conventions. If recovery changes the next batch, fix checkpoint state; MLflow logging does not restore it.
Carry forward
	Decide what makes runs comparable
	Log at a useful boundary
	Continue into a real registry

Your evidence
Keep both MLflow run IDs, source/data hashes, complete loss histories, the selection metric and predictions independently recomputed from the downloaded artifact.
Primary references
	MLflow experiment tracking
	MLflow model registry workflows

Phase 07: Transformers & language models
Can you prove that a predicted token cannot see its future?
Attention is a weighted mixing operation whose axes and masks are testable. Build a causal model from these contracts before interpreting a generated sentence as evidence of learning.
Prepare and work through the phase
	Audit attention and targets
Check one attention row by hand, token/target shifts, padding denominators and segment boundaries. Perturb future tokens and inspect earlier outputs.

	Train, resume and decode one small model
Preserve residual shapes and sensitive arithmetic, compare the next resumed update and state the decoding policy. Continue into the text harness for cache/full-prefix parity.


Readiness check
A query has equal scores for three allowed keys. What are the attention weights, and what happens if one key is masked?
Answer: The weights are equal thirds. Masking one key leaves equal halves on the two allowed keys and zero on the masked key. Normalize over keys, not queries.
Transfer question
Two documents are packed into one sequence. Causal masking passes, but one document still changes the other’s predictions. What is missing?
Approach: Causality only blocks future positions. Require matching segment identities too, align targets within each document, and exclude padding or invalid boundaries from the loss. Test a change to the other document while holding the target document fixed.
Common pitfall
Padding produces NaNs in attention. Count permitted keys in every query row. A fully masked softmax needs an explicit invalid-query policy; its output and loss must not become valid training evidence.
Phase artifact
Use text-harness stages 1–4. Keep independent attention arithmetic, future-token invariance, resumed Adam state and full-prefix/cache parity with declared precision.
Real-corpus curation, tokenizer tradeoff studies, long-context evaluation and live generative quality need further labs beyond the tiny byte-model harness.
Phase project: A checkpointed causal language model. Verify masking, sequence handling, restoration, and generation before comparing speed. Start with project stages 1, 2, 3, 4.
	text-harness · online workspace · project guide
	embedding-lineage · online workspace · project guide

Attention from small pieces
Implement scaled dot-product attention and test its output shape.
What you will be able to do
	Track query, key and value axes
	Derive the uniform-query result
	Scale scores and keep softmax stable
	Test relationships that should survive a change

The problem
When a model reads a sequence, how can one position use information from another? We’ll build a single attention head as a weighted average. Start with a query whose answer we know, then change the query and watch which values it emphasizes. Small arrays let us see every part of the calculation.
The idea
Attention uses queries and keys to determine weights, then combines values using those weights. Scores describe compatibility; values provide the content being mixed. The attention matrix is an intermediate computation rather than the model's complete output.
Calculate one weighted value mixture
Suppose one query gives weights 0.250.25 and 0.750.75 to values [2,0][2,0] and [0,4][0,4]. The mixture is [0.5,3][0.5,3]. The weights sum to one, but output coordinates need not sum to one or lie between zero and one.
Read one heatmap row as a query's distribution over eligible keys, after confirming the axes. Scaling affects concentration, and a mask determines which keys can participate.
Hold the weights fixed and change a value vector: the output changes while the heatmap does not. Conversely, redundant values can make different weight patterns produce the same mixture. Use a hand-computed row to connect the heatmap to the actual value multiplication.
Pause and reason
Can an attention-weight heatmap alone reconstruct the output?
Compare your reasoningNo. You also need the value vectors and any output projection. Weights explain the mixing coefficients, not the content being mixed.
Track query, key and value axes
QQ has two query rows with two features each; KK has three key rows with the same feature dimension. QKTQK^\mathsf{T} produces a (2,3)(2, 3) score matrix: one row per query and one column per key. VV has three value rows, so the weighted sum returns two output rows. Its value-feature dimension need not equal the key-feature dimension.
Softmax acts along the last axis because a query chooses among keys. A softmax over queries instead would normalize a different problem. Check a rectangular example first: equal query and key counts can hide transposed-axis errors.
Q (Tq, Dk) @ Kᵀ (Dk, Tk) → scores (Tq, Tk)
softmax over Tk → weights (Tq, Tk)
weights @ V (Tk, Dv) → output (Tq, Dv)
Derive the uniform-query result
Every dot product with a zero query is zero. Softmax of [0,0,0][0, 0, 0] is [1/3,1/3,1/3][1/3, 1/3, 1/3], so each output is the mean of the three value rows. Our values sum to [6,6][6, 6]; both queries therefore produce [2,2][2, 2]. This known answer checks score normalization and value mixing without using another attention implementation.
The output is a weighted average, not a selected row. With finite unmasked scores, multiple keys can contribute. More concentrated weights can approximate retrieval but do not create a discrete index operation.
Scale scores and keep softmax stable
Dividing by sqrt(Dk) moderates dot-product scale as the feature dimension grows under common initialization assumptions. It is a design convention, not a proof that arbitrary query/key values cannot saturate. The independent NumPy reference below subtracts each row maximum before exponentiating to avoid overflow.
JAX softmax performs a stable normalization. Adding the same finite constant to every score in a row leaves its weights unchanged. Extremely large or infinite inputs can still require diagnosis; a stable formula does not make invalid inputs meaningful.
Test relationships that should survive a change
Adding a constant value vector c to every value row shifts every output by c because each weight row sums to one. Permuting keys and their corresponding values together leaves the result unchanged. Permuting only values changes what each score retrieves.
These tests examine the mechanism under changed conditions rather than merely duplicating the implementation. The unmasked head allows every key to contribute; interpreting it as a next-token model would leak future information. That boundary belongs in the next lesson.
Read attention as matching, then mixing
Let’s give each symbol a job. QQ contains queries, KK contains keys, and VV contains the values we want to mix. The feature count dkd_k sets the score scale. Each row of AA contains nonnegative weights that sum to one. For a zero query, all scores match, so three values each receive weight 1/31/3. Their average is the output. You can check that case before thinking about learned projections.
S=QKTdkAij=exp⁡(Sij−mi)∑texp⁡(Sit−mi),mi=max⁡tSitO=AV\begin{aligned}S&=\frac{QK^\mathsf{T}}{\sqrt{d_k}}\\A_{ij}&=\frac{\exp(S_{ij}-m_i)}{\sum_t\exp(S_{it}-m_i)},\quad m_i=\max_t S_{it}\\O&=AV\end{aligned}Each query distributes one unit of attention
Predict: Why do the initial rows have equal weights?
[image: Each query distributes one unit of attention. Rows are queries and columns are keys. Each cell gives the attention weight assigned to that key by that query. Both panels use the same color range from \(0\) to \(1\), so their shades are directly comparable. Read across one row at a time; its weights sum to \(1\). With zero queries, all scores are equal and every key receives weight \(1/3\). With changed queries, the first row becomes approximately \((0.472,0.0565,0.472)\), while the second becomes \((0.0565,0.472,0.472)\). Each row favors two tied keys, not a single winning key.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Rows are queries and columns are keys. Each cell gives the attention weight assigned to that key by that query. Both panels use the same color range from 00 to 11, so their shades are directly comparable. Read across one row at a time; its weights sum to 11.
With zero queries, all scores are equal and every key receives weight 1/31/3. With changed queries, the first row becomes approximately (0.472,0.0565,0.472)(0.472,0.0565,0.472), while the second becomes (0.0565,0.472,0.472)(0.0565,0.472,0.472). Each row favors two tied keys, not a single winning key.
Connect it to the computation
The changed queries are (3,0)(3,0) and (0,3)(0,3); the keys are (1,0)(1,0), (0,1)(0,1), and (1,1)(1,1). The third key matches the active coordinate of either query, explaining why it ties for the highest weight in both rows. Softmax converts these relative scores into normalized, positive weights.
The weights mix the value vectors; they are not the output vectors themselves. In the uniform panel, averaging the values (2,0)(2,0), (0,4)(0,4), and (4,2)(4,2) produces (2,2)(2,2) for each query. To understand a changed output, first read its row of weights, then form that weighted sum.
1. Prepare the experiment
In the CPU environment from setup, create main.py and add this block. Write down the dimensions and the known result before continuing.
# Step 1 — 1. Prepare the experiment: These imports provide JAX array transformations and NumPy...
import jax
import jax.numpy as jnp
import numpy as np
These imports provide JAX array transformations and NumPy reference calculations. Define the numerical functions next; the final build block supplies the concrete fixture and checks.
2. Implement the mechanism
Append this block in the same file. Follow the shape diagram above and identify each reduction or state transition.
# Step 2 — 2. Implement the mechanism: Multiplying Q\in\mathbb{R}^{T_q\times D_k} by...
def attend(q, k, v):
    scores = q @ k.T / jnp.sqrt(q.shape[-1])
    # Apply nonlinear activation or probability normalization to compute `weights`.
    weights = jax.nn.softmax(scores, axis=-1)
    return weights @ v, weights
Multiplying Q∈RTq×DkQ\in\mathbb{R}^{T_q\times D_k} by KT∈RDk×TkK^\mathsf{T}\in\mathbb{R}^{D_k\times T_k} gives scores of shape (Tq,Tk)(T_q,T_k). Softmax normalizes each query’s weights across the TkT_k keys. Multiplying by V∈RTk×DvV\in\mathbb{R}^{T_k\times D_v} then gives an output of shape (Tq,Dv)(T_q,D_v).
3. Run and check
Append this block and run python main.py. Compare its output with your prediction. An assertion failure means a stated contract needs investigation.
# Step 3 — 3. Run and check: Uniform weights 1/3; both output rows [2, 2].
q = jnp.zeros((2, 2))
k = jnp.array([[1., 0.], [0., 1.], [1., 1.]])
v = jnp.array([[2., 0.], [0., 4.], [4., 2.]])
output, weights = attend(q, k, v)
print("Weights / output:", weights, output)
assert jnp.allclose(weights, jnp.full((2, 3), 1/3))
assert jnp.allclose(output, jnp.array([[2., 2.], [2., 2.]]))
assert jnp.allclose(jnp.sum(weights, axis=-1), 1.)
Uniform weights 1/31/3; both output rows [2,2][2, 2].
Run the example
The assembled script is in the separate solutions and code appendix.
Uniform weights 1/31/3; both output rows [2,2][2, 2].
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare a nonzero query with NumPy
Predict before running: Which keys become more relevant for query [2,0][2, 0]?
# Experiment — Compare a nonzero query with NumPy: A separate NumPy calculation checks nonuniform weighting and the...
q_new = jnp.array([[2., 0.]])
actual, w_new = attend(q_new, k, v)
# Convert `scores_np` to a host NumPy array for inspection or verification.
scores_np = np.asarray(q_new) @ np.asarray(k).T / np.sqrt(2)
# Reduce along axis=-1 to compute `raw`.
raw = np.exp(scores_np - scores_np.max(axis=-1, keepdims=True))
# Reduce along axis=-1 to compute `reference_w`.
reference_w = raw / raw.sum(axis=-1, keepdims=True)
np.testing.assert_allclose(w_new, reference_w, rtol=1e-6, atol=1e-6)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(actual, reference_w @ np.asarray(v), rtol=1e-6, atol=1e-6)
Keys 00 and 22 receive equal larger weights than key 11.
A separate NumPy calculation checks nonuniform weighting and the output axis.
Shift every value vector
Predict before running: If every VV row gains [5,−2][5, -2], what happens to each output?
# Experiment — Shift every value vector: Row-normalized attention preserves a shared value translation.
shift = jnp.array([5., -2.])
shifted, _ = attend(q_new, k, v + shift)
assert jnp.allclose(shifted, actual + shift)
Each output shifts by [5,−2][5, -2].
Row-normalized attention preserves a shared value translation.
Your exercise
Permute the three key/value pairs together, then permute only values. Verify invariance for the paired permutation and a changed result for the mismatched pairing.
Attempt this before consulting the separate solutions appendix.
Use a different value dimension
Transfer / diagnosis
Make each value a single scalar [3,6,9][3, 6, 9]. Check the output shape and zero-query mean.
Hint
The score matrix does not depend on Dv.
Expose a wrong softmax axis
Transfer / diagnosis
Normalize zero scores along axis 00 and compare row sums with the intended contract. Repair the axis.
Hint
Two queries and three keys make the incorrect result visible.
Checkpoint
Which dimension should softmax normalize for one query to combine all key/value pairs?
	The query dimension
	The key dimension
	The value feature dimension

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If weights sum to 1.51.5 rather than 11, inspect the softmax axis on the (2,3)(2,3) score matrix. If paired key/value permutation changes the output, check that the same order was applied to both arrays. Repair the axis or pairing, then rerun the independent NumPy and translation checks.
Carry forward
	A separate NumPy calculation checks nonuniform weighting and the output axis.
	Row-normalized attention preserves a shared value translation.

Your evidence
Save the Q/K/V axis diagram, uniform hand calculation, NumPy nonuniform reference, paired permutation check, and wrong-axis repair.
Primary references
	JAX softmax API
	JAX attention API
	Optax cross entropy

Masking, tokenization, and sequence packing
Construct a causal mask and prevent packed sequences from attending across boundaries.
What you will be able to do
	Build a causal mask from positions
	Keep token IDs and targets aligned
	Combine causal and segment boundaries
	Handle padding without an all-masked softmax

The problem
An attention head should not always see every token. For example, a next-token model must not peek at the future. We’ll build a causal mask one row at a time, then add padding and boundaries between packed examples. Before training, you’ll be able to explain exactly which positions may read each other.
The idea
An attention mask controls which positions supply context. A loss mask controls which targets contribute to the objective. Tokenization, target shifting and sequence packing decide the positions to which those different rules apply.
Keep context eligibility separate from scored targets
At input position tt, causal next-token training predicts target t+1t+1. A response-only role flag must follow that shifted target. Using unshifted role flags can score the wrong token at the prompt/response boundary.
An unscored prompt token can still influence a scored response through attention. Removing its direct loss does not remove it from the computation. A blocked attention edge instead prevents a context contribution.
Packed documents need segment boundaries in addition to a causal triangle. A later segment must not read an unrelated earlier segment merely because its positions occur earlier in the tensor. Trace one query and target across these rules before trusting a batch average.
Pause and reason
Why is a triangular mask alone insufficient for packed documents?
Compare your reasoningIt blocks future positions but can allow one document to attend to another earlier document. Segment eligibility must enforce the intended document separation.
Build a causal mask from positions
For query position i, allow keys j ≤ i. Including the diagonal lets a token use its own representation. The model predicts the next token from that prefix; the target array is shifted one position ahead. Excluding the diagonal is a different convention that requires changing how inputs and labels are aligned.
With values 22, 44, 88, 1616 and uniform permitted scores, the outputs are prefix means: 22, 33, 14/314/3 and 7.57.5. Changing the last value must not change the first three outputs. This counterfactual tests causal isolation directly.
allowed key columns
query 0: 1 0 0 0
query 1: 1 1 0 0
query 2: 1 1 1 0
query 3: 1 1 1 1
Keep token IDs and targets aligned
For vocabulary {a:00, b:11, c:22}, abcab becomes [0,1,2,0,1][0,1,2,0,1]. Inputs [0,1,2,0][0,1,2,0] pair with next-token targets [1,2,0,1][1,2,0,1]. Do not train the last token to predict the first token of an unrelated packed example. A separator or an ignored loss position must express that boundary.
Production tokenizers add Unicode normalization, special control IDs, and subword merges on top of this exact index-alignment contract. Validate unknown characters explicitly rather than silently assigning an existing ID.
Combine causal and segment boundaries
Packing segments [0,0,1,1][0,0,1,1] means positions 22 and 33 belong to a new example. Require equal segment IDs as well as causal order. With our values, packed means become 22, 33, 88 and 1212. Position 22 must not read earlier positions from segment 00 even though they are causally prior.
Segment IDs must identify separate examples within a packed row. Reusing an ID for two unrelated spans could reconnect them. The mask is only one part of packing: target eligibility must also stop at each segment boundary.
Handle padding without an all-masked softmax
An all-masked row represented by all −infinity scores has no normalized distribution and can produce NaN. Padding queries create precisely that row if you forbid every key. Provide a harmless fallback key for those queries, then replace their outputs with zero and ignore their loss. Every real query still uses its original permitted keys.
The fallback is a numerical convention, not permission for padding to carry semantic information. Test that perturbing padded values does not change real outputs. Also reject any real query with no valid key when that violates your model contract.
Turn the allowed positions into weights
For causal attention, query position ii may use key position jj only when j≤ij\le i. We leave an allowed score unchanged and replace a blocked score with negative infinity before softmax. This gives blocked positions zero weight when the row has at least one allowed key. If a row is entirely blocked, an ordinary softmax has no valid distribution; handle that case explicitly, as the code does.
S~ij={Sijif key j is allowed for query i−∞otherwise\widetilde S_{ij}=\begin{cases}S_{ij}&\text{if key }j\text{ is allowed for query }i\\-\infty&\text{otherwise}\end{cases}A causal mask blocks future information
Predict: Which cells must remain zero?
[image: A causal mask blocks future information. Rows select query positions and columns select key positions. The diagonal and cells to its left are allowed; the white cells to the right of the diagonal have exactly zero attention weight because they refer to future tokens. Query \(0\) puts all its weight on key \(0\). Query \(1\) splits weight equally across keys \(0\) and \(1\). The last row assigns \(1/4\) to every key because, at the last position, all four positions are available.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Rows select query positions and columns select key positions. The diagonal and cells to its left are allowed; the white cells to the right of the diagonal have exactly zero attention weight because they refer to future tokens.
Query 00 puts all its weight on key 00. Query 11 splits weight equally across keys 00 and 11. The last row assigns 1/41/4 to every key because, at the last position, all four positions are available.
Connect it to the computation
The allowed scores are equal in this constructed example, so each row averages its visible prefix. The causal mask determines which entries must be zero; it does not generally make the remaining entries uniform. Learned scores can distribute weight unevenly within the allowed region.
For values (2,4,8,16)(2,4,8,16), query 22 returns (2+4+8)/3=14/3(2+4+8)/3=14/3, not the full-sequence average 7.57.5. The zero in its last column is what prevents the future value 1616 from influencing that result. Verify normalization across rows, not down columns.
1. Prepare the experiment
In the CPU environment from setup, create main.py and add this block. Write down the dimensions and the known result before continuing.
# Step 1 — 1. Prepare the experiment: These imports provide JAX array transformations and NumPy...
import jax
import jax.numpy as jnp
import numpy as np
These imports provide JAX array transformations and NumPy reference calculations. Define the numerical functions next; the final build block supplies the concrete fixture and checks.
2. Implement the mechanism
Append this block in the same file. Follow the shape diagram above and identify each reduction or state transition.
# Step 2 — 2. Implement the mechanism: allowed key columns query 0: 1 0 0 0 query 1: 1 1 0 0 query 2: 1 1...
def masked_mean(values, allowed):
    # Combine or mask array elements to form `scores`.
    scores = jnp.where(allowed, 0., -jnp.inf)
    # Apply nonlinear activation or probability normalization to compute `weights`.
    weights = jax.nn.softmax(scores, axis=-1)
    return weights @ values, weights

def make_mask(segment_ids, valid):
    positions = jnp.arange(segment_ids.shape[0])
    causal = positions[:, None] >= positions[None, :]
    same_segment = segment_ids[:, None] == segment_ids[None, :]
    return causal & same_segment & valid[:, None] & valid[None, :]
allowed key columns
query 00: 11 00 00 00
query 11: 11 11 00 00
query 22: 11 11 11 00
query 33: 11 11 11 11
3. Run and check
Append this block and run python main.py. Compare its output with your prediction. An assertion failure means a stated contract needs investigation.
# Step 3 — 3. Run and check: Causal means [2, 3, 4.666667, 7.5]; no weight above the diagonal.
values = jnp.array([[2.], [4.], [8.], [16.]])
causal = jnp.arange(4)[:, None] >= jnp.arange(4)[None, :]
out, weights = masked_mean(values, causal)
assert jnp.allclose(out[:, 0], jnp.array([2., 3., 14/3, 7.5]))
assert jnp.allclose(jnp.triu(weights, 1), 0.)
print("Causal means:", out[:, 0])
Causal means [2,3,4.666667,7.5][2, 3, 4.666667, 7.5]; no weight above the diagonal.
Run the example
The assembled script is in the separate solutions and code appendix.
Causal means [2,3,4.666667,7.5][2, 3, 4.666667, 7.5]; no weight above the diagonal.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Perturb the future
Predict before running: If the last value becomes 10001000, which outputs may change?
# Experiment — Perturb the future: Perturbation tests whether earlier representations depend on...
changed = values.at[-1, 0].set(1000.)
changed_out, _ = masked_mean(changed, causal)
assert jnp.allclose(changed_out[:3], out[:3])
assert not jnp.allclose(changed_out[-1], out[-1])
Only the last output changes.
Perturbation tests whether earlier representations depend on future information.
Pack two independent examples
Predict before running: What are the means for segments [0,0,1,1][0,0,1,1]?
# Experiment — Pack two independent examples: Causal order alone does not isolate independent packed examples.
segments = jnp.array([0, 0, 1, 1])
valid = jnp.ones(4, dtype=bool)
packed = make_mask(segments, valid)
packed_out, _ = masked_mean(values, packed)
assert jnp.allclose(packed_out[:, 0], jnp.array([2., 3., 8., 12.]))
Packed means [2,3,8,12][2, 3, 8, 12].
Causal order alone does not isolate independent packed examples.
Your exercise
Encode abcab with a three-character vocabulary. Create shifted inputs/targets, and a loss-eligibility vector for packed segments [0,0,0,1,1][0,0,0,1,1] that excludes a cross-segment next-token target.
Attempt this before consulting the separate solutions appendix.
Repair padding-query NaNs
Transfer / diagnosis
Use valid=[True,True,False,False]. Reproduce the undefined all-masked rows, then give padded queries a fallback and zero their outputs.
Hint
Insert a diagonal fallback only for invalid queries.
Detect packed-example leakage
Transfer / diagnosis
Compare causal-only and segment-aware outputs at query 22. Explain which prior values caused the difference.
Hint
Query 22 should see only value 88 from its own segment.
Checkpoint
What must a packed causal mask enforce?
	Causal order only
	Same segment and permitted causal keys, plus explicit padding behavior
	Equal token IDs

Answer and explanation are in the separate solutions appendix.
Diagnose the result
NaN in a padded output can mean that its mask row permits no keys; count allowed keys before blaming the optimizer. Add a fallback only for invalid queries, zero their outputs, and ignore their loss. If a packed output includes another example’s values, inspect equal-segment and causal conditions separately. Recheck the hand-derived [2,3,8,12][2,3,8,12] result.
Carry forward
	Perturbation tests whether earlier representations depend on future information.
	Causal order alone does not isolate independent packed examples.

Your evidence
Keep token/target alignment, the two masks, future perturbation, segment-leakage comparison and all-masked-row repair. Verify that masks and ignored loss positions enforce the same boundaries.
Primary references
	JAX softmax API
	JAX attention API
	Optax cross entropy

A Transformer block and mixed precision
Build a residual attention block and compare numerical behavior across precision choices.
What you will be able to do
	Follow the two residual paths
	Normalize features rather than examples
	Test causal independence and differentiation
	Separate storage precision from sensitive arithmetic

The problem
An attention head mixes information across positions. What else makes it a Transformer block? We’ll add normalization, a small feature-processing network and two residual connections. Then we’ll inspect gradients and compare a lower-precision version. This is a deliberately small CPU teaching block, not a production architecture.
The idea
A Transformer block adds learned corrections to token representations. This lesson uses a single attention head, normalization before each branch, and two residual additions. Follow the implemented dimensions rather than assuming all Transformer architectures are interchangeable.
Follow the residual stream through the actual block
Four token positions each carry eight features. Query/key scores therefore form a four-by-four matrix. Weighted values and the output projection return to eight features, allowing the attention correction to be added to the input.
The feed-forward branch expands eight features to sixteen, applies GELU and returns to eight. It processes each token's feature vector; attention is the part that mixes eligible positions. Each residual addition requires matching shapes.
The saved output-minus-input heatmap shows the combined correction. Its equal rows arise from this fixture's constant-offset input and normalization behavior. They are not a universal property of attention. Use the architecture to identify which input change would test that explanation.
The actual single-head pre-LN block
Predict: What should happen when every learned projection is zero?
[image: The center path carries four positions with eight features. Attention mixes eligible positions through four-by-four weights. The feed-forward branch changes each token from eight to sixteen features and back. Curved bypasses carry residual values to additions. No multihead or cache component is implied.]Architecture and dataflow mechanism diagram.The center path carries four positions with eight features. Attention mixes eligible positions through four-by-four weights. The feed-forward branch changes each token from eight to sixteen features and back. Curved bypasses carry residual values to additions. No multihead or cache component is implied.
Pause and reason
What should happen when every learned projection is zero?
Compare your reasoningThe block returns its input: both correction branches are zero and the residual path remains. This checks the structure independently of learned performance.
LN⁡(x)i=γixi−μσ2+ϵ+βi,h(ℓ+1)=h(ℓ)+fℓ(LN⁡(h(ℓ)))\operatorname{LN}(x)_i = \gamma_i \frac{x_i - \mu}{\sqrt{\sigma^2 + \epsilon}} + \beta_i, \qquad h^{(\ell+1)} = h^{(\ell)} + f_\ell(\operatorname{LN}(h^{(\ell)}))Follow the two residual paths
The first sublayer normalizes each token’s features, creates Q/K/V projections, performs causal attention and projects back to the model width. Add that result to the original xx. The second sublayer normalizes the intermediate residual, expands feature width, applies GELU, contracts back and adds again.
Every residual addition needs matching shapes. Zeroing all six projection matrices makes both sublayers contribute zero, so the block must return xx exactly. This is an independent boundary case that catches many incorrect residual connections.
x → norm → Q/K/V → causal attention → output projection
└────────────────────────────── add → residual
residual → norm → expansion → GELU → contraction
└────────────────────────────────── add → output
Normalize features rather than examples
For each token, compute the mean and variance over its feature axis. Subtracting the mean and dividing by sqrt(variance+epsilon) makes this sublayer insensitive to a shared finite feature shift, within numerical tolerance. Epsilon prevents division by zero for a constant feature row.
Layer normalization here does not compute statistics across the batch or sequence. Its result has the same shape as its input, and it has no running statistics. Batch normalization and learned affine normalization introduce different state or parameters; do not swap them without revisiting the contract.
Test causal independence and differentiation
Perturb the last token heavily and verify that the first three output rows stay the same. Pre-normalization and the MLP act per token, while the attention mask prevents earlier queries from reading the last key. A full gradient with respect to the parameter pytree should retain each leaf’s shape and remain finite for this input.
Finite gradients are necessary but not sufficient evidence of a correct block. Check known cases, changed inputs, residual identity and eager/compiled agreement together. The loss reduction determines the gradient scale.
Separate storage precision from sensitive arithmetic
Casting every parameter and input to bfloat16 is a simple controlled low-precision experiment, not a complete mixed-precision training policy. A common policy stores selected tensors at lower precision while computing reductions and normalization in float32. The second experiment compares fully cast bfloat16 computation with a policy that keeps feature normalization and score softmax in float32, while casting their outputs back for the lower-precision projections.
Record maximum absolute error for the supplied small input; do not require bitwise agreement. Precision affects both small denominators and accumulated dot products. If a comparison fails, inspect normalization and input scale before increasing the tolerance. Real models require workload-specific accuracy and performance qualification.
A residual block adds a correction to its input
Predict: Does a residual connection force the output to equal the input?
[image: A residual block adds a correction to its input. Rows are token positions and columns are features. Every cell shows output minus input at that location, so this is a map of the block’s correction, not its raw output. Purple indicates a positive correction, brown a negative correction, and near-white little change. Feature \(3\) increases by about \(0.0897\), while feature \(7\) decreases by about \(0.385\). Those same column patterns repeat across all four rows, up to floating-point rounding. The strongest color marks the largest change in magnitude, not the feature with the largest original activation.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Rows are token positions and columns are features. Every cell shows output minus input at that location, so this is a map of the block’s correction, not its raw output. Purple indicates a positive correction, brown a negative correction, and near-white little change.
Feature 33 increases by about 0.08970.0897, while feature 77 decreases by about 0.3850.385. Those same column patterns repeat across all four rows, up to floating-point rounding. The strongest color marks the largest change in magnitude, not the feature with the largest original activation.
Connect it to the computation
Why do the rows look identical? The example builds input rows that differ only by a constant offset across their features. Per-token layer normalization removes that offset, so the normalized rows match. Their projected values match too, so attention’s weighted average is the same even when the causal mask allows different numbers of tokens. The subsequent normalized feed-forward branch preserves this symmetry.
The block therefore adds almost the same correction to different input rows; the final rows themselves are still different. This repeated pattern comes from the chosen input, not a rule that transformers treat every token identically. Change one feature of one token, rather than shifting the entire row, to break the symmetry and inspect how the correction changes.
1. Prepare the experiment
In the CPU environment from setup, create main.py and add this block. Write down the dimensions and the known result before continuing.
# Step 1 — 1. Prepare the experiment: These imports provide JAX array transformations and NumPy...
import jax
import jax.numpy as jnp
import numpy as np
These imports provide JAX array transformations and NumPy reference calculations. Define the numerical functions next; the final build block supplies the concrete fixture and checks.
2. Implement the mechanism
Append this block in the same file. Follow the shape diagram above and identify each reduction or state transition.
# Step 2 — 2. Implement the mechanism: x → norm → Q/K/V → causal attention → output projection...
def layer_norm(x):
    # Reduce along axis=-1 to compute `mean`.
    mean = jnp.mean(x, axis=-1, keepdims=True)
    # Reduce along axis=-1 to compute `variance`.
    variance = jnp.mean((x-mean)**2, axis=-1, keepdims=True)
    return (x-mean) / jnp.sqrt(variance + 1e-5)

def init_block(key, width=8):
    # Create or split explicit PRNG key(s) (`keys`) for reproducible randomness.
    keys = jax.random.split(key, 6)
    shapes = [(width,width)]*4 + [(width,2*width),(2*width,width)]
    return {name: jax.random.normal(k,s)*0.1 for name,k,s in zip(
        ["q","k","v","o","up","down"], keys, shapes)}

def block_forward(p, x):
    h = layer_norm(x)
    q, k, v = h@p["q"], h@p["k"], h@p["v"]
    scores = q@k.T / jnp.sqrt(x.shape[-1])
    # Create evenly spaced index values in `allowed`.
    allowed = jnp.arange(x.shape[0])[:,None] >= jnp.arange(x.shape[0])[None,:]
    # Apply nonlinear activation or probability normalization to compute `weights`.
    weights = jax.nn.softmax(jnp.where(allowed, scores, -jnp.inf), axis=-1)
    residual = x + (weights@v)@p["o"]
    return residual + jax.nn.gelu(layer_norm(residual)@p["up"])@p["down"]
xx → norm → Q/K/V → causal attention → output projection
└────────────────────────────── add → residual
residual → norm → expansion → GELU → contraction
└────────────────────────────────── add → output
3. Run and check
Append this block and run python main.py. Compare its output with your prediction. An assertion failure means a stated contract needs investigation.
# Step 3 — 3. Run and check: Output shape (4, 8); finite values, zero-projection identity,...
# Create or split explicit PRNG key(s) (`p`) for reproducible randomness.
p = init_block(jax.random.key(7))
# Construct and reshape `x` into the target tensor dimensions.
x = jnp.arange(32, dtype=jnp.float32).reshape(4,8)/10
output = block_forward(p, x)
# Check tensor shape invariant: `output.shape == x.shape`
assert output.shape == x.shape
# Ensure all array elements remain finite: `jnp.all(jnp.isfinite(output))`
assert jnp.all(jnp.isfinite(output))
# Transform every leaf of the parameter PyTree (`zero`).
zero = jax.tree.map(jnp.zeros_like, p)
assert jnp.allclose(block_forward(zero, x), x)
assert jnp.allclose(jax.jit(block_forward)(p,x), output, atol=1e-5)
print("Block shape:", output.shape)
Output shape (4,8)(4, 8); finite values, zero-projection identity, compiled/eager agreement.
Run the example
The assembled script is in the separate solutions and code appendix.
Output shape (4,8)(4, 8); finite values, zero-projection identity, compiled/eager agreement.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Verify the residual identity and causal boundary
Predict before running: Which output rows can change when only the last token changes?
# Experiment — Verify the residual identity and causal boundary: Masking and per-token operations preserve causal independence...
changed_x = x.at[-1].add(100.)
changed_output = block_forward(p, changed_x)
assert jnp.allclose(changed_output[:3], output[:3], atol=1e-5)
assert not jnp.allclose(changed_output[-1], output[-1])
First three rows agree; the last row changes.
Masking and per-token operations preserve causal independence through both sublayers.
Compare two precision policies
Predict before running: Which operations use float32 in mixed_block? Will its error necessarily be smaller for every input?
# Experiment — Compare two precision policies: Storage/activation casts and sensitive-reduction precision are...
# Transform every leaf of the parameter PyTree (`low_p`).
low_p = jax.tree.map(lambda z:z.astype(jnp.bfloat16), p)
low_x = x.astype(jnp.bfloat16)
low_out = block_forward(low_p, low_x).astype(jnp.float32)
# Aggregate array values to compute `error`.
error = jnp.max(jnp.abs(low_out-output))
print("bfloat16 max absolute error:", float(error))
# Confirm that all computed values remain finite (no NaN or Inf).
assert jnp.all(jnp.isfinite(low_out))
assert error < 0.1

def mixed_block(p, x):
    h = layer_norm(x.astype(jnp.float32)).astype(jnp.bfloat16)
    q,k,v = h@p["q"], h@p["k"], h@p["v"]
    scores = (q@k.T).astype(jnp.float32)/jnp.sqrt(x.shape[-1])
    # Create evenly spaced index values in `allowed`.
    allowed = jnp.arange(x.shape[0])[:,None] >= jnp.arange(x.shape[0])[None,:]
    weights = jax.nn.softmax(jnp.where(allowed,scores,-jnp.inf),axis=-1).astype(jnp.bfloat16)
    residual = x+(weights@v)@p["o"]
    normalized = layer_norm(residual.astype(jnp.float32)).astype(jnp.bfloat16)
    activation = jax.nn.gelu((normalized@p["up"]).astype(jnp.float32)).astype(jnp.bfloat16)
    return residual + activation@p["down"]

mixed_out = mixed_block(low_p,low_x).astype(jnp.float32)
# Aggregate array values to compute `mixed_error`.
mixed_error = jnp.max(jnp.abs(mixed_out-output))
print("Float32 reduction policy max absolute error:",float(mixed_error))
# Ensure all array elements remain finite: `jnp.all(jnp.isfinite(mixed_out))`
assert jnp.all(jnp.isfinite(mixed_out))
assert mixed_error < 0.1
Both outputs are finite, with max absolute errors below 0.10.1 for this fixture. Record both actual errors; their relative order is not guaranteed.
Storage/activation casts and sensitive-reduction precision are separate choices. One fixture is distinct from an accuracy or throughput guarantee.
Your exercise
Differentiate the mean squared block output with respect to every projection. Check each gradient leaf’s shape and finite values, then perturb one parameter coordinate and compare a central difference.
Attempt this before consulting the separate solutions appendix.
Check normalization without autodiff
Transfer / diagnosis
Compute the first normalized row using NumPy and compare. Also check a constant row.
Hint
Use population variance over features and epsilon 10−510^{-5}.
Repair a residual width mismatch
Transfer / diagnosis
Remove the contraction from the MLP and reproduce the residual addition failure. Restore the contraction and verify shape.
Hint
The expanded tensor has twice the model width.
Checkpoint
If all projection matrices are zero in this block, what should the output be?
	Zero
	The original input
	Undefined because attention has zero scores

Answer and explanation are in the separate solutions appendix.
Diagnose the result
A residual width error means the expanded MLP tensor was added before its contraction. Check (T,2D)(T,2D) versus (T,D)(T,D), restore the down projection and verify the zero-projection identity. For nonfinite or inaccurate lower-precision results, inspect feature variance, epsilon and reduction dtype. Report both measured precision errors rather than assuming a policy must always improve them.
Carry forward
	Masking and per-token operations preserve causal independence through both sublayers.
	The error bound is a checked example, not an accuracy guarantee for arbitrary models.

Your evidence
Keep the architecture diagram, zero-projection identity, causal perturbation, independent normalization, finite-difference coordinate check, precision discrepancy and residual-width repair.
Primary references
	JAX softmax API
	JAX attention API
	Optax cross entropy

Train, checkpoint, and generate
Train a tiny causal model, restore it, and generate from a fixed seed.
What you will be able to do
	Assemble the token-to-logit contract
	Separate a learning experiment from a benchmark
	Checkpoint the continuation state and its schema
	Generate with an explicit decoding policy
	Use failures to test the experiment boundary

The problem
Let’s connect the pieces into a tiny next-token model. We’ll use a repeating three-character sequence, so the targets and expected continuations are easy to inspect. You’ll train, save, resume one matching step, and generate tokens. Success on this controlled sequence does not demonstrate general language ability.
The idea
Training provides known shifted targets. Generation predicts a next-token distribution and applies a decoding rule, then feeds the chosen token back as context. These two procedures use the model for different jobs.
Separate teacher-forced targets from generated context
For probabilities 0.6,0.3,0.10.6,0.3,0.1, greedy decoding selects the first token. Sampling may select another nonzero-probability token. That different choice changes the context and therefore the distribution at the following step.
Read each row of the probability figure before interpreting the generated string. Confidence on the fixture's target shows behavior on this small task; it is separate from broad language ability.
Keep tokenizer identity, context limit and termination rules with the checkpoint. Correct weights with a changed token-to-ID mapping define a different system. The text harness adds explicit cache behavior later; do not infer that this lesson's simple generation loop already implements it.
Pause and reason
Why can two decoding policies produce different later distributions from identical weights?
Compare your reasoningThey can choose different earlier tokens, giving the model different later contexts. That is an expected consequence of decoding, not necessarily a numerical mismatch.
LCE=−1∑tmt∑t=1Tmtlog⁡Pθ(yt∣y<t)\mathcal{L}_{\text{CE}} = -\frac{1}{\sum_{t} m_t} \sum_{t=1}^{T} m_t \log P_\theta(y_t \mid y_{<t})Assemble the token-to-logit contract
Each token ID indexes one row of a (3,8)(3, 8) embedding table. Add a position row, apply the single-head causal block, normalize and project to three vocabulary logits. vmap applies this per-sequence function over the batch. The loss averages token cross entropy over both example and position axes.
For a uniform three-class prediction, negative log probability is log(3), about 1.09861.0986, regardless of the target class. Zeroing the head provides a known check of that objective. This reduction assumes all positions are valid; padding and packing would require the masks and eligible-token reduction taught in the preceding lesson.
IDs (B, T) → embeddings (B, T, 8)
+ positions → causal block → logits (B, T, 3)
shifted targets (B, T) → mean cross entropy → scalar
Separate a learning experiment from a benchmark
The training string repeats abc; the held-out string begins with bca. Splitting strings makes the evaluation call distinct, but repeated periodic contexts mean that the split is separate from unseen-context generalization. The expected greedy sequence follows a known cycle, so it is a correctness fixture.
Record initial loss, final held-out loss and accuracy, and inspect target alignment by hand. A model could learn this rule with a simpler architecture. This exercise demonstrates the Transformer training plumbing; it does not demonstrate that attention is necessary for the task or that the model understands language.
Checkpoint the continuation state and its schema
Adam carries count and moment estimates. Saving only parameters loses those values; even an equal initial loss after restart cannot prove that the next update will match. Save parameter and optimizer leaves, step, vocabulary and context. Recreate the expected tree structure from the same model and optimizer schema when loading, and reject mismatched leaf counts, shapes or dtypes.
The example writes numeric NPZ arrays with pickle disabled and a JSON manifest in a temporary directory, then checks the next transition against the uninterrupted state. The files are deliberately cleaned up after this smoke exercise. To keep learner evidence, change the directory to a persistent experiment folder. This two-file format is not atomic crash recovery; the data/recovery phase teaches stronger failure boundaries.
Generate with an explicit decoding policy
For greedy generation, take the last token’s logits, choose argmax, append that token and repeat. Keep at most four tokens as the next context. There is no sampling key because this decoding policy is deterministic. Ties follow the argmax implementation; temperature and stochastic sampling would change the policy.
Recomputing the whole window is simple but inefficient for a large model. This lesson does not implement a key/value cache or serving scheduler. Unknown characters and empty prompts must fail clearly instead of silently becoming another vocabulary ID.
Use failures to test the experiment boundary
Zero logits should give log(3); a future-token perturbation should not affect earlier logits; a mismatched checkpoint vocabulary should be rejected; and an empty prompt should fail. These cases test different contracts, so passing one is verified separately from the others.
Keep the corpus, vocabulary, context, model seed, optimizer settings, package versions and numeric outputs with your work. The deterministic fixture has no shuffled data position or dropout key after initialization; a production resume must preserve those additional states when present.
Inspect next-token probabilities before greedy decoding
Predict: Which token should follow each position in the held-out context?
[image: Inspect next-token probabilities before greedy decoding. Each row is a position in the held-out context, and columns are the possible next tokens: a, b, and c. The cells contain next-token probabilities, with darker purple indicating larger probability. Each row sums to approximately \(1\); displayed numbers are rounded. Read the darkest column in each row: c, a, b, then c. Their probabilities are all above \(0.99\) in this run, while the other entries are close to zero. For the context b, c, a, b, these choices continue the learned repeating sequence.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Each row is a position in the held-out context, and columns are the possible next tokens: a, b, and c. The cells contain next-token probabilities, with darker purple indicating larger probability. Each row sums to approximately 11; displayed numbers are rounded.
Read the darkest column in each row: c, a, b, then c. Their probabilities are all above 0.990.99 in this run, while the other entries are close to zero. For the context b, c, a, b, these choices continue the learned repeating sequence.
Connect it to the computation
Greedy decoding takes the largest-probability token from the relevant row. The final context position therefore chooses c as the next token. The earlier rows show predictions for earlier prefixes; they are not four independently generated continuations from the final position.
These probabilities describe the trained model’s output on this tiny task. High probability and success on a repeating pattern are separate from general language ability or calibrated confidence. Check the row labels and the context before interpreting a bright cell as a correct prediction.
1. Prepare packages and the vocabulary
Create main.py in the CPU environment. Add these imports and the vocabulary/context contract. Integer IDs must stay consistent with the output head.
# Step 1 — 1. Prepare packages and the vocabulary: Vocabulary size is three, model width is eight, and the context...
import jax
import jax.numpy as jnp
import numpy as np
import optax
import json
from pathlib import Path
from tempfile import TemporaryDirectory

VOCAB = {"a":0, "b":1, "c":2}
CONTEXT = 4
Vocabulary size is three, model width is eight, and the context limit is four.
2. Reuse the verified causal block
Append the normalization, projection initialization and causal block from the previous lesson. Identify where the attention mask prevents future reads.
# Step 2 — 2. Reuse the verified causal block: The block returns one model-width vector per token; it has no...
def layer_norm(x):
    # Reduce along axis=-1 to compute `mean`.
    mean = jnp.mean(x, axis=-1, keepdims=True)
    # Reduce along axis=-1 to compute `variance`.
    variance = jnp.mean((x-mean)**2, axis=-1, keepdims=True)
    return (x-mean) / jnp.sqrt(variance + 1e-5)

def init_block(key, width=8):
    # Create or split explicit PRNG key(s) (`keys`) for reproducible randomness.
    keys = jax.random.split(key, 6)
    shapes = [(width,width)]*4 + [(width,2*width),(2*width,width)]
    return {name: jax.random.normal(k,s)*0.1 for name,k,s in zip(
        ["q","k","v","o","up","down"], keys, shapes)}

def block_forward(p, x):
    h = layer_norm(x)
    q, k, v = h@p["q"], h@p["k"], h@p["v"]
    scores = q@k.T / jnp.sqrt(x.shape[-1])
    # Create evenly spaced index values in `allowed`.
    allowed = jnp.arange(x.shape[0])[:,None] >= jnp.arange(x.shape[0])[None,:]
    # Apply nonlinear activation or probability normalization to compute `weights`.
    weights = jax.nn.softmax(jnp.where(allowed, scores, -jnp.inf), axis=-1)
    residual = x + (weights@v)@p["o"]
    return residual + jax.nn.gelu(layer_norm(residual)@p["up"])@p["down"]
The block returns one model-width vector per token; it has no dropout or running statistics.
3. Add embeddings and the vocabulary head
Append model initialization, token-to-logit mapping and example construction. Write the input and target IDs for the first abcab window before proceeding.
# Step 3 — 3. Add embeddings and the vocabulary head: The head has three columns; make_examples shifts each window by...
def init_lm(key):
    # Create or split explicit PRNG key(s) (`(embed_key, block_key, head_key)`) for reproducible randomness.
    embed_key, block_key, head_key = jax.random.split(key, 3)
    return {"embed":jax.random.normal(embed_key,(3,8))*0.1,
            "position":jnp.arange(CONTEXT*8,dtype=jnp.float32).reshape(CONTEXT,8)*0.001,
            "block":init_block(block_key),
            "head":jax.random.normal(head_key,(8,3))*0.1}

def logits(p, tokens):
    h = p["embed"][tokens] + p["position"][:tokens.shape[0]]
    return layer_norm(block_forward(p["block"],h))@p["head"]

def make_examples(text):
    ids = np.array([VOCAB[c] for c in text],dtype=np.int32)
    # Combine or mask array elements to form `rows`.
    rows = np.stack([ids[i:i+CONTEXT+1] for i in range(len(ids)-CONTEXT)])
    return jnp.array(rows[:,:-1]), jnp.array(rows[:,1:])
The head has three columns; make_examples shifts each window by one token for its targets.
4. Define the loss and compiled state transition
Append the dataset calls, cross-entropy reduction, Adam transformation and compiled step. Which values are returned for the next update?
# Step 4 — 4. Define the loss and compiled state transition: train_step returns new parameters, optimizer state and the...
train_x, train_y = make_examples("abc"*12)
held_x, held_y = make_examples("bca"*6)
def lm_loss(p, x, y):
    # Vectorize across the batch dimension with `jax.vmap` (`predictions`).
    predictions = jax.vmap(logits,in_axes=(None,0))(p,x)
    return jnp.mean(optax.softmax_cross_entropy_with_integer_labels(predictions,y))
# Configure or step the Optax optimizer state (`optimizer`).
optimizer = optax.adam(0.03)
# Define and JIT-compile `train_step(p, state, x, y)` so XLA traces and fuses the operations:
@jax.jit
def train_step(p, state, x, y):
    # Differentiate the objective to obtain `(value, gradients)` via automatic differentiation.
    value, gradients = jax.value_and_grad(lm_loss)(p,x,y)
    # Apply the computed gradient updates to update the model parameters.
    updates, next_state = optimizer.update(gradients,state,p)
    return optax.apply_updates(p,updates), next_state, value
train_step returns new parameters, optimizer state and the pre-update scalar loss; it does not mutate the caller.
5. Run the first twenty updates
Append this training block. You will save this state after twenty steps; keep the optimizer state alongside parameters.
# Step 5 — 5. Run the first twenty updates: Adam count should now equal twenty; initialization is the only...
# Create or split explicit PRNG key(s) (`params`) for reproducible randomness.
params = init_lm(jax.random.key(3))
state = optimizer.init(params)
initial = float(lm_loss(params,train_x,train_y))
for _ in range(20):
    params, state, _ = train_step(params,state,train_x,train_y)
# Save numeric leaves only, with a schema checked against this program's template.
Adam count should now equal twenty; initialization is the only random operation in this deterministic fixture.
6. Write and validate the snapshot format
Append the save/load helpers. Read each rejection check. Rebuilding a tree template supplies structure, not the saved numeric state.
# Step 6 — 6. Write and validate the snapshot format: The loader checks architecture, vocabulary, numeric leaf...
def save_snapshot(folder, p, state, step):
    leaves, _ = jax.tree.flatten((p,state))
    # Convert `` to a host NumPy array for inspection or verification.
    np.savez(folder/"state.npz", **{f"leaf_{i}":np.asarray(x) for i,x in enumerate(leaves)})
    manifest = {"schema":1,"step":step,"vocabulary":VOCAB,"context":CONTEXT,
                "shapes":[list(x.shape) for x in leaves],
                "dtypes":[str(x.dtype) for x in leaves]}
    # Write the serialized artifact payload to disk.
    (folder/"manifest.json").write_text(json.dumps(manifest))

def load_snapshot(folder):
    meta = json.loads((folder/"manifest.json").read_text())
    # Guard input contract (`meta['schema'] != 1 or meta['vocabulary'] != VOCAB or meta['context'] != CONTEXT`) and fail fast if violated.
    if meta["schema"] != 1 or meta["vocabulary"] != VOCAB or meta["context"] != CONTEXT:
        raise ValueError("checkpoint architecture/vocabulary mismatch")
    # Guard input contract (`type(meta['step']) is not int or meta['step'] < 0`) and fail fast if violated.
    if type(meta["step"]) is not int or meta["step"] < 0:
        raise ValueError("invalid checkpoint step")
    # Create or split explicit PRNG key(s) (`template`) for reproducible randomness.
    template = init_lm(jax.random.key(0))
    template_leaves, structure = jax.tree.flatten((template,optimizer.init(template)))
    arrays = []
    with np.load(folder/"state.npz",allow_pickle=False) as data:
        # Guard input contract (`set(data.files) != {f'leaf_{i}' for i in range(len(template_leaves))}`) and fail fast if violated.
        if set(data.files) != {f"leaf_{i}" for i in range(len(template_leaves))}:
            raise ValueError("checkpoint leaf count mismatch")
        for i, leaf in enumerate(template_leaves):
            saved = data[f"leaf_{i}"]
            # Guard input contract (`saved.shape != leaf.shape or saved.dtype != np.asarray(leaf).dtype`) and fail fast if violated.
            if saved.shape != leaf.shape or saved.dtype != np.asarray(leaf).dtype:
                raise ValueError("checkpoint leaf contract mismatch")
            # Create device-backed JAX array ``.
            arrays.append(jnp.array(saved))
    restored_p, restored_state = jax.tree.unflatten(structure,arrays)
    # Guard input contract (`int(restored_state[0].count) != meta['step']`) and fail fast if violated.
    if int(restored_state[0].count) != meta["step"]:
        raise ValueError("checkpoint step and Adam count disagree")
    return restored_p, restored_state, meta["step"]
The loader checks architecture, vocabulary, numeric leaf contracts, step type and agreement with Adam count. It disables pickle.
7. Verify resume and evaluate the final fit
Append the disk round trip and next-step comparison, then the remaining eighty updates and held-out evaluation. The temporary folder is cleaned up.
# Step 7 — 7. Verify resume and evaluate the final fit: Uninterrupted and restored next transitions agree; the held-out...
# Create an isolated temporary directory to run and inspect artifacts safely:
with TemporaryDirectory() as directory:
    folder = Path(directory)
    save_snapshot(folder,params,state,20)
    restored, restored_state, step = load_snapshot(folder)
    assert step == 20
    next_a, state_a, _ = train_step(params,state,train_x,train_y)
    next_b, state_b, _ = train_step(restored,restored_state,train_x,train_y)
    assert all(jnp.allclose(a,b,atol=1e-7) for a,b in zip(
        jax.tree.leaves((next_a,state_a)),jax.tree.leaves((next_b,state_b))))
for _ in range(80):
    params, state, _ = train_step(params,state,train_x,train_y)
# Vectorize across the batch dimension with `jax.vmap` (`held_logits`).
held_logits = jax.vmap(logits,in_axes=(None,0))(params,held_x)
# Reduce along axis=-1 to compute `accuracy`.
accuracy = jnp.mean(jnp.argmax(held_logits,axis=-1)==held_y)
final_loss = lm_loss(params,held_x,held_y)
print("Initial / held loss / held accuracy:",initial,float(final_loss),float(accuracy))
assert final_loss < 0.05
assert accuracy > 0.99
Uninterrupted and restored next transitions agree; the held-out periodic corpus tests pipeline behavior but repeats learned contexts.
8. Define greedy decoding
Append the prompt encoder and generation loop. Locate the context truncation and the deterministic argmax policy.
# Step 8 — 8. Define greedy decoding: The generator recomputes a short window each step.
def generate(p, prompt, count):
    tokens = [VOCAB[c] for c in prompt]
    # Guard input contract (`not tokens`) and fail fast if violated.
    if not tokens:
        raise ValueError("generation needs a nonempty prompt")
    inverse = {i:c for c,i in VOCAB.items()}
    for _ in range(count):
        window = jnp.array(tokens[-CONTEXT:],dtype=jnp.int32)
        new = int(jnp.argmax(logits(p,window)[-1]))
        tokens.append(new)
    return "".join(inverse[i] for i in tokens)
The generator recomputes a short window each step. It has no sampling, key/value cache or serving scheduler.
9. Check the expected continuation
Append the final call and run python main.py. Compare the continuation to the abc cycle you derived before training.
# Step 9 — 9. Check the expected continuation: The expected continuation is abcabcabcabc, with held-out loss...
continuation = generate(params,"abca",8)
print("Greedy continuation:",continuation)
assert continuation == "abcabcabcabc"
The expected continuation is abcabcabcabc, with held-out loss below 0.050.05 and accuracy above 0.990.99 for this fixture.
Run the example
The assembled script is in the separate solutions and code appendix.
Held-out loss below 0.050.05 and accuracy above 0.990.99 for the periodic fixture. Snapshot next-step replay agrees. Greedy continuation: abcabcabcabc. Exact loss depends on the tested backend.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Verify uniform-logit cross entropy
Predict before running: With a zero output head, what is the cross entropy for any of the three targets?
# Experiment — Verify uniform-logit cross entropy: A known probability distribution independently checks target...
zero_head = {**params,"head":jnp.zeros_like(params["head"])}
assert jnp.allclose(lm_loss(zero_head,train_x,train_y),jnp.log(3.),atol=1e-6)
Mean loss log(3) ≈ 1.0986121.098612.
A known probability distribution independently checks target handling and reduction.
Test causality at the final model output
Predict before running: Changing only the last input token can affect which logits?
# Experiment — Test causality at the final model output: Causal independence should hold for the full model, not only the...
example = jnp.array([0,1,2,0])
original = logits(params,example)
modified = logits(params,example.at[-1].set(1))
assert jnp.allclose(original[:3],modified[:3],atol=1e-5)
Earlier three logit rows remain the same.
Causal independence should hold for the full model, not only the standalone attention operation.
Your exercise
Generate twelve new tokens from prompt bcab. Derive the expected cycle first; verify the string. Explain why success on this periodic example is separate from natural-language performance.
Attempt this before consulting the separate solutions appendix.
Reject an incompatible checkpoint
Transfer / diagnosis
Save a fresh snapshot, edit only the vocabulary metadata, and prove the loader rejects it. Restore the metadata and verify recovery. Then forge step=101 while retaining the 100-step optimizer state and verify that this mismatch is also rejected.
Hint
Change one vocabulary mapping rather than numeric leaves.
Make prompt failures explicit
Transfer / diagnosis
Verify empty prompt rejection and unknown-character rejection. Record the difference between a ValueError for missing context and a KeyError for an unknown token.
Hint
The vocabulary mapping intentionally accepts only a, b and c.
Checkpoint
Why is saving only parameters insufficient to replay the next Adam update?
	Adam uses optimizer count and moment history as well as parameters
	The vocabulary alone stores all optimizer state
	A matching current loss proves every future update matches

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If loss does not improve, inspect the first shifted input/target window and verify the zero-head log(3) result before tuning the rate. If a resumed next step differs, compare both parameter leaves and Adam moments/count; a matching current loss is insufficient. The loader rejects vocabulary, shape, dtype and step/count mismatches. Generation failures require checking the prompt and context contract separately from training.
Carry forward
	A known probability distribution independently checks target handling and reduction.
	Causal independence should hold for the full model, not only the standalone attention operation.

Your evidence
Save the target alignment, uniform-loss derivation, training/held-out metrics with corpus limitations, snapshot continuation check, generated cycle and metadata/prompt rejection repairs.
Primary references
	JAX softmax API
	JAX attention API
	Optax cross entropy

Phase 08: Performance diagnosis
What measured evidence identifies the bottleneck?
Optimize a verified computation and a named timing boundary. Trace events, compiler estimates and wall-clock samples answer different questions; connect them before proposing a change.
Prepare and work through the phase
	Choose a comparable measurement
Record warmup, synchronization and sample distributions. Change shapes and host reads separately so you can identify their effects.

	Explain the evidence
Locate one annotated operation in a real trace, distinguish nested from additive time and state the memory level behind a roofline estimate.

	Test a tradeoff
Compare rematerialized and ordinary gradients before timing. Distinguish saved residuals, compiler estimates and observed peak memory.


Readiness check
A JAX call returns an array handle almost immediately. Does a timer ending there necessarily measure completed computation?
Answer: No. Synchronize the result inside the measured boundary. Report first-call setup separately from warmed execution and keep inputs, dtype and output checks fixed.
Transfer question
A kernel becomes twice as fast but the full step barely changes. What does the result suggest?
Approach: First measure the kernel’s original share of the step. Even eliminating a small component has limited total benefit. Also inspect copies, synchronization and changed compilation; a local kernel timer cannot explain the complete pipeline alone.
Common pitfall
A claimed speedup disappears in repeated runs. Check equivalent work, compilation reuse, synchronization, sample spread and competing system activity; retain the raw samples.
Phase artifact
Use the trace and timing stage of sharded-training. Keep before/after correctness, named measurement boundaries, trace locations and distributions with a justified accept/reject decision.
CPU traces do not characterize TPU/GPU communication or memory. Target traces and sustained workload measurements remain required for accelerator claims.
Phase project: Measure CPU JIT latency and changed-shape traces with retained JAXPR evidence. Separate compilation, execution, input stalls, and synchronization before claiming a speedup. Start with project stages 1, 2, 3, 4.
	performance-audit · online workspace · project guide
	sharded-training · online workspace · project guide

Benchmark asynchronous work correctly
Warm up a computation and synchronize results before reporting timing.
What you will be able to do
	Draw the interval a timing actually measures.
	Exclude initial placement from a device-resident benchmark.
	Check an independent NumPy result before comparing timings.
	Produce a report containing first-call and warmed sample distributions.

The problem
A first timing suggests a tenfold speedup. Before celebrating, let’s ask when the timer started and stopped. We’ll separate the first call from warm calls, wait for JAX to finish, and compare numerical results. By the end, you’ll have a timing report another learner can reproduce.
The idea
JAX can return an array handle before device work finishes. A benchmark must define what starts the interval and what counts as completion. First-call preparation, warm execution and end-to-end requests answer different performance questions.
Time a completed result
If a timer stops as soon as dispatch returns, it may exclude most of the computation. Blocking on the result inside the interval includes completion of the work required to produce that result.
Warm up the intended specialization before measuring repeated execution, and retain startup separately if it matters to the application. Include preprocessing and transfers in a separately named end-to-end measurement when they belong to the request.
The first-call and warm bars represent different intervals. Their ratio depends on the workload and environment. A short dispatch time is not evidence of device throughput, and a warm kernel timing does not describe an entire service request.
Time the completed result
Predict: Where should synchronization occur in completed-result latency measurement?
[image: The host dispatches and waits while device work proceeds. The measurement lane includes readiness. Lengths illustrate ordering only and are not measured durations. Compilation and data preparation need separately chosen boundaries when included in a benchmark.]Architecture and dataflow mechanism diagram.The host dispatches and waits while device work proceeds. The measurement lane includes readiness. Lengths illustrate ordering only and are not measured durations. Compilation and data preparation need separately chosen boundaries when included in a benchmark.
Pause and reason
Where should synchronization occur in completed-result latency measurement?
Compare your reasoningBefore stopping the timer. Synchronizing afterward can omit unfinished work from the reported interval.
Twarm=median⁡r=1…R(tready(r)−tstart(r)),Tfirst=Tcompile+TwarmT_{\text{warm}} = \operatorname{median}_{r=1 \dots R}\left(t_{\text{ready}}^{(r)} - t_{\text{start}}^{(r)}\right), \qquad T_{\text{first}} = T_{\text{compile}} + T_{\text{warm}}Draw the boundary before starting the clock
For our workload, the input has shape (64,32)(64, 32), the weights have shape (32,16)(32, 16), and the result has shape (64,16)(64, 16). Matrix multiplication contracts the feature dimension, then tanh transforms each prediction. The timer starts after both input arrays are placed on CPU and ready. It stops after the output is ready.
That interval includes Python dispatch, execution and the final wait. It is not an isolated kernel duration. Data generation, initial placement and output conversion to NumPy are outside it. A serving request or data-loading benchmark would deliberately include different boundaries; specify which question your measurement answers.
prepare host arrays → place → wait | start → call → result handle → wait → stop | inspect host values
A handle is not proof of completion
Python can receive a JAX array before its contents finish computing. Reading shape or dtype can use metadata without reading the values. Calling block_until_ready on the result waits for readiness. Converting it to NumPy also requires the values, but adds a host-materialization boundary.
CPU dispatch behavior and workload size may make the difference difficult to see. If a handle-only interval is close to a synchronized interval on this machine, that does not justify removing synchronization from a portable benchmark. Timing two independent calls cannot be subtracted to obtain an exact queue or execution cost.
First call and steady state answer different questions
A fresh jitted function can trace its Python body, lower the resulting program, obtain an executable and run it. The first-call timer combines these stages. Persistent caches and prior process activity can alter the result, so call it first-call latency for this process rather than an exact compilation measurement.
We then run seven synchronized repeats with identical shapes and dtypes. The list reveals variation; the median gives a compact center. Seven samples are an instructional start, not a confidence interval. Increase repetitions and document contention, power state and process initialization before drawing deployment conclusions.
Correctness comes before a speed ratio
The NumPy reference uses the same float32 inputs and computes the same matrix product and tanh. Floating-point reduction order can vary, so the comparison permits small absolute and relative differences rather than demanding bit equality. We record maximum absolute error as well.
Comparing a float64 reference against an unreported float32 JAX computation, or comparing different matrix sizes, would mix numerical work with implementation differences. A faster answer to a different problem is not evidence of optimization. Retain both workload contracts and both checks in the report.
Separate the first call from warm measurements
Predict: Why should the first call not be averaged into steady-state latency?
[image: Separate the first call from warm measurements. The upper panel measures the first synchronized call. The lower panel measures repeated warm calls, with sample number on the horizontal axis. Both report seconds, but they have independent vertical scales. Compare the tick values and any scientific-notation multiplier, not the physical heights of the panels. The recorded first call is much longer than the warm calls. For orientation, \(10^{-2}\) seconds is \(10\) milliseconds, while \(10^{-5}\) seconds is \(10\) microseconds. A multiplier printed beside an axis applies to all its tick labels; overlooking it can hide a difference of orders of magnitude.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The upper panel measures the first synchronized call. The lower panel measures repeated warm calls, with sample number on the horizontal axis. Both report seconds, but they have independent vertical scales. Compare the tick values and any scientific-notation multiplier, not the physical heights of the panels.
The recorded first call is much longer than the warm calls. For orientation, 10−210^{-2} seconds is 1010 milliseconds, while 10−510^{-5} seconds is 1010 microseconds. A multiplier printed beside an axis applies to all its tick labels; overlooking it can hide a difference of orders of magnitude.
Connect it to the computation
The first measurement includes work needed to prepare this specialization, including tracing and compilation. Compatible warm calls reuse it. Each measurement waits for the result, so it includes completed computation rather than only the time needed to dispatch work. Inputs are already placed before this measured boundary.
The warm line shows variation between individual samples. An isolated higher point is a slower sample, not proof of recompilation or a changing model. Read the recorded median alongside the full sample list, and rerun before comparing implementations. These measurements describe this small CPU workload; they are separate from accelerator speed or end-to-end request latency.
Prepare and place the workload
Create benchmark.py in your activated course environment and add this block.
# Step 1 — Prepare and place the workload: CPU placement and waiting occur before timing.
import json
import platform
import time
import statistics
import numpy as np
import jax
import jax.numpy as jnp
# Query the active JAX devices into `cpu`.
cpu = jax.devices("cpu")[0]
# Draw pseudorandom samples for `rng` using the explicit RNG state.
rng = np.random.default_rng(4)
x_host = rng.normal(size=(64, 32)).astype(np.float32)
w_host = rng.normal(size=(32, 16)).astype(np.float32)
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(x_host, cpu)
# Place `w` explicitly onto the target JAX device.
w = jax.device_put(w_host, cpu)
# Synchronize host execution until asynchronous device computation completes.
jax.block_until_ready((x, w))
CPU placement and waiting occur before timing. The deterministic host inputs make the numerical check reproducible.
Define the contract and timer
Append this block to the same file. Run the assembled file with python benchmark.py.
# Step 2 — Define the contract and timer: The timer accepts arbitrary result pytrees because...
def predict(x, w):
    return jnp.tanh(x @ w)
# Wrap with `jax.jit` (`compiled_predict`) so XLA traces and compiles the function.
compiled_predict = jax.jit(predict)
def synchronized_samples(fn, args, repeats=7):
    # Guard input contract (`repeats < 1`) and fail fast if violated.
    if repeats < 1:
        raise ValueError("at least one repeat is required")
    samples = []
    for _ in range(repeats):
        start = time.perf_counter()
        result = fn(*args)
        # Synchronize host execution until asynchronous device computation completes.
        jax.block_until_ready(result)
        samples.append(time.perf_counter() - start)
    return result, samples
The timer accepts arbitrary result pytrees because jax.block_until_ready waits across their array leaves. It collects observations without asserting which implementation is faster.
Separate first call from warm calls
Append this block to the same file. Run the assembled file with python benchmark.py.
# Step 3 — Separate first call from warm calls: The report prints variable measured times.
start = time.perf_counter()
first = compiled_predict(x, w)
# Synchronize host execution until asynchronous device computation completes.
first.block_until_ready()
first_call_seconds = time.perf_counter() - start
result, samples = synchronized_samples(compiled_predict, (x, w))
reference = np.tanh(x_host @ w_host)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(result), reference, atol=2e-5, rtol=2e-5)
# Aggregate array values to compute `report`.
report = {
    "backend": str(cpu), "jax": jax.__version__, "numpy": np.__version__,
    "python": platform.python_version(), "input_shape": list(x.shape),
    "weight_shape": list(w.shape), "dtype": str(x.dtype),
    "boundary": "input already placed; call plus output synchronization",
    "first_call_seconds": first_call_seconds,
    "warm_samples_seconds": samples, "warm_median_seconds": statistics.median(samples),
    "max_abs_error": float(np.max(np.abs(np.asarray(result) - reference))),
}
assert len(samples) == 7 and all(t >= 0 for t in samples)
print(json.dumps(report, indent=2))
The report prints variable measured times. Redirect the full run output to a text file and keep the benchmark script with it.
Run the example
The assembled script is in the separate solutions and code appendix.
A JSON benchmark report: input_shape [64,32][64, 32], weight_shape [32,16][32, 16], dtype float32, seven nonnegative warmed samples, and a checked maximum error. Times vary by run; there is no required speedup.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare handle-only and synchronized boundaries
Predict before running: Will the handle-only number necessarily be smaller on this CPU? Which interval guarantees output completion?
# Experiment — Compare handle-only and synchronized boundaries: The separate intervals have different measurement boundaries and...
start = time.perf_counter()
handle = compiled_predict(x, w)
handle_seconds = time.perf_counter() - start
handle.block_until_ready()  # drain this call before the separate comparison
_, complete_samples = synchronized_samples(compiled_predict, (x, w), repeats=3)
print("Handle-only seconds:", handle_seconds)
print("Complete-call samples:", complete_samples)
One handle-only interval and three complete-call intervals, all observed rather than fixed.
The separate intervals have different measurement boundaries and noise. Only synchronized samples guarantee completed output before the timer stops; no strict timing ordering is asserted.
Return structured results without host copies
Predict before running: If a function returns predictions and their mean, does waiting for the prediction alone clearly document the readiness of every reported result?
# Experiment — Return structured results without host copies: A tree-level wait makes the benchmark contract explicit for...
# Wrap with `jax.jit` (`structured`) so XLA traces and compiles the function.
structured = jax.jit(lambda a, b: {"prediction": jnp.tanh(a @ b), "mean": jnp.mean(jnp.tanh(a @ b))})
# Synchronize host execution until asynchronous device computation completes.
jax.block_until_ready(structured(x, w))
structured_result, structured_times = synchronized_samples(structured, (x, w), 3)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(structured_result["prediction"]), reference, atol=2e-5, rtol=2e-5)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(structured_result["mean"]), reference.mean(), atol=2e-5, rtol=2e-5)
print("Structured samples:", structured_times)
Three timings and independently verified prediction/mean leaves.
A tree-level wait makes the benchmark contract explicit for every array leaf. Host inspection occurs after the timer, so the report describes device-ready computation rather than transfer-inclusive output consumption.
Your exercise
Repeat the benchmark with 9696 rows while preserving the feature and output dimensions. Keep a separate report rather than overwriting the original workload label.
Attempt this before consulting the separate solutions appendix.
Benchmark a different equivalent workload
Transfer
Replace tanh with a row-wise sum of squared predictions, returning one scalar per row. Derive the NumPy reference, warm this new function, collect five synchronized samples and record the changed output shape.
Hint
Square before reducing the output-feature axis; the result has shape (64,)(64,).
Repair a timer that includes setup but omits completion
Diagnosis
Inspect the broken timer below conceptually: start; create inputs; call jit(predict)(inputs); stop. Write a repaired runner and show its explicit boundary. Explain which stages the broken interval mixes and misses.
Hint
Prepare and wait for inputs, reuse one compiled callable, warm it, then synchronize the returned output inside every measured interval.
Checkpoint
What does the synchronized warmed timer in this lesson measure?
	Only the accelerator kernel, with all dispatch overhead removed
	A warmed call including dispatch and waiting for output readiness, excluding prior input placement
	Exactly the compiler duration

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If samples vary, first check workload identity, dtype, the warmup call, where synchronization occurs and system contention. Do not change a timer until its start/stop boundary answers the intended question.
Carry forward
	Keep first-call latency separate from warmed samples.
	Wait for results before reporting completed computation.
	Report numerical equivalence and workload details beside times.

Your evidence
Keep benchmark.py, complete observed JSON/sample output, workload shapes/dtypes, numerical tolerance/error, first-call versus warmed boundaries, changed-workload report and repaired timer explanation.
Primary references
	Benchmarking JAX code
	Asynchronous dispatch

Diagnose recompilation and host synchronization
Find a shape-changing call or host read and connect it to observed overhead.
What you will be able to do
	Record shapes, dtypes and dynamic/static choices beside observed tracing.
	Separate Python trace diagnostics from compilation evidence.
	Keep ordinary numerical hyperparameters dynamic when their values need not determine program structure.
	Compare per-step host consumption with one final host consumption while checking equivalent results.

The problem
A new batch size makes one call pause; reading a metric makes another loop wait. Those delays can look similar, but they have different causes. We’ll record the shapes, dtypes and static choices of each call, then inspect where Python asks for device values. The evidence will guide the change.
The idea
Slow steps can come from preparing new program specializations or from waiting for already-compiled work. Use a controlled call ledger and timing boundaries to separate those causes.
Distinguish new tracing from host waiting
Change only array values while keeping shapes, dtypes and static choices fixed. Then change one signature component and record the observed trace behavior. Changing everything together makes the cause ambiguous.
Inspect host reads and logging next. Converting device results into Python values can force a wait even when no retracing occurs. That delay needs a different intervention from reducing signature variation.
Trace counts describe observed Python tracing. They are not a universal count of compiler work or a guarantee of cache reuse after restart. Combine the ledger with a trace of completed work before deciding which change improves the actual workload.
Pause and reason
If the trace count stays constant but a step is slow, what should you inspect?
Compare your reasoningInspect synchronization, transfers, data preparation and logging. A stable trace count does not rule out those boundaries.
Arithmetic Intensity (AI)=WFLOPsQbytes,Perf≤min⁡(πpeak,  βBW⋅AI)\text{Arithmetic Intensity (AI)} = \frac{W_{\text{FLOPs}}}{Q_{\text{bytes}}}, \qquad \text{Perf} \le \min(\pi_{\text{peak}},\; \beta_{\text{BW}} \cdot \text{AI})A call signature is different from its numerical data
Our score is the sum of squared scaled inputs. With x=[0,…,7]x=[0, \ldots, 7] and gain 11, the answer is 140140; with gain 22 it becomes 560560. Passing a float32 scalar gain keeps its abstract shape and dtype unchanged when the value changes. The transformed computation can read that value at execution time.
An array of twelve elements has a different shape from the eight-element array. Ordinary jit specializes to these shapes, so this is a plausible cause of new staging work. A ledger records the actual calls before attributing a pause. Sharding, compiler options, callable identity and other context can matter too; the ledger is a diagnosis aid, not a full cache-key specification.
call → (shape, dtype, static choices) → specialization
             dynamic values → execution of that program
Observe tracing without mislabeling compilation
The score function appends its input signature to a Python list. This is a deliberate authoring diagnostic: Python runs while JAX traces the function, whereas the compiled numerical operations can run later without replaying that Python append. Never use this list as optimizer state or a reliable callback from accelerator execution.
We log the change in list length around each call, but assert numerical answers rather than a fixed event count. Cache state and implementation details affect observations. A trace event does not prove that a new executable was compiled, and absence of an event is not proof that no compiler activity occurred. Enable public jax_log_compiles diagnostics or obtain a profiler trace for stronger evidence, recording exactly which log event supports a claim.
Capture public compilation diagnostics on macOS/Linux
# Capture public compilation diagnostics on macOS/Linux
JAX_LOG_COMPILES=1 python diagnosis.py 2> compile.log
Expected:
The usual ledger appears in the terminal. compile.log contains JAX diagnostics, including tracing and compilation messages when observed. Read the named stage in each line; do not count every line as a compile.
Capture diagnostics in PowerShell
# Capture diagnostics in PowerShell
$env:JAX_LOG_COMPILES="1"
python diagnosis.py 2> compile.log
Remove-Item Env:JAX_LOG_COMPILES
Expected:
The ledger appears in the terminal and diagnostics are captured in compile.log. Removing the environment variable restores the shell setting after the run.
Choose static arguments for structure rather than convenience
A Boolean selecting one of two Python branches can be static so tracing selects the branch. Its value then becomes part of specialization, so changing that choice can trigger staging. Static arguments must be hashable and are unsuitable for arbitrary numerical array data. Avoid declaring a rapidly changing scalar gain static just to make Python logic convenient.
If the gain only participates in arithmetic, pass it as a typed scalar array as we did. If a runtime Boolean chooses arithmetic, express the selection with lax.cond or another appropriate array operation. Static metadata and dynamic numerical values serve different purposes; changing one into the other can change the number of specializations and the program itself.
A host metric is an explicit synchronization boundary
float(score) needs the scalar contents in Python. That read waits for any outstanding work needed to produce it. Keeping a scalar loss as a JAX array allows later device computations to consume it without Python inspecting its value. A chain can then be synchronized once at the final output.
The exercise compares six dependent updates with host consumption after each step against six updates with a final wait. Both variants must produce the same scalar. Their wall-clock boundaries include different waits and conversion overhead; we record both but assert no speed ordering. Removing intermediate logging also removes observability, so production systems may use bounded logging intervals instead of silently dropping metrics.
A new value is not necessarily a new trace
Predict: Which call changes the input signature?
[image: A new value is not necessarily a new trace. Each bar reports the additional Python tracing events observed during one call category. The sequence is \((1,0,0,1)\): the initial call traces, new array values do not, a new dynamic gain does not, and a new input shape triggers another trace. The two zero-height bars are meaningful observations. The calls still execute and can return changed values; zero means the trace counter did not increase for those calls.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Each bar reports the additional Python tracing events observed during one call category. The sequence is (1,0,0,1)(1,0,0,1): the initial call traces, new array values do not, a new dynamic gain does not, and a new input shape triggers another trace.
The two zero-height bars are meaningful observations. The calls still execute and can return changed values; zero means the trace counter did not increase for those calls.
Connect it to the computation
The existing specialization can accept compatible dynamic values without rerunning the traced Python body. Changing the example’s shape from length 88 to length 1212 changes the abstract input signature, so a new trace is observed. This isolates shape from ordinary value changes.
The vertical axis counts Python traces, not seconds, device kernels, or an exact count of backend compilations. To diagnose runtime overhead, combine this kind of counter with synchronized measurements or a profiler. A changed answer alone is not evidence of retracing.
Prepare a trace ledger
Create diagnosis.py in your activated course environment and add this block.
# Step 1 — Prepare a trace ledger: This CPU experiment deliberately keeps the trace ledger outside...
import json
import time
import numpy as np
import jax
import jax.numpy as jnp
# Query the active JAX devices into `cpu`.
cpu = jax.devices("cpu")[0]
trace_events = []
def score(x, gain):
    # Authoring diagnostic: this Python effect happens during tracing.
    # It is NOT model state and does not count executable compilations.
    trace_events.append({"shape": list(x.shape), "dtype": str(x.dtype)})
    return jnp.sum((x * gain)**2)
# Wrap with `jax.jit` (`compiled_score`) so XLA traces and compiles the function.
compiled_score = jax.jit(score)
x8 = jax.device_put(np.arange(8, dtype=np.float32), cpu)
x12 = jax.device_put(np.arange(12, dtype=np.float32), cpu)
# Synchronize host execution until asynchronous device computation completes.
jax.block_until_ready((x8, x12))
This CPU experiment deliberately keeps the trace ledger outside numerical state. Run it in a fresh process when comparing observations.
Record call signatures and observed traces
Append this block to the same file. Run the assembled file with python diagnosis.py.
# Step 2 — Record call signatures and observed traces: The ledger relates each controlled signature change to the...
call_rows = []
def observed_call(label, x, gain):
    before = len(trace_events)
    # Place `result` explicitly onto the target JAX device.
    result = compiled_score(x, jax.device_put(np.float32(gain), cpu))
    # Synchronize host execution until asynchronous device computation completes.
    result.block_until_ready()
    # Convert `expected` to a host NumPy array for inspection or verification.
    expected = np.sum((np.asarray(x) * np.float32(gain))**2)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(result), expected, rtol=2e-5, atol=2e-5)
    call_rows.append({"label": label, "shape": list(x.shape), "dtype": str(x.dtype),
                      "observed_trace_delta": len(trace_events) - before,
                      "result": float(result)})
    return result
The ledger relates each controlled signature change to the observed Python event delta, with an independent NumPy value check.
Run the controlled call sequence
Append this block to the same file. Run the assembled file with python diagnosis.py.
# Step 3 — Run the controlled call sequence: Inspect the event deltas on your own environment.
observed_call("initial signature", x8, 1.)
observed_call("same signature changed data", x8 + 1., 1.)
observed_call("same signature changed dynamic gain", x8, 2.)
observed_call("different input shape", x12, 1.)
print(json.dumps({"jax": jax.__version__, "backend": str(cpu),
                  "calls": call_rows, "python_trace_events": trace_events}, indent=2))
assert call_rows[0]["result"] == 140.
assert call_rows[2]["result"] == 560.
assert call_rows[3]["result"] == 506.
Inspect the event deltas on your own environment. The required outputs are checked numeric scores, not a fabricated trace or compilation count.
Run the example
The assembled script is in the separate solutions and code appendix.
A JSON ledger of four calls and observed Python trace events. Checked scores include 140140, 560560 and 506506; event deltas are recorded rather than fixed by the lesson.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Contrast static branch metadata with a dynamic gain
Predict before running: Which changes require a different Python branch to be selected while tracing? Is that the same as changing gain from 11 to 22?
# Experiment — Contrast static branch metadata with a dynamic gain: The static Boolean controls Python program structure.
branch_events = []
def branch_score(x, square):
    branch_events.append({"shape": list(x.shape), "square": square})
    return jnp.sum(x**2) if square else jnp.sum(x)
# Wrap with `jax.jit` (`static_score`) so XLA traces and compiles the function.
static_score = jax.jit(branch_score, static_argnames=("square",))
for square in [True, True, False]:
    out = static_score(x8, square=square)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(out), 140. if square else 28.)
print("Static branch trace observations:", branch_events)
Correct scores for both branches, plus the trace events observed in this process.
The static Boolean controls Python program structure. The earlier numerical gain was dynamic arithmetic data. These are distinct specialization choices; the printed diagnostic is not an executable compilation count.
Keep a metric on device until the reporting boundary
Predict before running: Will six per-step host reads and one final read produce the same value? Must one be faster on this CPU?
# Experiment — Keep a metric on device until the reporting boundary: The geometric-series result checks the computation independently.
# Wrap with `jax.jit` (`update`) so XLA traces and compiles the function.
update = jax.jit(lambda value: 0.9 * value + 1.)
# Place `initial` explicitly onto the target JAX device.
initial = jax.device_put(np.float32(0.), cpu)
# Synchronize host execution until asynchronous device computation completes.
update(initial).block_until_ready()
def metric_run(read_each):
    value = initial
    observed = []
    start = time.perf_counter()
    for _ in range(6):
        value = update(value)
        if read_each:
            observed.append(float(value))
    # Synchronize host execution until asynchronous device computation completes.
    value.block_until_ready()
    elapsed = time.perf_counter() - start
    return value, elapsed, observed
read_result, read_seconds, metrics = metric_run(True)
final_result, final_seconds, _ = metric_run(False)
reference_value = 10. * (1. - 0.9**6)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(read_result), reference_value, rtol=2e-5)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(final_result), reference_value, rtol=2e-5)
assert len(metrics) == 6
print("Per-step host reads seconds:", read_seconds)
print("Final-only wait seconds:", final_seconds)
Equivalent final values near 4.685594.68559 and two measured intervals; no required speed ordering.
The geometric-series result checks the computation independently. Moving host consumption changes the measurement/observability boundary, so keep that difference beside both times.
Your exercise
Add a call with sixteen float32 elements. Calculate its expected score independently and extend the signature ledger without labeling a trace event as a compilation.
Attempt this before consulting the separate solutions appendix.
Pad a final batch while preserving the objective
Transfer
A final batch has five values while other batches have eight. Pad to eight and use an explicit validity mask in a dynamic array. Compare the masked sum of squares to an ordinary five-value calculation. Explain why padding without masking changes objectives with offsets.
Hint
Use a fixed-size input and mask; compute the offset transformation before masking.
Reproduce and repair runtime Python branching
Diagnosis
Write a jitted function using if gain > 11 on a scalar array. Capture its tracing failure and replace the branch with lax.cond. Verify both branches against independent arithmetic.
Hint
A runtime scalar predicate is a tracer, so Python cannot decide its truth value during tracing.
Checkpoint
What does an append to a Python list inside a jitted function demonstrate?
	One recorded event per device execution
	An observed Python tracing event, which is not an executable compilation count
	An exact measure of compiler duration

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If pauses correlate with varying batch lengths, record their signatures and check an explicitly masked fixed-size alternative. If host reads appear inside every update, first specify the reporting boundary and verify numerical equivalence before comparing synchronized observations.
Carry forward
	Record observed staging diagnostics without inventing compilation counts.
	Static metadata changes program specialization; ordinary arithmetic values can remain dynamic.
	Padding needs an objective-preserving mask.
	Host metrics provide useful observability and introduce completion boundaries.

Your evidence
Keep the controlled call ledger, actual trace observations labeled as traces, static/dynamic explanation, observed host-consumption intervals, masked-versus-unmasked counterexample and reproduced/repaired tracing failure.
Primary references
	Just-in-time compilation and caching
	jax.jit static arguments
	Asynchronous dispatch

Read an XProf trace
Capture an actual warmed CPU trace with named steps. Identify nested intervals and avoid double-counting their durations.
What you will be able to do
	Capture an actual warmed CPU trace with named steps.
	Identify nested intervals and avoid double-counting their durations.
	Separate an injected host wait from a completed model call.
	Explain how to inspect the trace in XProf and bound a bottleneck claim.

The problem
Your timer says a training step is slow, but it cannot show whether the time was spent waiting for input or computing. We will capture a real JAX trace, add names that match the code, and read four steps from the recorded events before proposing an optimization.
The idea
A trace places events on a shared timeline so we can inspect order, waiting and overlap. Begin with a specific question about a slow step and identify which recorded events can answer it. Host annotations and device operations are different evidence.
Do not add nested durations twice
An outer step lasting 1010 milliseconds can contain a preprocessing region lasting 33 milliseconds. Their sum is not 1313 milliseconds of elapsed work: the smaller region is already inside the larger one.
Inspect event starts, ends, nesting and lanes before aggregating durations. A gap may be waiting or uninstrumented work; it needs context before being assigned a cause.
The host-region plot summarizes recorded annotations, not GPU kernel execution. State a hypothesis, change one workload component and collect a comparable trace. A useful explanation predicts which interval changes and why, rather than only celebrating a shorter bar.
Pause and reason
What should accompany a claimed trace-based optimization?
Compare your reasoningThe event boundary, comparable workload, specific intervention and repeated completed measurements showing its predicted effect. A changed unrelated interval is insufficient.
Tstep=Thost_input+Tdevice_compute+TsyncT_{\text{step}} = T_{\text{host\_input}} + T_{\text{device\_compute}} + T_{\text{sync}}Give the timeline a question
We want to know where this particular step spends time. Input creation and compilation happen before tracing. Each recorded step then contains an explicitly injected host sleep and a compiled model call that waits for its output. The sleep is a controlled stand-in for a stalled input stage; it is not a measurement of Grain, network storage or a real dataset.
Before running, predict which named interval should contain the wait. If the annotation surrounds the wrong code, a polished timeline will answer the wrong question. Keep the code region and annotation name together.
Capture warmed work without hiding completion
Warm the exact shape and dtype before the trace. A model annotation ends after block_until_ready, so it includes host dispatch and waiting for the requested result. Without that wait, the host region might end while device work remains queued.
The four step annotations surround both inner regions. We check that each inner interval falls inside its step and that input wait precedes model execution. These temporal checks establish a relationship in the actual trace, not a simulated schedule.
Read a trace without adding the same time twice
An outer step includes its inner wait and model regions. Adding all three durations would double-count most of the step. Instead compare the inner intervals and calculate the remaining outer time as annotation and host overhead. Small timing rounding differences deserve an explicit tolerance; a large negative remainder means your events were not matched correctly.
The exported trace’s complete events express timestamps and durations in microseconds. Convert to seconds before comparing with a perf_counter report. An event lasting a thousand microseconds lasts one millisecond; a unit mistake can overwhelm any optimization effect.
Open the same evidence in XProf and on a TPU VM
The program prints the trace directory and retains the actual XPlane and Perfetto files there. To choose a durable folder, set JAX_COURSE_TRACE_DIR before running. Open the official XProf viewer in a compatible separately installed environment, select this log directory/profile, then open Trace Viewer and locate learner_step. Expand its host thread and inspect input_wait and model_and_wait.
Select one step and record its start, duration, enclosing thread and child intervals. When you run this lesson on a TPU VM provisioned with the workflow from lesson-welcome-03.html and tpu-gcp.html, set JAX_PLATFORMS=tpu and JAX_COURSE_TRACE_DIR=/tmp/tpu-trace, copy the trace directory back to your workstation with gcloud compute tpus tpu-vm scp --recurse, and inspect the TPU:0 device lanes alongside host submission; an empty host region does not prove an idle device. TODO (Cloud TPU Trace Extension): Capture a TPU XPlane trace on a Cloud TPU VM and compare the TPU:0 device lanes against this CPU trace.
Optional viewer in a separate compatible Python environment
# Run optional viewer in a separate compatible python environment using the course Python environment
python -m pip install xprof
xprof --port 8791 /absolute/path/to/your/trace-directory
Expected:
Replace the final path with the trace directory printed by the lesson. The viewer prints a local URL. Select the recorded run and trace_viewer. The viewer dependency and GUI are not covered by the course CPU receipt.
Capture the same trace on a Cloud TPU VM and copy it back for XProf
# Capture the same trace on a Cloud TPU VM and copy it back for XProf
gcloud compute tpus tpu-vm scp exercises/performance-03.py $TPU_NAME:~/jax-tpu-lab/ --zone=$ZONE
gcloud compute tpus tpu-vm ssh $TPU_NAME --zone=$ZONE \
  --command="JAX_PLATFORMS=tpu JAX_COURSE_TRACE_DIR=/tmp/tpu-trace ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/performance-03.py"
gcloud compute tpus tpu-vm scp --recurse $TPU_NAME:/tmp/tpu-trace ./tpu-trace --zone=$ZONE
xprof --port 8791 ./tpu-trace
Expected:
Runs the trace capture on the TPU VM, copies the XPlane and Perfetto files back to ./tpu-trace on your workstation, and opens XProf so you can correlate host dispatch with TPU device execution lanes.
Make one change and repeat the same question
To investigate a real input bottleneck, replace the injected sleep with the actual input fetch while retaining the annotation boundary. Capture both versions under comparable load. Do not report a speedup from deleting a synthetic delay as if it optimized real model computation.
For compilation problems, capture a separate first-call trace and keep it labeled. Mixing cold and warm steps hides the distinction the previous lessons established. Small traces reduce observer overhead, but any profiler can perturb timings; confirm an improvement with an independent synchronized benchmark.
Where four annotated steps spent host time
Predict: Which line should reflect the deliberately injected host wait?
[image: Four actual trace intervals compare injected host waiting with synchronized model calls, in microseconds.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis identifies the four captured steps. The vertical axis reports microseconds from actual trace events. The input-wait series contains a requested one-millisecond host sleep, so its duration should be interpreted around that scale with scheduler and profiler overhead; it is not a fixed measured constant.
The model-and-wait series covers dispatch through result readiness. Compare the numeric ticks and the recorded sample list to see which region takes longer in this run. Variation between steps can reflect scheduling or profiling overhead; it does not by itself demonstrate changing model work.
Connect it to the computation
Both plotted series are child regions within a learner_step annotation. They do not include warmup and they are not two isolated accelerator kernels. The code verifies their temporal order and checks the model output independently before interpreting the trace.
The outer step also contains small amounts of other host work. Do not add the outer duration to these inner durations, or call the injected sleep a measured production data stall. Replace the sleep with a real input fetch to investigate an actual pipeline.
Prepare a traceable workload
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# Step 1 — Prepare a traceable workload: Inputs and compilation precede the measured steps.
import gzip
import json
import os
from pathlib import Path
import tempfile
import time
import numpy as np
import jax
import jax.numpy as jnp
# Read `trace_root` from environment configuration (with a default fallback).
trace_root=Path(os.environ.get('JAX_COURSE_TRACE_DIR') or tempfile.mkdtemp(prefix='jax-course-trace-')).resolve()
trace_root.mkdir(parents=True,exist_ok=True)
# Draw pseudorandom samples for `rng` using the explicit RNG state.
rng=np.random.default_rng(31)
host=rng.normal(size=(48,32)).astype(np.float32)
weights=rng.normal(size=(32,16)).astype(np.float32)
# Create device-backed JAX array `(x, w)`.
x,w=jnp.asarray(host),jnp.asarray(weights)
# Wrap with `jax.jit` (`compiled`) so XLA traces and compiles the function.
compiled=jax.jit(lambda a,b:jnp.tanh(a@b))
# Synchronize host execution until asynchronous device computation completes.
compiled(x,w).block_until_ready()
Inputs and compilation precede the measured steps. The output remains independently checked against NumPy.
Capture named intervals
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# Step 2 — Capture named intervals: The outer annotation provides context, while two nonoverlapping...
# Enter `jax.profiler.trace(trace_root, create_perfett` context block:
with jax.profiler.trace(trace_root,create_perfetto_trace=True):
    for index in range(4):
        with jax.profiler.StepTraceAnnotation('learner_step',step_num=index):
            with jax.profiler.TraceAnnotation('input_wait'):
                time.sleep(.001)  # injected host delay; not a measured real input pipeline
            with jax.profiler.TraceAnnotation('model_and_wait'):
                result=compiled(x,w)
                # Synchronize host execution until asynchronous device computation completes.
                result.block_until_ready()
np.testing.assert_allclose(result,np.tanh(host@weights),rtol=2e-5,atol=2e-5)
traces=sorted(trace_root.rglob('perfetto_trace.json.gz'),key=lambda p:p.stat().st_mtime_ns)
assert traces and list(trace_root.rglob('*.xplane.pb'))
events=json.loads(gzip.decompress(traces[-1].read_bytes()))['traceEvents']
def complete(name):
    return sorted([e for e in events if e.get('ph')=='X' and e.get('name')==name],key=lambda e:e['ts'])
steps=complete('learner_step')
input_events=complete('input_wait')
model_events=complete('model_and_wait')
assert len(steps)==len(input_events)==len(model_events)==4
for outer,waiting,compute in zip(steps,input_events,model_events):
    for inner in (waiting,compute):
        assert outer['ts']<=inner['ts']<=inner['ts']+inner['dur']<=outer['ts']+outer['dur']+1
    assert waiting['ts']+waiting['dur']<=compute['ts']+1
input_us=[e['dur'] for e in input_events]
model_us=[e['dur'] for e in model_events]
step_us=[e['dur'] for e in steps]
assert all(t>=0 for t in input_us+model_us+step_us)
print('Trace directory:',trace_root)
print(json.dumps({'input_wait_us':input_us,'model_and_wait_us':model_us,'step_us':step_us},indent=2))
print('Four named steps verified; host annotations are not isolated device kernels.')
The outer annotation provides context, while two nonoverlapping child regions distinguish injected waiting from completed computation.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
step_us=[e['dur'] for e in steps]
assert all(t>=0 for t in input_us+model_us+step_us)
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
A real trace directory, four input-wait intervals, four model-and-wait intervals and four step intervals in microseconds. Values vary by run and include profiler overhead.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Account for the enclosing step
Predict before running: What happens if you sum outer and inner durations as though they were independent work?
# Experiment — Account for the enclosing step: Outer and child intervals describe nested boundaries.
overhead=np.asarray(step_us)-np.asarray(input_us)-np.asarray(model_us)
assert np.all(overhead>=-2)
# Convert `wrong` to a host NumPy array for inspection or verification.
wrong=np.asarray(step_us)+np.asarray(input_us)+np.asarray(model_us)
assert np.all(wrong>=np.asarray(step_us))
print('Unattributed outer time, microseconds:',overhead.tolist())
print('Wrong double-counted totals:',wrong.tolist())
The remainder is nonnegative within rounding; the double-counted totals exceed the step durations.
Outer and child intervals describe nested boundaries. The remainder is host/annotation work inside the step but outside its two children; it is not automatically device idle time.
Your exercise
Convert every model interval to milliseconds and summarize its minimum, median and maximum. Keep the individual samples and explain why four observations is distinct from a tail-latency service guarantee.
Attempt this before consulting the separate solutions appendix.
Compute a union instead of summing overlap
Transfer
For hypothetical intervals [0,10], [2,7] and [8,12] microseconds, calculate their union duration and compare with their summed durations. Explain why this matters for nested host events.
Hint
Sort endpoints and merge intervals that intersect.
Checkpoint
A step annotation lasts longer than its model annotation. What can this alone establish?
	The accelerator was idle for the entire difference.
	The whole difference is input loading.
	The step includes time outside the model region; inspect the other regions and lanes to explain it.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If expected events are absent, verify that the trace scope surrounds execution, warmup is outside it, names match exactly, and the selected file belongs to the latest capture. If nested durations do not fit, inspect timestamps and thread IDs rather than adding unrelated lanes.
Carry forward
	Name trace regions for a concrete diagnostic question.
	Read units, threads and nesting before attributing time.
	Confirm trace-driven changes with an independent benchmark.

Your evidence
Keep the actual XPlane and Perfetto paths, named interval durations and nesting check, units and an interpretation separating injected input delay from completed computation.
Primary references
	JAX profiling guide and XProf workflow

Reason with HLO and the roofline model
Locate matrix multiplication and activation in StableHLO. Derive the operation and minimum byte counts for a declared matrix contract.
What you will be able to do
	Locate matrix multiplication and activation in StableHLO.
	Derive the operation and minimum byte counts for a declared matrix contract.
	Identify the compute-versus-bandwidth transition in a hypothetical roofline.
	Explain why measured throughput can fall below either ceiling.

The problem
A matrix multiplication appears in your Python code, but what reaches the compiler and what might limit its speed? We will inspect a lowered program, calculate an explicit work/traffic model, and compare that model with synchronized CPU measurements without confusing a ceiling with a prediction.
The idea
A roofline compares arithmetic work with data movement under stated compute and bandwidth assumptions. It helps us predict which resource may constrain a workload. It is a model to test against measurements, not a hardware benchmark by itself.
Read a roofline as a conditional bound
As a separate analytic example, assume 100100 GB/s bandwidth and 10001000 GFLOP/s compute capacity. The ridge is at 1010 FLOP/byte. At intensity 22 FLOP/byte, the bandwidth-based bound is 200200 GFLOP/s.
The implementation need not reach that bound. Traffic estimates may omit intermediates, padding or cache effects; the assumed peaks may not apply to the actual dtype and device.
Use the lesson's hypothetical curve to propose a change, such as reducing data movement. Then inspect the resulting computation and measure the same workload. Moving a modeled point rightward is separate from that the implementation became faster.
Pause and reason
Does reaching the compute-limited side guarantee peak throughput?
Compare your reasoningNo. It identifies the tighter bound in this model. Other bottlenecks and inefficient execution can keep observed performance far below it.
Read the contract before the compiler text
Our left matrix has shape (32,16)(32,16), the right matrix (16,8)(16,8), and the result (32,8)(32,8). Their shared dimension is contracted; tanh is then applied elementwise. Lowering with these arrays specializes the computation to compatible input shapes and dtypes.
The lesson prints compiler cost estimates and checks for the corresponding dot and tanh operations in StableHLO. Compiler text and cost fields can change by backend and version. Read operation meaning and tensor types rather than depending on generated variable names or assuming every operation remains a separate kernel.
Count work with a stated convention
For matrix dimensions m,k,nm,k,n, we count one multiply and one addition for every inner-product term. This conventional estimate is 2mkn2mkn floating-point operations. It omits the tanh activation and treats the initial addition the same as later additions. State that convention beside a throughput calculation.
For the declared workload it gives 81928192 matrix operations. Counting a whole model using only that number would undercount the activation and other work. Compiler estimates are another model of work, not a substitute for a measured operation trace.
F=2mknF=2mknMinimum traffic is an assumption you can challenge
Assume each input matrix is read once and the output is written once. With float32 elements, the minimum traffic is four times the sum of their element counts. Our shapes give 35843584 bytes and arithmetic intensity 16/716/7 operations per byte.
This ignores cache misses, repeated transfers, temporary arrays, layout changes and activation traffic. Fusion might avoid materializing some intermediates; a poor access pattern might read data more often. A roofline based on minimum traffic is an optimistic accounting model, not a statement that the device actually transferred exactly those bytes.
B=4(mk+kn+mn),I=F/BB=4(mk+kn+mn),\qquad I=F/BFind the corner in a hypothetical roofline
Use a hypothetical compute ceiling of 100100 billion operations per second and bandwidth of 2020 billion bytes per second. These are teaching assumptions, not specifications for the current CPU. The transition intensity is 55 operations per byte. Below it, increasing reuse can raise the modeled ceiling; above it, this simple model hits the compute limit.
For square matrices, the minimum-traffic intensity simplifies to n/6n/6. Our sizes cross the transition between the second and third cases. The calculation makes the mechanism visible without claiming that small matrices achieve these ceilings.
Pceiling=min⁡(Pcompute, βI)P_{\mathrm{ceiling}}=\min(P_{\mathrm{compute}},\,\beta I)Compare measurements only after checking equivalence
The executable is checked against an independent NumPy matrix product and activation, warmed, and timed with output synchronization. Small CPU calls can be dominated by dispatch overhead and poor parallel utilization, so a low fraction of the hypothetical ceiling is not evidence of a broken compiler.
To use a roofline for a real accelerator, replace the hypothetical budgets with applicable device/precision specifications or measured sustainable limits. Record the memory level being modeled and profile actual traffic where possible. Compare equivalent dtypes and workloads; do not mix sparse-operation marketing counts with dense measured work.
A hypothetical roofline bends at the compute budget
Predict: Which square-matrix cases lie below the transition intensity?
[image: Hypothetical bandwidth and compute ceilings with their minimum; the first two cases are bandwidth-limited.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is the minimum-traffic arithmetic intensity, in operations per byte. The vertical axis is a hypothetical throughput ceiling in billions of operations per second. The rising bandwidth line multiplies intensity by the assumed bandwidth; the horizontal compute line is the assumed compute budget. Neither line is a device measurement.
The combined ceiling follows the lower of these two lines. The first two cases are about 26.6726.67 and 53.3353.33 GFLOP/s; from the third matrix-size case onward the ceiling is 100100. The change of slope occurs where the budgets meet, at intensity 55, which is included explicitly as an extra point between the second and third matrix-size cases.
Connect it to the computation
Each intensity comes from counting the elements in square input/output matrices and assuming one read or write per element. Increasing matrix size increases modeled reuse, so the bandwidth ceiling rises. After the compute cap is reached, further reuse cannot raise this simplified ceiling.
Actual small CPU measurements are recorded separately and include dispatch and completion waiting. Do not plot them against these invented hardware budgets as a measured efficiency claim. A real roofline study needs appropriate hardware limits and traffic evidence.
Inspect a specialized lowered computation
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# Step 1 — Inspect a specialized lowered computation: StableHLO establishes the operation and shape contract.
import time
import numpy as np
import jax
import jax.numpy as jnp
StableHLO establishes the operation and shape contract. Numerical equality is checked after compiling that same lowered program.
Calculate an explicitly hypothetical model
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# Step 2 — Calculate an explicitly hypothetical model: The square-matrix simplification supplies an independent...
def workload(a,b):return jnp.tanh(a@b)
# Construct and reshape `a` into the target tensor dimensions.
a=jnp.arange(32*16,dtype=jnp.float32).reshape(32,16)/512
# Construct and reshape `b` into the target tensor dimensions.
b=jnp.arange(16*8,dtype=jnp.float32).reshape(16,8)/128
# Wrap with `jax.jit` (`lowered`) so XLA traces and compiles the function.
lowered=jax.jit(workload).lower(a,b)
# Trace or lower the function to inspect its compiler representation (`stablehlo`).
stablehlo=str(lowered.compiler_ir(dialect='stablehlo'))
assert 'dot_general' in stablehlo and 'tanh' in stablehlo
# Trace or lower the function to inspect its compiler representation (`executable`).
executable=lowered.compile()
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(executable(a,b),np.tanh(np.asarray(a)@np.asarray(b)),rtol=2e-5,atol=2e-5)
print('StableHLO operations present: dot_general and tanh')
print('Compiler estimates (backend-specific):',executable.cost_analysis())
The square-matrix simplification supplies an independent arithmetic check. The hardware budgets are illustrative constants.
Keep runtime observations separate
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# An analytic traffic model, not a measurement of this CPU.
def contract(m,k,n,itemsize=4):
    # Guard input contract (`min(m, k, n, itemsize) <= 0`) and fail fast if violated.
    if min(m,k,n,itemsize)<=0:raise ValueError('positive dimensions and itemsize required')
    flops=2*m*k*n  # conventional multiply-add count; excludes tanh
    minimum_bytes=itemsize*(m*k+k*n+m*n)
    return flops,minimum_bytes,flops/minimum_bytes
sizes=np.array([8,16,32,64,128])
intensity=np.array([contract(int(n),int(n),int(n))[2] for n in sizes])
# Execute `np.testing.assert_allclose(intensity,sizes/6)`
np.testing.assert_allclose(intensity,sizes/6)
peak=100e9
bandwidth=20e9  # hypothetical budgets, not device specifications
memory_ceiling=bandwidth*intensity
roofline=np.minimum(peak,memory_ceiling)
# Execute `np.testing.assert_allclose(roofline[:2]/1e9,[80/3,160/3])`
np.testing.assert_allclose(roofline[:2]/1e9,[80/3,160/3])
assert np.all(roofline[2:]==peak)
Warm samples measure the current CPU, while the work count remains a matmul-only convention. The code never asserts a speedup or hardware saturation.
Keep runtime observations separate
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# Step 4 — Keep runtime observations separate: Warm samples measure the current CPU, while the work count remains...
executable(a,b).block_until_ready()
times=[]
for _ in range(5):
    # Synchronize host execution until asynchronous device computation completes.
    # Synchronize host execution until asynchronous device computation completes.
    # Synchronize host execution until asynchronous device computation completes.
    start=time.perf_counter()
    executable(a,b).block_until_ready()
    times.append(time.perf_counter()-start)
flops,minimum_bytes,ai=contract(32,16,8)
print('Local CPU samples seconds:',times)
print('Matmul-only accounting:',{'flops':flops,'minimum_bytes':minimum_bytes,'flops_per_byte':ai})
print('Hypothetical ceilings GFLOP/s:',(roofline/1e9).tolist())
Warm samples measure the current CPU, while the work count remains a matmul-only convention. The code never asserts a speedup or hardware saturation.
Run the example
The assembled script is in the separate solutions and code appendix.
StableHLO contains the declared dot and activation. The matmul accounting is 81928192 operations and 35843584 minimum bytes; the hypothetical ceilings begin near 26.6726.67, 53.3353.33, then 100100 GFLOP/s. CPU times vary.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Double the assumed data movement
Predict before running: If effective traffic doubles without changing arithmetic work, how does the intensity and modeled ceiling change?
# Experiment — Double the assumed data movement: The work is unchanged; doubling transferred bytes halves intensity.
reduced=intensity/2
revised=np.minimum(peak,bandwidth*reduced)
# Execute `np.testing.assert_allclose(revised[:2],roofline[:2]/2)`
np.testing.assert_allclose(revised[:2],roofline[:2]/2)
assert revised[-1]==peak
print('Ceilings with twice minimum traffic GFLOP/s:',(revised/1e9).tolist())
The first bandwidth-limited ceilings halve; a sufficiently intense case stays compute-limited.
The work is unchanged; doubling transferred bytes halves intensity. This is a sensitivity calculation, not a measured cache miss rate.
Your exercise
Derive the work and minimum traffic for shapes (48,24)(48,24) and (24,12)(24,12). Compare your hand calculation with the contract function and report the hypothetical limiting budget.
Attempt this before consulting the separate solutions appendix.
Keep the same shapes but change storage precision
Transfer
Change only the assumed element size from four bytes to two bytes. Calculate the resulting traffic and intensity, and explain why this is insufficient to predict an actual speedup.
Hint
The model assumes both inputs and output use that element size; real accumulation and conversion may differ.
Checkpoint
The lowered program contains a dot operation and a roofline model predicts a high ceiling. What is still needed before claiming high accelerator throughput?
	Nothing; lowered operations establish throughput.
	A matching measured workload on the actual device, with justified traffic and precision assumptions.
	Only the number of Python source lines.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a roofline claim looks implausible, check operation-count convention, byte units, element size, memory level and timing boundary. Inspect compiler estimates separately from measured traffic; neither should be silently relabeled as the other.
Carry forward
	Lowered text describes a specialized program, not a timeline.
	Arithmetic intensity depends on an explicit traffic model.
	A roofline is a ceiling under assumptions, not a promised runtime.

Your evidence
Keep StableHLO, synchronized CPU samples and independent output parity. Derive the byte/FLOP model and label the roofline peak and bandwidth as hypothetical.
Primary references
	JAX ahead-of-time lowering and compilation
	JAX roofline analysis

Memory, rematerialization, and optimization tradeoffs
Explain why reverse-mode differentiation needs forward intermediates. Compare ordinary and rematerialized gradients with an independent reverse recurrence.
What you will be able to do
	Explain why reverse-mode differentiation needs forward intermediates.
	Compare ordinary and rematerialized gradients with an independent reverse recurrence.
	Inspect saved residual descriptions and compiled memory estimates without equating them.
	Measure warm gradient calls and explain why a memory benefit is workload-dependent.

The problem
A model runs out of memory during differentiation. Someone suggests checkpointing every layer. Will that change the answer, and will it necessarily reduce this program’s memory? We will compare gradients, inspect saved residuals and measure compiled estimates and timings before making that decision.
The idea
Reverse-mode differentiation needs information from forward execution. Rematerialization recomputes some of that information instead of retaining it. This exchanges storage for work inside a computation and is distinct from saving a training checkpoint to disk.
Follow an intermediate from creation to last use
Imagine a backward rule needs an intermediate from the first operation in a chain. One strategy retains it; another reruns enough forward work to reconstruct it. Draw the value's lifetime and mark which computation is repeated.
Saved autodiff entries, estimated bytes and compiled peak memory are different quantities. Fusion, temporary buffers and reuse can change the compiled memory picture even when a source-level list of saved values changes.
Read each plot with its own units. Fewer entries alone are separate from lower peak device memory or faster execution. Use the storage model to form a hypothesis, then inspect compiler information and actual target behavior.
Pause and reason
Why might fewer saved values leave compiled memory unchanged?
Compare your reasoningThe compiler may already eliminate or reuse them, while other temporaries dominate peak usage. Source-level counts do not fully determine compiled buffer lifetimes.
Follow one layer backward
Our layer multiplies a vector by a fixed matrix and applies tanh. In the backward pass, the derivative of tanh uses the forward output. If that output is retained, the derivative can reuse it. If selected intermediates are discarded, the program must reconstruct the needed value from retained inputs and weights.
For layer output hh, the local derivative factor is 1−h21-h^2. Multiplying the incoming cotangent by that factor, then applying the transposed weight matrix, propagates sensitivity to the preceding vector. The NumPy reference implements this recurrence explicitly instead of calling autodiff.
xˉ=W⊤(hˉ⊙(1−h2))\bar x=W^\top\bigl(\bar h\odot(1-h^2)\bigr)Choose a boundary around pure work
We apply jax.checkpoint to the layer function. The outer objective uses four layers and a sum of squared final outputs. The reference and rematerialized versions share the same weights and input. If a function relies on untracked mutation, hidden randomness or effects, recomputation can have a different meaning; explicit state and keys remain essential.
Checkpointing the entire loss at an unhelpful boundary may simply recompute nearly all work without eliminating the intermediates you expected. Compare policies at meaningful blocks, and start with a small function whose derivative you can verify.
Inspect what autodiff saves
print_saved_residuals names values retained for differentiation. The output describes a constant weight matrix and selected vector intermediates. Count the entries to compare policies, but read their shapes too: one large matrix may cost more than many scalar entries. The printed list is a diagnostic representation, not a device-memory allocation trace.
In this fixed example, the ordinary policy reports nine residual descriptions and layer rematerialization reports six. Those counts explain that the differentiation strategy changed; they do not guarantee a proportional reduction in peak bytes.
Read compiled memory estimates separately
Compile the gradient for the same input contract and inspect memory_analysis. Argument, output, temporary and alias bytes answer different questions. Backend support and reporting conventions can vary, so record missing analysis as unavailable instead of substituting zero.
In the tested small CPU example, both policies report the same temporary-buffer estimate. That is a useful result: fewer saved autodiff values need not reduce this compiled program’s allocated temporary storage. Fusion, buffer reuse and compiler decisions stand between a mathematical strategy and a memory allocation.
Measure the tradeoff you actually care about
Warm both compiled gradients and collect synchronized calls. Keep all samples, not just the fastest. Rematerialization can add arithmetic; on a tiny workload, dispatch and noise can dominate. No strict timing ordering is required.
A training-memory claim requires the complete training step, representative model and batch shapes, and actual peak memory on the target device. Include optimizer state and input buffers. Test whether the policy enables the intended larger batch without changing the objective, then verify quality and runtime again.
Changed autodiff storage does not guarantee changed compiled buffers
Predict: Must the two panels tell the same story about memory?
[image: Residual-entry counts compare ordinary and rematerialized differentiation; a separate panel gives supported compiler temporary-byte estimates.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The upper panel counts saved-residual descriptions for ordinary differentiation and layer rematerialization. The vertical unit is entries, not bytes. In this fixed network the counts are nine and six, including a shared constant matrix; the decrease shows a changed differentiation strategy.
The lower panel reports compiler-estimated temporary bytes when that analysis is supported. In the recorded CPU example both bars have height 256256. Equal bars mean the compiler reports no reduction in this category for these shapes, even though the residual-entry count decreased.
Connect it to the computation
The independent reverse recurrence checks the numerical derivative for both policies. The figure then compares two distinct storage views: values named by autodiff and temporary buffers estimated after compilation. Compiler reuse and fusion can make their relationship non-proportional.
These are not measurements of peak accelerator allocation or total training memory. The runtime samples are recorded separately, and a meaningful policy decision needs representative model size, optimizer state and actual target-device measurements. If a backend lacks memory analysis, the plot explicitly substitutes a labeled availability panel rather than treating missing bytes as zero.
Define two differentiation policies
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# Step 1 — Define two differentiation policies: Both functions compute the same pure objective; only the...
import contextlib
import io
import time
import numpy as np
import jax
import jax.numpy as jnp
from jax.ad_checkpoint import print_saved_residuals
# Draw pseudorandom samples for `rng` using the explicit RNG state.
rng=np.random.default_rng(18)
# Create device-backed JAX array `w`.
w=jnp.asarray((rng.normal(size=(16,16))*.1).astype(np.float32))
x=jnp.asarray(np.linspace(-.5,.5,16,dtype=np.float32))
def layer(v):return jnp.tanh(w@v)
def objective(v,rematerialize=False):
    operation=jax.checkpoint(layer) if rematerialize else layer
    for _ in range(4):v=operation(v)
    return jnp.sum(v*v)
plain=lambda v:objective(v,False)
remat=lambda v:objective(v,True)
def residual_report(fn):
    stream=io.StringIO()
    # Enter `contextlib.redirect_stdout(stream)` context block:
    with contextlib.redirect_stdout(stream):print_saved_residuals(fn,x)
    lines=[line for line in stream.getvalue().splitlines() if line.strip()]
    return lines
reports=[residual_report(plain),residual_report(remat)]
Both functions compute the same pure objective; only the recomputation boundary differs. The diagnostic records descriptions rather than claiming physical byte savings.
Verify with an independent reverse pass
Create a Python file in the course environment. Add this block after the preceding block, then run the assembled file.
# Independent reverse recurrence through the same explicitly specified network.
host_w=np.asarray(w)
values=[np.asarray(x)]
for _ in range(4):values.append(np.tanh(host_w@values[-1]))
cotangent=2*values[-1]
for i in range(4,0,-1):cotangent=host_w.T@(cotangent*(1-values[i]**2))
for fn in (plain,remat):
    # Differentiate the objective to obtain gradients ``.
    np.testing.assert_allclose(jax.grad(fn)(x),cotangent,rtol=3e-5,atol=1e-7)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(plain)(x),jax.grad(remat)(x),rtol=1e-6,atol=1e-7)
# Differentiate the objective to obtain `executables` via automatic differentiation.
executables=[jax.jit(jax.grad(fn)).lower(x).compile() for fn in (plain,remat)]
memory=[]
times=[]
for executable in executables:
    analysis=executable.memory_analysis()
    memory.append(None if analysis is None else {name:getattr(analysis,name) for name in ('argument_size_in_bytes','output_size_in_bytes','temp_size_in_bytes','alias_size_in_bytes')})
    # Synchronize host execution until asynchronous device computation completes.
    # Synchronize host execution until asynchronous device computation completes.
    executable(x).block_until_ready()
    samples=[]
    for _ in range(5):
        # Synchronize host execution until asynchronous device computation completes.
        # Synchronize host execution until asynchronous device computation completes.
        # Synchronize host execution until asynchronous device computation completes.
        start=time.perf_counter()
        executable(x).block_until_ready()
        samples.append(time.perf_counter()-start)
    times.append(samples)
print('Saved residual descriptions:')
for name,lines in zip(['plain','remat'],reports):print(name,'\n'+'\n'.join(lines))
print('Compiler memory estimates:',memory)
print('Synchronized gradient samples:',times)
print('Independent reverse recurrence agrees with both gradients.')
The NumPy recurrence propagates cotangents through saved host activations, providing an oracle independent of JAX differentiation.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
# Inspect residual live tensors and compare compiler memory and wall-clock gradient samples:
for name, lines in zip(["plain", "remat"], reports):
    print(name, "\n" + "\n".join(lines))
print("Compiler memory estimates:", memory)
print("Synchronized gradient samples:", times)
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
Both gradients agree with the independent reverse recurrence. The saved-residual descriptions differ; the small tested CPU program reports equal temporary-memory estimates. Timings vary and no speedup is asserted.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Move the boundary to the entire objective
Predict before running: Will checkpointing the whole objective preserve the gradient? Does that alone demonstrate useful memory savings?
# Experiment — Move the boundary to the entire objective: Correctness is necessary but does not choose the best policy.
whole=jax.checkpoint(plain)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(whole)(x),cotangent,rtol=3e-5,atol=1e-7)
print('Whole-objective residuals:',residual_report(whole))
# Differentiate the objective to obtain `whole_executable` via automatic differentiation.
whole_executable=jax.jit(jax.grad(whole)).lower(x).compile()
print('Whole-objective memory estimate:',whole_executable.memory_analysis())
The derivative remains correct; residual and compiled-memory reports describe this additional boundary.
Correctness is necessary but does not choose the best policy. The boundary determines what is retained and recomputed; inspect actual memory and timing for the intended workload.
Your exercise
Use the direction v=(1,…,1)v=(1,\ldots,1) and central differences to independently check a directional derivative of the original objective at the existing input. Compare it with the gradient dot direction and report the perturbation.
Attempt this before consulting the separate solutions appendix.
Check higher-order differentiation
Transfer
Compare Hessian-vector products of the ordinary and rematerialized objectives along a nonuniform direction. Explain why equal first derivatives alone would be a weaker test.
Hint
Apply jvp to each gradient function with the same primal point and tangent.
Checkpoint
Rematerialization reduces the number of saved residual descriptions but the compiled temporary-byte estimates are equal. What is the supported conclusion?
	The compiler’s report must be wrong.
	The differentiation strategy changed, but this evidence does not show reduced compiled temporary storage.
	The model must train faster because fewer values were listed.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If gradients differ, first compare inputs, weights, random keys and any hidden effects. If memory does not improve, inspect the checkpoint boundary, residual shapes, compiler buffer estimates and full-step peak measurements before adding more checkpoint wrappers.
Carry forward
	Recomputation trades retained intermediate values for extra work.
	Verify the derivative independently before evaluating a policy.
	Saved values, estimated buffers and measured peak memory must remain distinct.

Your evidence
Keep the plain/rematerialized gradient and HVP comparisons, saved-residual counts, compiler-memory observations and synchronized timings. Explain why fewer residuals do not guarantee lower measured memory.
Primary references
	JAX gradient checkpointing
	JAX benchmarking

Phase 09: Distributed training
Is the distributed update still optimizing the same objective?
Start with the global mathematical operation, then specify ownership and communication. Logical CPU devices help expose placement and reduction mistakes before you spend accelerator time.
Prepare and work through the phase
	Verify placement and the global update
Inspect actual shard indices and compare each relevant output with an independent unpartitioned calculation, including padded and unequal partitions.

	Connect communication and recovery
Inspect collectives without inferring network speed from payload size. Restore data position and optimizer state before comparing subsequent global steps.


Readiness check
Two devices see one and three valid examples. Should their mean gradients receive equal weight?
Answer: No. Weight by valid example counts. Sum local gradient numerators and valid counts, then divide once. Padding and empty partitions must not silently change the denominator.
Transfer question
A final batch leaves one partition empty. Should it contribute a zero mean, be omitted, or fail?
Approach: Do not compute an undefined local mean. Accumulate a zero numerator and zero valid count for the empty partition, reduce globally and reject a globally empty batch. Compare the result with the valid unpartitioned examples.
Common pitfall
The gradient grows with device count. Check whether local means were summed without count normalization. Verify one complete update before interpreting a training curve.
Phase artifact
Use sharded-training. Retain actual placements and collectives, independent uneven/empty-partition checks and full-state replay. Label logical CPU devices explicitly.
Real network collectives, multi-controller ingestion and host-loss recovery are unqualified. The optional launch instructions are preparation, not execution receipts.
Phase project: A resilient sharded training experiment. Explain partitioning, communication costs, and recovery behavior with measured evidence. Start with project stages 1, 2, 3, 4.
	sharded-training · online workspace · project guide

Arrays, meshes, and sharding
Partition an array over a device mesh and inspect its local shards.
What you will be able to do
	Translate a PartitionSpec into local shard shapes.
	Inspect shard indices and verify values.
	Explain communication needs of a global reduction.
	Repair uneven batch statistics with padding and masks.

The problem
We can split examples across devices, split features across devices, or keep a full copy on each one. Let’s make those choices visible on four logical CPU devices. You’ll inspect the pieces and see why some reductions must combine results. No cluster is needed, and these observations do not measure accelerator performance.
The idea
Sharding places one global array across a named mesh. Global shape, local shard shape and replication describe different views of the same computation. Make ownership explicit before reasoning about communication.
Compare the global array with each local piece
A four-by-four array on two devices can be split into two-by-four row shards or four-by-two column shards. Both layouts contain the same global values. Their local operations and communication requirements differ.
Replication gives each participant the full value instead of a disjoint portion. Use explicit labels so duplicated ownership cannot be mistaken for partitioning.
Connect each PartitionSpec entry to its array axis and named mesh axis. Inspect actual addressable shards and compare reconstructed values with a global reference. Logical CPU devices validate this placement exercise without reproducing a multi-host network.
Pause and reason
Must changing row sharding to column sharding change the answer?
Compare your reasoningNo. A correct compatible computation preserves the intended global result. Storage and communication can change even when the result agrees.
Mesh(D,(’data’,’model’))  ⟹  shard⁡(X)∈R(B/Pd)×(H/Pm)\text{Mesh}(D, (\texttt{'data'}, \texttt{'model'})) \implies \operatorname{shard}(X) \in \mathbb{R}^{(B/P_d) \times (H/P_m)}Read the mapping from left to right
Start with eight rows and four columns. Our one-dimensional mesh contains four devices along data. P("data",None) partitions eight rows into four groups of two and preserves four features per shard. P(None,"data") leaves rows intact and assigns one of four columns to each device. The same global shape supports both arrangements.
None means an array dimension is not partitioned by this specification, not that the values are missing. P() replicates the whole array. A device mesh axis may not be reused across multiple array dimensions within one PartitionSpec. More complex two-dimensional meshes need distinct axis names and a reason for assigning each dimension.
Array (8,4) → P(data,None) → 4 pieces (2,4)
Array (8,4) → P(None,data) → 4 pieces (8,1)
Array (8,4) → P() → 4 full copies (8,4)
Inspect indices rather than guessing ordering
addressable_shards lists pieces this process can access. Each piece carries a device, global index and data. For row partitioning the indices select successive two-row slices; for column partitioning they select individual columns. Compare host[shard.index] with shard.data. This catches a mismatch between the intended assignment and the actual data.
All four devices are addressable here because we have one process. In a multi-process program, the global device set may include devices another process owns. np.asarray on a global array that is not fully addressable is not a general multi-host gathering recipe. This lesson deliberately exercises only the single-process case.
A reduction has a communication requirement
For rows 00 through 3131 reshaped to (8,4)(8,4), the first column is 00,44,88,1212,1616,2020,2424,2828 and sums to 112112. Each row shard can sum its own two rows, but no one shard initially sees all eight. Producing a replicated global column sum requires combining contributions across the data axis.
We use a jitted ordinary sum and declare replicated output. JAX compiles the placement-aware global operation and arranges necessary communication. The source-level need to combine partial sums is a reasoning argument; exact collective lowering is compiler/version dependent and would require lowered code or profiler evidence to characterize. This CPU lesson does not estimate accelerator communication latency.
partial sums device 0: [4,6,8,10]
partial sums device 1: [20,22,24,26]
partial sums device 2: [36,38,40,42]
partial sums device 3: [52,54,56,58]
combine → [112,120,128,136]
Choose placement for the operation you will perform and run it on a TPU mesh
Elementwise functions naturally preserve local independence. Reductions across a partitioned dimension and matrix multiplications can require communication. Choosing columns instead of rows changes which values are locally available; it does not alter the mathematical answer.
device_put from a host NumPy array places that array according to the requested sharding. Moving an already placed JAX array to a different sharding is a resharding operation. Host reconstruction is useful for our tiny verification case but should not be inserted into a real training loop. The experiments compare two layouts for correctness, not speed. Save global shapes, specs and shard tables as the evidence needed to reason about a future workload.
To run this exact mesh and NamedSharding contract on a real 4-chip TPU VM (for example v5litepod-4 or v6e-4, provisioned via lesson-welcome-03.html and tpu-gcp.html), remove the jax_platforms=cpu override so jax.devices() discovers the four physical TPU chips. On a multi-host TPU slice (v5litepod-8 or larger), call jax.distributed.initialize() at process startup and launch across all workers with --worker=all.
Run the 4-device sharding check on a 4-chip TPU VM (single host)
gcloud compute tpus tpu-vm scp exercises/distributed-01.py $TPU_NAME:~/jax-tpu-lab/ --zone=$ZONE
gcloud compute tpus tpu-vm ssh $TPU_NAME --zone=$ZONE \
  --command="sed 's/jax.config.update(\"jax_platforms\", \"cpu\")/# use default TPU backend/; s/jax.devices(\"cpu\")/jax.devices()[:4]/' ~/jax-tpu-lab/distributed-01.py > ~/jax-tpu-lab/distributed-01-tpu.py && JAX_PLATFORMS=tpu ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/distributed-01-tpu.py"
Expected:
Places the (8, 4) array across four TPU chips, verifies row-shard (2, 4) and column-shard (8, 1) local shapes, and checks the replicated column sum [112, 120, 128, 136].
Row sharding and column sharding place the same array differently
Predict: Which dimension is split across devices in each panel?
[image: Row sharding and column sharding place the same array differently. Both panels represent the same global array with shape \((8,4)\). Each cell’s number and color identify its owning logical device, not the array value stored there. Device colors are categorical and do not rank speed or capacity. In the upper panel, each device owns two complete rows: device \(0\) owns rows \(0\) and \(1\), for example. In the lower panel, each device owns one complete column across all eight rows. The horizontal bands become vertical bands when the partitioned axis changes.]Plot from a recorded CPU computation · JAX 0.9.2 · 4 CPU devicesRead the figure
Both panels represent the same global array with shape (8,4)(8,4). Each cell’s number and color identify its owning logical device, not the array value stored there. Device colors are categorical and do not rank speed or capacity.
In the upper panel, each device owns two complete rows: device 00 owns rows 00 and 11, for example. In the lower panel, each device owns one complete column across all eight rows. The horizontal bands become vertical bands when the partitioned axis changes.
Connect it to the computation
Each device owns eight scalar entries in either layout, but their local shapes differ: (2,4)(2,4) for row partitioning and (8,1)(8,1) for column partitioning. Equal local element counts do not mean that the same operations will have the same communication needs.
For example, a whole row is locally available in the upper layout but split across devices in the lower one. A row-wise reduction therefore has different placement implications. The figure establishes ownership only; communication volume and execution time are not measured, and these four logical devices share one CPU host.
Start a fresh CPU runtime
Create main.py in your course workspace. Paste this block first. If using a notebook, restart its kernel before running any cell.
# Step 1 — Start a fresh CPU runtime: Configuration happens before devices() or array creation...
import jax
# Run this file in a fresh process; in a notebook restart the kernel first.
jax.config.update("jax_platforms", "cpu")
# Update state in place with the new values.
jax.config.update("jax_num_cpu_devices", 4)
import jax.numpy as jnp
import numpy as np
from jax.sharding import Mesh, NamedSharding, PartitionSpec as P
# Query the active JAX devices into `devices`.
devices = jax.devices("cpu")
# Guard input contract (`len(devices) != 4`) and fail fast if violated.
if len(devices) != 4:
    raise RuntimeError("Expected four CPU devices. Restart the notebook kernel, then Run all; do not run an earlier JAX cell first.")
# Configure multi-device placement / sharding specification (`mesh`).
mesh = Mesh(np.array(devices), ("data",))
# Configure multi-device placement / sharding specification (`rows`).
rows = NamedSharding(mesh, P("data", None))
# Configure multi-device placement / sharding specification (`replicated`).
replicated = NamedSharding(mesh, P())
Configuration happens before devices() or array creation initializes a backend. This file explicitly chooses CPU even on a GPU machine.
Place and compute
Append this block in the same file. Predict the shapes and values before running.
# Step 2 — Place and compute: Mesh axis names describe placement.
# Construct and reshape `host` into the target tensor dimensions.
host = np.arange(32, dtype=np.float32).reshape(8,4)
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(host, rows)
# Configure multi-device placement / sharding specification (`columns`).
columns = NamedSharding(mesh, P(None, "data"))
# Place `x_columns` explicitly onto the target JAX device.
x_columns = jax.device_put(host, columns)
# Wrap with `jax.jit` (`sum_rows`) so XLA traces and compiles the function.
sum_rows = jax.jit(lambda a:a.sum(axis=0), in_shardings=rows, out_shardings=replicated)(x)
# Synchronize host execution until asynchronous device computation completes.
sum_rows.block_until_ready()
Mesh axis names describe placement. They are separate from the numerical array dimensions.
Inspect and verify
Append the checks, save the file and run python main.py with the setup lesson environment.
# Step 3 — Inspect and verify: Assertions compare against host calculations or hand-derived...
np.testing.assert_array_equal(np.asarray(sum_rows), np.array([112,120,128,136],dtype=np.float32))
for shard in x.addressable_shards:
    # Check tensor shape invariant: `shard.data.shape == (2,4)`
    assert shard.data.shape == (2,4)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_array_equal(np.asarray(shard.data), host[shard.index])
for shard in x_columns.addressable_shards:
    # Check tensor shape invariant: `shard.data.shape == (8,1)`
    assert shard.data.shape == (8,1)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_array_equal(np.asarray(shard.data), host[shard.index])
print("Row-shard shapes:", [s.data.shape for s in x.addressable_shards])
print("Column-shard shapes:", [s.data.shape for s in x_columns.addressable_shards])
print("Column sums:", np.asarray(sum_rows))
Assertions compare against host calculations or hand-derived values; printing a sharding object alone is separate from correctness.
Run the example
The assembled script is in the separate solutions and code appendix.
Four row shards (2,4)(2,4); four column shards (8,1)(8,1). Column sums [112,120,128,136][112,120,128,136].
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Reshard the same global values
Predict before running: Moving xx from row partitioning to column partitioning changes local shapes. Does it change the global values?
# Experiment — Reshard the same global values: Resharding changes ownership of values, not their mathematical...
moved = jax.device_put(x, columns)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(np.asarray(moved), host)
# Check tensor shape invariant: `all(s.data.shape == (8,1) for s in moved.addressable_shards)`
assert all(s.data.shape == (8,1) for s in moved.addressable_shards)
print("Resharded values preserved")
Global array unchanged; local shards now (8,1)(8,1).
Resharding changes ownership of values, not their mathematical identity.
Reduce a dimension that is not partitioned
Predict before running: Sum each row. Predict the output shape and which mesh axis should partition it.
# Experiment — Reduce a dimension that is not partitioned: All four columns for a row are already local in row...
# Configure multi-device placement / sharding specification (`vector_rows`).
vector_rows = NamedSharding(mesh, P("data"))
# Wrap with `jax.jit` (`per_row`) so XLA traces and compiles the function.
per_row = jax.jit(lambda a:a.sum(axis=1), in_shardings=rows, out_shardings=vector_rows)(x)
# Create evenly spaced index values in ``.
np.testing.assert_array_equal(np.asarray(per_row), np.arange(6,119,16,dtype=np.float32))
# Check tensor shape invariant: `all(s.data.shape == (2,) for s in per_row.addressable_shards)`
assert all(s.data.shape == (2,) for s in per_row.addressable_shards)
print("Row sums:", np.asarray(per_row))
Row sums [6,22,38,54,70,86,102,118][6,22,38,54,70,86,102,118]; local shapes (2,)(2,).
All four columns for a row are already local in row partitioning; this reduction does not mathematically require combining data-axis pieces.
Your exercise
Compare row and column layouts of a (12,8)(12,8) array, and repair a ten-row mean with padding plus an explicit mask.
Attempt this before consulting the separate solutions appendix.
Change both dimensions
Challenge
Use a (12,8)(12,8) array. Verify row and column layouts and predict every local shape.
Hint
Four devices divide twelve rows or eight columns.
Pad an uneven batch without corrupting its mean
Challenge
Ten observations cannot be row-partitioned over four devices. Pad to twelve and use a mask to recover the true column mean. Demonstrate the wrong unmasked mean.
Hint
The divisor is the sum of the mask, not padded length.
Checkpoint
With row sharding, why does a global column sum need results from other devices?
	Each device initially holds only some rows.
	Every sum requires host Python.
	Partitioning changes the mathematical definition of sum.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Padding repairs the shape but adds artificial rows. The mask keeps them out of both numerator and denominator. Checking only divisibility would miss this statistical error.
Carry forward
	Read the mapping from left to right
	Inspect indices rather than guessing ordering
	A reduction has a communication requirement
	Choose placement for the operation you will perform

Your evidence
Padding repairs the shape but adds artificial rows. The mask keeps them out of both numerator and denominator. Checking only divisibility would miss this statistical error.
Primary references
	JAX CPU device configuration (set before initialization)
	Distributed arrays and automatic parallelization

A sharded training step
Run a training step with explicit data and parameter placement.
What you will be able to do
	Derive the global mean loss and gradient.
	Specify aligned data and replicated parameter placement.
	Verify sharded updates against independent host arithmetic.
	Diagnose normalization errors in equal and unequal local batches.

The problem
If we split a batch across four devices, should the model learn four times as much in one step? It should still follow the same global loss. We’ll compare a sharded regression update with a formula we can check on the host, then reproduce the scaling mistake caused by summing local mean gradients.
The idea
A sharded training step must preserve the intended global objective. Local reductions and collective operations should produce the same normalized gradient as an unsharded reference on the same examples.
Derive the global denominator
One shard has two examples with mean gradient 11; another has one example with gradient 44. The global mean is (2+4)/3=2(2+4)/3=2. Averaging the local means gives 2.52.5, overweighting the small shard.
Carry contributions and counts so the final denominator matches the objective. With masked sequence losses, count valid targets rather than automatically counting devices or sequences.
The matching gradient bars are an important check on the current fixture. Add unequal valid counts to expose a weighting rule that balanced shards could hide. Numerical agreement should be tested where the implementation's assumptions are most vulnerable.
Pause and reason
Which test exposes an incorrect average of local means?
Compare your reasoningUse unequal example or valid-token counts per shard and compare with an independently calculated global mean.
Write the objective before splitting the data
Our model predicts XwXw with two weights and no bias. The synthetic labels use true weights [2,−1][2,-1], but the initial weights are zero. The squared-error loss averages eight residuals. Its gradient is 2NXTr\frac{2}{N}X^\mathsf{T}r, where r=Xw−yr=Xw-y and N=8N=8. This host formula is independent of JAX autodiff and supplies a useful reference for the first update.
At w=0w=0 the targets are [2,−1,1,4,−2,3,0,2][2,-1,1,4,-2,3,0,2]. Squared targets sum to 3939, so initial loss is 39/8=4.87539/8=4.875. XTy=[21,3]X^\mathsf{T}y=[21,3], so the gradient is [−5.25,−0.75][-5.25,-0.75]. With learning rate 0.10.1 the new weights are [0.525,0.075][0.525,0.075]. Check these values before looking at a training curve.
L(w)=18∑i=18(xiTw−yi)2g=28XT(Xw−y)wnext=w−0.1g\begin{aligned}L(w)&=\frac{1}{8}\sum_{i=1}^{8}(x_i^\mathsf{T}w-y_i)^2\\g&=\frac{2}{8}X^\mathsf{T}(Xw-y)\\w_{\mathrm{next}}&=w-0.1g\end{aligned}Give batch and parameters different placements
The feature matrix has shape (8,2)(8,2) and uses P("data",None); each of four devices owns two examples. Labels have shape (8,)(8,) and use P("data"), so their shards align with the feature rows. Parameters have shape (2,)(2,) and use P(), giving every device both weights.
The input sharding tree supplied to jit has one entry per argument. Outputs are weights, scalar loss and a two-element gradient; all three are replicated in this small example. Replication does not mean four independently trained models. The replicas represent the same global parameters and must receive the same global update.
CPU 0: X rows 0:2, y rows 0:2, full w
CPU 1: X rows 2:4, y rows 2:4, full w
CPU 2: X rows 4:6, y rows 4:6, full w
CPU 3: X rows 6:8, y rows 6:8, full w
partial contributions → global gradient → same w_next
Differentiate the global function rather than inventing a local objective
loss operates on global JAX arrays. value_and_grad evaluates the objective and obtains its parameter derivative together. jit compiles that function with explicit placement contracts; you do not call a Python training loop separately on each device. Combining contributions is necessary because each local batch alone cannot determine the global mean gradient.
This lesson uses automatic global-array parallelization, not manual shard_map or an explicit pmean. The compiler arranges required operations. Do not add an extra collective to an already global reduction merely because the input is sharded. If you later implement a manual local program, you must derive its aggregation and normalization from the same objective.
A correct first update is stronger evidence than a falling curve — on CPU and on a 4-chip TPU VM
A loss curve can decrease even with a normalization bug, especially at a small learning rate. Compare the initial loss, every gradient component and updated weights with NumPy. Then change the batch contents and order: a correct global mean should not depend on which device receives a row. Check replicated weight shards separately.
A ten-step loop is included as a transfer experiment, but this is not a complete resilient training system. It has no data pipeline, optimizer moments, checkpoint or multi-host failure handling. CPU virtual devices demonstrate placement and numerical equivalence; to verify the same sharded train_step across four physical TPU chips (v5litepod-4 or v6e-4), upload the lesson script to your TPU VM and target jax.devices()[:4] with JAX_PLATFORMS=tpu. Float32 reduction order may differ slightly across hardware, so use stated tolerances instead of bitwise comparisons.
Run the sharded training step across four physical TPU chips
gcloud compute tpus tpu-vm scp exercises/distributed-02.py $TPU_NAME:~/jax-tpu-lab/ --zone=$ZONE
gcloud compute tpus tpu-vm ssh $TPU_NAME --zone=$ZONE \
  --command="sed 's/jax.config.update(\"jax_platforms\", \"cpu\")/# use default TPU backend/; s/jax.devices(\"cpu\")/jax.devices()[:4]/' ~/jax-tpu-lab/distributed-02.py > ~/jax-tpu-lab/distributed-02-tpu.py && JAX_PLATFORMS=tpu ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/distributed-02-tpu.py"
Expected:
Executes the sharded value_and_grad update across 4 TPU devices and verifies that the initial loss (4.875), global gradient ([-5.25, -0.75]), and updated weights ([0.525, 0.075]) match the host reference within tolerance.
Sharded differentiation matches the global reference
Predict: Should placing examples on different devices change the gradient?
[image: Sharded differentiation matches the global reference. For each weight coordinate, compare the sharded JAX gradient with the NumPy reference gradient beside it. Both methods give approximately \((-5.25,-0.75)\), so the paired bars have equal heights. They remain separate bars even where their edges touch. The bars extend below zero because the derivatives are negative. This is not a plot of negative loss. The larger magnitude for weight \(0\) indicates a stronger local sensitivity of the loss to that coordinate.]Plot from a recorded CPU computation · JAX 0.9.2 · 4 CPU devicesRead the figure
For each weight coordinate, compare the sharded JAX gradient with the NumPy reference gradient beside it. Both methods give approximately (−5.25,−0.75)(-5.25,-0.75), so the paired bars have equal heights. They remain separate bars even where their edges touch.
The bars extend below zero because the derivatives are negative. This is not a plot of negative loss. The larger magnitude for weight 00 indicates a stronger local sensitivity of the loss to that coordinate.
Connect it to the computation
A gradient descent step subtracts these values. From zero weights with rate 0.10.1, the next weights would be (0.525,0.075)(0.525,0.075). This connects the signs in the picture to an actual update rather than treating taller or shorter bars as inherently better.
Agreement with the global reference checks that sharding and reduction preserved the intended gradient on this batch. It is separate from a speedup, or imply that a coordinate’s current gradient sign reveals its final optimal weight. Input correlations and subsequent updates can change that sign.
Start a fresh CPU runtime
Create main.py in your course workspace. Paste this block first. If using a notebook, restart its kernel before running any cell.
# Step 1 — Start a fresh CPU runtime: Configuration happens before devices() or array creation...
import jax
# Run this file in a fresh process; in a notebook restart the kernel first.
jax.config.update("jax_platforms", "cpu")
# Update state in place with the new values.
jax.config.update("jax_num_cpu_devices", 4)
import jax.numpy as jnp
import numpy as np
from jax.sharding import Mesh, NamedSharding, PartitionSpec as P
# Query the active JAX devices into `devices`.
devices = jax.devices("cpu")
# Guard input contract (`len(devices) != 4`) and fail fast if violated.
if len(devices) != 4:
    raise RuntimeError("Expected four CPU devices. Restart the notebook kernel, then Run all; do not run an earlier JAX cell first.")
# Configure multi-device placement / sharding specification (`mesh`).
mesh = Mesh(np.array(devices), ("data",))
# Configure multi-device placement / sharding specification (`rows`).
rows = NamedSharding(mesh, P("data", None))
# Configure multi-device placement / sharding specification (`replicated`).
replicated = NamedSharding(mesh, P())
Configuration happens before devices() or array creation initializes a backend. This file explicitly chooses CPU even on a GPU machine.
Place and compute
Append this block in the same file. Predict the shapes and values before running.
# Step 2 — Place and compute: Mesh axis names describe placement.
host_x = np.array([[1,0],[0,1],[1,1],[2,0],[0,2],[2,1],[1,2],[2,2]],dtype=np.float32)
true_w = np.array([2.,-1.],dtype=np.float32)
# Perform matrix / vector contraction (`@`) to compute `host_y`.
host_y = host_x @ true_w
# Configure multi-device placement / sharding specification (`labels_sharding`).
labels_sharding = NamedSharding(mesh,P("data"))
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(host_x, rows)
# Place `y` explicitly onto the target JAX device.
y = jax.device_put(host_y, labels_sharding)
# Place `w` explicitly onto the target JAX device.
w = jax.device_put(np.zeros(2,dtype=np.float32),replicated)
def loss(weights, features, labels):
    return jnp.mean((features @ weights-labels)**2)
# Define `update(weights, features, labels)` to evaluate the objective and its automatic derivatives:
def update(weights, features, labels):
    # Differentiate the objective to obtain `(value, gradient)` via automatic differentiation.
    value, gradient = jax.value_and_grad(loss)(weights,features,labels)
    return weights - 0.1*gradient, value, gradient
# Wrap with `jax.jit` (`train_step`) so XLA traces and compiles the function.
train_step = jax.jit(update, in_shardings=(replicated,rows,labels_sharding),out_shardings=(replicated,replicated,replicated))
new_w, before, gradient = train_step(w,x,y)
Mesh axis names describe placement. They are separate from the numerical array dimensions.
Inspect and verify
Append the checks, save the file and run python main.py with the setup lesson environment.
# Step 3 — Inspect and verify: Assertions compare against host calculations or hand-derived...
expected_gradient = 2 * host_x.T @ (-host_y) / len(host_y)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(gradient),expected_gradient,rtol=1e-6,atol=1e-6)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(new_w),-0.1*expected_gradient,rtol=1e-6,atol=1e-6)
# Aggregate array values to compute `expected_loss`.
expected_loss = np.mean(host_y**2)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(before), expected_loss,rtol=1e-6)
assert float(loss(new_w,x,y)) < float(before)
for shard in new_w.addressable_shards:
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(shard.data),np.asarray(new_w))
print("Initial loss:",float(before))
print("Gradient:",np.asarray(gradient),"updated weights:",np.asarray(new_w))
print("Updated loss:",float(loss(new_w,x,y)))
Assertions compare against host calculations or hand-derived values; printing a sharding object alone is separate from correctness.
Run the example
The assembled script is in the separate solutions and code appendix.
Initial loss 4.8754.875; gradient [−5.25,−0.75][-5.25,-0.75]; weights [0.525,0.075][0.525,0.075]; updated loss is lower. Small float32 printing differences are expected.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Permutation across shards
Predict before running: Reversing example order changes which device owns each example. Should the global gradient change?
# Experiment — Permutation across shards: The global mean is invariant to row order.
reverse_x = jax.device_put(host_x[::-1].copy(),rows)
# Place `reverse_y` explicitly onto the target JAX device.
reverse_y = jax.device_put(host_y[::-1].copy(),labels_sharding)
reverse_w,reverse_loss,reverse_gradient = train_step(w,reverse_x,reverse_y)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(reverse_gradient),expected_gradient,rtol=1e-6,atol=1e-6)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(reverse_w),np.asarray(new_w),rtol=1e-6,atol=1e-6)
print("Permutation preserves the global update")
Gradient and update agree within 10−610^{-6}.
The global mean is invariant to row order. This check exposes accidental dependence on a particular local subset.
Ten updates against a host training loop
Predict before running: Predict whether the two implementations should track each other, not whether loss reaches zero in ten steps.
# Experiment — Ten updates against a host training loop: Checking every update catches transient mismatches that a single...
cpu_weights = w
# Allocate initialized array `reference_weights` with the specified shape and dtype.
reference_weights = np.zeros(2,dtype=np.float32)
for step_index in range(10):
    cpu_weights,_,_ = train_step(cpu_weights,x,y)
    residual = host_x @ reference_weights-host_y
    # Accumulate the next contribution into `reference_weights`.
    reference_weights -= 0.1*(2*host_x.T @ residual/len(host_y))
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(cpu_weights),reference_weights,rtol=1e-5,atol=1e-6)
print("Ten-step weights:",np.asarray(cpu_weights))
Each of ten parameter updates agrees with the independent host loop within the stated tolerance.
Checking every update catches transient mismatches that a single final loss comparison could hide.
Your exercise
Run a changed target/initial-state update, then diagnose the factor-of-four local-mean bug and repair uneven-batch aggregation.
Attempt this before consulting the separate solutions appendix.
Transfer to a different target model
Challenge
Change true weights to [−1,3][-1,3], start at [0.2,−0.1][0.2,-0.1] and use learning rate 0.050.05. Derive and check the new update without reusing the original numeric answer.
Hint
The original train_step hardcodes 0.10.1; define a new step with the changed rate.
Diagnose summed local means
Challenge
Compute four host local mean gradients. Show why summing them gives four times the global mean, then repair the aggregation. Also explain the unequal-batch generalization.
Hint
A mean of equal-size local means works; unequal sizes require weighting by local counts.
Checkpoint
Four equal-size shards compute local mean gradients. Which aggregation gives the global mean gradient?
	Sum them without scaling.
	Average them, or sum local gradient numerators and divide by total examples.
	Choose the device with the lowest local loss.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Each local gradient already divides by its local count. Summing four equal local means omits division by four. For unequal counts, an unweighted mean also misrepresents examples; sum count-weighted local means and divide by total count.
Carry forward
	Write the objective before splitting the data
	Give batch and parameters different placements
	Differentiate the global function rather than inventing a local objective
	A correct first update is stronger evidence than a falling curve

Your evidence
Each local gradient already divides by its local count. Summing four equal local means omits division by four. For unequal counts, an unweighted mean also misrepresents examples; sum count-weighted local means and divide by total count.
Primary references
	JAX CPU device configuration (set before initialization)
	Distributed arrays and automatic parallelization

Communication-efficient algorithms
Compare all-reduce and reduce-scatter against the same independent global gradient. Explain global result shape versus per-device storage.
What you will be able to do
	Compare all-reduce and reduce-scatter against the same independent global gradient.
	Explain global result shape versus per-device storage.
	Account for a subsequent all-gather before claiming a communication saving.

The problem
Every device computed a partial gradient. Does every device need the complete result immediately? We will implement an all-reduce and a reduce-scatter on four logical CPU devices, prove they represent the same global gradient, and account for when a later all-gather gives the communication back.
The idea
A collective combines or redistributes values among participants. Track chunk identity and reduction state at each stage to understand what the operation achieves. Communication volume also depends on the assumed algorithm.
Track reduced chunks through communication
Reduce-scatter combines contributions and leaves each participant with its assigned portion of the result. An all-gather can then distribute those portions so each holds the full result. Together they can implement the corresponding all-reduce.
Distinguish an original contribution from a chunk whose contributions have already been combined. Sending values and reducing values are different actions, even when arrows look similar.
The byte bars are modeled payloads under the lesson's assumptions. They do not capture all protocol overhead or establish physical overlap. Use them to predict a tradeoff, then measure the actual topology if network performance is the question.
Reduce-scatter followed by all-gather
Predict: Does every participant hold the complete reduced array after reduce-scatter?
[image: Contributions \([1,2]\) and \([3,4]\) are summed into portions \([4]\) and \([6]\). After reduce-scatter neither participant holds the full result. All-gather then gives each \([4,6]\). This analytic example shows ownership, not a physical schedule or measured traffic.]Architecture and dataflow mechanism diagram.Contributions [1,2][1,2] and [3,4][3,4] are summed into portions [4][4] and [6][6]. After reduce-scatter neither participant holds the full result. All-gather then gives each [4,6][4,6]. This analytic example shows ownership, not a physical schedule or measured traffic.
Pause and reason
Does every participant hold the complete reduced array after reduce-scatter?
Compare your reasoningNo. Each holds its reduced portion. Replicating the complete result requires the appropriate gather stage or another collective contract.
Keep normalization independent of device count
Our regression problem has sixteen observations and eight weights. Each of four devices receives four observations. Inside shard_map, the local function sees that local batch, but its gradient contribution still divides by the global count N=16N=16. Summing those contributions produces the derivative of the global mean loss. Dividing by the local count and summing would multiply the gradient by four. The NumPy expression calculates the complete derivative without JAX collectives.
gr=2NXrT(Xrw−yr),g=∑r=0p−1gr,N=16,p=4g_r=\frac{2}{N}X_r^\mathsf{T}(X_rw-y_r),\qquad g=\sum_{r=0}^{p-1}g_r,\qquad N=16,\quad p=4Read the local result before interpreting the global array
Both programs return a global vector with shape (8,)(8,). With all-reduce, each device holds all eight values; the output specification is P(). With reduce-scatter, each holds two consecutive values; P("data") describes how these pieces form the global vector. The full-array NumPy comparison checks values, while inspecting addressable shards checks storage. A shape print alone cannot distinguish these results.
Derive a communication model with its assumptions visible
Let GG be the byte size of one complete gradient and pp the number of ranks. In an idealized ring, reduce-scatter sends a total of (p−1)G/p(p-1)G/p bytes per rank. A subsequent all-gather sends the same amount. Their sum gives the usual two-phase ring all-reduce payload. For eight float32 values, G=32G=32 bytes and p=4p=4: the modeled payloads are twenty-four and forty-eight bytes per rank. These are algorithmic payload counts, not measured traffic or total memory use. They omit latency, protocol overhead and topology.
BRS=p−1pG,BAG=p−1pG,BAR=2p−1pGB_{\mathrm{RS}}=\frac{p-1}{p}G,\qquad B_{\mathrm{AG}}=\frac{p-1}{p}G,\qquad B_{\mathrm{AR}}=2\frac{p-1}{p}GFollow the consumer of the gradient
An elementwise optimizer can update matching parameter and momentum slices using a gradient slice. This can reduce persistent per-device optimizer storage. But if the next forward pass expects replicated weights, those updated weights still need gathering. Reducing one collective does not automatically reduce the communication of a whole training step.
Our example implements the gather explicitly and checks the reconstructed vector. In installed JAX 0.9.2, the default all_gather variation rule does not infer the replicated output required here. Only this small wrapper sets check_vma=False; its proof is that every rank gathers the same ordered slices. The code verifies every local replica as well as the global reference. Do not disable variation checks to conceal a genuinely rank-dependent output.
Separate observed execution from the payload model and run on a TPU mesh
The lowered StableHLO is inspected for the requested collective operations. The benchmark warms each exact function and waits for every result; it prints seven CPU timing samples summarized by their medians. Compilation is excluded. These logical devices share one host and do not reproduce a TPU network.
A reduce-scatter may time slower than an all-reduce on this tiny workload. That observation does not invalidate the byte calculation: timing also depends on dispatch, implementation and synchronization. The separate gather timing is an isolated call; summing isolated medians is not a measured fused training-step latency. Benchmark the complete consuming algorithm on its actual hardware before reporting a system improvement. When you run this lesson on a 4-chip TPU VM (v5litepod-4 or v6e-4) from the TPU course (phase-tpu), remove the CPU platform override so shard_map lowers psum and psum_scatter onto physical TPU ICI links.
Run all-reduce and reduce-scatter across 4 TPU chips on a TPU VM
gcloud compute tpus tpu-vm scp exercises/distributed-03.py $TPU_NAME:~/jax-tpu-lab/ --zone=$ZONE
gcloud compute tpus tpu-vm ssh $TPU_NAME --zone=$ZONE \
  --command="sed \"s/jax.config.update('jax_platforms', 'cpu')/# use default TPU backend/; s/jax.config.update('jax_num_cpu_devices', 4)/# use physical TPU chips/\" ~/jax-tpu-lab/distributed-03.py > ~/jax-tpu-lab/distributed-03-tpu.py && JAX_PLATFORMS=tpu ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/distributed-03-tpu.py"
Expected:
Verifies that all_reduce, reduce_scatter, and all_gather match the NumPy reference across 4 physical TPU devices and prints completed TPU median microseconds.
One mathematical gradient, different local storage
Predict: Will equal global gradients imply equal numbers of stored values on each device?
[image: Local stored values are 8, 2, 8; modeled ring payloads are 48, 24, 48 bytes per rank for all-reduce, reduce-scatter and scatter plus gather.]Plot from a recorded CPU computation · JAX 0.9.2 · 4 CPU devicesRead the figure
The upper panel counts values in one local result: eight for all-reduce, two for reduce-scatter, and eight after gathering. These counts come from actual addressable shards. All three global vectors contain the same eight gradient values. The lower panel shows the idealized ring payload in bytes per rank: forty-eight for all-reduce, twenty-four for reduce-scatter alone, and forty-eight when gathering is added. It is a model, not measured device traffic.
Connect it to the computation
The reduction in the middle storage bar comes from partitioning the summed gradient. The return of both bars after gathering explains why a local memory benefit and a complete communication benefit are different claims. The momentum experiment consumes slices before reconstructing weights. Its numerical comparison checks correctness; the separate synchronized CPU samples check a different question and is distinct from accelerator speed.
Configure four logical devices
Add this block after the preceding block in a fresh Python file, then run the complete file.
# Step 1 — Configure four logical devices: Compare both the numerical global result and the placement needed...
import jax
# Update state in place with the new values.
jax.config.update('jax_platforms', 'cpu')
# Update state in place with the new values.
jax.config.update('jax_num_cpu_devices', 4)
import jax.numpy as jnp
import numpy as np
from jax.sharding import Mesh, NamedSharding, PartitionSpec as P
from time import perf_counter
Compare both the numerical global result and the placement needed by its next consumer.
Place the data and model
Add this block after the preceding block in a fresh Python file, then run the complete file.
# Step 2 — Place the data and model: Compare both the numerical global result and the placement needed...
assert jax.local_device_count() == 4, 'Restart with four logical CPU devices'
# Configure multi-device placement / sharding specification (`mesh`).
mesh = Mesh(np.asarray(jax.devices()), ('data',))
# Configure multi-device placement / sharding specification (`rows`).
rows = NamedSharding(mesh, P('data', None))
# Configure multi-device placement / sharding specification (`replicated`).
replicated = NamedSharding(mesh, P())
# Configure multi-device placement / sharding specification (`features`).
features = NamedSharding(mesh, P('data'))
# Construct and reshape `xh` into the target tensor dimensions.
xh = np.arange(16 * 8, dtype=np.float32).reshape(16, 8) / 128 - 0.5
yh = xh @ np.linspace(-0.4, 0.3, 8, dtype=np.float32)
wh = np.linspace(0.1, -0.2, 8, dtype=np.float32)
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(xh, rows)
# Configure multi-device placement / sharding specification (`y`).
y = jax.device_put(yh, NamedSharding(mesh, P('data')))
# Place `w` explicitly onto the target JAX device.
w = jax.device_put(wh, replicated)
Compare both the numerical global result and the placement needed by its next consumer.
Implement partial gradients and collectives
Add this block after the preceding block in a fresh Python file, then run the complete file.
# Step 3 — Implement partial gradients and collectives: Compare both the numerical global result and the placement needed...
def local_contribution(a, b, weights):
    return 2 * a.T @ (a @ weights - b) / 16
Compare both the numerical global result and the placement needed by its next consumer.
Verify the result and placement
Add this block after the preceding block in a fresh Python file, then run the complete file.
# Step 4 — Verify the result and placement: Compare both the numerical global result and the placement needed...
def reduce_all(a, b, weights):
    return jax.lax.psum(local_contribution(a, b, weights), 'data')
Compare both the numerical global result and the placement needed by its next consumer.
Measure completed calls
Add this block after the preceding block in a fresh Python file, then run the complete file.
# Step 5 — Measure completed calls: Compare both the numerical global result and the placement needed...
def reduce_shard(a, b, weights):
    return jax.lax.psum_scatter(local_contribution(a, b, weights), 'data', tiled=True)
Compare both the numerical global result and the placement needed by its next consumer.
Measure completed calls
Add this block after the preceding block in a fresh Python file, then run the complete file.
# Step 6 — Measure completed calls: Compare both the numerical global result and the placement needed...
# Configure multi-device placement / sharding specification (`all_gradient`).
all_gradient = jax.jit(jax.shard_map(reduce_all, mesh=mesh,
    in_specs=(P('data', None), P('data'), P()), out_specs=P()))
# Configure multi-device placement / sharding specification (`shard_gradient`).
shard_gradient = jax.jit(jax.shard_map(reduce_shard, mesh=mesh,
    in_specs=(P('data', None), P('data'), P()), out_specs=P('data')))
# Configure multi-device placement / sharding specification (`gather`).
gather = jax.jit(jax.shard_map(lambda g: jax.lax.all_gather(g, 'data', tiled=True),
    mesh=mesh, in_specs=P('data'), out_specs=P(), check_vma=False))
ga = all_gradient(x, y, w)
gs = shard_gradient(x, y, w)
gg = gather(gs)
reference = 2 * xh.T @ (xh @ wh - yh) / 16
for result in [ga, gs, gg]:
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(result), reference, atol=2e-6, rtol=2e-6)
# Check tensor shape invariant: `all(s.data.shape == (8,) for s in ga.addressable_shards)`
assert all(s.data.shape == (8,) for s in ga.addressable_shards)
# Check tensor shape invariant: `all(s.data.shape == (2,) for s in gs.addressable_shards)`
assert all(s.data.shape == (2,) for s in gs.addressable_shards)
# Check tensor shape invariant: `all(s.data.shape == (8,) for s in gg.addressable_shards)`
assert all(s.data.shape == (8,) for s in gg.addressable_shards)
# Trace or lower the function to inspect its compiler representation (`hlo_all`).
hlo_all = str(all_gradient.lower(x, y, w).compiler_ir(dialect='stablehlo'))
hlo_shard = str(shard_gradient.lower(x, y, w).compiler_ir(dialect='stablehlo'))
assert 'all_reduce' in hlo_all and 'reduce_scatter' in hlo_shard
Compare both the numerical global result and the placement needed by its next consumer.
Measure completed calls
Add this block after the preceding block in a fresh Python file, then run the complete file.
# Step 7 — Measure completed calls: Compare both the numerical global result and the placement needed...
def completed_samples(fn, *args):
    # Synchronize host execution until asynchronous device computation completes.
    fn(*args).block_until_ready()
    samples = []
    for _ in range(7):
        start = perf_counter()
        # Synchronize host execution until asynchronous device computation completes.
        fn(*args).block_until_ready()
        samples.append((perf_counter() - start) * 1e6)
    return samples
all_us = completed_samples(all_gradient, x, y, w)
shard_us = completed_samples(shard_gradient, x, y, w)
gather_us = completed_samples(gather, gs)
# Idealized ring payload per rank; not a network measurement.
ranks, gradient_bytes = 4, wh.nbytes
ring_scatter_bytes = (ranks - 1) / ranks * gradient_bytes
ring_all_bytes = 2 * ring_scatter_bytes
print('Gradient reference:', reference.tolist())
print('Local result shapes: replicated (8,), reduce-scatter (2,), gathered (8,)')
print('Idealized ring bytes per rank:', ring_all_bytes, ring_scatter_bytes)
print('Completed CPU median microseconds:', {
    'all_reduce': float(np.median(all_us)), 'reduce_scatter': float(np.median(shard_us)),
    'all_gather_only': float(np.median(gather_us))})
Compare both the numerical global result and the placement needed by its next consumer.
Run the example
The assembled script is in the separate solutions and code appendix.
All three global gradients agree with NumPy. The replicated and reconstructed local results contain eight values each; reduce-scatter shards contain two. The idealized ring payload is 48 bytes per rank for all-reduce and 24 for reduce-scatter. Actual CPU timing samples vary.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Update slices before gathering
Predict before running: Can elementwise momentum produce the same update while its state remains partitioned?
# Experiment — Update slices before gathering: An elementwise update can consume the partitioned gradient.
v_host = np.linspace(-0.02, 0.03, 8, dtype=np.float32)
# Place `ws` explicitly onto the target JAX device.
ws = jax.device_put(wh, features)
# Place `vs` explicitly onto the target JAX device.
vs = jax.device_put(v_host, features)
new_v = 0.9 * vs + gs
new_w = ws - 0.1 * new_v
updated = gather(new_w)
expected_w = wh - 0.1 * (0.9 * v_host + reference)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(updated), expected_w, atol=2e-6, rtol=2e-6)
for shard in updated.addressable_shards:
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(shard.data), expected_w, atol=2e-6, rtol=2e-6)
# Check tensor shape invariant: `all(s.data.shape == (2,) for s in new_v.addressable_shards)`
assert all(s.data.shape == (2,) for s in new_v.addressable_shards)
print('Sharded momentum matches the independent elementwise update.')
The gathered update matches the independent momentum formula, while local momentum retains two values.
An elementwise update can consume the partitioned gradient. Gathering the updated parameter later is still real communication, so include it when evaluating the full algorithm.
Your exercise
Repeat the gradient comparison after reversing both observation rows and labels and changing the initial weights. Verify every all-reduce and reconstructed local replica, then explain why reversing only the labels changes the problem.
Attempt this before consulting the separate solutions appendix.
Account for the complete communication cycle
Transfer
Compare a complete ring all-reduce with reduce-scatter followed by all-gather for a gradient of one mebibyte at two, four and eight ranks. Also compute per-rank gradient storage. Explain why lower storage does not guarantee fewer communicated bytes.
Hint
Use the same full gradient byte count for both collectives; one mebibyte is 2**20 bytes. Divide storage by ranks only for the sharded state.
Checkpoint
A program replaces all-reduce with reduce-scatter and immediately gathers the full vector again. What does the idealized ring model predict?
	Half the communication of the original all-reduce.
	The same two-phase payload, despite a temporarily smaller local result.
	No communication because the global shape is unchanged.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
A gradient four times too large suggests local-mean normalization was summed. Correct global values with wrong local shapes suggest an output placement mismatch. A variation error in a replicated output needs a mathematical replication argument before changing the check.
Carry forward
	Check both global values and local storage.
	Derive collective costs for the complete consumer path.
	Label ring payload arithmetic separately from measured CPU timing.

Your evidence
Keep global NumPy gradient checks, local shard shapes, lowered collectives, changed-value replicas and complete scatter/gather payload accounting. Separate the idealized ring model from observed CPU timings.
Primary references
	JAX shard_map and collectives
	JAX benchmarking

Resilient distributed training
Restore a complete training state with explicit target sharding. Compare next sample IDs, optimizer state and losses across an epoch boundary.
What you will be able to do
	Restore a complete training state with explicit target sharding.
	Compare next sample IDs, optimizer state and losses across an epoch boundary.
	Explain single-controller evidence and the additional requirements of a real multi-controller restart.

The problem
A restarted sharded run loads the right weights, yet its next update differs. Which missing state could explain that? We will checkpoint a real sharded training step, restore its parameters, momentum, random key and data position, then compare three subsequent updates across an epoch boundary.
The idea
Distributed recovery must reconstruct a consistent global state. Participants cannot independently load arbitrary local snapshots and assume the pieces describe one completed update. Checkpoint identity and step meaning must agree.
Agree on one global recovery boundary
Two local files from different steps can each load successfully while forming no valid global checkpoint. A shared manifest should identify which pieces belong together and what happens if a required piece is missing.
After restore, compare the next global computation with an uninterrupted reference, including input position and random-state ownership. Silent partial recovery changes the computation instead of continuing it.
The CPU replay checks this bounded fixture's continuation. It is separate from multi-host failure handling, storage durability or accelerator networking. Those require additional operational evidence when deploying the design.
Pause and reason
Why is successful loading on every worker insufficient?
Compare your reasoningWorkers may load incompatible steps or pieces. Correct recovery requires one consistent global identity and the intended next computation.
Name the values that determine the next transition
The state contains weights ww, momentum vv, a random key, the current example permutation, the cursor into that permutation and the completed step. A batch is selected from the saved order, then a global mean gradient updates momentum and weights. After the final batch in an epoch, a new split key creates the next order. Saving only the current permutation can therefore reproduce the first resumed batch but fail at the next epoch.
vt+1=0.8vt+∇Lt(wt),wt+1=wt−0.04vt+1v_{t+1}=0.8v_t+\nabla L_t(w_t),\qquad w_{t+1}=w_t-0.04v_{t+1}Checkpoint one completed global step
The example partitions examples across four logical CPU devices and keeps its small parameter state replicated. It waits for the step loss, saves the entire state with a real Orbax StandardCheckpointer, waits for saving to finish and restores against a target whose arrays carry the intended mesh and sharding. Every restored leaf is compared with the saved snapshot.
The dataset is a deterministic tiny NumPy fixture. Every controller can reconstruct it from the same declared seed, dimensions and target rule. Real input systems need data identity, preprocessing configuration and iterator recovery, as covered in the recovery phase; matching a seed alone is not enough for a changing dataset. Changing the number of devices here changes fixture dimensions and is deliberately outside this restart contract.
Prove the next updates, including the next epoch
After restoring step one, run the uninterrupted and resumed states through three transitions. Compare sample IDs before comparing losses. Then compare every state leaf after each transition. The first resumed batch finishes the existing epoch, and the next transition draws a new permutation; this exercises saved random state as well as the current data cursor.
Each update also checks the global gradient with a separate NumPy formula. Agreement between two runs would not detect an identical bug in both runs. Independent arithmetic establishes the update; replay establishes the restore boundary. Float32 reduction order can vary, so numerical arrays use a stated tolerance while sample order must match exactly.
To check a real new process on CPU, save the assembled program as main.py, run it once and copy the printed checkpoint parent folder. Run COURSE_RESUME=1 COURSE_CHECKPOINT_DIR=/your/printed/folder python main.py from a new terminal process. This loads the existing file; it does not save a replacement. An incorrect path is rejected. Keep both reports.
Move the protocol to multiple controllers explicitly
The default run has one controller and four logical CPU devices. It does not kill a worker or test cross-host storage failure. The optional COURSE_MULTIPROCESS branch calls jax.distributed.initialize before any device query and builds a global mesh. Every controller must run the same script, take the same branches and call save and restore in the same order. The tiny fixture is intentionally duplicated on each host; the callback supplies only the slices required by each addressable shard.
On a supported existing multi-host TPU environment, give every worker the same new shared checkpoint directory and run the command below on every worker. The launcher must supply the environment that JAX uses for initialization. A path local to only one worker is not shared storage. For a fresh-process restart of this drill, run every controller again with COURSE_RESUME=1 and the same checkpoint directory. Resume skips saving and restores the existing accepted step-one snapshot; the script recomputes the deterministic step-one baseline only to verify this teaching fixture. A general training job must select and validate its own accepted step. Restart the whole worker group according to your job manager; this lesson does not implement elastic membership or automatic worker replacement. This target branch is executable but has not been run on a multi-host cluster here.
Distribute the script and launch across every worker of a multi-host TPU slice
# Distribute the script and launch across every worker of a multi-host TPU slice
gcloud compute tpus tpu-vm scp exercises/distributed-04.py $TPU_NAME:~/jax-tpu-lab/ --zone=$ZONE --worker=all
gcloud compute tpus tpu-vm ssh $TPU_NAME --zone=$ZONE --worker=all \
  --command="COURSE_MULTIPROCESS=1 JAX_PLATFORMS=tpu COURSE_CHECKPOINT_DIR=/shared/new-recovery-run ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/distributed-04.py"
Expected:
All workers initialize distributed JAX, coordinate, save and restore through the same shared path, and report tpu with a process count greater than one. This command needs a configured multi-host TPU slice and shared storage.
Resume the same accepted checkpoint across every TPU slice worker
# Resume the same accepted checkpoint across every TPU slice worker
gcloud compute tpus tpu-vm ssh $TPU_NAME --zone=$ZONE --worker=all \
  --command="COURSE_MULTIPROCESS=1 COURSE_RESUME=1 JAX_PLATFORMS=tpu COURSE_CHECKPOINT_DIR=/shared/new-recovery-run ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/distributed-04.py"
Expected:
The worker group loads its existing step-one checkpoint without overwriting it, then verifies subsequent updates across the epoch boundary.
Reject an inconsistent recovery point
An existing checkpoint directory is rejected to avoid overwriting evidence from a previous experiment. Use a new directory for each drill. In a production system, the accepted checkpoint also needs a matching code/configuration version and data manifest. A readable checkpoint with the wrong schema, data stream or step counter must not become a successful recovery report.
The controlled failures below replace only momentum or only the random key. The first changes the very next update; the second can remain hidden until an epoch transition. These are fault-injected restore experiments, not claims that a live multi-host process failure was tested. The operations project separately exercises real local worker termination and a restart runbook.
Restored updates reproduce the reference trajectory
Predict: Where might two apparently equal restarts first diverge if the next epoch needs an unsaved random key?
[image: Uninterrupted and restored batch-loss curves overlap for three updates, including a new epoch.]Plot from a recorded CPU computation · JAX 0.9.2 · 4 CPU devicesRead the figure
The horizontal axis counts the three updates after the checkpoint, starting at 11. The vertical axis is the batch mean squared loss before each update. The uninterrupted and restored lines overlap at about 0.50700.5070, 0.19640.1964 and 0.17980.1798 on the recorded CPU fixture. These are different mini-batches, so the downward sequence should not be interpreted as a full-data convergence guarantee.
Connect it to the computation
The second plotted update begins a newly shuffled epoch. Its agreement exercises the restored key in addition to the saved order and cursor. The code checks sample IDs and complete state; line overlap alone would not establish those facts. The wrong-key practice deliberately reproduces the first batch and then diverges at the next shuffle. No device throughput or multi-host failure timing is shown.
Initialize the runtime before device access
Add this block after the preceding block in main.py and run the assembled file in a fresh process.
# Step 1 — Initialize the runtime before device access: Every controller must use consistent state, data and collective...
import os
import tempfile
from pathlib import Path
import jax
# Read `multi` from environment configuration (with a default fallback).
multi = os.environ.get('COURSE_MULTIPROCESS') == '1'
# Read `resume` from environment configuration (with a default fallback).
resume = os.environ.get('COURSE_RESUME') == '1'
if multi:
    # Every controller runs this before querying devices or creating arrays.
    jax.distributed.initialize()
else:
    jax.config.update('jax_platforms', 'cpu')
    jax.config.update('jax_num_cpu_devices', 4)
import jax.numpy as jnp
import numpy as np
import orbax.checkpoint as ocp
from jax.sharding import Mesh, NamedSharding, PartitionSpec as P
Every controller must use consistent state, data and collective order; the default exercise runs on four logical CPU devices.
Define the global fixture and placements
Add this block after the preceding block in main.py and run the assembled file in a fresh process.
# Step 2 — Define the global fixture and placements: Every controller must use consistent state, data and collective...
count = jax.device_count()
assert count >= 2, 'Use at least two devices for the placement exercise'
# Configure multi-device placement / sharding specification (`mesh`).
mesh = Mesh(np.asarray(jax.devices()), ('data',))
# Configure multi-device placement / sharding specification (`rep`).
rep = NamedSharding(mesh, P())
# Configure multi-device placement / sharding specification (`row`).
row = NamedSharding(mesh, P('data', None))
# Configure multi-device placement / sharding specification (`label`).
label = NamedSharding(mesh, P('data'))
batch_size, size, width = 2 * count, 4 * count, 2 * count
# Identical tiny synthetic fixture on each controller; not distributed data ingestion.
data = np.random.default_rng(41).normal(size=(size, width)).astype(np.float32)
truth = np.linspace(-0.3, 0.4, width, dtype=np.float32)
# Perform matrix / vector contraction (`@`) to compute `targets`.
targets = data @ truth
Every controller must use consistent state, data and collective order; the default exercise runs on four logical CPU devices.
Carry complete transition state
Add this block after the preceding block in main.py and run the assembled file in a fresh process.
# Step 3 — Carry complete transition state: Every controller must use consistent state, data and collective...
def placed(value, sharding=rep):
    # Convert `a` to a host NumPy array for inspection or verification.
    a = np.asarray(value)
    return jax.make_array_from_callback(a.shape, sharding, lambda index: a[index])
Every controller must use consistent state, data and collective order; the default exercise runs on four logical CPU devices.
Checkpoint and verify replay
Add this block after the preceding block in main.py and run the assembled file in a fresh process.
# Step 4 — Checkpoint and verify replay: Every controller must use consistent state, data and collective...
def initial():
    # Create or split explicit PRNG key(s) (`(key, order_key)`) for reproducible randomness.
    key, order_key = jax.random.split(jax.random.PRNGKey(17))
    return { 'weights': placed(np.zeros(width, np.float32)),
             'momentum': placed(np.zeros(width, np.float32)),
             'key': placed(np.asarray(key)),
             'order': placed(np.asarray(jax.random.permutation(order_key, size))),
             'cursor': placed(np.int32(0)), 'step': placed(np.int32(0)) }
Every controller must use consistent state, data and collective order; the default exercise runs on four logical CPU devices.
Checkpoint and verify replay
Add this block after the preceding block in main.py and run the assembled file in a fresh process.
# Step 5 — Checkpoint and verify replay: Every controller must use consistent state, data and collective...
# Define and JIT-compile `update(w, velocity, x, y)` so XLA traces and fuses the operations:
@jax.jit
def update(w, velocity, x, y):
    # Differentiate the objective to obtain `(loss, grad)` via automatic differentiation.
    loss, grad = jax.value_and_grad(lambda a: jnp.mean((x @ a - y)**2))(w)
    v = 0.8 * velocity + grad
    return w - 0.04 * v, v, loss
Every controller must use consistent state, data and collective order; the default exercise runs on four logical CPU devices.
Checkpoint and verify replay
Add this block after the preceding block in main.py and run the assembled file in a fresh process.
# Step 6 — Checkpoint and verify replay: Every controller must use consistent state, data and collective...
def transition(state):
    cursor = int(state['cursor'])
    # Convert `order` to a host NumPy array for inspection or verification.
    order = np.asarray(state['order'])
    key = state['key']
    if cursor == size:
        key, shuffle_key = jax.random.split(key)
        order = np.asarray(jax.random.permutation(shuffle_key, size))
        cursor = 0
    ids = order[cursor:cursor + batch_size]
    x, y = placed(data[ids], row), placed(targets[ids], label)
    w, v, loss = update(state['weights'], state['momentum'], x, y)
    # Synchronize host execution until asynchronous device computation completes.
    loss.block_until_ready()
    # Independent global derivative and momentum update on the host.
    old_w, old_v = np.asarray(state['weights']), np.asarray(state['momentum'])
    g = 2 * data[ids].T @ (data[ids] @ old_w - targets[ids]) / batch_size
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(v), 0.8 * old_v + g, rtol=2e-5, atol=2e-6)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(w), old_w - 0.04 * np.asarray(v), rtol=2e-5, atol=2e-6)
    # Convert `new` to a host NumPy array for inspection or verification.
    new = dict(weights=w, momentum=v, key=placed(np.asarray(key)),
               order=placed(order), cursor=placed(np.int32(cursor+batch_size)),
               step=placed(np.int32(int(state['step'])+1)))
    return new, ids.copy(), float(loss)
Every controller must use consistent state, data and collective order; the default exercise runs on four logical CPU devices.
Checkpoint and verify replay
Add this block after the preceding block in main.py and run the assembled file in a fresh process.
# Step 7 — Checkpoint and verify replay: Every controller must use consistent state, data and collective...
state = initial()
state, first_ids, _ = transition(state)
# Shared path is mandatory for real multi-controller execution.
if multi:
    root = Path(os.environ['COURSE_CHECKPOINT_DIR']).resolve()
else:
    root = Path(os.environ['COURSE_CHECKPOINT_DIR']).resolve() if os.environ.get('COURSE_CHECKPOINT_DIR') else Path(tempfile.mkdtemp(prefix='jax-distributed-recovery-'))
checkpoint_path = root / 'step-one'
# Guard input contract (`resume and (not checkpoint_path.exists())`) and fail fast if violated.
if resume and not checkpoint_path.exists():
    raise FileNotFoundError('Resume needs an existing step-one checkpoint')
# Guard input contract (`not resume and checkpoint_path.exists()`) and fail fast if violated.
if not resume and checkpoint_path.exists():
    raise FileExistsError('Use a new folder or set COURSE_RESUME=1 for the accepted checkpoint')
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as checkpointer:
    if not resume:
        checkpointer.save(checkpoint_path, state)
        checkpointer.wait_until_finished()
    # Target carries the current mesh/sharding, rather than inferring it from old metadata.
    restored = checkpointer.restore(checkpoint_path, target=initial())
    for name in state:
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_array_equal(np.asarray(restored[name]), np.asarray(state[name]))
    baseline, resumed = state, restored
    baseline_losses, resumed_losses, replay_ids = [], [], []
    for _ in range(3):
        baseline, ids_a, loss_a = transition(baseline)
        resumed, ids_b, loss_b = transition(resumed)
        # Execute `np.testing.assert_array_equal(ids_a, ids_b)`
        np.testing.assert_array_equal(ids_a, ids_b)
        for name in baseline:
            # Convert `` to a host NumPy array for inspection or verification.
            np.testing.assert_allclose(np.asarray(baseline[name]), np.asarray(resumed[name]), rtol=2e-5, atol=2e-6)
        baseline_losses.append(loss_a)
        resumed_losses.append(loss_b)
        replay_ids.append(ids_a.tolist())
print('Recorded backend/processes/devices:', jax.default_backend(), jax.process_count(), count)
print('Restored step/cursor:', int(restored['step']), int(restored['cursor']))
print('Next sample IDs across epoch boundary:', replay_ids)
print('Uninterrupted losses:', baseline_losses)
print('Restored losses:', resumed_losses)
print('Checkpoint:', checkpoint_path)
Every controller must use consistent state, data and collective order; the default exercise runs on four logical CPU devices.
Run the example
The assembled script is in the separate solutions and code appendix.
On the four-device CPU fixture, restoration starts at completed step 1 with cursor 8. The next three sample-ID lists and complete states agree with uninterrupted execution. Reference losses are approximately 0.5070, 0.1964 and 0.1798. The real checkpoint path is printed.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Keep weights but discard momentum
Predict before running: Will restoring the correct weights be enough to reproduce the very next update?
# Experiment — Keep weights but discard momentum: The data stream is correct in this injected failure.
incomplete = {**restored, 'momentum': placed(np.zeros(width, np.float32))}
wrong_next, wrong_ids, _ = transition(incomplete)
right_next, right_ids, _ = transition(restored)
# Execute `np.testing.assert_array_equal(wrong_ids, right_ids)`
np.testing.assert_array_equal(wrong_ids, right_ids)
# Aggregate array values to compute `weight_gap`.
weight_gap = float(np.max(np.abs(np.asarray(wrong_next['weights']) - np.asarray(right_next['weights']))))
assert weight_gap > 1e-5
print('Same next sample IDs, different weights after missing momentum:', weight_gap)
The next sample IDs match but the updated weights differ.
The data stream is correct in this injected failure. The missing optimizer memory explains the different update, so restarting the data loader would not repair it.
Your exercise
Extend uninterrupted and restored execution by two additional steps. Verify sample IDs, complete state and every local parameter replica. Explain which comparison would fail if a single replica held a different parameter vector.
Attempt this before consulting the separate solutions appendix.
Find a delayed random-state failure
Transfer
Restore the saved order and cursor but replace the saved key with a different key. Compare the first resumed batch and the following epoch’s first batch. Predict where replay will first fail.
Hint
The saved order supplies the remaining current-epoch batch. The key is consumed when the next permutation is generated.
Checkpoint
The first resumed batch and update match, but sample IDs differ at the next epoch. Which saved value should you inspect first?
	Only the learning-rate constant.
	The random key used to construct the next permutation.
	The display formatting of the loss.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Matching IDs with differing weights suggests parameter or optimizer-state mismatch. Differing IDs suggests order, cursor, data identity or shuffle-key mismatch. On multiple hosts also inspect consistent configuration, shared checkpoint access and collective call order; a local CPU pass is distinct from those conditions.
Carry forward
	Restore parameters, optimizer, random and input-position state together.
	Compare more than one resumed update and cross a state-consuming boundary.
	Keep single-host correctness evidence separate from multi-host fault-tolerance evidence.

Your evidence
Keep the checkpoint path, saved/restored full state, subsequent sample IDs and losses through a new epoch. Diagnose missing momentum and a changed shuffle key; state the untested multi-host boundary.
Primary references
	Orbax checkpointing
	JAX multi-controller execution
	JAX distributed data loading

Phase 10: Scientific computing
Are you fitting the physical model or the solver’s error?
Use an analytic system to separate simulation correctness, numerical discretization and parameter inference. An accurate autodiff derivative can still belong to an inaccurate discretized model.
Prepare and work through the phase
	Validate dynamics and axes
Compare one integration step independently, refine the grid and separate independent trajectory axes from dependent time steps.

	Fit an identifiable inverse problem
Check objective derivatives, choose observations that constrain the unknown parameter and evaluate predictions at held-out times. Separate noise sensitivity from discretization bias.


Readiness check
A solver’s output is differentiable. Does that establish that its gradient matches the continuous differential equation?
Answer: No. Autodiff follows the implemented discrete steps. Compare a discrete reference and refine the step size toward an analytic or higher-accuracy continuous reference.
Transfer question
All observations are taken at the initial time of a decay process. Can they identify its decay rate?
Approach: They identify initial amplitude but contain no elapsed-time decay signal. Collect later observations and inspect parameter sensitivity; more optimizer steps cannot create missing information.
Common pitfall
The fitted rate changes as the time step is refined. Compare solver error and parameter estimates across resolutions before attributing the shift to physical variation.
Phase artifact
Use scientific-inverse. Keep discrete and continuous references, a refinement study, derivative checks, recovered parameters and a held-out/noise sensitivity report.
Adaptive solvers, event handling, stiff systems, PDEs and domain-specific physical validation remain outside the scalar ODE lab.
Phase project: A differentiable inverse problem. Recover a known physical parameter and report error, stability, and gradient checks.
	scientific-inverse · online workspace · project guide

A functional physical simulation
Implement a pure scalar state transition with units and a fixed time grid. Separate a discrete implementation oracle from continuous approximation error.
What you will be able to do
	Implement a pure scalar state transition with units and a fixed time grid.
	Separate a discrete implementation oracle from continuous approximation error.
	Demonstrate convergence and diagnose loss of stability.

The problem
A hot object cools toward its surroundings. Can we predict its remaining excess temperature two seconds later, and tell a coding bug from a time-step error? We will build a small physical simulation, compare it with two independent references, and deliberately choose an unstable step.
The idea
A numerical solver approximates a continuous process with discrete steps. A program can implement its update rule correctly and still differ from the physical solution. Check implementation error and discretization error separately.
Separate a correct program from an accurate solver
For y′=−yy'=-y, start at y=1y=1. One Euler step of size 0.50.5 gives 0.50.5. The exact value at that time is e−0.5≈0.6065e^{-0.5}\approx0.6065. The difference is expected discretization error, not necessarily an indexing bug.
Two Euler steps of size 0.250.25 give 0.752=0.56250.75^2=0.5625 at the same final time. Comparing at equal physical time matters: taking the same number of smaller steps would change the question.
Read the trajectory plot by matching time coordinates and the analytic reference. Then reduce the step size and inspect the error trend. A finer step often improves this example, but stability, precision and compute cost still constrain a useful solver.
Pause and reason
Why compare solutions at equal final time when changing the step size?
Compare your reasoningOtherwise you compare different points of the physical trajectory. Increase the number of steps as needed to preserve the same time interval.
Start with units and one step
The derivative gives change per second. Multiplying by a time step hh in seconds produces a change in temperature, which can be added to the current state. With u0=2u_0=2, k=0.7k=0.7 and h=0.5h=0.5, the first change is −0.7-0.7, so Euler predicts u1=1.3u_1=1.3. The exact value at that time is about 1.40941.4094: the slope becomes less negative as the object cools, but Euler holds the initial slope for the whole step.
un+1=un+h(−kun)=(1−kh)unu_{n+1}=u_n+h(-ku_n)=(1-kh)u_nKeep state explicit and keep the initial observation
The transition receives rate, current state and step length. It never changes a global variable. scan carries the state through time and saves the returned observations. Our output includes u0u_0, so its shape is (N+1,)(N+1,) for NN updates. Forgetting the initial observation shifts every comparison by one time step. Float64 is enabled before array construction to make small numerical differences visible on CPU; this lesson makes no accelerator throughput claim.
Use two references because they answer different questions
Repeated multiplication gives the exact answer for our discrete algorithm: un=u0(1−kh)nu_n=u_0(1-kh)^n. It detects an implementation error without another loop. The differential equation has the continuous solution u(t)=u0e−ktu(t)=u_0e^{-kt}. The discrepancy between those references measures discretization error. At two seconds the coarse Euler result is about 0.35700.3570, while the physical reference is 0.49320.4932. Both can be correct descriptions of their respective calculations.
u(t)=u0e−kt,eN=∣uN−u0e−kNh∣u(t)=u_0e^{-kt},\qquad e_N=\left|u_N-u_0e^{-kNh}\right|Accuracy and stability are different requirements
The multiplier 1−kh1-kh controls every update. Its magnitude must be below one for decay: 0<kh<20<kh<2. To preserve nonnegative temperature excess at every step we need the stronger bound 0≤kh≤10\le kh\le1. When 1<kh<21<kh<2, the numerical result alternates sign while its magnitude shrinks. At kh>2kh>2, its magnitude grows, even though the actual physical solution always decays. A finite output and a differentiable program are separate from a faithful simulation.
Make a convergence table before fitting parameters
Fix the physical horizon at two seconds, halve the time step and double the number of updates. Otherwise you change the question as well as the algorithm. The endpoint error should shrink roughly by a factor of two for this first-order method once the grid is reasonably fine. Convergence toward an analytic solution is evidence for this equation and parameter range; stiff systems, events and discontinuities need different tests.
A correct Euler program still has time-step error
Predict: Will halving the step make the endpoint move toward or away from the analytic curve?
[image: Excess temperature decreases with time; the finer Euler approximation lies closer to the exponential reference.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is time in seconds; the vertical axis is excess temperature. All curves start at 22. The solid coarse-grid curve takes four steps of 0.50.5 seconds; the finer curve takes eight steps of 0.250.25 seconds. The analytic exponential is evaluated at the same displayed times.
At two seconds, coarse Euler ends at 0.35700.3570, finer Euler at 0.42920.4292, and the analytic model at 0.49320.4932. Both discrete curves lie below the exponential here. A larger step keeps an overly negative slope active for longer, so the object appears to cool too quickly.
Connect it to the computation
The code checks the coarse curve against the exact geometric sequence for Euler. That comparison passes even though the plot shows a visible physical approximation error. The separate refinement table quantifies that gap at a fixed endpoint.
These curves describe a stable, positive parameter choice. They are separate from accuracy for every time step or equation. The instability experiment changes the multiplier until the numerical behavior no longer resembles cooling.
Define a state transition
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 1 — Define a state transition: A scalar state enters and a new scalar leaves.
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

def euler_step(rate, value, dt):
    return value - dt*rate*value

# Define `euler_solve(rate, initial, steps, dt)` to carry state across steps with `jax.lax.scan`:
def euler_solve(rate, initial, steps, dt):
    def advance(value, unused):
        updated = euler_step(rate, value, dt)
        return updated, updated
    # Run compiled structured control flow via `jax.lax` (`(_, tail)`).
    _, tail = jax.lax.scan(advance, initial, None, length=steps)
    return jnp.concatenate((jnp.atleast_1d(initial), tail))
A scalar state enters and a new scalar leaves. The initial value is saved explicitly, so a solve with four updates contains five observations. The step count is a Python integer, determining a fixed output shape.
Compare the simulation with a physical reference
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 2 — Compare the simulation with a physical reference: The geometric sequence verifies implementation correctness.
rate, initial, dt, steps = 0.7, jnp.array(2.0), 0.5, 4
trajectory = euler_solve(rate, initial, steps, dt)
times = np.arange(steps+1)*dt
continuous = 2.0*np.exp(-rate*times)
discrete = 2.0*(1-rate*dt)**np.arange(steps+1)
np.testing.assert_allclose(trajectory, discrete, rtol=1e-12, atol=1e-12)
assert np.all(np.diff(np.asarray(trajectory)) < 0)
assert abs(float(trajectory[-1])-continuous[-1]) > 0.1
print("Euler final:", float(trajectory[-1]), "analytic final:", continuous[-1])
The geometric sequence verifies implementation correctness. The exponential checks approximation error. Passing the first comparison does not make the numerical model exact.
Refine the time grid without changing the experiment
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 3 — Refine the time grid without changing the experiment: Every run stops at the same physical time.
grid_sizes = np.array([4, 8, 16, 32])
endpoint_errors = np.array([abs(float(euler_solve(rate, initial, int(n), 2.0/n)[-1])-continuous[-1]) for n in grid_sizes])
assert np.all(np.diff(endpoint_errors) < 0)
assert 1.7 < endpoint_errors[-2]/endpoint_errors[-1] < 2.3
print("Endpoint errors:", endpoint_errors)
print("Last refinement ratio:", endpoint_errors[-2]/endpoint_errors[-1])
Every run stops at the same physical time. Halving the step approximately halves the global error, as expected for forward Euler on this smooth problem.
Run the example
The assembled script is in the separate solutions and code appendix.
Euler final 0.3570125; analytic final 0.49319393. The endpoint errors decrease as the step is halved.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Stable does not mean physically positive
Predict before running: For k=0.7k=0.7 and h=2h=2, predict the signs of the first four states.
# Experiment — Stable does not mean physically positive: The magnitude decays because |1-kh|=0.4, but crossing below...
oscillatory = euler_solve(0.7, jnp.array(2.0), 4, 2.0)
np.testing.assert_allclose(oscillatory, [2.0, -0.8, 0.32, -0.128, 0.0512], atol=1e-12)
print("Stable but sign-alternating:", np.asarray(oscillatory))
[2, -0.8, 0.32, -0.128, 0.0512]
The magnitude decays because ∣1−kh∣=0.4|1-kh|=0.4, but crossing below ambient repeatedly is an artifact of this explicit update.
Reproduce numerical instability
Predict before running: At h=3h=3, is the exact model unstable, or only our update?
# Experiment — Reproduce numerical instability: The multiplier is -1.1.
unstable = euler_solve(0.7, jnp.array(2.0), 6, 3.0)
assert abs(float(unstable[-1])) > 2.0
assert 2*np.exp(-0.7*18) < 1e-4
print("Unstable numerical endpoint:", float(unstable[-1]))
The numerical magnitude grows above its initial value; the analytic endpoint is near zero.
The multiplier is −1.1-1.1. Reducing the time step repairs this discretization; clipping negative values would hide the defect and change the model.
Your exercise
Change the rate to 0.30.3, the initial excess to 55, and use twenty steps of 0.10.1 seconds. Verify the full discrete trajectory and bound the endpoint error against the exponential.
Attempt this before consulting the separate solutions appendix.
Energy does not check every invariant
Practice
Construct an energy diagnostic En=un2/2E_n=u_n^2/2. Test a monotone stable grid and an unstable grid, and explain why decreasing energy alone does not guarantee a nonnegative state.
Hint
Compare successive squared magnitudes. The sign-alternating case from the experiment still loses energy.
Keep the physical horizon fixed
Challenge
A colleague reports lower error after reducing both the step and number of updates. Reconstruct the final time for each run and repair the comparison.
Hint
The horizon is number of updates multiplied by step length.
Checkpoint
The code matches the geometric-sequence reference exactly but differs from the exponential. What have we established?
	The continuous equation must be wrong.
	Automatic differentiation needs a smaller learning rate.
	The discrete update is implemented correctly; its time-step error still needs assessment.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If outputs alternate sign, inspect khkh before editing the physical rate. If the curve has the right shape but every point is shifted, compare the saved initial point and time indexing. If a refinement study improves unpredictably, verify that every run ends at the same physical time.
Carry forward
	Start with units and one step
	Keep state explicit and keep the initial observation
	Use two references because they answer different questions
	Accuracy and stability are different requirements
	Make a convergence table before fitting parameters

Your evidence
Full geometric/exponential comparisons, fixed-horizon refinement table, unstable-step failure and repair. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX scan: fixed carry structure and reverse-mode differentiation
	JAX automatic vectorization
	JAX derivative checking and Jacobian products
	Diffrax solver terms, saved values and solution inspection

Vectorize trajectories and scan time
Construct and verify a fourth-order fixed-step transition. Distinguish batch-major from time-major trajectory layouts.
What you will be able to do
	Construct and verify a fourth-order fixed-step transition.
	Distinguish batch-major from time-major trajectory layouts.
	Compare two valid scan/vectorization compositions numerically.
	Separate independent ensembles from interacting states.

The problem
You need to simulate a collection of experimental starts, not just one. Which dimension represents independent experiments, and which represents sequential time? We will build both compositions explicitly and verify that their axes and physical predictions agree.
The idea
A simulation ensemble repeats one rule across independent systems and across time. Vectorization handles the independent systems; recurrence handles each system's evolving state. Name those axes before composing transforms.
There are two different axes of repetition
Picture a grid with time running left to right and one independent trajectory per row. State arrows connect adjacent times within a row. No state arrow crosses into another trajectory unless the physical model explicitly couples them.
Initial conditions can vary by trajectory while a physical parameter stays shared, or both may vary. That is an argument-mapping choice, not merely a shape convenience. Record it before applying vectorization.
The trajectory plot shows outputs of that grid. Preserve the returned time/batch axis order when plotting; an accidental transpose can connect different systems instead of successive times. Compare one row with an independently run single trajectory.
Vectorize across systems; scan through time
Predict: What should happen if you permute independent initial conditions?
[image: Each row is an independent initial condition. Horizontal arrows advance only that system; there are no cross-row state dependencies. Vectorization groups rows and scan represents recurrence. Boxes show state positions in the computation, not physical coordinates or measured durations.]Architecture and dataflow mechanism diagram.Each row is an independent initial condition. Horizontal arrows advance only that system; there are no cross-row state dependencies. Vectorization groups rows and scan represents recurrence. Boxes show state positions in the computation, not physical coordinates or measured durations.
Pause and reason
What should happen if you permute independent initial conditions?
Compare your reasoningThe trajectories should undergo the same permutation, with each trajectory's time evolution unchanged. This checks independence and axis handling.
Improve one step before multiplying trajectories
Forward Euler samples the slope only at the start of the interval. Classical RK4 samples a start slope, two midpoint slopes and an endpoint slope, then combines them with weights 1,2,2,11,2,2,1. The intermediate states are trial values, not four extra saved observations. For our linear equation the full step is multiplication by a fourth-degree approximation to e−khe^{-kh}. This makes an independent algebraic oracle possible.
R(z)=1+z+z22+z36+z424,un+1=R(−kh)unR(z)=1+z+\frac{z^2}{2}+\frac{z^3}{6}+\frac{z^4}{24},\qquad u_{n+1}=R(-kh)u_nRead shapes as physical statements
Three initial values and forty updates produce a batch-major array of shape (3,41)(3,41). Row bb is one trajectory; column nn holds all experiment values at time nhnh. The extra time point is the initial state. We deliberately use different axis sizes to make an accidental transpose visible. A mean over the batch answers a different question from a mean over time.
One transformation handles independence; another handles dependency
vmap transforms a scalar simulation into an ensemble operation. scan still enforces the sequential state dependence inside each trajectory. Reversing the composition is possible here: the carry can hold all three independent states, giving a time-major result of shape (41,3)(41,3). Its transpose matches the first construction. If one trajectory exchanges heat with another, the batch members no longer obey independent scalar equations; write a coupled vector state instead.
Use physical structure as a second check
This equation is linear in the initial state. Starting at 22 must produce four times the trajectory starting at 0.50.5. That check is separate from the exponential comparison and catches unintended normalization over the batch axis. Linearity is special to this model; do not impose it on a nonlinear reaction model simply because batching worked here.
Choose saved outputs deliberately
Saving every state costs storage proportional to batch size times number of saved times. Some objectives need only the final state. In that case return no saved observation from scan and keep its final carry. This reduces the explicit output size; it does not by itself establish the memory cost of reverse-mode differentiation, which may retain or recompute intermediates.
Batching preserves independent physical trajectories
Predict: Should the highest curve decay proportionally faster, or preserve its ratio to the other curves?
[image: Three exponentially decaying trajectories preserve their initial ratios over two seconds.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Time in seconds runs horizontally; excess temperature runs vertically. The three curves correspond to initial values 0.50.5, 11 and 22. Each is one row of the batch-major output, including its initial observation.
At two seconds their values are approximately 0.12330.1233, 0.24660.2466 and 0.49320.4932. Their absolute changes differ, but every curve retains the same fraction of its initial value. The highest remains four times the lowest throughout.
Connect it to the computation
The common rate produces that shared relative decay. vmap adds independent experiments without inserting a mean, normalization or interaction between them. The code checks both this proportional relationship and the analytic exponential.
The plot has no runtime or memory axis. It establishes numerical behavior for this ensemble, not a speedup from vectorization. The last lesson adds synchronized measurements with their own limitations.
Use a higher-order scalar transition
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 1 — Use a higher-order scalar transition: Runge–Kutta uses four slopes inside one step.
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

def rk4_step(rate, value, dt):
    a = -rate*value
    b = -rate*(value + dt*a/2)
    c = -rate*(value + dt*b/2)
    d = -rate*(value + dt*c)
    return value + dt*(a + 2*b + 2*c + d)/6

# Define `solve(rate, initial, steps, dt)` to carry state across steps with `jax.lax.scan`:
def solve(rate, initial, steps=40, dt=0.05):
    def advance(value, unused):
        next_value = rk4_step(rate, value, dt)
        return next_value, next_value
    # Run compiled structured control flow via `jax.lax` (`(_, tail)`).
    _, tail = jax.lax.scan(advance, initial, None, length=steps)
    return jnp.concatenate((jnp.atleast_1d(initial), tail))
Runge–Kutta uses four slopes inside one step. It remains a pure transition, so the same scan interface can save its trajectory.
Batch initial conditions while sharing the model
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 2 — Batch initial conditions while sharing the model: The batch axis is independent initial conditions, not time.
initials = jnp.array([0.5, 1.0, 2.0])
rate, dt, steps = 0.7, 0.05, 40
# Vectorize across the batch dimension with `jax.vmap` (`simulate_batch`).
simulate_batch = jax.jit(jax.vmap(lambda initial: solve(rate, initial, steps, dt)))
trajectories = simulate_batch(initials)
times = np.arange(steps+1)*dt
# Convert `oracle` to a host NumPy array for inspection or verification.
oracle = np.asarray(initials)[:,None]*np.exp(-rate*times[None,:])
# Check tensor shape invariant: `trajectories.shape == (3, 41)`
assert trajectories.shape == (3, 41)
np.testing.assert_allclose(trajectories, oracle, rtol=3e-8, atol=1e-10)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(trajectories)[2], 4*np.asarray(trajectories)[0], rtol=1e-12)
print("Shape:", trajectories.shape, "endpoints:", np.asarray(trajectories)[:,-1])
The batch axis is independent initial conditions, not time. The shared rate and grid are closed over here; vmap adds one leading axis to the scalar solve.
Change composition and verify axis meaning
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 3 — Change composition and verify axis meaning: Array arithmetic applies the independent scalar dynamics to all...
# Define `scan_batch(rate, values, steps, dt)` to carry state across steps with `jax.lax.scan`:
def scan_batch(rate, values, steps=40, dt=0.05):
    def advance(state, unused):
        updated = rk4_step(rate, state, dt)
        return updated, updated
    # Run compiled structured control flow via `jax.lax` (`(_, tail)`).
    _, tail = jax.lax.scan(advance, values, None, length=steps)
    return jnp.concatenate((values[None,:], tail), axis=0)
# Run compiled structured control flow via `jax.lax` (`time_major`).
time_major = scan_batch(rate, initials)
# Check tensor shape invariant: `time_major.shape == (41, 3)`
assert time_major.shape == (41, 3)
np.testing.assert_allclose(time_major.T, trajectories, rtol=1e-12, atol=1e-12)
print("scan(vectors) transposed equals vmap(scan)")
Array arithmetic applies the independent scalar dynamics to all initial conditions. This equivalence would fail if the model coupled different batch members.
Run the example
The assembled script is in the separate solutions and code appendix.
Shape (3, 41); endpoints approximately [0.12329849, 0.24659697, 0.49319394]. Both compositions agree.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare RK4 with an independent polynomial
Predict before running: If the step is correct, can a loop-free formula reproduce every saved state?
# Experiment — Compare RK4 with an independent polynomial: This checks the discrete algorithm independently of the...
z = -rate*dt
multiplier = 1 + z + z*z/2 + z**3/6 + z**4/24
polynomial = np.asarray(initials)[:,None]*multiplier**np.arange(steps+1)[None,:]
np.testing.assert_allclose(trajectories, polynomial, rtol=1e-12, atol=1e-12)
print("RK4 polynomial maximum difference:", np.max(np.abs(np.asarray(trajectories)-polynomial)))
Differences are near float64 roundoff.
This checks the discrete algorithm independently of the continuous exponential. RK4 has much smaller error here but is not exact.
Let each trajectory have its own rate
Predict before running: Which argument axes should map if rates and initial conditions are paired?
# Experiment — Let each trajectory have its own rate: Mapping both axes pairs corresponding entries.
rates = jnp.array([0.2, 0.7, 1.1])
# Vectorize across the batch dimension with `jax.vmap` (`paired`).
paired = jax.vmap(lambda k, u: solve(k,u), in_axes=(0,0))(rates,initials)
# Convert `paired_reference` to a host NumPy array for inspection or verification.
paired_reference = np.asarray(initials)[:,None]*np.exp(-np.asarray(rates)[:,None]*times)
np.testing.assert_allclose(paired,paired_reference,rtol=2e-7,atol=1e-10)
print("Paired-rate endpoints:", np.asarray(paired)[:,-1])
Three trajectories now have different relative decay rates.
Mapping both axes pairs corresponding entries. A grid of every rate with every initial value would require nested mapping and a different output contract.
Your exercise
Add a fourth initial condition, verify the changed output shape and exponential values, then verify that reordering initial conditions reorders rows only.
Attempt this before consulting the separate solutions appendix.
Save only what the objective needs
Practice
Implement a final-state-only solve and compare it with the final column of the saved batch. Explain which allocation was removed.
Hint
scan may emit None while its carry still advances.
Pairing versus Cartesian products
Challenge
Build the full grid of three rates and three initial values. Show that its diagonal agrees with the paired-rate experiment.
Hint
Use nested vmap; identify the rate, initial-condition and time axes explicitly.
Checkpoint
What does a shape of (3, 41) mean in the batch-major solver?
	Three independent initial conditions, each with the initial state plus forty updates.
	Three time points, each with forty-one parameters.
	Forty-one independent devices.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If the reference comparison broadcasts unexpectedly, print both shapes before reducing anything. Compare a named row and a named time column. If changing one initial condition changes other rows, inspect reductions or coupling across the batch. A reduction can hide an axis error while still producing a plausible scalar.
Carry forward
	Improve one step before multiplying trajectories
	Read shapes as physical statements
	One transformation handles independence; another handles dependency
	Use physical structure as a second check
	Choose saved outputs deliberately

Your evidence
Polynomial/exponential references, batch/time shape diagram, permutation and final-only checks. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX scan: fixed carry structure and reverse-mode differentiation
	JAX automatic vectorization
	JAX derivative checking and Jacobian products
	Diffrax solver terms, saved values and solution inspection

Differentiate through a solver
Derive an independent discrete solver sensitivity. Check an observation-loss gradient at a nonoptimal parameter.
What you will be able to do
	Derive an independent discrete solver sensitivity.
	Check an observation-loss gradient at a nonoptimal parameter.
	Separate derivative implementation error from discretization error.
	Explain static-grid differentiation and the limits of this solver.

The problem
A simulation can produce a convincing curve and an incorrect sensitivity. Before using gradients to infer a physical parameter, how can we tell whether the derivative is right, and whether it describes the continuous equation closely enough?
The idea
Differentiating a numerical solver gives sensitivity of its discrete computation. That sensitivity can approach the continuous system's sensitivity as the discretization improves, but the two are not automatically identical at a finite step size.
Differentiate the computation you actually executed
For y′=−ayy'=-ay, Euler gives yN=(1−ah)Ny0y_N=(1-ah)^N y_0, where hh is step size and NN is step count. Differentiating that expression gives −Nh(1−ah)N−1y0-Nh(1-ah)^{N-1}y_0. The continuous derivative at time T=NhT=Nh is instead −Ty0e−aT-Ty_0e^{-aT}.
These expressions give two distinct references: one checks differentiation through the discrete steps, and the other measures convergence toward the continuous sensitivity. Hold final time fixed as you refine the grid.
In the sensitivity plot, disagreement with the continuous answer can be discretization error even when autodiff is correct. Compare the discrete analytic derivative first, then inspect refinement behavior.
Pause and reason
Which reference isolates an autodiff implementation error from solver approximation error?
Compare your reasoningThe derivative of the same discrete update rule. The continuous sensitivity is valuable for convergence, but includes the effect of discretization.
Follow one parameter through every time step
Changing kk changes every state transition. RK4 on this linear equation is multiplication by R(−kh)R(-kh), so the final state after NN steps is u0R(−kh)Nu_0R(-kh)^N. Differentiate that expression with the chain rule. The derivative includes −h-h, which is easy to lose when differentiating the polynomial. For our parameters it is about −0.98638781-0.98638781: increasing the rate lowers the remaining temperature.
∂uN∂k=u0NR(−kh)N−1[−h(1−kh+(kh)22−(kh)36)]\frac{\partial u_N}{\partial k}=u_0N R(-kh)^{N-1}\left[-h\left(1-kh+\frac{(kh)^2}{2}-\frac{(kh)^3}{6}\right)\right]Check the discrete derivative before asking about physics
JAX and the polynomial derivative agree to near float64 roundoff. The continuous derivative is −tu0e−kt-tu_0e^{-kt}, approximately −0.98638786-0.98638786 at two seconds. Their small difference is expected from the numerical method. A perfect autodiff check cannot remove that bias. Refine the grid and see whether both the state and its sensitivity approach the continuous reference.
Turn a trajectory into a scalar objective
The loss averages squared errors over all forty-one saved times. Its derivative adds each residual multiplied by the sensitivity of that observation, including the factor of two and mean normalization. The initial observation contributes zero rate sensitivity because the initial value is fixed. Evaluate the gradient away from the optimum: at the optimum, both a broken zero gradient and a correct gradient may look similar.
L(k)=1N+1∑n=0N(un(k)−yn)2L(k)=\frac{1}{N+1}\sum_{n=0}^N\left(u_n(k)-y_n\right)^2Use a finite-difference window, not one magical epsilon
A central finite difference probes the change in the whole objective. If the perturbation is too large, curvature biases the estimate; if it is too small, subtracting nearly equal floating-point values loses information. Sweep several perturbations and look for a range of agreement. Keep initial state, observations, grid and precision fixed across the comparison. This lesson uses float64; copying its smallest perturbation into a float32 program requires rechecking tolerances.
Know which solver problem you have solved
The grid is fixed and the output length is static. We have not implemented adaptive error control, event handling, stiffness detection or a custom adjoint. A Python integer controls scan length; a parameter-dependent early exit would introduce a different differentiation problem. For richer systems, Diffrax exposes solver choice, tolerances, saved times and adjoint strategies. Its optional extension belongs in a separately pinned and executed environment; these core CPU checks do not validate that library or an adaptive solver.
A solver gradient converges toward the physical sensitivity
Predict: How much should the gradient error fall when a fourth-order method doubles its steps?
[image: Derivative error decreases rapidly as the fixed-horizon RK4 grid is refined from five to forty steps.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis shows the number of updates over the same two-second horizon. The vertical axis is absolute error in the endpoint derivative with respect to rate, on a logarithmic scale. A lower point means closer agreement with the exact continuous derivative, not a smaller temperature or lower training loss.
With five steps the error is about 2.449×10−42.449\times10^{-4}. At ten, twenty and forty steps it is about 1.319×10−51.319\times10^{-5}, 7.654×10−77.654\times10^{-7} and 4.609×10−84.609\times10^{-8}. The final doubling improves agreement by about 16.616.6, consistent with fourth-order convergence in this range.
Connect it to the computation
The plotted derivatives come from JAX differentiating scan. The reference is the independently derived continuous sensitivity −tu0e−kt-tu_0e^{-kt}. A separate polynomial check verifies the derivative of the discrete RK4 program to much tighter tolerance.
The downward trend does not prove convergence for a stiff or discontinuous system, and it cannot continue indefinitely at fixed precision. It shows why checking only autodiff against another differentiation of the same program would miss solver bias.
Rebuild the differentiable solver
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 1 — Rebuild the differentiable solver: The solver remains a pure JAX function with a static number of...
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

def rk4_step(rate, value, dt):
    a = -rate*value
    b = -rate*(value + dt*a/2)
    c = -rate*(value + dt*b/2)
    d = -rate*(value + dt*c)
    return value + dt*(a + 2*b + 2*c + d)/6

# Define `solve(rate, initial, steps, dt)` to carry state across steps with `jax.lax.scan`:
def solve(rate, initial, steps=40, dt=0.05):
    def advance(value, unused):
        next_value = rk4_step(rate, value, dt)
        return next_value, next_value
    # Run compiled structured control flow via `jax.lax` (`(_, tail)`).
    _, tail = jax.lax.scan(advance, initial, None, length=steps)
    return jnp.concatenate((jnp.atleast_1d(initial), tail))
The solver remains a pure JAX function with a static number of scan steps. No host conversion occurs inside the differentiated calculation.
Check the derivative of the discrete endpoint
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 2 — Check the derivative of the discrete endpoint: Autodiff gives the derivative of the actual RK4 program.
rate, initial, steps, dt = 0.7, jnp.array(2.0), 40, 0.05
endpoint = lambda k: solve(k,initial,steps,dt)[-1]
# Differentiate the objective to obtain `autodiff` via automatic differentiation.
autodiff = float(jax.grad(endpoint)(rate))
z = -rate*dt
r = 1+z+z*z/2+z**3/6+z**4/24
dr_dk = -dt*(1+z+z*z/2+z**3/6)
discrete_gradient = 2.0*steps*r**(steps-1)*dr_dk
continuous_gradient = -2.0*(steps*dt)*np.exp(-rate*steps*dt)
np.testing.assert_allclose(autodiff,discrete_gradient,rtol=1e-11,atol=1e-12)
np.testing.assert_allclose(autodiff,continuous_gradient,rtol=1e-7)
print("Autodiff:",autodiff,"discrete oracle:",discrete_gradient,"continuous oracle:",continuous_gradient)
Autodiff gives the derivative of the actual RK4 program. Compare first against the discrete polynomial derivative, then assess how closely that approximates the continuous sensitivity.
Differentiate an observation loss and check its direction
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 3 — Differentiate an observation loss and check its direction: The candidate rate is too large.
times = jnp.arange(steps+1)*dt
observations = 2.0*jnp.exp(-0.7*times)
def objective(k):
    return jnp.mean((solve(k,initial,steps,dt)-observations)**2)
probe = 1.0
# Differentiate the objective to obtain `(value, derivative)` via automatic differentiation.
value, derivative = jax.value_and_grad(objective)(probe)
epsilon = 1e-4
finite_difference = (float(objective(probe+epsilon))-float(objective(probe-epsilon)))/(2*epsilon)
np.testing.assert_allclose(derivative,finite_difference,rtol=2e-7,atol=1e-10)
assert float(derivative) > 0
assert float(objective(probe-0.1*derivative)) < float(value)
print("Loss:",float(value),"gradient:",float(derivative),"finite difference:",finite_difference)
The candidate rate is too large. Its predictions decay too quickly. A positive loss derivative tells gradient descent to decrease the rate, consistent with that physical diagnosis.
Run the example
The assembled script is in the separate solutions and code appendix.
Endpoint autodiff approximately -0.9863878097; continuous reference approximately -0.9863878558. The loss gradient agrees with central differences and decreases the loss when subtracted.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Watch derivative discretization error shrink
Predict before running: When doubling the number of RK4 steps, should the gradient become closer to the analytic sensitivity?
# Experiment — Watch derivative discretization error shrink: Fourth-order convergence becomes visible as an error ratio near...
step_counts = np.array([5,10,20,40])
gradient_errors = []
for n in step_counts:
    # Differentiate the objective to obtain `numerical` via automatic differentiation.
    numerical = jax.grad(lambda k: solve(k,jnp.array(2.0),int(n),2.0/int(n))[-1])(0.7)
    gradient_errors.append(abs(float(numerical)-continuous_gradient))
assert np.all(np.diff(gradient_errors) < 0)
assert 12 < gradient_errors[-2]/gradient_errors[-1] < 20
print("Sensitivity errors:",gradient_errors)
Errors approximately [2.449e-4, 1.319e-5, 7.654e-7, 4.609e-8].
Fourth-order convergence becomes visible as an error ratio near sixteen when the step is halved. Roundoff will eventually limit this trend.
Sweep central-difference perturbations
Predict before running: Will the smallest perturbation necessarily be the most accurate?
# Experiment — Sweep central-difference perturbations: Use the measured errors to select a tolerance.
epsilons = [1e-2,1e-3,1e-4,1e-5,1e-6]
fd_errors=[]
for eps in epsilons:
    fd=(float(objective(probe+eps))-float(objective(probe-eps)))/(2*eps)
    fd_errors.append(abs(fd-float(derivative)))
assert min(fd_errors) < 1e-8
print("Finite-difference absolute errors:",fd_errors)
There is a useful agreement window; very small perturbations eventually encounter subtraction error.
Use the measured errors to select a tolerance. Do not require every epsilon to improve monotonically.
Your exercise
Change the initial value to 33 and the rate to 0.40.4. Verify the endpoint gradient against the continuous derivative, then check the derivative with respect to the initial value as well.
Attempt this before consulting the separate solutions appendix.
Weight observations without losing normalization
Practice
Differentiate a weighted observation loss that emphasizes late times. Compare with a NumPy chain-rule reference built from the RK4 polynomial.
Hint
Weights change the observation importance and must be normalized explicitly.
Diagnose a detached backward path
Challenge
Reproduce an accidentally detached simulation and explain why a finite-difference test catches it.
Hint
stop_gradient preserves values but removes their derivative.
Checkpoint
An autodiff derivative matches the discrete RK4 formula, but both differ from the exact ODE derivative. What should you test next?
	Replace the derivative with zero.
	Refine the grid at fixed horizon and inspect convergence of sensitivity.
	Increase the optimizer learning rate until they match.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If the analytic continuous derivative differs from autodiff, first compare with the discrete polynomial derivative. If only the continuous comparison fails, refine the grid. If a finite difference is nonzero but autodiff is zero, inspect stop_gradient or host conversions. If changing the step count also changes the horizon, repair the experiment before interpreting convergence.
Carry forward
	Follow one parameter through every time step
	Check the discrete derivative before asking about physics
	Turn a trajectory into a scalar objective
	Use a finite-difference window, not one magical epsilon
	Know which solver problem you have solved

Your evidence
Polynomial derivative, finite-difference window, sensitivity refinement and detached-gradient diagnosis. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX scan: fixed carry structure and reverse-mode differentiation
	JAX automatic vectorization
	JAX derivative checking and Jacobian products
	Diffrax solver terms, saved values and solution inspection

Fit parameters and scale the simulation
Fit a constrained physical parameter through an executed simulator. Separate training fit, held-out prediction and solver refinement.
What you will be able to do
	Fit a constrained physical parameter through an executed simulator.
	Separate training fit, held-out prediction and solver refinement.
	Diagnose unidentifiable observations and discretization-induced parameter bias.
	Measure synchronized batched CPU execution without claiming accelerator scaling.

The problem
Suppose we can observe cooling trajectories but do not know the rate. Can we recover it without confusing optimizer success with a trustworthy physical inference? We will fit a positive rate, test new initial conditions, examine non-identifiability, and measure a batched CPU workload with explicit timing boundaries.
The idea
An inverse problem uses observations to infer parameters of a forward model. A small fitting error is meaningful only if the observations contain information about those parameters and the forward model matches the observation process.
Ask whether observations identify the parameter
For exponential decay y(t)=y0e−aty(t)=y_0e^{-at}, an observation only at t=0t=0 equals y0y_0 for every rate aa. No optimizer can recover the rate from that observation alone. Later observations supply rate information, provided their noise and timing are understood.
The fitting loop changes the parameter, runs the solver at the declared observation times and compares with the data. Keep those times fixed when comparing candidate parameters. Solver error can otherwise be mistaken for a physical parameter effect.
Read the fitted trajectory alongside the residuals and objective history. A decreasing objective shows progress on that objective; it is separate from uniqueness or uncertainty. Test a changed observation schedule to see which part of the result is supported by data.
Pause and reason
Can zero fitting error imply that the parameter is uniquely identified?
Compare your reasoningNo. Several parameter settings can fit the same insufficient observations. Examine identifiability and changed observation conditions, not only residual size.
Choose data that can reveal the parameter
We generate observations from the exponential at forty-one times for initial values 0.70.7, 1.51.5 and 2.32.3. The analytic generator is independent of RK4, avoiding a perfect fit caused merely by using exactly the same numerical algorithm twice. The data are noiseless and synthetic. Their provenance and split must remain explicit in any report.
Enforce positivity through a parameterization
An unconstrained update to kk could make the cooling rate negative, turning decay into growth. Instead train θ=log⁡k\theta=\log k. The chain rule gives dL/dθ=k dL/dkdL/d\theta=k\,dL/dk; this changes the optimization geometry as well as enforcing positivity. We start at k=1.4k=1.4, twice the true value, and use an explicit fixed learning rate. No claim is made that this rate is suitable for other units or systems.
θm+1=θm−ηdL(eθm)dθm,km=eθm>0\theta_{m+1}=\theta_m-\eta\frac{dL(e^{\theta_m})}{d\theta_m},\qquad k_m=e^{\theta_m}>0Inspect the recovered model beyond the training curve
The recovered rate is about 0.7000000090.700000009, close to the known 0.70.7. The tiny difference is numerical: RK4 slightly approximates the exponential. We test new initial conditions 0.40.4, 1.11.1 and 3.23.2, then halve the simulation step. A fitted parameter that changes materially under grid refinement may be compensating for solver error. Good held-out performance here tests the same equation on new starts; it is separate from generalization to a different physical law. On this noiseless fixture, the fitted rate compensates for the tiny RK4 bias: the original-grid held-out error is near roundoff, while finer-grid error is about 7.3×10−97.3\times10^{-9}. Refinement can therefore increase this already tiny residual. The check requires a small error, not automatic improvement.
Recognize observations that cannot identify a parameter
At time zero the state equals the prescribed initial condition regardless of the rate. If the dataset contains only initial observations, the loss gradient is zero for every rate and no optimizer can recover it. This is non-identifiability, not a learning-rate problem. With noisy data, late-time points may also carry little useful signal after the system has nearly decayed. Inspect sensitivities and measurement precision before collecting more equally uninformative data.
Keep numerical bias separate from physical estimates
For an Euler step, matching an exact exponential interval means 1−kEulerh=e−ktrueh1-k_{\mathrm{Euler}}h=e^{-k_{\mathrm{true}}h}. Thus a coarse Euler fit can perfectly match these observations using the wrong physical rate. With h=0.5h=0.5, a true rate of 0.70.7 looks like about 0.59060.5906. Low training error is not enough to justify the inferred parameter.
kEuler=1−e−ktruehhk_{\mathrm{Euler}}=\frac{1-e^{-k_{\mathrm{true}}h}}{h}Measure a bounded scaling experiment
Compile and warm up each batch shape, place its inputs before the timed region, and wait for results with block_until_ready. Report both total milliseconds and time per trajectory. Changing batch shape may compile a new program. This CPU experiment measures a fixed forty-step output-producing solve; it does not measure training, input transfer, multi-host communication or TPU performance. A batch can amortize overhead without implying unlimited scaling.
Move from this audit to a scientific workflow
The staged scientific-inverse project asks for a reusable simulation and fitting API with changed parameters, noisy observations, held-out checks and a reproducible report. For stiff or adaptive models, choose and validate a suitable solver before reusing the optimizer. Diffrax, Equinox and Lineax provide ecosystem building blocks, but this phase’s executed core intentionally uses the installed JAX environment; no optional library or target hardware execution is implied.
Recover a physical rate, then check what the fit means
Predict: Does a falling loss alone prove that the recovered rate is physically correct?
[image: The fitted rate approaches the known value while trajectory mean squared error decreases over optimizer updates.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The top panel shows the positive rate estimate versus completed optimizer updates. Update 00 is the initial 1.41.4, before training. The reference line is the known synthetic rate 0.70.7. By update 2020, the fitted rate is about 0.70550.7055; by update 4040, about 0.700060.70006.
The lower panel shows mean squared trajectory error on a logarithmic scale. Its initial value is about 0.11680.1168, falling to about 1.55×10−51.55\times10^{-5} after twenty updates. The displayed first sixty updates focus on the informative descent rather than the eventual floating-point floor.
Connect it to the computation
These recorded post-update values correspond to the same parameters shown above. The reference observations come from the analytic exponential, while fitting uses RK4, so agreement tests a numerical model against independently generated data.
A tiny final loss is plausible for noiseless synthetic data and a single smooth parameter. It is not an uncertainty estimate or proof about real instruments. Held-out starts, grid refinement and the deliberately biased Euler example provide the additional evidence needed to interpret the parameter.
Define the simulator and immutable observations
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 1 — Define the simulator and immutable observations: Observations come from the analytic physical model, not the same...
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

def rk4_step(rate, value, dt):
    a = -rate*value
    b = -rate*(value + dt*a/2)
    c = -rate*(value + dt*b/2)
    d = -rate*(value + dt*c)
    return value + dt*(a + 2*b + 2*c + d)/6

# Define `solve(rate, initial, steps, dt)` to carry state across steps with `jax.lax.scan`:
def solve(rate, initial, steps=40, dt=0.05):
    def advance(value, unused):
        next_value = rk4_step(rate, value, dt)
        return next_value, next_value
    # Run compiled structured control flow via `jax.lax` (`(_, tail)`).
    _, tail = jax.lax.scan(advance, initial, None, length=steps)
    return jnp.concatenate((jnp.atleast_1d(initial), tail))

train_initials = jnp.array([0.7,1.5,2.3])
times = jnp.arange(41)*0.05
true_rate = 0.7
observations = train_initials[:,None]*jnp.exp(-true_rate*times)
def predict(rate, initials):
    return jax.vmap(lambda initial: solve(rate,initial))(initials)
def objective(log_rate):
    residual = predict(jnp.exp(log_rate),train_initials)-observations
    return jnp.mean(residual**2)
Observations come from the analytic physical model, not the same discrete solver used for fitting. Different initial values are reserved for evaluation.
Fit a positive rate with an explicit update
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 2 — Fit a positive rate with an explicit update: The logarithm parameterization keeps the rate positive.
# Define and JIT-compile `update(log_rate)` so XLA traces and fuses the operations:
@jax.jit
def update(log_rate):
    return log_rate - 0.4*jax.grad(objective)(log_rate)
log_rate = jnp.log(1.4)
loss_history = [float(objective(log_rate))]
rate_history = [float(jnp.exp(log_rate))]
for _ in range(160):
    log_rate = update(log_rate)
    loss_history.append(float(objective(log_rate)))
    rate_history.append(float(jnp.exp(log_rate)))
fitted_rate = float(jnp.exp(log_rate))
assert abs(fitted_rate-true_rate) < 2e-7
assert loss_history[-1] < 1e-20
print("Initial/fitted rate:",rate_history[0],fitted_rate)
print("Initial/final loss:",loss_history[0],loss_history[-1])
The logarithm parameterization keeps the rate positive. The recorded first point is before any update; every later point evaluates the updated parameter.
Validate on unseen initial conditions and a finer grid
Append this block to main.py in your CPU course environment; for the first block create the file. Run blocks in order.
# Step 3 — Validate on unseen initial conditions and a finer grid: Held-out starts test transfer within this known equation.
held_initials=jnp.array([0.4,1.1,3.2])
# Convert `held_truth` to a host NumPy array for inspection or verification.
held_truth=np.asarray(held_initials)[:,None]*np.exp(-true_rate*np.asarray(times))
# Convert `held_prediction` to a host NumPy array for inspection or verification.
held_prediction=np.asarray(predict(fitted_rate,held_initials))
# Aggregate array values to compute `held_rmse`.
held_rmse=float(np.sqrt(np.mean((held_prediction-held_truth)**2)))
assert held_rmse < 1e-7
# Vectorize across the batch dimension with `jax.vmap` (`fine`).
fine=np.asarray(jax.vmap(lambda initial:solve(fitted_rate,initial,80,0.025))(held_initials))[:,::2]
# Aggregate array values to compute `fine_rmse`.
fine_rmse=float(np.sqrt(np.mean((fine-held_truth)**2)))
assert fine_rmse < 1e-7
# Differentiate the objective to obtain `initial_only_gradient` via automatic differentiation.
initial_only_gradient=jax.grad(lambda p:jnp.mean((predict(jnp.exp(p),train_initials)[:,0]-observations[:,0])**2))(jnp.log(1.4))
assert float(initial_only_gradient)==0.0
print("Held-out RMSE:",held_rmse,"finer-grid RMSE:",fine_rmse)
print("Initial-time-only gradient:",float(initial_only_gradient))
Held-out starts test transfer within this known equation. Refinement tests whether fitting exploited numerical bias. Initial-time-only data cannot identify the decay rate at all.
Run the example
The assembled script is in the separate solutions and code appendix.
The rate moves from 1.4 to approximately 0.700000009. Held-out and refined-grid RMSE stay below 1e-7; initial-only observations have zero rate gradient.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
A perfect Euler fit can infer the wrong rate
Predict before running: Will a coarse Euler fit overestimate or underestimate the true cooling rate?
# Experiment — A perfect Euler fit can infer the wrong rate: The model parameter absorbs discretization error.
h=0.5
biased_rate=(1-np.exp(-true_rate*h))/h
coarse_times=np.arange(5)*h
matched=2*(1-biased_rate*h)**np.arange(5)
np.testing.assert_allclose(matched,2*np.exp(-true_rate*coarse_times),rtol=1e-12)
assert abs(biased_rate-true_rate)>0.1
print("True rate:",true_rate,"perfect coarse Euler rate:",biased_rate)
True rate 0.7; Euler fit approximately 0.59062382.
The model parameter absorbs discretization error. Refining the numerical model is necessary before giving the estimate a physical interpretation.
Measure fixed-shape CPU batches
Predict before running: Will total time and time per trajectory necessarily move in the same direction?
# Experiment — Measure fixed-shape CPU batches: The warmed, synchronized boundary excludes compilation and...
import time
measurements=[]
for batch_size in (1,16,256):
    starts=jnp.linspace(0.4,3.2,batch_size)
    # Wrap with `jax.jit` (`compiled`) so XLA traces and compiles the function.
    compiled=jax.jit(lambda values:predict(fitted_rate,values))
    # Synchronize host execution until asynchronous device computation completes.
    compiled(starts).block_until_ready()
    samples=[]
    for _ in range(7):
        beginning=time.perf_counter()
        # Synchronize host execution until asynchronous device computation completes.
        compiled(starts).block_until_ready()
        samples.append((time.perf_counter()-beginning)*1000)
    median_ms=float(np.median(samples))
    assert median_ms>0
    measurements.append((batch_size,median_ms,median_ms/batch_size))
print("batch, median milliseconds, milliseconds per trajectory:",measurements)
Measured positive timings vary by machine and load; the code makes no ordering or speedup assertion.
The warmed, synchronized boundary excludes compilation and explicit host-to-device transfer. Report the observed samples and device instead of copying a reference timing.
Your exercise
Repeat inference for a new true rate 0.40.4 using analytically generated observations, starting at 0.90.9. Show that the recovered parameter and held-out predictions change consistently.
Attempt this before consulting the separate solutions appendix.
Infer a different physical quantity
Practice
Hold the rate fixed and estimate an unknown initial amplitude from a trajectory using linear least squares. Verify the estimate with a NumPy closed form.
Hint
At fixed rate, predictions are amplitude multiplied by a known decay vector.
Compare noisy inference with an independent search
Challenge
Create a deterministic noisy dataset and quantify rate sensitivity with an independent grid search, without selecting a fit using held-out labels.
Hint
Search a dense one-dimensional grid using the analytic forward model and report the minimizing rate and residual scale.
Checkpoint
You fit only observations at time zero and every rate gives zero loss. What is the problem?
	The batch is too small for a TPU.
	The step size is too accurate.
	The observations contain no information about the cooling rate.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If the training loss is tiny but the parameter changes with step size, suspect solver bias. If every candidate has zero derivative, inspect observation times and parameter dependence before adjusting the optimizer. If timing results are implausibly tiny, confirm synchronization and warmup. If test performance drove your learning-rate choice, the test set is no longer untouched.
Carry forward
	Choose data that can reveal the parameter
	Enforce positivity through a parameterization
	Inspect the recovered model beyond the training curve
	Recognize observations that cannot identify a parameter
	Keep numerical bias separate from physical estimates
	Measure a bounded scaling experiment
	Move from this audit to a scientific workflow

Your evidence
Full loss/rate histories, held-out and refined-grid metrics, noisy reference search, timing boundary and limitations. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX scan: fixed carry structure and reverse-mode differentiation
	JAX automatic vectorization
	JAX derivative checking and Jacobian products
	Diffrax solver terms, saved values and solution inspection

Phase 11: Probabilistic modeling
Which uncertainty does your model actually represent?
Use an exactly solvable Bayesian regression to check inference. Separate uncertainty about weights, uncertainty about a future observation, and mismatch between the assumed likelihood and the data.
Prepare and work through the phase
	Build an exact reference
Keep distribution units and normalization, derive a posterior in a small solvable case and compare latent versus observation uncertainty.

	Challenge approximate inference
Compare sampler moments with the exact target, inspect multiple-chain diagnostics and measure the covariance lost by a diagonal approximation. Use predictive residuals to challenge the likelihood itself.


Readiness check
Should an interval for a new noisy observation equal an interval for the latent mean prediction?
Answer: No. The observation includes additional likelihood noise. Under the independent Gaussian model, add its variance to the latent predictive variance before taking a square root.
Transfer question
Chains agree closely, but prediction residuals bend systematically with the input. What should be changed first?
Approach: Investigate the model’s mean function and observation assumptions. Agreement between chains concerns exploration of the chosen posterior; it does not certify that the chosen model describes the data.
Common pitfall
Intervals are narrow and diagnostics look reassuring despite poor predictions. Check whether you plotted latent or observation uncertainty, and whether the likelihood or mean function misses structure.
Phase artifact
Use bayesian-regression. Retain analytic posterior checks, sampler/approximation diagnostics and a predictive model-mismatch case, with uncertainty assumptions stated.
General hierarchical models and robust modern diagnostic workflows need further examples. The instructional sampler is not a replacement for validated inference libraries.
Phase project: A Bayesian model with diagnostic evidence. Report sampler diagnostics and distinguish uncertainty from predictive error.
	bayesian-regression · online workspace · project guide

Distributions and sampling
Distinguish samples, density, variance and standard error Check normal moments against independent analytic expectations
What you will be able to do
	Distinguish samples, density, variance and standard error
	Check normal moments against independent analytic expectations
	Use log-space arithmetic for an extreme mixture likelihood
	Demonstrate both key replay and independent split-key draws

The problem
A sensor model says that a future reading has mean 22 and standard deviation 33. What should a finite collection of simulated readings look like, and how can we check our simulator? We will compare independent formulas with JAX samples, then deliberately underflow a likelihood calculation. This is the numerical foundation for the Bayesian model in the next lesson.
The idea
A distribution describes variability in outcomes. Averaging independent observations can reduce uncertainty in their mean without removing the spread of individual outcomes. Keep these two uncertainties on separate labels and scales.
A precise mean does not make individual outcomes predictable
Suppose observations have standard deviation 22. For 100100 independent observations from the same distribution, the sample mean's standard deviation is 2/100=0.22/\sqrt{100}=0.2. A new individual observation still has standard deviation 22.
The standard-error curve is calculated under its sampling assumptions; it is not itself a collection of measured repeated experiments. Correlated observations can reduce the amount of independent information in a batch.
When interpreting a narrow interval, ask what random quantity the interval describes: a mean, a latent parameter or a new observation. More data can make an estimated average precise while the underlying process remains noisy.
Pause and reason
Does a tenfold smaller standard error mean future individual observations are ten times less variable?
Compare your reasoningNo. Standard error concerns the estimator of the mean. The observation distribution can retain the same variability.
Start with units, not an API
A standard deviation has the same units as a sensor reading. Variance has squared units. To change a standard-normal draw zz into a reading, multiply by the standard deviation and add the mean: x=2+3zx=2+3z. The expected variance is 99, not 33. This is why the scale parameter in our log-density divides the residual before squaring. We assume a strictly positive finite scale; validation belongs at a public input boundary.
p(x∣μ,σ)=1σ2πexp⁡ ⁣[−12(x−μσ)2],σ>0p(x\mid\mu,\sigma)=\frac{1}{\sigma\sqrt{2\pi}}\exp\!\left[-\frac12\left(\frac{x-\mu}{\sigma}\right)^2\right],\quad \sigma>0One draw and a sample average answer different questions
A single future reading has standard deviation 33. An average of NN independent readings has standard error 3/N3/\sqrt{N}. More simulation improves an estimate of the model mean; it does not make the next sensor reading less noisy. At N=20000N=20000, the mean standard error is about 0.02120.0212. Our deterministic seeded test uses a generous five-standard-error bound and a separate variance check. A statistical tolerance can fail by chance for other seeds, so keep the seed, sample size and actual discrepancy.
Logarithms preserve ratios that densities lose
A normal log-density is a negative quadratic plus normalization terms. Summing log-densities for independent observations avoids multiplying many small values. A mixture is different: it adds weighted densities, so we use log-sum-exp rather than summing component log-densities. For equal components with log-densities −1000-1000 and −1001-1001, subtracting the maximum before exponentiation preserves their relative contribution. The ordinary density may still be too small to represent, but its log remains finite.
log⁡ ⁣(ea+eb2)=m+log⁡(ea−m+eb−m)−log⁡2,m=max⁡(a,b)\log\!\left(\frac{e^a+e^b}{2}\right)=m+\log(e^{a-m}+e^{b-m})-\log 2,\quad m=\max(a,b)A random key is part of the experiment
Calling a random function twice with the same key and shape replays the same values in this tested environment. It does not create two independent samples. Split the key before assigning it to separate draws. NumPy and JAX need not return matching random arrays for the same integer seed: compare distributional properties, not bit patterns across libraries. Our sample checks establish a small numerical example, not a universal test of a random-number generator.
A precise mean does not remove observation noise
Predict: Which band shrinks when we increase the number of independent observations?
[image: A precise mean does not remove observation noise. The horizontal axis is the number of independent observations on a logarithmic scale: equal spacing represents equal ratios of sample sizes. The vertical axis is the standard deviation in sensor-reading units. The flat curve stays at \(3\): it describes one reading. The decreasing curve is \(3/\sqrt{N}\): it describes the average of \(N\) readings. At \(N=100\), the average has standard deviation \(0.3\), ten times smaller than an individual reading. These curves are analytic quantities evaluated by the executed example, not measured coverage intervals.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is the number of independent observations on a logarithmic scale: equal spacing represents equal ratios of sample sizes. The vertical axis is the standard deviation in sensor-reading units. The flat curve stays at 33: it describes one reading. The decreasing curve is 3/N3/\sqrt{N}: it describes the average of NN readings. At N=100N=100, the average has standard deviation 0.30.3, ten times smaller than an individual reading. These curves are analytic quantities evaluated by the executed example, not measured coverage intervals.
Connect it to the computation
The two curves explain the mean test in our code. A large simulation can estimate the distribution mean accurately while predictions for new sensor values remain noisy. Correlated draws, such as the Markov chains later in this phase, do not satisfy the same independent-sample calculation unchanged.
1. Define a density and its contract
Create main.py in the activated CPU environment. Add the imports and the scalar normal log-density. A scale is a positive standard deviation, not a variance.
# Step 1 — 1. Define a density and its contract: The normalization term matters when comparing different scales;...
import math
import numpy as np
import jax
import jax.numpy as jnp
from jax.scipy.special import logsumexp

def normal_logpdf(value, loc, scale):
    return -0.5*((value-loc)/scale)**2 - jnp.log(scale) - 0.5*jnp.log(2*jnp.pi)
The normalization term matters when comparing different scales; the squared residual alone is not a density.
2. Sample with explicit ownership
Append the sampler. Split one parent key before drawing two samples; retain each array so replay and variation can be checked.
# Step 2 — 2. Sample with explicit ownership: The broad mean bound is five analytic standard errors for this...
# Create or split explicit PRNG key(s) (`(key_a, key_b)`) for reproducible randomness.
key_a, key_b = jax.random.split(jax.random.key(23))
# Sample deterministic random values into `a` using an explicit PRNG key.
a = 2. + 3.*jax.random.normal(key_a, (20000,))
# Sample deterministic random values into `b` using an explicit PRNG key.
b = 2. + 3.*jax.random.normal(key_b, (20000,))
expected_mean, expected_variance = 2., 9.
assert abs(float(a.mean())-expected_mean) < 5*3/math.sqrt(a.size)
assert abs(float(a.var())-expected_variance) < .4
assert not jnp.array_equal(a,b)
assert jnp.array_equal(a, 2.+3.*jax.random.normal(key_a,(20000,)))
The broad mean bound is five analytic standard errors for this independent normal sample; it is not a guarantee for arbitrary Monte Carlo samples.
3. Compare an independent calculation
Append the independent scalar reference and stable mixture calculation, then run python main.py. Inspect the density, mean and variance.
# Step 3 — 3. Compare an independent calculation: A log density near negative one thousand remains representable...
actual = normal_logpdf(jnp.array([2.,5.]),2.,3.)
reference = [-math.log(3*math.sqrt(2*math.pi)), -.5-math.log(3*math.sqrt(2*math.pi))]
np.testing.assert_allclose(actual,reference,rtol=1e-6)
components = jnp.array([-1000.,-1001.])
# Evaluate numerically stable log-space cross-entropy/likelihood (`stable`).
stable = logsumexp(components)-jnp.log(2.)
# Confirm that all computed values remain finite (no NaN or Inf).
assert jnp.isfinite(stable)
assert jnp.isneginf(jnp.log(jnp.exp(components).mean()))
print('sample mean, variance:',float(a.mean()),float(a.var()))
print('stable equal-mixture log density:',float(stable))
A log density near negative one thousand remains representable even when exponentiating it underflows in float32.
Run the example
The assembled script is in the separate solutions and code appendix.
The sample mean is close to 22, the variance is close to 99, and the stable mixture log-density is approximately −1000.38-1000.38.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Density can exceed one
Predict before running: For a normal with standard deviation 0.10.1, can its density at its mean exceed 11?
# Experiment — Density can exceed one: A narrow continuous density can exceed one; its area, not its...
peak = jnp.exp(normal_logpdf(0.,0.,.1))
assert peak > 1
print("peak density:",float(peak))
The peak density is approximately 3.993.99.
A narrow continuous density can exceed one; its area, not its height at a point, sums to one.
Separate sum and mixture
Predict before running: Do two independent observations with log densities −2,−3-2,-3 have the same log likelihood as one equal mixture of those components?
# Experiment — Separate sum and mixture: Independence multiplies probabilities, while alternative mixture...
values = jnp.array([-2.,-3.])
# Aggregate array values to compute `independent_log`.
independent_log = values.sum()
# Evaluate numerically stable log-space cross-entropy/likelihood (`mixture_log`).
mixture_log = logsumexp(values)-jnp.log(2.)
assert jnp.allclose(independent_log,-5.)
assert mixture_log > -3.
print(float(independent_log),float(mixture_log))
The independent joint log likelihood is −5-5; the mixture log density is approximately −2.38-2.38.
Independence multiplies probabilities, while alternative mixture components add weighted probabilities.
Your exercise
Change the sensor to mean −1-1, standard deviation 0.50.5, and draw 3000030000 readings from a new key. Predict the variance and the standard error of the sample mean, then verify both moments.
Attempt this before consulting the separate solutions appendix.
Detect a missing normalization
Transfer / diagnosis
Compare scales 11 and 22 at their common mean. Show why a residual-only objective incorrectly ties them.
Hint
The residual is zero for both; retain −log⁡σ-\log\sigma.
Demonstrate key ownership
Transfer / diagnosis
Produce two separately owned standard-normal draws and show replay of the first. Explain why replay alone does not test independence.
Hint
Split before use; compare arrays with the same shape.
Checkpoint
Which statement explains why a large Monte Carlo sample can have a precise mean while individual readings remain variable?
	Every sample becomes equal to the mean as sample size increases
	The variance of each reading is divided by the sample size
	The standard error of the average decreases, while the distribution of an individual reading stays the same

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If the simulated variance is near three instead of nine, inspect whether you multiplied by sqrt33 when the stated scale was three. If two supposedly independent arrays match exactly, inspect key reuse before changing the distribution. If a mixture likelihood becomes negative infinity, compare the log-sum-exp result before widening dtype.
Carry forward
	A density is not a point probability.
	Moment checks need sample size, units and a justified tolerance.
	Log-space arithmetic and explicit keys make likelihood experiments inspectable.

Your evidence
Seeded arrays, independent density values, moment discrepancies and underflow diagnosis. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX explicit random keys
	JAX logsumexp

Build a Bayesian regression
State the prior, likelihood and observation-noise assumptions Derive posterior precision and check a closed-form special case
What you will be able to do
	State the prior, likelihood and observation-noise assumptions
	Derive posterior precision and check a closed-form special case
	Compute latent and observation predictive variances separately
	Demonstrate prior strength and extrapolation effects

The problem
You have three noisy measurements and want to predict at a new input. A fitted line gives one answer, but how uncertain should that answer be? We will write a prior, combine it with a likelihood, solve the posterior exactly, and separate uncertainty about the line from noise in a new observation. This exact answer will become our reference when we build an approximate sampler.
The idea
Bayesian regression represents uncertainty about parameters and propagates it to predictions. A latent-function prediction and a future noisy observation are different random quantities, so their intervals generally have different widths.
Separate uncertainty about the function from observation noise
For features xx, posterior parameter covariance Σ\Sigma gives latent predictive variance xTΣxx^T\Sigma x. If independent observation noise has variance σ2\sigma^2, a new observation has variance xTΣx+σ2x^T\Sigma x+\sigma^2. Name each term before combining them.
Moving away from well-observed feature combinations can increase parameter-related uncertainty. It does not require the assumed observation-noise variance to change. Plot the posterior mean with separately labeled latent and observation bands to make this distinction visible.
The saved spread curves show how uncertainty varies with the input. They are conditional on the model, prior and noise assumptions. Check held-out behavior and model adequacy instead of reading any narrow posterior band as a guarantee.
Pause and reason
Which interval is appropriate for a new noisy measurement?
Compare your reasoningThe posterior predictive interval that includes observation noise, under the model's assumptions. A latent-function interval omits that additional variability.
State what is random
The features are fixed inputs. We treat the intercept and slope as uncertain, and condition on the observed targets. The prior scale τ=2\tau=2 expresses uncertainty about each weight before seeing these targets; it is not the sensor noise. The noise scale σ=1\sigma=1 describes repeated readings around the same latent line. We deliberately assume it known. Learning that scale would remove this exact two-parameter shortcut unless we used a richer conjugate model.
w∼N(0,τ2I),y∣w,X∼N(Xw,σ2I)w\sim\mathcal N(0,\tau^2 I),\qquad y\mid w,X\sim\mathcal N(Xw,\sigma^2 I)Combine information through precision
Precision is inverse covariance: larger precision means less uncertainty. The prior contributes I/τ2I/\tau^2; the observations contribute X⊤X/σ2X^\top X/\sigma^2. The linear term is X⊤y/σ2X^\top y/\sigma^2. Completing the square gives a linear system for the posterior mean. This resembles ridge regression because the posterior mode and mean coincide for this Gaussian model. That equivalence does not turn every regularized optimizer into a complete uncertainty model.
Λ=τ−2I+σ−2X⊤X,Σ=Λ−1,m=Λ−1σ−2X⊤y\Lambda=\tau^{-2}I+\sigma^{-2}X^\top X,\quad \Sigma=\Lambda^{-1},\quad m=\Lambda^{-1}\sigma^{-2}X^\top yCheck the special case by hand
The inputs are −1,0,1-1,0,1, so their sum is zero and X⊤X=diag⁡(3,2)X^\top X=\operatorname{diag}(3,2). The targets give X⊤y=(3,4)X^\top y=(3,4). Adding prior precision 1/41/4 gives diagonal entries 13/413/4 and 9/49/4. Therefore m=(12/13,16/9)m=(12/13,16/9) and Σ=diag⁡(4/13,4/9)\Sigma=\operatorname{diag}(4/13,4/9). These rational numbers provide an independent oracle; comparing two calls to the same posterior function would not.
Two uncertainty bands answer two questions
At a design row x∗x_*, the uncertain latent line value has variance x∗⊤Σx∗x_*^\top\Sigma x_*. A new target adds independent observation variance σ2\sigma^2. At input zero the latent variance is 4/134/13, whereas the observation variance is 17/1317/13. At input two, the slope contribution increases latent variance to about 2.092.09. A nominal Gaussian interval is conditional on this model and known noise scale; it is not proof that future real observations achieve nominal coverage.
E[y∗∣D]=x∗⊤m,Var⁡(y∗∣D)=x∗⊤Σx∗+σ2\mathbb E[y_*\mid D]=x_*^\top m,\qquad \operatorname{Var}(y_*\mid D)=x_*^\top\Sigma x_*+\sigma^2Use a tiny exact model as an inference test
The next lesson compares approximate samples with this kind of known answer. This is a useful engineering habit: test an inference mechanism on a model you can solve before trusting it on one you cannot. Our design is synthetic and unusually well conditioned. Retain the prior, noise assumption and extrapolation range with your result; a narrow posterior can be confidently wrong when the likelihood is wrong.
Prediction uncertainty grows away from the observed center
Predict: Will an observation interval be wider or narrower than an interval for the latent line?
[image: Prediction uncertainty grows away from the observed center. The horizontal axis is the input value. The vertical axis is predictive standard deviation, in target units. The lower curve propagates posterior weight uncertainty; the upper curve also adds the assumed observation noise before taking a square root. At input zero they are about \(0.555\) and \(1.144\). The curves rise symmetrically toward both ends because centered training inputs produce zero intercept-slope covariance.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is the input value. The vertical axis is predictive standard deviation, in target units. The lower curve propagates posterior weight uncertainty; the upper curve also adds the assumed observation noise before taking a square root. At input zero they are about 0.5550.555 and 1.1441.144. The curves rise symmetrically toward both ends because centered training inputs produce zero intercept-slope covariance.
Connect it to the computation
The gap is not a fixed standard deviation of one: variances add, then we take the square root. The lower curve is narrowest near the observed center and grows under extrapolation. These are exact Gaussian-model standard deviations, not measured error bars or empirical coverage on a real test set.
1. Construct a small linear model
Create a fresh main.py. The first feature is an intercept. Targets contain three deliberately simple synthetic observations; the known noise scale is an assumption.
# Step 1 — 1. Construct a small linear model: The design has three rows and two columns.
import numpy as np
import jax
import jax.numpy as jnp
X = jnp.array([[1.,-1.],[1.,0.],[1.,1.]])
y = jnp.array([-1.,1.,3.])
sigma, prior_scale = 1., 2.
The design has three rows and two columns. The weight vector contains intercept then slope.
2. Solve the posterior system
Append the conjugate update. Use a linear solve rather than writing an explicit matrix inverse for the mean.
# Step 2 — 2. Solve the posterior system: The independent fractions follow because centered inputs make the...
def posterior(X,y,sigma,prior_scale):
    precision = jnp.eye(X.shape[1])/prior_scale**2 + X.T@X/sigma**2
    mean = jnp.linalg.solve(precision,X.T@y/sigma**2)
    covariance = jnp.linalg.solve(precision,jnp.eye(X.shape[1]))
    return mean,covariance
mean,cov = posterior(X,y,sigma,prior_scale)
assert jnp.allclose(mean,jnp.array([12/13,16/9]),atol=1e-6)
assert jnp.allclose(cov,jnp.diag(jnp.array([4/13,4/9])),atol=1e-6)
The independent fractions follow because centered inputs make the precision matrix diagonal.
3. Predict both the latent mean and a new observation
Append the prediction calculation, then run python main.py. Retain the two variance components separately.
# Step 3 — 3. Predict both the latent mean and a new observation: The variance at the extrapolation input is larger because slope...
def predictive(design,mean,cov,sigma):
    # Perform matrix / vector contraction (`@`) to compute `center`.
    center = design@mean
    latent_variance = jnp.einsum('ni,ij,nj->n',design,cov,design)
    return center,latent_variance,latent_variance+sigma**2
query = jnp.array([[1.,0.],[1.,2.]])
center,latent_var,observation_var = predictive(query,mean,cov,sigma)
assert jnp.allclose(latent_var,jnp.array([4/13,4/13+16/9]),atol=1e-6)
assert jnp.allclose(observation_var-latent_var,1.)
print('posterior mean:',mean,'covariance:',cov)
print('latent variance:',latent_var,'observation variance:',observation_var)
The variance at the extrapolation input is larger because slope uncertainty contributes more strongly there.
Run the example
The assembled script is in the separate solutions and code appendix.
The posterior mean is approximately (0.9231,1.7778)(0.9231,1.7778). Latent variances at inputs 0,20,2 are approximately 0.3077,2.08550.3077,2.0855; observation variances are each larger by 11.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Repeat independent observations
Predict before running: If each observed design and target is repeated once as an independent measurement under the model, does posterior uncertainty increase or decrease?
# Experiment — Repeat independent observations: The calculation treats rows as independent new evidence.
repeat_mean,repeat_cov = posterior(jnp.tile(X,(2,1)),jnp.tile(y,2),sigma,prior_scale)
assert jnp.all(jnp.diag(repeat_cov)<jnp.diag(cov))
print(jnp.diag(repeat_cov))
Both posterior marginal variances decrease.
The calculation treats rows as independent new evidence. Duplicating a stored file does not create new evidence in a real dataset.
Check the prior-only boundary
Predict before running: With no observations, what should the posterior return?
# Experiment — Check the prior-only boundary: The posterior recovers the prior when no likelihood information...
empty_mean,empty_cov = posterior(jnp.empty((0,2)),jnp.empty((0,)),sigma,prior_scale)
assert jnp.allclose(empty_mean,0.)
assert jnp.allclose(empty_cov,4*jnp.eye(2))
The mean is zero and covariance is 4I4I.
The posterior recovers the prior when no likelihood information is present.
Your exercise
Strengthen the prior by changing its scale from two to one half. Predict the direction of change in the weight norm and check it. Explain why a tighter posterior need not mean a better model.
Attempt this before consulting the separate solutions appendix.
Move away from centered inputs
Transfer / diagnosis
Use design rows (1,0),(1,1),(1,2)(1,0),(1,1),(1,2). Compare the JAX result with a host NumPy linear solve and show the posterior covariance is not diagonal.
Hint
The intercept and slope can compensate for each other when features are not centered.
Verify total predictive variance
Transfer / diagnosis
Draw posterior weights and independent observation noise. Compare empirical prediction variance at input zero to the analytic observation variance.
Hint
Use separate keys for weights and noise; sample with a Cholesky factor.
Checkpoint
Which variance describes a new noisy reading at a given input?
	Only the posterior variance of the intercept
	The propagated weight uncertainty plus observation-noise variance
	The training mean squared error divided by the number of weights

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If an interval becomes implausibly narrow, print the latent and noise variance terms separately. If the slope is unexpectedly shrunk, inspect whether the prior scale was confused with prior precision. If targets have an extra column axis, reject the shape before a matrix operation silently changes the mean shape.
Carry forward
	Posterior precision combines prior information with likelihood information.
	Latent uncertainty and future observation noise are separate quantities.
	An exact small model supplies an independent reference for approximate inference.

Your evidence
Precision derivation, exact fractional reference, host solve and predictive variance plot. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX linear solve
	Stan posterior predictive checks

Hamiltonian Monte Carlo and sampler diagnostics
Implement leapfrog with the correct half-step boundaries Check reversibility and an independent analytic gradient
What you will be able to do
	Implement leapfrog with the correct half-step boundaries
	Check reversibility and an independent analytic gradient
	Compare four seeded chains with a known posterior
	Interpret energy error, acceptance and classical split R-hat without claiming convergence

The problem
An approximate inference program returns a long list of weights. Before treating those weights as posterior samples, how can we tell whether its mechanics are correct and whether its chains explored the target? We will build a transparent Hamiltonian Monte Carlo sampler for a correlated Gaussian with a known mean and covariance, then deliberately damage its step size.
The idea
Hamiltonian Monte Carlo introduces momentum to propose distant states while accounting for the target density. Numerical integration and acceptance control the proposal, but diagnostics are still needed to judge whether the retained samples explore the posterior adequately.
A moving chain is not automatically a well-mixed chain
Follow position and momentum through a leapfrog trajectory. A proposal can travel far without behaving like an independent posterior draw. Integration error and acceptance behavior provide one diagnostic, while between-chain agreement and autocorrelation provide others.
Start multiple chains from meaningfully different positions where appropriate. Inspect the same retained sampling region across chains, and separate adaptation from retained draws. A trace that looks active may still stay in one region or be strongly correlated.
The lesson's trace plot uses a known posterior mean as a reference. Matching that mean is not sufficient: spread and dependence matter too. Compute diagnostics from the retained samples with their conventions recorded; plotting a thinned subset should not silently redefine the diagnostic sample.
Pause and reason
Why can many saved samples still provide little effective information?
Compare your reasoningStrong dependence or poor exploration can make them redundant. Sample count and effective sample size answer different questions; neither a smooth trace nor a correct mean alone establishes adequate mixing.
Turn log-density into potential energy
For a normal target with mean mm and covariance Σ\Sigma, the potential is U(q)=(q−m)⊤Σ−1(q−m)/2U(q)=(q-m)^\top\Sigma^{-1}(q-m)/2, ignoring a constant. Its gradient is Σ−1(q−m)\Sigma^{-1}(q-m), so we have an independent formula for autodiff. Momentum has a standard-normal distribution and kinetic energy p⊤p/2p^\top p/2. The combined energy should remain constant along an exact trajectory.
H(q,p)=U(q)+12p⊤p,∇U(q)=Σ−1(q−m)H(q,p)=U(q)+\tfrac12p^\top p,\qquad \nabla U(q)=\Sigma^{-1}(q-m)Trace the half steps
First take a half momentum step using the current gradient. Take a full position step with that momentum, then update momentum using the new position. Interior momentum steps are full steps; the final one is a half step. This symmetry gives a reversible integrator up to numerical error. Our check negates the final momentum and integrates again; it should return to the starting position and negative starting momentum. A loop with all full momentum steps fails that boundary test.
Correct discretization error in log space
A proposed trajectory changes energy by ΔH\Delta H. Accept with probability min⁡(1,e−ΔH)\min(1,e^{-\Delta H}), implemented as log⁡u<−ΔH\log u<-\Delta H. A rejected proposal retains the current sample; removing repeated values would change the distribution. Non-finite energy error is rejected. The signed energy error can be negative, so it should not be interpreted as a nonnegative loss. An enormous positive error suggests an integration problem, often a step size too large for target curvature.
Combine multiple sampler diagnostics
We start four chains from dispersed points and discard the first 400400 transitions. This fixed discard is a teaching convention, not automatic warmup adaptation. Classical split R-hat compares between-chain and within-chain variance after splitting each chain. A value near one says those variance estimates agree; chains can still miss a mode together. Modern rank-normalized split R-hat, bulk and tail effective sample size, Monte Carlo standard errors and divergence diagnostics are stronger complementary tools. Our compact implementation is explicitly classical R-hat and does not implement those modern diagnostics.
Use the reference model to expose failure
Here the exact mean, variance and covariance are known. Check all of them: getting both marginal means right can still hide missing correlation. Acceptance alone is insufficient; a tiny step can accept almost everything while exploring slowly. Effective sample size concerns the information in correlated draws, not the number of rows stored. Before using a library such as NumPyro on an unknown posterior, repeat an exact-model validation and inspect its documented diagnostics. This CPU fixture establishes neither multimodal exploration nor accelerator performance.
Four HMC traces around a known posterior mean
Predict: Can the chains cross the known mean while still showing successive correlated values?
[image: Four HMC traces around a known posterior mean. The horizontal axis counts retained transitions after discarding the initial \(400\). The vertical axis is the first coordinate of the sampled parameter. Each colored line is one chain, plotted at every tenth retained transition to keep the figure readable. The target mean is \(1\); the chains move on both sides of it. Their paths differ because they use different keys and initial positions. Connecting thinned points helps visual inspection but does not make the underlying draws independent.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis counts retained transitions after discarding the initial 400400. The vertical axis is the first coordinate of the sampled parameter. Each colored line is one chain, plotted at every tenth retained transition to keep the figure readable. The target mean is 11; the chains move on both sides of it. Their paths differ because they use different keys and initial positions. Connecting thinned points helps visual inspection but does not make the underlying draws independent.
Connect it to the computation
This trace is one piece of the evidence. The code also checks the two-dimensional covariance, which a single-coordinate trace cannot show, and prints classical split R-hat and acceptance. A smooth-looking trace or repeated crossings of the mean is distinct from exploration of modes absent from this single-Gaussian fixture.
1. Write a known target and its gradient
Create a fresh main.py. This correlated Gaussian is an exact test target for an inference algorithm, not a new unknown statistical model.
# Step 1 — 1. Write a known target and its gradient: Potential energy is the negative log-density up to a constant,...
import numpy as np
import jax
import jax.numpy as jnp
target_mean = jnp.array([1.,-1.])
target_cov = jnp.array([[1.,.8],[.8,1.]])
precision = jnp.linalg.solve(target_cov,jnp.eye(2))
def potential(q):
    delta=q-target_mean
    return .5*delta@precision@delta
# Differentiate the objective to obtain `force` via automatic differentiation.
force=jax.grad(potential)
assert jnp.allclose(force(jnp.array([0.,0.])),precision@(-target_mean))
Potential energy is the negative log-density up to a constant, which cancels in the acceptance ratio.
2. Integrate then accept or reject
Append a leapfrog trajectory and a chain. Every transition splits keys for momentum and acceptance; rejection retains the old position.
# Step 2 — 2. Integrate then accept or reject: Leapfrog approximates energy conservation.
def leapfrog(q,p,step_size,steps):
    p=p-.5*step_size*force(q)
    def step(i,state):
        q,p=state
        q=q+step_size*p
        # Combine or mask array elements to form `p`.
        p=p-jnp.where(i<steps-1,step_size,.5*step_size)*force(q)
        return q,p
    return jax.lax.fori_loop(0,steps,step,(q,p))

# Define `chain(key, initial, step_size, leapfrog_steps...)` to carry state across steps with `jax.lax.scan`:
def chain(key,initial,step_size=.25,leapfrog_steps=7,draws=1600):
    def transition(state,_):
        q,key=state
        # Create or split explicit PRNG key(s) (`(key, kp, ku)`) for reproducible randomness.
        key,kp,ku=jax.random.split(key,3)
        # Sample deterministic random values into `p` using an explicit PRNG key.
        p=jax.random.normal(kp,q.shape)
        proposal,new_p=leapfrog(q,p,step_size,leapfrog_steps)
        error=potential(proposal)+.5*jnp.sum(new_p**2)-potential(q)-.5*jnp.sum(p**2)
        # Draw pseudorandom samples for `accept` using the explicit RNG state.
        accept=jnp.isfinite(error)&(jnp.log(jax.random.uniform(ku)) < -error)
        # Combine or mask array elements to form `next_q`.
        next_q=jnp.where(accept,proposal,q)
        return (next_q,key),(next_q,accept,error)
    # Run compiled structured control flow via `jax.lax` (`(_, record)`).
    _,record=jax.lax.scan(transition,(initial,key),None,length=draws)
    return record
Leapfrog approximates energy conservation. Metropolis correction removes integration bias in the ideal stationary distribution; it does not make a finite chain independent or guarantee exploration.
3. Compare chains and an analytic oracle
Append four dispersed starts, discard an explicitly fixed initial segment, and retain all diagnostics. Run python main.py.
# Step 3 — 3. Compare chains and an analytic oracle: The tolerances test this seeded Gaussian fixture only.
starts=jnp.array([[-4.,-4.],[-4.,4.],[4.,-4.],[4.,4.]])
# Create or split explicit PRNG key(s) (`records`) for reproducible randomness.
records=jax.vmap(lambda key,start:chain(key,start))(jax.random.split(jax.random.key(71),4),starts)
samples=records[0][:,400:,:]
def split_rhat(values):
    # Classical split R-hat for one scalar coordinate; not rank-normalized.
    half=values.shape[1]//2
    # Combine or mask array elements to form `split`.
    split=jnp.concatenate([values[:,:half],values[:,-half:]],axis=0)
    # Reduce along axis=1 to compute `within`.
    within=jnp.var(split,axis=1,ddof=1).mean()
    # Reduce along axis=1 to compute `between`.
    between=half*jnp.var(split.mean(axis=1),ddof=1)
    return jnp.sqrt(((half-1)*within/half+between/half)/within)
# Vectorize across the batch dimension with `jax.vmap` (`rhats`).
rhats=jax.vmap(split_rhat,in_axes=2)(samples)
# Construct and reshape `pooled` into the target tensor dimensions.
pooled=samples.reshape(-1,2)
assert jnp.max(jnp.abs(pooled.mean(0)-target_mean))<.15
assert jnp.max(jnp.abs(jnp.cov(pooled.T)-target_cov))<.2
assert jnp.all(rhats<1.05)
print('mean:',pooled.mean(0),'covariance:',jnp.cov(pooled.T))
print('classical split R-hat:',rhats,'acceptance:',records[1].mean(axis=1))
The tolerances test this seeded Gaussian fixture only. Agreement with a known posterior is stronger evidence here than a diagnostic threshold alone.
Run the example
The assembled script is in the separate solutions and code appendix.
The pooled mean and covariance approach the stated target within the fixture tolerances. The two classical split R-hat values, one per parameter coordinate, remain near 11; acceptance is reported separately for each chain.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Reverse one trajectory
Predict before running: If we reverse momentum after a trajectory, should the integrator return to the starting position?
# Experiment — Reverse one trajectory: Reversibility is an integrator invariant, independent of whether...
q0=jnp.array([.2,-.4])
p0=jnp.array([.3,.7])
q1,p1=leapfrog(q0,p0,.15,9)
q2,p2=leapfrog(q1,-p1,.15,9)
np.testing.assert_allclose(q2,q0,atol=2e-6)
np.testing.assert_allclose(p2,-p0,atol=2e-6)
The reversed trajectory returns within float32 tolerance.
Reversibility is an integrator invariant, independent of whether a particular chain happened to get a plausible mean.
Separate replay from a changed chain
Predict before running: Will changing a key change the sampled path while leaving the target unchanged?
# Experiment — Separate replay from a changed chain: Replay tests state ownership.
# Create or split explicit PRNG key(s) (`replay`) for reproducible randomness.
replay=chain(jax.random.key(9),jnp.zeros(2),draws=50)[0]
# Create or split explicit PRNG key(s) (`again`) for reproducible randomness.
again=chain(jax.random.key(9),jnp.zeros(2),draws=50)[0]
# Create or split explicit PRNG key(s) (`changed`) for reproducible randomness.
changed=chain(jax.random.key(10),jnp.zeros(2),draws=50)[0]
assert jnp.array_equal(replay,again)
assert not jnp.array_equal(replay,changed)
The same key reproduces the path; another key produces a different path.
Replay tests state ownership. It is separate from distributional correctness by itself.
Your exercise
Increase the step size to 1.2 with the same leapfrog count. Record acceptance and positive energy errors. Explain why keeping more rejected samples is not a repair for unstable integration.
Attempt this before consulting the separate solutions appendix.
Catch chains trapped at different levels
Transfer / diagnosis
Construct four arrays with similar within-chain variation but means separated by four units. Verify that classical split R-hat flags disagreement.
Hint
Use independent small noise around four different constants.
Verify a directional derivative
Transfer / diagnosis
At a nonzero position compare the autodiff directional derivative with the analytic precision-matrix expression. Then compare to a central difference.
Hint
Use the same direction and a moderate float32 finite-difference step.
Checkpoint
Four chains have classical split R-hat close to one. What can we conclude?
	They have certainly explored every posterior mode
	Their retained draws are independent
	Their within-chain and between-chain variance estimates agree, but additional checks are still necessary

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If acceptance collapses, inspect the finite energy error distribution and reduce the step size. If acceptance is high but traces barely move, inspect trajectory length and autocorrelation. If chains disagree, retain separate traces rather than pooling them into a smooth histogram. If a constant chain produces undefined R-hat, report that failure instead of replacing it with one.
Carry forward
	A correct accept/reject rule retains rejected states.
	Check integrator invariants before interpreting chains.
	Near-one R-hat and high acceptance are useful evidence, not proof of convergence.

Your evidence
Reversibility check, four traces, two-dimensional moments, key replay and classical split R-hat with limitations. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX scan state contract
	Stan posterior analysis and diagnostics
	NumPyro MCMC diagnostics interface

Variational inference and model checking
Derive the diagonal Gaussian variational optimum for a correlated target Separate optimization error from variational-family error
What you will be able to do
	Derive the diagonal Gaussian variational optimum for a correlated target
	Separate optimization error from variational-family error
	Use reparameterization to inspect a Monte Carlo objective
	Diagnose mean-function mismatch using predictive residuals

The problem
A variational optimizer finishes with a stable objective, and its posterior mean agrees with a reference. Can its uncertainty still be wrong? We will optimize a diagonal Gaussian against a correlated exact target, then check a prediction under a deliberately misspecified observation model. These are two different failure sources: an inference approximation and a model assumption.
The idea
Variational inference fits a tractable approximation to a posterior. The approximation family limits what dependencies it can represent. A good mean estimate can coexist with a poor uncertainty estimate.
Missing covariance can hide uncertainty
Consider two variables, each with variance 11, and covariance 0.80.8. Their sum has variance 1+1+2(0.8)=3.61+1+2(0.8)=3.6. A diagonal approximation with the same marginal variances but zero covariance would give variance 22 for the sum.
This isolates the effect of ignoring covariance; an actual fitted approximation can also change the marginal variances. Draw covariance ellipses from the real matrices rather than sketching arbitrary shapes.
The lesson's variance comparison asks which downstream quantities are sensitive to the approximation. Check projections such as sums and differences, not only coordinate means. A different approximation family or objective can behave differently, so avoid treating one fixture as a universal direction of error.
The covariance changes uncertainty in a sum
Predict: Can matching each coordinate's mean prove a correct distribution for their sum?
[image: Both analytic matrices have unit marginal variances. Purple adds covariance \(0.8\), stretching along the shared diagonal; green has zero covariance. These are unit Mahalanobis-distance contours, not 95% regions or fitted samples. Sum variances are \(3.6\) and \(2\), respectively.]Architecture and dataflow mechanism diagram.Both analytic matrices have unit marginal variances. Purple adds covariance 0.80.8, stretching along the shared diagonal; green has zero covariance. These are unit Mahalanobis-distance contours, not 95% regions or fitted samples. Sum variances are 3.63.6 and 22, respectively.
Pause and reason
Can matching each coordinate's mean prove a correct distribution for their sum?
Compare your reasoningNo. The sum depends on variances and covariances too. Compare the relevant projected distribution or moments.
Name the approximation and the KL direction
The target covariance has unit marginal variances and correlation 0.80.8. Our variational family has a location aa and diagonal covariance DD. It cannot tilt its uncertainty ellipse. The KL direction matters: minimizing KL⁡(q∥p)\operatorname{KL}(q\Vert p) penalizes placing probability where the target density is low. For this Gaussian target, optimizing over diagonal DD gives a=ma=m and Dii=1/PiiD_{ii}=1/P_{ii}, where P=Σ−1P=\Sigma^{-1}. Those are conditional-variance quantities, not the target marginal variances.
KL⁡(q∥p)=12[tr⁡(PD)+(a−m)⊤P(a−m)−d+log⁡∣Σ∣−log⁡∣D∣]\operatorname{KL}(q\Vert p)=\frac12\left[\operatorname{tr}(PD)+(a-m)^\top P(a-m)-d+\log|\Sigma|-\log|D|\right]Work through the remaining error
For correlation 0.80.8, the covariance determinant is 1−0.82=0.361-0.8^2=0.36, and each diagonal precision is 1/0.361/0.36. The optimal diagonal variance is therefore 0.360.36. Each standard deviation is 0.60.6, whereas the target marginal standard deviations are 11. The means can be right while uncertainty is too narrow. At this optimum the KL is about 0.51080.5108, not zero. More optimization cannot remove that family restriction.
Connect the exact objective to an ELBO
In a model with data yy and latent parameters ww, the ELBO is the expectation of log⁡p(y,w)−log⁡q(w)\log p(y,w)-\log q(w) under qq. The gap to log evidence is KL⁡(q∥p(w∣y))\operatorname{KL}(q\Vert p(w\mid y)). Reparameterize a diagonal normal as w=a+exp⁡(s)⊙ϵw=a+\exp(s)\odot\epsilon, with standard-normal ϵ\epsilon, to differentiate an estimated objective with respect to a,sa,s. Our exact objective avoids Monte Carlo noise so the family restriction is clear. The experiment below estimates the same KL with independent random draws and compares it to the analytic value.
log⁡p(y)−ELBO⁡(q)=KL⁡(q(w)∥p(w∣y))\log p(y)-\operatorname{ELBO}(q)=\operatorname{KL}(q(w)\Vert p(w\mid y))Inspect what the model predicts, not only its optimizer
A posterior predictive check draws plausible replicated observations and compares meaningful features with the observed data. Choose a discrepancy such as residual curvature, outlier count or group-specific spread; a single global mean can conceal a failure. Our stress fixture uses a zero linear mean and noise standard deviation 0.250.25, then supplies targets x2−1x^2-1. Positive residuals at both ends and negative residuals near the center reveal curvature missing from the mean model. Narrower intervals cannot repair that pattern.
Keep inference and model errors separate
The first experiment has a correct known target but an inadequate variational family. The second deliberately changes the data-generating mean while retaining an inadequate likelihood. Posterior predictive checks can reveal tension but are verified separately from model truth. For a real workflow, choose checks before inspecting a final held-out split, keep group sizes and uncertainty in reported coverage, and refit only on permitted data. TODO (NumPyro Extension): Compare this hand-written ELBO loop against numpyro.infer.SVI and numpyro.infer.NUTS on the same target density.
An accurate mean can coexist with underestimated uncertainty
Predict: Will optimizing a diagonal approximation recover the full target marginal variances?
[image: An accurate mean can coexist with underestimated uncertainty. The horizontal categories identify three quantities: variance of the first weight, variance of the second weight and variance of their sum. The vertical axis is variance in squared parameter units. The target bars are \(1,1,3.6\). The optimized diagonal approximation gives \(0.36,0.36,0.72\). The especially large gap for the sum comes from both smaller marginal variances and missing positive covariance.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories identify three quantities: variance of the first weight, variance of the second weight and variance of their sum. The vertical axis is variance in squared parameter units. The target bars are 1,1,3.61,1,3.6. The optimized diagonal approximation gives 0.36,0.36,0.720.36,0.36,0.72. The especially large gap for the sum comes from both smaller marginal variances and missing positive covariance.
Connect it to the computation
The code checks that the optimizer reaches the analytic variational optimum. The remaining gap therefore comes from the chosen diagonal family and KL direction on this particular Gaussian target. It is not evidence that every variational approximation has the same bias; a full-covariance Gaussian can represent this target.
1. Specify a correlated target and a simpler approximation
Create a fresh main.py. Our target is an exactly known Gaussian so approximation error can be measured independently of optimization error.
# Step 1 — 1. Specify a correlated target and a simpler approximation: KL here means KL(q || p).
import numpy as np
import jax
import jax.numpy as jnp
mu=jnp.array([1.,-1.])
Sigma=jnp.array([[1.,.8],[.8,1.]])
P=jnp.linalg.solve(Sigma,jnp.eye(2))
def kl(params):
    location,log_scale=params
    variance=jnp.exp(2*log_scale)
    delta=location-mu
    return .5*(jnp.sum(jnp.diag(P)*variance)+delta@P@delta-2+jnp.linalg.slogdet(Sigma)[1]-jnp.sum(2*log_scale))
KL here means KL(q || p). The full covariance of p is retained, while q has independent coordinates.
2. Optimize and compare to the exact variational optimum
Append a scan of gradient updates. The analytic optimum uses inverse diagonal precision, which differs from the target marginal variances.
# Step 2 — 2. Optimize and compare to the exact variational optimum: Optimization has found the best diagonal Gaussian in this KL...
# Define `update(params, _)` to evaluate the objective and its automatic derivatives:
def update(params,_):
    # Differentiate the objective to obtain `grads` via automatic differentiation.
    grads=jax.grad(kl)(params)
    # Transform every leaf of the parameter PyTree (`new`).
    new=jax.tree.map(lambda value,grad:value-.05*grad,params,grads)
    return new,kl(new)
# Run compiled structured control flow via `jax.lax` (`(params, history)`).
params,history=jax.lax.scan(update,(jnp.zeros(2),jnp.zeros(2)),None,length=600)
location,log_scale=params
variance=jnp.exp(2*log_scale)
assert jnp.allclose(location,mu,atol=1e-4)
assert jnp.allclose(variance,1/jnp.diag(P),atol=1e-5)
assert jnp.allclose(variance,jnp.array([.36,.36]),atol=1e-5)
assert kl(params)>0.4
print('VI mean:',location,'variances:',variance,'remaining KL:',float(kl(params)))
Optimization has found the best diagonal Gaussian in this KL direction, yet it cannot reproduce target correlation.
3. Check a prediction under a changed data-generating process
Append an explicit model-mismatch experiment. The fitted line predicts zero, but new synthetic targets have curvature. Standardized residuals expose the missing structure.
# Step 3 — 3. Check a prediction under a changed data-generating process: This is a deterministic stress fixture with nine targets, not an...
x=jnp.linspace(-2,2,9)
linear_mean=jnp.zeros_like(x)
noise_scale=.25
curved_targets=x**2-1.
standardized_residual=(curved_targets-linear_mean)/noise_scale
# Aggregate array values to compute `coverage`.
coverage=jnp.mean(jnp.abs(standardized_residual)<=1.96)
assert coverage<.4
assert standardized_residual[0]>10
print('synthetic nominal-95% interval coverage:',float(coverage))
print('standardized residuals:',standardized_residual)
This is a deterministic stress fixture with nine targets, not an estimate of population coverage. It isolates a mean-function mismatch that more posterior draws cannot repair.
Run the example
The assembled script is in the separate solutions and code appendix.
The optimized variances are (0.36,0.36)(0.36,0.36), compared with target marginal variances (1,1)(1,1). Remaining KL is approximately 0.51080.5108. The curved stress fixture has visibly structured residuals and low nominal interval coverage.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Monte Carlo KL through reparameterization
Predict before running: Will an estimate from diagonal-normal draws approach the exact KL even though the approximation is imperfect?
# Experiment — Monte Carlo KL through reparameterization: Matching the exact KL validates this estimator on the fixture;...
# Create or split explicit PRNG key(s) (`eps`) for reproducible randomness.
eps=jax.random.normal(jax.random.key(52),(40000,2))
z=location+jnp.exp(log_scale)*eps
delta=z-mu
logp=-.5*(jnp.einsum('ni,ij,nj->n',delta,P,delta)+2*jnp.log(2*jnp.pi)+jnp.linalg.slogdet(Sigma)[1])
# Reduce along axis=1 to compute `logq`.
logq=-.5*jnp.sum(eps**2,axis=1)-jnp.sum(log_scale)-jnp.log(2*jnp.pi)
# Aggregate array values to compute `estimate`.
estimate=jnp.mean(logq-logp)
assert abs(float(estimate-kl(params)))<.03
print('Monte Carlo KL:',float(estimate))
The estimate is close to the exact nonzero KL of 0.51080.5108.
Matching the exact KL validates this estimator on the fixture; it does not imply the approximate posterior is exact.
Count model-generated intervals
Predict before running: Under the stated zero-mean normal model, what fraction of many replicated observations lies within 1.96 noise scales?
# Experiment — Count model-generated intervals: Self-coverage checks interval arithmetic under the model.
# Create or split explicit PRNG key(s) (`replicated`) for reproducible randomness.
replicated=.25*jax.random.normal(jax.random.key(83),(40000,))
# Aggregate array values to compute `model_coverage`.
model_coverage=jnp.mean(jnp.abs(replicated)<=1.96*.25)
assert .94<model_coverage<.96
print("model self-coverage:",float(model_coverage))
Approximately 95%95\% lie inside their model interval.
Self-coverage checks interval arithmetic under the model. It is distinct from coverage under the curved alternative.
Your exercise
Replace the target correlation by zero and rederive the optimal diagonal variances and minimum KL. Verify that the diagonal family can now represent the target exactly.
Attempt this before consulting the separate solutions appendix.
A correct diagonal is not a correct covariance
Transfer / diagnosis
Compare the variance of the sum of two target coordinates with that under the optimized diagonal approximation.
Hint
Retain the off-diagonal covariance terms in the target calculation.
Repair the changed mean without hiding noise
Transfer / diagnosis
Replace the zero mean by the known curved mean in the stress fixture. Draw fresh noisy targets and compare residual spread to the stated noise scale.
Hint
The fixture supplies the true curvature; real data would require fitting and held-out evaluation.
Checkpoint
The variational mean is correct and the optimization gradient is tiny. Why can posterior intervals still be too narrow?
	The diagonal family cannot represent the correlated target, even at its optimum
	Any Gaussian model necessarily produces wrong uncertainty
	The number of optimizer iterations defines posterior variance

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If the objective has stopped improving, compare to the independent analytic optimum before adding iterations. If parameter uncertainty looks plausible but residuals show a U-shaped trend, investigate the mean model. If only one group is poorly covered, keep group-specific checks instead of relying on aggregate coverage.
Carry forward
	An optimized approximation can still miss posterior covariance.
	Model self-coverage is weaker than evaluation under changed observations.
	Keep inference diagnostics and posterior predictive checks as separate evidence.

Your evidence
Analytic and optimized KL, variance comparison, Monte Carlo estimate and explained residual stress fixture. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	Stan variational inference
	Stan posterior predictive checks
	NumPyro SVI interface

Phase 12: Reinforcement learning
Is the policy improving under a fixed evaluation protocol?
Environment semantics and data collection define the learning problem. Verify transitions, masks and behavior-policy probabilities before trusting a noisy return curve.
Prepare and work through the phase
	Test environment and rollout semantics
Check transitions independently, preserve terminal rewards and label time/environment axes. Store the behavior policy that collected each action.

	Compare updates and evaluations fairly
Audit the clipped objective for both advantage signs. Freeze the evaluation protocol, compare a simple baseline and distinguish training seeds from repeated episodes.


Readiness check
An episode stops because its time budget expires. Must its bootstrap value be zero?
Answer: Not necessarily. Distinguish truncation from genuine terminal states and state whether the task is finite-horizon or continuing. A timeout alone does not imply that future value is zero.
Transfer question
You evaluate one trained agent over many episodes and report a tiny uncertainty interval. Does this measure sensitivity to training randomness?
Approach: No. Those episodes characterize that agent under the evaluation distribution. Train independent agents to assess training variation, retain agent-level means and state the experimental unit.
Common pitfall
PPO ratios always equal one after every update. Check that old log probabilities were stored at collection rather than recomputed from the current policy.
Phase artifact
Use policy-evaluation. Keep independent transition checks, behavior-policy identity, changed-horizon cases and paired evaluations across declared independent training seeds.
Continuous actions, value-function estimation and larger benchmark environments need new implementation and evaluation labs; this tabular task is deliberately bounded.
Phase project: An evaluated policy in a functional environment. Compare a trained policy to a baseline across several seeds and report variability.
	policy-evaluation · online workspace · project guide

Write a functional environment
Implement reset and step as pure functions with explicit state. Distinguish termination, time-limit truncation and an absorbing finished state.
What you will be able to do
	Implement reset and step as pure functions with explicit state.
	Distinguish termination, time-limit truncation and an absorbing finished state.
	Check transitions independently before using rewards to train a policy.

The problem
A learner agent reaches a goal, but its reported reward keeps increasing afterward. Is the policy improving, or is the environment paying it repeatedly? Before training anything, we will build a small environment whose entire transition table can be checked. You will leave with explicit rules for starting, moving, ending and resetting an episode.
The idea
A functional environment receives state and action and returns the next state, reward and termination information. Define exactly which transition earns reward and what later terminal padding means. This keeps rollouts and return calculations consistent.
Reward belongs to a transition
Suppose entering the goal earns one reward. The transition into the goal counts once. Later padded steps in the terminal state should not repeatedly earn the same reward unless that is explicitly the task's intended reward rule.
Draw separate arrows for an ordinary move, a goal-reaching move and terminal padding. A timeout is another condition whose treatment must be specified; it is not automatically the same learning signal as reaching a terminal goal.
The reward trace shows one event followed by absorbing padding. Read the event's time index against the transition convention. Then test actions after termination to ensure padding does not introduce extra rewards or unintended state changes.
Pause and reason
Why can checking only the final state miss a reward bug?
Compare your reasoningA rollout can end in the correct goal while counting its reward repeatedly during padding. Check transition rewards and accumulated return as well as final state.
State contains what the next transition needs
Our state holds position, elapsed steps and a done flag. Observation is position: enough for the stationary policy used here, but not the full finite-horizon decision state. A policy that needs to reason about time remaining should also observe elapsed time. Carrying elapsed time in environment state prevents a time limit from depending on a hidden Python counter. NamedTuple fields are JAX pytree leaves, so the same function can run directly, under jit, or under vmap.
Walk through the reward before naming the return
Start at position 11, then move right twice. The first action reaches position 22 and earns −0.01-0.01. The second reaches the goal and earns 11. Total reward is 0.990.99. Starting at position 00 instead needs one extra move and earns 0.980.98. Return means the sum of rewards in this lesson; we do not discount future rewards. Averaging over our two equally likely starts gives the always-right policy return 0.9850.985.
G=∑t=0H−1rt,H=8G=\sum_{t=0}^{H-1}r_t,\qquad H=8Ending is an event; finished is a state
Terminated marks the transition that reaches the goal. Truncated marks an active transition that reaches the time limit without reaching the goal. A simultaneous goal and time limit counts as termination here. The done flag remains true afterward, but subsequent padded transitions emit neither event and pay zero. This lets us collect a fixed-size array without inventing extra episodes. We never auto-reset inside step: the returned position is the final observation, not a replacement start.
A timeout does not always mean a zero future value
Here the task itself asks for the return during a fixed budget of actions, so truncation ends our finite-horizon objective and its future value is zero. In a continuing task interrupted only by a collection limit, the final observation can still have future value. A bootstrapped target would then mask true termination, not every timeout. For reward −0.01-0.01, discount 0.90.9 and estimated next value 22, that continuing target is 1.791.79; replacing it with −0.01-0.01 changes the learning problem.
y=r+γ(1−1terminated)V(snext)y=r+\gamma(1-\mathbb{1}_{\mathrm{terminated}})V(s_{\mathrm{next}})Make the contract small enough to test
The compiled transition assumes a binary integer action, positive horizon, and states produced by reset or step. We test those rules outside the hot loop rather than performing Python assertions on traced values. Randomness enters reset through a supplied key. Reusing that key deliberately reproduces a start; independent starts require split keys. The transition itself is deterministic. This is a teaching task, not evidence of skill on a realistic control benchmark.
One goal reward, then absorbing padding
Predict: Will the reward stay at one after the goal?
[image: One goal reward, then absorbing padding. The horizontal axis counts transitions, starting with the first action. The vertical axis is reward for that individual transition, not accumulated return. Moving right twice from position \(1\) produces \(-0.01\) followed by \(1\). The final two points sit at zero because the episode has already ended.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis counts transitions, starting with the first action. The vertical axis is reward for that individual transition, not accumulated return. Moving right twice from position 11 produces −0.01-0.01 followed by 11. The final two points sit at zero because the episode has already ended.
Connect it to the computation
The positions printed by the program are (1,2,3,3,3)(1,2,3,3,3). The sharp reward peak occurs only when entering the goal. Summing the four plotted rewards gives 0.990.99, exactly the two-action return. A flat tail at 11 would expose repeated terminal rewards; this zero tail demonstrates the absorbing-state contract, not learning.
Define state and the transition
Create main.py with this block. Run python3 main.py in the course CPU environment.
# Step 1: Define state and the transition
"""Finite-horizon tabular policy training. CPU teaching environment, not a benchmark."""
from functools import partial
from typing import NamedTuple
import jax
import jax.numpy as jnp
import numpy as np


# Define `State` module / container with explicit state and forward pass:
class State(NamedTuple):
    # Execute `position: jax.Array`
    position: jax.Array
    # Execute `elapsed: jax.Array`
    elapsed: jax.Array
    # Execute `done: jax.Array`
    done: jax.Array


def reset(key):
    """Start uniformly at position 0 or 1; goal is position 3."""
    return State(jax.random.randint(key, (), 0, 2), jnp.int32(0), jnp.bool_(False))


def step(state, action, horizon=8):
    """Action 0: left, 1: right. Caller supplies binary action and positive horizon.

    Returns next state, reward, termination event, truncation event. Finished
    states absorb without more rewards/events. No implicit reset or lost final observation.
    """
    active = ~state.done
    # Combine or mask array elements to form `proposed`.
    proposed = jnp.clip(state.position + 2 * action - 1, 0, 3)
    # Combine or mask array elements to form `position`.
    position = jnp.where(active, proposed, state.position)
    elapsed = state.elapsed + active.astype(jnp.int32)
    terminated = active & (position == 3)
    truncated = active & ~terminated & (elapsed >= horizon)
    # Combine or mask array elements to form `reward`.
    reward = jnp.where(active, jnp.where(terminated, 1., -.01), 0.)
    return State(position, elapsed, state.done | terminated | truncated), reward, terminated, truncated
The function returns all information needed by the next call. No hidden counter or reset changes the episode.
Check a complete episode
Append this block to main.py. Run python3 main.py in the course CPU environment.
# Step 2 — Check a complete episode: The known two-action path produces one terminal reward and then...
s = State(jnp.int32(1), jnp.int32(0), jnp.bool_(False))
positions, rewards = [int(s.position)], []
for action in [1, 1, 0, 0]:
    s, reward, terminated, truncated = step(s, jnp.int32(action))
    positions.append(int(s.position))
    rewards.append(float(reward))
assert positions == [1, 2, 3, 3, 3]
assert jnp.allclose(jnp.array(rewards), jnp.array([-.01, 1., 0., 0.]))
assert int(s.elapsed) == 2
print('positions:', positions, 'rewards:', rewards)
The known two-action path produces one terminal reward and then zero padding.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
assert jnp.allclose(jnp.array(rewards), jnp.array([-.01, 1., 0., 0.]))
assert int(s.elapsed) == 2
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
Positions are (1,2,3,3,3)(1,2,3,3,3). Rewards are (−0.01,1,0,0)(-0.01,1,0,0); elapsed time stops at 22.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
A goal at the deadline
Predict before running: Which event wins if the final permitted action reaches the goal?
# Experiment — A goal at the deadline: The goal transition defines a completed task, so the two flags...
s = State(jnp.int32(2), jnp.int32(1), jnp.bool_(False))
s, r, term, trunc = step(s, jnp.int32(1), horizon=2)
assert bool(term) and not bool(trunc) and float(r) == 1.
print('deadline goal:', bool(term), bool(trunc))
Termination is true; truncation is false.
The goal transition defines a completed task, so the two flags remain mutually exclusive.
The same key is the same start
Predict before running: Will resetting twice with one key produce two independent trials?
# Experiment — The same key is the same start: This verifies the randomness contract, not a guarantee that...
# Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
key = jax.random.key(7)
a, b = reset(key), reset(key)
assert int(a.position) == int(b.position)
# Create or split explicit PRNG key(s) (`starts`) for reproducible randomness.
starts = jax.vmap(reset)(jax.random.split(key, 1000)).position
assert 0.4 < float(starts.mean()) < 0.6
print('fraction starting at one:', float(starts.mean()))
Replay is exact; a split-key batch contains both starts.
This verifies the randomness contract, not a guarantee that every tiny batch is balanced.
Your exercise
Begin at position 00, choose left for three actions with horizon 33, and then attempt one more action. Verify the event flags, total reward and absorbing state.
Attempt this before consulting the separate solutions appendix.
Separate the two target meanings
Transfer / diagnosis
Compute the continuing-task bootstrap target for a timeout and a true terminal transition when r=−0.01r=-0.01, γ=0.9\gamma=0.9 and V=2V=2. Compare with our finite-horizon objective.
Hint
Use the termination flag for the continuing task. The finite-horizon task assigns zero value after its own deadline.
Enumerate all one-step moves
Transfer / diagnosis
Check both actions at every unfinished position with a Python reference, then compare the jitted function.
Hint
Use ordinary min and max for the independent reference.
Checkpoint
What should step emit when called on a finished state?
	Another goal reward because the agent is still at the goal
	A new random start and its first reward
	The unchanged state, zero reward and no new ending event

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If return exceeds the always-right value, inspect rewards after the first ending event. If a trajectory jumps from the goal to a start, look for auto-reset before storing the final observation. If all starts match, inspect whether keys were split before batching.
Carry forward
	Environment state, observation and policy parameters are different objects.
	Explicit ending contracts make fixed-shape rollouts safe to interpret.

Your evidence
Keep independent transition enumeration, reward/terminal checks and the absorbing-state diagnosis. Explain the state and observation contract.
Primary references
	JAX: explicit pseudorandom keys
	JAX scan: fixed-shape carry
	Schulman et al.: Proximal Policy Optimization Algorithms
	Gymnasium: termination and truncation

Batch environments and scan rollouts
Build a scan over vmapped transitions with explicit key ownership. Reconstruct episode returns and reward-to-go from padded trajectories.
What you will be able to do
	Build a scan over vmapped transitions with explicit key ownership.
	Reconstruct episode returns and reward-to-go from padded trajectories.
	Verify the live-transition mask and distinguish batch dimensions from time dimensions.

The problem
One episode is easy to inspect, but an agent needs many experiences. How do we collect a batch without mixing time, environments or random streams? We will turn the previous transition into a fixed-shape rollout and prove that its padded rows cannot become training evidence.
The idea
Batched rollouts put independent environments on one axis and time on another. Some environments finish earlier, so masks describe which transitions remain meaningful while arrays keep fixed shapes.
Keep the array shape fixed while activity changes
Draw one environment per row and time across columns. Mark the transition that terminates an episode, then mark later padding separately. The terminal transition can still earn reward; masking it out too early loses part of the episode.
Carry the next state and activity information explicitly. If the implementation resets finished environments, distinguish that contract from absorbing padding instead of mixing them in one explanation.
The active-count curve decreases while the tensor shape stays fixed. It measures active environments, not shrinking allocation. Verify one environment independently, then permute the batch to check that unrelated trajectories stay independent.
A terminal transition still counts
Predict: Should every cell after the first done flag be treated identically to the transition that caused done?
[image: Each row is one environment. A terminating transition can still earn reward; later cells are padding under this absorbing-state contract. Tensor length stays fixed while activity changes. This is a conceptual rollout example, not an auto-reset implementation.]Architecture and dataflow mechanism diagram.Each row is one environment. A terminating transition can still earn reward; later cells are padding under this absorbing-state contract. Tensor length stays fixed while activity changes. This is a conceptual rollout example, not an auto-reset implementation.
Pause and reason
Should every cell after the first done flag be treated identically to the transition that caused done?
Compare your reasoningNo. The terminating transition can contain valid reward and learning information. Later padding follows the declared terminal policy and should not invent extra transitions.
Give each axis one meaning
For T=8T=8 and B=64B=64, the reward array has shape (8,64)(8,64). Summing axis zero gives one return per episode. Summing axis one gives total reward at each time index across the batch, a different statistic. vmap maps reset and step over environments; scan threads the complete batch of states through time. The carry has the same structure, shapes and dtypes at every iteration.
Split randomness where ownership changes
First split a reset key from an action key. Split reset keys across the BB environments. Split action keys across the TT time steps, then across environments. A scalar reset key broadcast to all environments would create correlated starts. An action key reused at every step would replay draws. Deterministic transitions do not need an extra key, so their signature stays simple.
Store the behavior policy before changing it
Each position has a policy logit θs\theta_s. Applying the sigmoid gives the probability of moving right; the left probability is its complement. A sampled action is discrete, so we will not differentiate through action sampling. Instead, we store its log probability under the behavior policy. Stable log-sigmoid avoids taking a logarithm of a probability rounded to zero.
πθ(1∣s)=σ(θs),log⁡πθ(a∣s)=alog⁡σ(θs)+(1−a)log⁡σ(−θs)\pi_\theta(1\mid s)=\sigma(\theta_s),\qquad \log\pi_\theta(a\mid s)=a\log\sigma(\theta_s)+(1-a)\log\sigma(-\theta_s)A final transition is still a learning example
The active mask is computed from the state before step. Therefore the action that reaches the goal is active and retains its reward. Only subsequent rows are padding. Masking with the next state would delete the successful action itself. We store the final observation in the returned state and do not replace it with a fresh start. This collector handles one finite episode per environment, not an endless auto-reset stream.
Credit each action with rewards that follow it
Reward-to-go sums rewards from the current time onward. For rewards (−0.01,−0.01,1,0)(-0.01,-0.01,1,0), targets are (0.98,0.99,1,0)(0.98,0.99,1,0). The first action can influence all later rewards; the last successful action is credited with the goal reward only. We reverse the time axis, take a cumulative sum, and reverse it back. There is no value bootstrap here because these are complete finite-horizon episodes.
Gt,b=∑u=tT−1ru,bG_{t,b}=\sum_{u=t}^{T-1}r_{u,b}The live batch shrinks while the array shape stays fixed
Predict: Should every row contain the same number of active environments?
[image: The live batch shrinks while the array shape stays fixed. The horizontal axis is the transition index; the vertical axis counts environments active before that transition. The first value is \(64\). The count never rises because we do not reset inside a rollout. Decreases show episodes reaching the goal; episodes still active on the final row will either finish or time out on that row. In the recorded seed, the first two counts are both \(64\): even the nearer starting position needs two actions to reach the goal. The third count is \(58\), and the last is \(29\). The unchanged first pair is therefore expected, not a stalled loop.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is the transition index; the vertical axis counts environments active before that transition. The first value is 6464. The count never rises because we do not reset inside a rollout. Decreases show episodes reaching the goal; episodes still active on the final row will either finish or time out on that row. In the recorded seed, the first two counts are both 6464: even the nearer starting position needs two actions to reach the goal. The third count is 5858, and the last is 2929. The unchanged first pair is therefore expected, not a stalled loop.
Connect it to the computation
This curve is not reward or policy quality: a fast-ending policy could succeed, fail or exploit a termination bug in a different task. Here the transition tests establish that early endings are goals. The fixed (8,64)(8,64) reward array retains later rows, but their active flags are false. Changing the seed can move individual counts while preserving these invariants.
Reuse the verified environment
Create main.py with this block. Run python3 main.py in the course CPU environment.
# Step 1: Reuse the verified environment
"""Finite-horizon tabular policy training. CPU teaching environment, not a benchmark."""
from functools import partial
from typing import NamedTuple
import jax
import jax.numpy as jnp
import numpy as np


# Define `State` module / container with explicit state and forward pass:
class State(NamedTuple):
    # Execute `position: jax.Array`
    position: jax.Array
    # Execute `elapsed: jax.Array`
    elapsed: jax.Array
    # Execute `done: jax.Array`
    done: jax.Array


def reset(key):
    """Start uniformly at position 0 or 1; goal is position 3."""
    return State(jax.random.randint(key, (), 0, 2), jnp.int32(0), jnp.bool_(False))


def step(state, action, horizon=8):
    """Action 0: left, 1: right. Caller supplies binary action and positive horizon.

    Returns next state, reward, termination event, truncation event. Finished
    states absorb without more rewards/events. No implicit reset or lost final observation.
    """
    active = ~state.done
    # Combine or mask array elements to form `proposed`.
    proposed = jnp.clip(state.position + 2 * action - 1, 0, 3)
    # Combine or mask array elements to form `position`.
    position = jnp.where(active, proposed, state.position)
    elapsed = state.elapsed + active.astype(jnp.int32)
    terminated = active & (position == 3)
    truncated = active & ~terminated & (elapsed >= horizon)
    # Combine or mask array elements to form `reward`.
    reward = jnp.where(active, jnp.where(terminated, 1., -.01), 0.)
    return State(position, elapsed, state.done | terminated | truncated), reward, terminated, truncated
Keep the state and ending contract identical to the previous lesson.
Collect a batch and compute targets
Append this block to main.py. Run python3 main.py in the course CPU environment.
# Step 2 — Collect a batch and compute targets: scan emits time-major arrays; vmap keeps environments independent...
def log_probability(theta, observations, actions):
    logits = theta[jnp.minimum(observations, 2)]
    return jnp.where(actions == 1, jax.nn.log_sigmoid(logits), jax.nn.log_sigmoid(-logits))


# Define and JIT-compile `rollout(theta, key, batch_size, horizon)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('batch_size', 'horizon'))
def rollout(theta, key, batch_size=256, horizon=8):
    # Create or split explicit PRNG key(s) (`(reset_key, action_key)`) for reproducible randomness.
    reset_key, action_key = jax.random.split(key)
    # Create or split explicit PRNG key(s) (`states`) for reproducible randomness.
    states = jax.vmap(reset)(jax.random.split(reset_key, batch_size))
    # Create or split explicit PRNG key(s) (`time_keys`) for reproducible randomness.
    time_keys = jax.random.split(action_key, horizon)
    def body(states, time_key):
        observations = states.position
        # Split the PRNG key deterministically into independent subkeys (`keys`).
        keys = jax.random.split(time_key, batch_size)
        probabilities = jax.nn.sigmoid(theta[jnp.minimum(observations, 2)])
        # Draw pseudorandom samples for `actions` using the explicit RNG state.
        actions = jax.vmap(jax.random.bernoulli)(keys, probabilities).astype(jnp.int32)
        # Vectorize across the batch dimension without a Python loop (`(next_states, rewards, terminated, truncated)`).
        next_states, rewards, terminated, truncated = jax.vmap(
            lambda s, a: step(s, a, horizon))(states, actions)
        record = dict(observation=observations, action=actions, reward=rewards,
                      active=~states.done, terminated=terminated, truncated=truncated,
                      old_logp=log_probability(theta, observations, actions))
        return next_states, record
    # Run a compiled sequential scan over the time/step axis (`(final, records)`).
    final, records = jax.lax.scan(body, states, time_keys)
    return final, records


def returns_to_go(rewards):
    """Undiscounted finite-episode objective; rewards after done are already zero."""
    return jnp.cumsum(rewards[::-1], axis=0)[::-1]
scan emits time-major arrays; vmap keeps environments independent within each time step.
Check shapes and episode boundaries
Append this block to main.py. Run python3 main.py in the course CPU environment.
# Step 3 — Check shapes and episode boundaries: Exactly one ending event and zero padded rewards are stronger...
theta = jnp.zeros(3)
# Create or split explicit PRNG key(s) (`(final, records)`) for reproducible randomness.
final, records = rollout(theta, jax.random.key(5), batch_size=64, horizon=8)
# Check tensor shape invariant: `records['reward'].shape == (8`
assert records['reward'].shape == (8, 64)
assert bool(final.done.all())
assert bool(jnp.all(jnp.sum(records['terminated'] | records['truncated'], axis=0) == 1))
assert bool(jnp.all(jnp.where(records['active'], 0., records['reward']) == 0.))
# Reduce along axis=0 to compute `episode_returns`.
episode_returns = records['reward'].sum(axis=0)
print('return mean:', float(episode_returns.mean()))
print('active environments by transition:', records['active'].sum(axis=1))
Exactly one ending event and zero padded rewards are stronger checks than a plausible mean return.
Run the example
The assembled script is in the separate solutions and code appendix.
The trajectory has the stated time and environment axes, exactly one ending event per episode, and zero reward on every padded row.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Replay the entire collector
Predict before running: Does replay require restoring only the environment state?
# Experiment — Replay the entire collector: The random stream is part of the experiment state.
# Create or split explicit PRNG key(s) (`again`) for reproducible randomness.
again = rollout(theta, jax.random.key(5), 64, 8)[1]
for name in records:
    assert jnp.array_equal(records[name], again[name])
# Create or split explicit PRNG key(s) (`changed`) for reproducible randomness.
changed = rollout(theta, jax.random.key(6), 64, 8)[1]
assert not jnp.array_equal(records['action'], changed['action'])
Every field replays for the same configuration and key; another key changes actions.
The random stream is part of the experiment state. Replay in this environment is not a promise of identical outputs across arbitrary library versions or devices.
Reward-to-go by hand
Predict before running: Predict the four targets for rewards (−0.01,−0.01,1,0)(-0.01,-0.01,1,0).
# Experiment — Reward-to-go by hand: Zero padded rewards preserve the finite-episode sum, while the...
r = jnp.array([[-.01],[-.01],[1.],[0.]])
g = returns_to_go(r)
assert jnp.allclose(g[:,0], jnp.array([.98,.99,1.,0.]))
print('reward-to-go:', g[:,0])
The targets are (0.98,0.99,1,0)(0.98,0.99,1,0).
Zero padded rewards preserve the finite-episode sum, while the active mask removes meaningless log probabilities.
Your exercise
Change the batch to 77 environments and the horizon to 55. Verify array shapes, one ending event per episode and zero rewards after finishing.
Attempt this before consulting the separate solutions appendix.
Catch a shifted mask
Transfer / diagnosis
Construct a two-action success from position 11. Compare masking by the pre-transition done flag with masking by the post-transition done flag.
Hint
Record the mask before calling step; the successful transition still belongs to the episode.
Check a deterministic policy limit
Transfer / diagnosis
Use very large positive logits and verify that every episode follows a shortest route.
Hint
The two start states need different numbers of actions. Compare each return against its own initial position.
Checkpoint
Which axis should be summed to obtain one return per environment from a time-major reward array?
	The time axis
	The environment axis
	Both axes before averaging by live transitions

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If reported return changes merely by padding an already finished trajectory, inspect reward masking. If success disappears from the objective, check whether active was recorded before step. If trajectories match too often, inspect broadcast or reused keys before increasing the batch.
Carry forward
	vmap handles independent environments; scan handles the dependent time sequence.
	Store behavior log probabilities and live-transition masks with rewards.

Your evidence
Keep reconstructed trajectories, randomized keys, padding masks and independent return calculations. Show how a changed key affects interaction without changing the environment rules.
Primary references
	JAX: explicit pseudorandom keys
	JAX scan: fixed-shape carry
	Schulman et al.: Proximal Policy Optimization Algorithms
	Gymnasium: termination and truncation

Policy gradients and PPO
Derive and implement the score-function policy gradient for complete episodes. Train with fresh stochastic rollouts and a fixed behavior policy per PPO batch.
What you will be able to do
	Derive and implement the score-function policy gradient for complete episodes.
	Train with fresh stochastic rollouts and a fixed behavior policy per PPO batch.
	Explain both signs of the clipping objective and verify improvement against exact expected return.

The problem
The collector produces experiences, but which parameter change makes useful actions more likely? We will train an actual stochastic policy from freshly sampled episodes, first with REINFORCE and then with repeated clipped policy updates. An exact calculation in this tiny environment will tell us whether the policy improved, independently of its noisy training rewards.
The idea
A policy gradient increases the likelihood of actions with favorable estimated advantage. PPO compares a current policy with the rollout-time policy and clips part of the surrogate objective. The sign of the advantage determines which changes the clipping discourages.
The clipped objective depends on the advantage sign
Let rr be the current-to-old action-probability ratio. With positive advantage, making rr much larger than the upper clipping threshold stops improving the clipped surrogate. With negative advantage, moving below the lower threshold has the corresponding saturation.
This does not impose a hard bound on the new policy probabilities. Shared parameters, multiple updates and other loss terms can still move the policy beyond the threshold. Inspect the ratio distribution and KL behavior rather than claiming clipping guarantees a trust region.
Keep old probabilities and advantage estimates fixed for the intended inner updates. The training-return curve reports the particular sampled runs; use the same evaluator and multiple seeds before concluding one procedure reliably performs better.
Pause and reason
Is a ratio outside the clipping interval proof that PPO was implemented incorrectly?
Compare your reasoningNo. Clipping modifies the objective incentive, not a hard constraint on ratios. Check the actual surrogate calculation, fixed rollout quantities and update behavior.
The derivative does not pass through the sampled action
Let θ\theta denote the three position logits. We maximize expected episode return J(θ)J(\theta). The score-function identity gives the expectation below. Rewards before an action do not depend on that action, so reward-to-go is a valid credit signal. Our baseline is zero; we do not fit a critic or use generalized advantage estimation. We freeze sampled actions and targets with stop_gradient. Trying to differentiate through Bernoulli sampling is a different, inappropriate estimator for this exercise.
∇J(θ)=E ⁣[∑t∇θlog⁡πθ(at∣st)Gt]\nabla J(\theta)=\mathbb{E}\!\left[\sum_t \nabla_\theta\log\pi_\theta(a_t\mid s_t)G_t\right]Normalize by the object you promised to optimize
The objective is return per episode. We sum live action terms and divide by the number of episodes BB, not the number of live transitions. Dividing by live transitions changes the batch-dependent scale as the policy learns to finish sooner. Each REINFORCE update uses a fresh on-policy rollout once. The learning rate is 0.50.5 for this tabular fixture; that value is not a recommendation for neural agents.
Freeze the policy that collected the batch
For PPO, store old log probabilities at collection time and keep them fixed through all 33 optimization epochs. The ratio is computed by subtracting log probabilities before exponentiating. At the first epoch the ratio is 11. It changes as the candidate policy changes; overwriting old probabilities each epoch would erase the reference point and defeat clipping. Our target A^t\hat A_t is reward-to-go with zero baseline, a noisy but valid first-epoch policy-gradient estimator.
ρt(θ)=exp⁡ ⁣(log⁡πθ(at∣st)−log⁡πold(at∣st))\rho_t(\theta)=\exp\!\left(\log\pi_\theta(a_t\mid s_t)-\log\pi_{\mathrm{old}}(a_t\mid s_t)\right)The minimum matters for negative advantages
We maximize the minimum of the ordinary ratio-weighted target and its clipped alternative, with ϵ=0.2\epsilon=0.2. For a positive target 11 and ratio 1.41.4, the clipped objective is 1.21.2: extra probability gets no extra reward. For a negative target −1-1 and ratio 0.60.6, it is −0.8-0.8: reducing probability further gets no extra reward. The opposite directions remain penalized. Clipping a ratio inside every term without the minimum is not the same objective.
Lclip(θ)=1B∑b,tmin⁡ ⁣(ρt,bA^t,b,clip⁡(ρt,b,1−ϵ,1+ϵ)A^t,b)L^{\mathrm{clip}}(\theta)=\frac1B\sum_{b,t}\min\!\left(\rho_{t,b}\hat A_{t,b},\operatorname{clip}(\rho_{t,b},1-\epsilon,1+\epsilon)\hat A_{t,b}\right)Clipping is not a guaranteed trust region
The surrogate has flat regions for particular sampled actions; it does not constrain every probability or guarantee improvement in true return. Several parameters share data in a neural model, unseen states are absent, and multiple gradient steps can move the policy substantially. Our complete learning loop repeatedly collects fresh episodes and optimizes the frozen batch. It is a small clipped policy-gradient agent, not a production PPO stack: no critic, entropy bonus, observation normalization or minibatch scheduler is included.
Calculate expected return without sampling
This environment has only three unfinished positions, so dynamic programming can average left and right outcomes exactly for each remaining step budget. Start from zero remaining reward, back up the transition expectation 88 times, and average the values at initial positions 00 and 11. This evaluator does not use rollout samples. An always-left policy earns −0.08-0.08, the uniform policy earns 0.4668750.466875, and always-right earns 0.9850.985. It is an unusually strong diagnostic available in a tiny fixture, not a scalable evaluator for arbitrary environments.
Two sampled training procedures, one exact evaluator
Predict: Must the exact return rise at every update?
[image: Two sampled training procedures, one exact evaluator. The horizontal axis counts freshly collected rollout batches; zero is the untrained policy. Each later point is the exact expected finite-horizon return of the updated policy. Both lines begin at \(0.466875\). In this seed the REINFORCE line ends near \(0.9522\), while the clipped-update line ends near \(0.9758\). The curves measure return, not the optimization surrogate.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis counts freshly collected rollout batches; zero is the untrained policy. Each later point is the exact expected finite-horizon return of the updated policy. Both lines begin at 0.4668750.466875. In this seed the REINFORCE line ends near 0.95220.9522, while the clipped-update line ends near 0.97580.9758. The curves measure return, not the optimization surrogate.
Connect it to the computation
The clipped method takes three gradient steps per collection, while REINFORCE takes one. This is therefore not a compute-matched algorithm comparison. The always-right ceiling in this environment is 0.9850.985; approaching it shows that the policy has learned this corridor task. Small non-monotonic changes are compatible with stochastic updates, and one seed is distinct from which method is better on other tasks.
Reuse the environment and collector
Create main.py with this block. Run python3 main.py in the course CPU environment.
# Step 1: Reuse the environment and collector
"""Finite-horizon tabular policy training. CPU teaching environment, not a benchmark."""
from functools import partial
from typing import NamedTuple
import jax
import jax.numpy as jnp
import numpy as np


# Define `State` module / container with explicit state and forward pass:
class State(NamedTuple):
    # Execute `position: jax.Array`
    position: jax.Array
    # Execute `elapsed: jax.Array`
    elapsed: jax.Array
    # Execute `done: jax.Array`
    done: jax.Array


def reset(key):
    """Start uniformly at position 0 or 1; goal is position 3."""
    return State(jax.random.randint(key, (), 0, 2), jnp.int32(0), jnp.bool_(False))


def step(state, action, horizon=8):
    """Action 0: left, 1: right. Caller supplies binary action and positive horizon.

    Returns next state, reward, termination event, truncation event. Finished
    states absorb without more rewards/events. No implicit reset or lost final observation.
    """
    active = ~state.done
    # Combine or mask array elements to form `proposed`.
    proposed = jnp.clip(state.position + 2 * action - 1, 0, 3)
    # Combine or mask array elements to form `position`.
    position = jnp.where(active, proposed, state.position)
    elapsed = state.elapsed + active.astype(jnp.int32)
    terminated = active & (position == 3)
    truncated = active & ~terminated & (elapsed >= horizon)
    # Combine or mask array elements to form `reward`.
    reward = jnp.where(active, jnp.where(terminated, 1., -.01), 0.)
    return State(position, elapsed, state.done | terminated | truncated), reward, terminated, truncated

def log_probability(theta, observations, actions):
    logits = theta[jnp.minimum(observations, 2)]
    return jnp.where(actions == 1, jax.nn.log_sigmoid(logits), jax.nn.log_sigmoid(-logits))


# Define and JIT-compile `rollout(theta, key, batch_size, horizon)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('batch_size', 'horizon'))
def rollout(theta, key, batch_size=256, horizon=8):
    # Create or split explicit PRNG key(s) (`(reset_key, action_key)`) for reproducible randomness.
    reset_key, action_key = jax.random.split(key)
    # Create or split explicit PRNG key(s) (`states`) for reproducible randomness.
    states = jax.vmap(reset)(jax.random.split(reset_key, batch_size))
    # Create or split explicit PRNG key(s) (`time_keys`) for reproducible randomness.
    time_keys = jax.random.split(action_key, horizon)
    def body(states, time_key):
        observations = states.position
        # Split the PRNG key deterministically into independent subkeys (`keys`).
        keys = jax.random.split(time_key, batch_size)
        probabilities = jax.nn.sigmoid(theta[jnp.minimum(observations, 2)])
        # Draw pseudorandom samples for `actions` using the explicit RNG state.
        actions = jax.vmap(jax.random.bernoulli)(keys, probabilities).astype(jnp.int32)
        # Vectorize across the batch dimension without a Python loop (`(next_states, rewards, terminated, truncated)`).
        next_states, rewards, terminated, truncated = jax.vmap(
            lambda s, a: step(s, a, horizon))(states, actions)
        record = dict(observation=observations, action=actions, reward=rewards,
                      active=~states.done, terminated=terminated, truncated=truncated,
                      old_logp=log_probability(theta, observations, actions))
        return next_states, record
    # Run a compiled sequential scan over the time/step axis (`(final, records)`).
    final, records = jax.lax.scan(body, states, time_keys)
    return final, records


def returns_to_go(rewards):
    """Undiscounted finite-episode objective; rewards after done are already zero."""
    return jnp.cumsum(rewards[::-1], axis=0)[::-1]
These functions generate genuine trajectories. The policy update will not differentiate through their sampled actions.
Add objectives and the repeated training loop
Append this block to main.py. Run python3 main.py in the course CPU environment.
# Step 2 — Add objectives and the repeated training loop: Keep a frozen rollout per update, then collect again using a fresh...
# Define `policy_loss(theta, records, method, clip)` to evaluate the objective and its automatic derivatives:
def policy_loss(theta, records, method='ppo', clip=.2):
    """Normalize by episodes, not live transitions. Freeze behavior data/returns."""
    advantage = jax.lax.stop_gradient(returns_to_go(records['reward']))
    old_logp = jax.lax.stop_gradient(records['old_logp'])
    new_logp = log_probability(theta, records['observation'], records['action'])
    if method == 'reinforce':
        terms = new_logp * advantage
    elif method == 'ppo':
        ratio = jnp.exp(new_logp - old_logp)
        terms = jnp.minimum(ratio * advantage, jnp.clip(ratio, 1-clip, 1+clip) * advantage)
    else:
        raise ValueError('method must be reinforce or ppo')
    return -jnp.sum(jnp.where(records['active'], terms, 0.)) / records['reward'].shape[1]


# Define and JIT-compile `exact_return(theta, horizon)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('horizon',))
def exact_return(theta, horizon=8):
    """Dynamic programming over states, independent of sampled rollouts."""
    p = jax.nn.sigmoid(theta)
    states = jnp.arange(3)
    left = jnp.maximum(states-1, 0)
    right = states+1
    def backup(_, values):
        q_left = -.01 + values[left]
        # Combine or mask array elements to form `q_right`.
        q_right = jnp.where(right == 3, 1., -.01 + values[right])
        return jnp.concatenate(((1-p)*q_left+p*q_right, jnp.zeros(1)))
    # Allocate initialized array `values` with the specified shape and dtype.
    values = jax.lax.fori_loop(0, horizon, backup, jnp.zeros(4))
    return jnp.mean(values[:2])


# Define and JIT-compile `_train(seed, updates, batch_size, horizon...)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('updates', 'batch_size', 'horizon', 'method', 'epochs'))
def _train(seed, updates, batch_size, horizon, method, epochs, learning_rate):
    # Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
    key = jax.random.key(seed)
    theta = jnp.zeros(3)
    # Define `update(carry, _)` to evaluate the objective and its automatic derivatives:
    def update(carry, _):
        theta, key = carry
        # Create or split explicit PRNG key(s) (`(key, sample_key)`) for reproducible randomness.
        key, sample_key = jax.random.split(key)
        _, records = rollout(theta, sample_key, batch_size, horizon)
        # Define `epoch(_, candidate)` to evaluate the objective and its automatic derivatives:
        def epoch(_, candidate):
            # Differentiate the objective to obtain `grad` via automatic differentiation.
            grad = jax.grad(policy_loss)(candidate, records, method)
            return candidate - learning_rate * grad
        theta = jax.lax.fori_loop(0, epochs, epoch, theta)
        return (theta, key), exact_return(theta, horizon)
    # Run a compiled sequential scan over the time/step axis (`((theta, _), history)`).
    (theta, _), history = jax.lax.scan(update, (theta, key), None, length=updates)
    return theta, jnp.concatenate((exact_return(jnp.zeros(3), horizon)[None], history))


def train(seed=0, updates=40, batch_size=256, horizon=8, method='ppo', epochs=3, learning_rate=.5):
    # Guard input contract (`updates < 1 or batch_size < 1 or horizon < 1 or (epochs < 1) or (learning_rate <= 0)`) and fail fast if violated.
    if updates < 1 or batch_size < 1 or horizon < 1 or epochs < 1 or learning_rate <= 0:
        raise ValueError('positive updates, batch_size, horizon, epochs and learning_rate required')
    # Guard input contract (`method not in ('ppo', 'reinforce')`) and fail fast if violated.
    if method not in ('ppo', 'reinforce'):
        raise ValueError('unknown method')
    # Guard input contract (`method == 'reinforce' and epochs != 1`) and fail fast if violated.
    if method == 'reinforce' and epochs != 1:
        raise ValueError('REINFORCE uses one update per fresh on-policy rollout')
    return _train(seed, updates, batch_size, horizon, method, epochs, learning_rate)
Keep a frozen rollout per update, then collect again using a fresh key. The exact evaluator is separate from the training targets.
Train and compare to a derivative reference
Append this block to main.py. Run python3 main.py in the course CPU environment.
# Step 3 — Train and compare to a derivative reference: The seed-specific return is measured after actual interaction and...
theta_pg, history_pg = train(seed=0, method='reinforce', epochs=1)
theta_ppo, history_ppo = train(seed=0, method='ppo', epochs=3)
assert history_pg[-1] > .9 and history_ppo[-1] > .9
assert jnp.allclose(history_pg[0], .466875, atol=1e-6)
print('REINFORCE initial/final exact return:', history_pg[0], history_pg[-1])
print('PPO initial/final exact return:', history_ppo[0], history_ppo[-1])
# Compare a derivative of exact expectation with central differences.
z = jnp.array([-.2, .3, .7])
eps = 1e-3
d = jnp.array([0., 1., 0.])
fd = (exact_return(z+eps*d)-exact_return(z-eps*d))/(2*eps)
assert jnp.allclose(fd, jax.grad(exact_return)(z)[1], atol=1e-4)
The seed-specific return is measured after actual interaction and updates, while the derivative check uses deterministic expectations.
Run the example
The assembled script is in the separate solutions and code appendix.
The reference seed improves exact expected return from 0.4668750.466875 to approximately 0.95220.9522 with REINFORCE and 0.97580.9758 with the clipped updates after 4040 rollout batches.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check clipping on both signs
Predict before running: For which ratios does the clipped objective become flat?
# Experiment — Check clipping on both signs: The minimum prevents an update from gaining unlimited credit for...
ratio = jnp.array([.6,1.,1.4])
positive = jnp.minimum(ratio,jnp.clip(ratio,.8,1.2))
negative = jnp.minimum(-ratio,-jnp.clip(ratio,.8,1.2))
assert jnp.allclose(positive,jnp.array([.6,1.,1.2]))
assert jnp.allclose(negative,jnp.array([-.8,-1.,-1.4]))
print('positive / negative targets:', positive, negative)
Positive and negative targets flatten on opposite sides.
The minimum prevents an update from gaining unlimited credit for pushing a sampled action in an already beneficial direction.
Compare sampled and exact gradients
Predict before running: Will a large batch reproduce the exact gradient perfectly?
# Experiment — Compare sampled and exact gradients: The large batch reduces Monte Carlo noise.
# Create or split explicit PRNG key(s) (`(_, batch)`) for reproducible randomness.
_, batch = rollout(z,jax.random.key(902),32768,8)
# Differentiate the objective to obtain `sampled` via automatic differentiation.
sampled = -jax.grad(policy_loss)(z,batch,'reinforce')
# Differentiate the objective to obtain `exact` via automatic differentiation.
exact = jax.grad(exact_return)(z)
assert jnp.allclose(sampled,exact,atol=.012,rtol=.04)
print('sampled / exact gradient:', sampled, exact)
The gradients agree within the declared sampling tolerance, not bit for bit.
The large batch reduces Monte Carlo noise. The exact evaluator and the sampled score-function estimator compute the same objective by different paths.
Your exercise
Run REINFORCE with a different training seed and retain the initial and final exact return. Verify that the final policy improves on the uniform baseline without requiring every intermediate point to improve.
Attempt this before consulting the separate solutions appendix.
Inspect a frozen behavior reference
Transfer / diagnosis
Collect at zero logits, then increase all logits to 11. Verify that stored old log probabilities do not change and that live-action ratios include values on both sides of 11.
Hint
Compute new probabilities from changed parameters, leaving the rollout dictionary untouched.
Change the time budget
Transfer / diagnosis
For horizon 22, compute the always-right expected return before running code. Only one initial position can reach the goal.
Hint
From position 00, two moves earn −0.02-0.02. From position 11, they earn 0.990.99.
Checkpoint
During multiple PPO epochs on one rollout batch, what must remain fixed?
	Only the current candidate policy
	Only the clipping threshold; old probabilities can be recomputed from the candidate
	The collected actions, return targets and behavior-policy log probabilities

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If loss falls while exact return fails to improve, first inspect the sign of the loss, the active mask and the frozen behavior probabilities. A ratio stuck at one on every epoch suggests the old policy was overwritten. If returns improve only on collection samples, evaluate independently before changing the optimizer.
Carry forward
	A complete policy update alternates new interaction data with optimization.
	Clipping modifies an objective; it does not prove monotonic improvement or constrain every policy probability.

Your evidence
Keep the exact small-state policy-gradient comparison, actual training curves and frozen PPO reference quantities. Diagnose changed clipping signs and distinguish Monte Carlo variation from an incorrect objective.
Primary references
	JAX: explicit pseudorandom keys
	JAX scan: fixed-shape carry
	Schulman et al.: Proximal Policy Optimization Algorithms
	Gymnasium: termination and truncation

Evaluate agents across seeds
Separate training seeds, evaluation streams and individual episodes. Report per-agent means and variability with an explicit aggregation unit.
What you will be able to do
	Separate training seeds, evaluation streams and individual episodes.
	Report per-agent means and variability with an explicit aggregation unit.
	Compare a trained policy to uniform and known deterministic baselines without mutating it.

The problem
A single training run looks excellent. Would another random seed learn the same behavior, and did the evaluation quietly reuse the training data? We will separate randomness used to fit an agent from randomness used to test it, retain per-agent results and compare with policies whose behavior we already understand.
The idea
A policy's result can vary because training produced a different policy and because evaluation sampled different episodes. A useful comparison records both sources instead of pooling every episode as though it came from one independent training run.
Separate training randomness from evaluation randomness
Train several agents with distinct training seeds. Evaluate each on a declared set of held-out conditions. First summarize within-agent episode variability; then compare the results across independently trained agents.
When methods share evaluation conditions, paired comparisons can make differences easier to interpret. Preserve that pairing rather than mixing episode identities. A large number of episodes from one trained agent does not replace multiple training seeds.
The mean-return bars summarize the fixture. Inspect individual seed results before trusting a small average difference. If you add an uncertainty interval, state its unit of resampling and method rather than attaching an unexplained error bar.
Pause and reason
Do a thousand episodes from one trained policy establish training-seed robustness?
Compare your reasoningNo. They improve knowledge of that policy's evaluation behavior. Training variability needs independently trained policies.
Write the protocol before inspecting results
Fix the environment, horizon, training budget and evaluation procedure before seeing the held-out metrics. We use training seeds (0,7,23,41,59)(0,7,23,41,59) and evaluation seeds (1000,1001,1002,1003)(1000,1001,1002,1003). These seed identifiers are part of this protocol, not proof of statistical independence by themselves. The generator receives separate keys for fitting and testing. Do not change the learning rate after inspecting final test results and still call the same results held out.
Name the experimental unit
Within an agent, averaging 20482048 evaluation episodes reduces uncertainty about that particular policy. Across five independently trained agents, differences reveal sensitivity to training randomness. A large episode count does not make the number of trained agents large. We retain all episode returns and stream means, then summarize the five agent means with their sample standard deviation. That standard deviation describes variability; it is not a confidence interval.
Rˉi=1E∑e=1ERi,e,s=1K−1∑i=1K(Rˉi−Rˉ)2\bar R_i=\frac1E\sum_{e=1}^E R_{i,e},\qquad s=\sqrt{\frac1{K-1}\sum_{i=1}^K(\bar R_i-\bar R)^2}Pair the comparison deliberately
Using the same evaluation seed set across agents and baselines keeps the reset draws aligned and may reduce comparison noise. Actions still depend on the policy, so trajectories diverge. Shared evaluation randomness means the agent estimates are not wholly independent measurement errors. Preserve paired differences when comparing methods; do not pool every episode and pretend there were thousands of independent training runs. A broader study would use more training seeds, predeclared metrics and uncertainty estimates suited to its dependence structure.
A baseline can catch a broken evaluator
The uniform policy has exact expected return 0.4668750.466875. Always-left earns −0.08-0.08, because it never reaches the goal and receives eight costs. Always-right earns 0.9850.985, averaged over the two starts. If the sampled evaluator places these in the wrong order, inspect masks, reward sums and horizon before celebrating the learned policy. Test a changed horizon too: it should change the known returns in predictable ways.
Evaluation must leave training state alone
The policy array is passed to the evaluator as a value. We copy it before evaluation and compare afterward. Evaluation creates its own keys and never calls an optimizer. In a neural model this contract also includes running statistics, dropout mode and any other mutable model state. The tabular example cannot certify that a future network implementation handles those correctly.
Keep a report another learner can challenge
Retain source revision, package versions, policy parameters, train/evaluation seeds, horizon, step budget, raw episode returns and per-agent means. Add an exact-versus-sampled comparison, a failure diagnosis, and the limits: one small deterministic-transition environment, a randomized start distribution, stationary tabular policies, CPU execution and no hyperparameter search. High return here demonstrates a correct teaching harness, not general control capability.
Held-out returns for independently trained agents
Predict: Will measured and exact means coincide for every agent?
[image: Held-out returns for independently trained agents. The horizontal categories identify the five training seeds. Each group compares sampled held-out episode return with that policy’s exact expectation. The third bar is the uniform-policy baseline, repeated as a shared reference. Taller bars mean better return in this fixed corridor task; they do not mean higher accuracy or greater statistical confidence. Seed \(41\) has the lowest sampled mean, about \(0.9694\), and exact mean, about \(0.9711\). Seed \(0\) is around \(0.9760\) sampled and \(0.9758\) exact. The visible spread is small compared with the roughly \(0.51\) improvement over the uniform baseline.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories identify the five training seeds. Each group compares sampled held-out episode return with that policy’s exact expectation. The third bar is the uniform-policy baseline, repeated as a shared reference. Taller bars mean better return in this fixed corridor task; they do not mean higher accuracy or greater statistical confidence. Seed 4141 has the lowest sampled mean, about 0.96940.9694, and exact mean, about 0.97110.9711. Seed 00 is around 0.97600.9760 sampled and 0.97580.9758 exact. The visible spread is small compared with the roughly 0.510.51 improvement over the uniform baseline.
Connect it to the computation
The trained policies cluster close to the always-right limit of 0.9850.985, while the uniform baseline remains around 0.470.47. Small gaps between sampled and exact bars are evaluation noise. Differences among exact bars reflect differences in the trained policies. The plot has no confidence intervals: five training runs and shared evaluation streams support a descriptive comparison here, not a broad claim about PPO.
Assemble the verified learning system
Create main.py with this block. Run python3 main.py in the course CPU environment.
# Step 1: Assemble the verified learning system
"""Finite-horizon tabular policy training. CPU teaching environment, not a benchmark."""
from functools import partial
from typing import NamedTuple
import jax
import jax.numpy as jnp
import numpy as np


# Define `State` module / container with explicit state and forward pass:
class State(NamedTuple):
    # Execute `position: jax.Array`
    position: jax.Array
    # Execute `elapsed: jax.Array`
    elapsed: jax.Array
    # Execute `done: jax.Array`
    done: jax.Array


def reset(key):
    """Start uniformly at position 0 or 1; goal is position 3."""
    return State(jax.random.randint(key, (), 0, 2), jnp.int32(0), jnp.bool_(False))


def step(state, action, horizon=8):
    """Action 0: left, 1: right. Caller supplies binary action and positive horizon.

    Returns next state, reward, termination event, truncation event. Finished
    states absorb without more rewards/events. No implicit reset or lost final observation.
    """
    active = ~state.done
    # Combine or mask array elements to form `proposed`.
    proposed = jnp.clip(state.position + 2 * action - 1, 0, 3)
    # Combine or mask array elements to form `position`.
    position = jnp.where(active, proposed, state.position)
    elapsed = state.elapsed + active.astype(jnp.int32)
    terminated = active & (position == 3)
    truncated = active & ~terminated & (elapsed >= horizon)
    # Combine or mask array elements to form `reward`.
    reward = jnp.where(active, jnp.where(terminated, 1., -.01), 0.)
    return State(position, elapsed, state.done | terminated | truncated), reward, terminated, truncated

def log_probability(theta, observations, actions):
    logits = theta[jnp.minimum(observations, 2)]
    return jnp.where(actions == 1, jax.nn.log_sigmoid(logits), jax.nn.log_sigmoid(-logits))


# Define and JIT-compile `rollout(theta, key, batch_size, horizon)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('batch_size', 'horizon'))
def rollout(theta, key, batch_size=256, horizon=8):
    # Create or split explicit PRNG key(s) (`(reset_key, action_key)`) for reproducible randomness.
    reset_key, action_key = jax.random.split(key)
    # Create or split explicit PRNG key(s) (`states`) for reproducible randomness.
    states = jax.vmap(reset)(jax.random.split(reset_key, batch_size))
    # Create or split explicit PRNG key(s) (`time_keys`) for reproducible randomness.
    time_keys = jax.random.split(action_key, horizon)
    def body(states, time_key):
        observations = states.position
        # Split the PRNG key deterministically into independent subkeys (`keys`).
        keys = jax.random.split(time_key, batch_size)
        probabilities = jax.nn.sigmoid(theta[jnp.minimum(observations, 2)])
        # Draw pseudorandom samples for `actions` using the explicit RNG state.
        actions = jax.vmap(jax.random.bernoulli)(keys, probabilities).astype(jnp.int32)
        # Vectorize across the batch dimension without a Python loop (`(next_states, rewards, terminated, truncated)`).
        next_states, rewards, terminated, truncated = jax.vmap(
            lambda s, a: step(s, a, horizon))(states, actions)
        record = dict(observation=observations, action=actions, reward=rewards,
                      active=~states.done, terminated=terminated, truncated=truncated,
                      old_logp=log_probability(theta, observations, actions))
        return next_states, record
    # Run a compiled sequential scan over the time/step axis (`(final, records)`).
    final, records = jax.lax.scan(body, states, time_keys)
    return final, records


def returns_to_go(rewards):
    """Undiscounted finite-episode objective; rewards after done are already zero."""
    return jnp.cumsum(rewards[::-1], axis=0)[::-1]

# Define `policy_loss(theta, records, method, clip)` to evaluate the objective and its automatic derivatives:
def policy_loss(theta, records, method='ppo', clip=.2):
    """Normalize by episodes, not live transitions. Freeze behavior data/returns."""
    advantage = jax.lax.stop_gradient(returns_to_go(records['reward']))
    old_logp = jax.lax.stop_gradient(records['old_logp'])
    new_logp = log_probability(theta, records['observation'], records['action'])
    if method == 'reinforce':
        terms = new_logp * advantage
    elif method == 'ppo':
        ratio = jnp.exp(new_logp - old_logp)
        terms = jnp.minimum(ratio * advantage, jnp.clip(ratio, 1-clip, 1+clip) * advantage)
    else:
        raise ValueError('method must be reinforce or ppo')
    return -jnp.sum(jnp.where(records['active'], terms, 0.)) / records['reward'].shape[1]


# Define and JIT-compile `exact_return(theta, horizon)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('horizon',))
def exact_return(theta, horizon=8):
    """Dynamic programming over states, independent of sampled rollouts."""
    p = jax.nn.sigmoid(theta)
    states = jnp.arange(3)
    left = jnp.maximum(states-1, 0)
    right = states+1
    def backup(_, values):
        q_left = -.01 + values[left]
        # Combine or mask array elements to form `q_right`.
        q_right = jnp.where(right == 3, 1., -.01 + values[right])
        return jnp.concatenate(((1-p)*q_left+p*q_right, jnp.zeros(1)))
    # Allocate initialized array `values` with the specified shape and dtype.
    values = jax.lax.fori_loop(0, horizon, backup, jnp.zeros(4))
    return jnp.mean(values[:2])


# Define and JIT-compile `_train(seed, updates, batch_size, horizon...)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('updates', 'batch_size', 'horizon', 'method', 'epochs'))
def _train(seed, updates, batch_size, horizon, method, epochs, learning_rate):
    # Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
    key = jax.random.key(seed)
    theta = jnp.zeros(3)
    # Define `update(carry, _)` to evaluate the objective and its automatic derivatives:
    def update(carry, _):
        theta, key = carry
        # Create or split explicit PRNG key(s) (`(key, sample_key)`) for reproducible randomness.
        key, sample_key = jax.random.split(key)
        _, records = rollout(theta, sample_key, batch_size, horizon)
        # Define `epoch(_, candidate)` to evaluate the objective and its automatic derivatives:
        def epoch(_, candidate):
            # Differentiate the objective to obtain `grad` via automatic differentiation.
            grad = jax.grad(policy_loss)(candidate, records, method)
            return candidate - learning_rate * grad
        theta = jax.lax.fori_loop(0, epochs, epoch, theta)
        return (theta, key), exact_return(theta, horizon)
    # Run a compiled sequential scan over the time/step axis (`((theta, _), history)`).
    (theta, _), history = jax.lax.scan(update, (theta, key), None, length=updates)
    return theta, jnp.concatenate((exact_return(jnp.zeros(3), horizon)[None], history))


def train(seed=0, updates=40, batch_size=256, horizon=8, method='ppo', epochs=3, learning_rate=.5):
    # Guard input contract (`updates < 1 or batch_size < 1 or horizon < 1 or (epochs < 1) or (learning_rate <= 0)`) and fail fast if violated.
    if updates < 1 or batch_size < 1 or horizon < 1 or epochs < 1 or learning_rate <= 0:
        raise ValueError('positive updates, batch_size, horizon, epochs and learning_rate required')
    # Guard input contract (`method not in ('ppo', 'reinforce')`) and fail fast if violated.
    if method not in ('ppo', 'reinforce'):
        raise ValueError('unknown method')
    # Guard input contract (`method == 'reinforce' and epochs != 1`) and fail fast if violated.
    if method == 'reinforce' and epochs != 1:
        raise ValueError('REINFORCE uses one update per fresh on-policy rollout')
    return _train(seed, updates, batch_size, horizon, method, epochs, learning_rate)
Use the same training protocol for every seed. Changing budgets between agents would confound the comparison.
Add a read-only evaluator
Append this block to main.py. Run python3 main.py in the course CPU environment.
# Step 2 — Add a read-only evaluator: The evaluator retains raw returns, reports its seed set and...
def evaluate(theta, seeds, batch_size=512, horizon=8):
    """One mean per evaluation stream; preserve raw episode returns too."""
    # Create device-backed JAX array `theta`.
    theta = jnp.asarray(theta)
    # Guard input contract (`theta.shape != (3,) or not bool(jnp.all(jnp.isfinite(theta)))`) and fail fast if violated.
    if theta.shape != (3,) or not bool(jnp.all(jnp.isfinite(theta))):
        raise ValueError('theta must contain three finite logits')
    seeds = tuple(seeds)
    # Guard input contract (`len(seeds) < 2 or len(set(seeds)) != len(seeds) or batch_size < 1 or (horizon < 1)`) and fail fast if violated.
    if len(seeds) < 2 or len(set(seeds)) != len(seeds) or batch_size < 1 or horizon < 1:
        raise ValueError('provide at least two distinct evaluation seeds and positive sizes')
    # Create or split explicit PRNG key(s) (`returns`) for reproducible randomness.
    returns = np.stack([np.asarray(rollout(theta, jax.random.key(s), batch_size, horizon)[1]['reward'].sum(0)) for s in seeds])
    return {'seeds': list(seeds), 'episode_returns': returns, 'stream_means': returns.mean(1),
            'mean': float(returns.mean()), 'exact': float(exact_return(theta, horizon))}
The evaluator retains raw returns, reports its seed set and rejects malformed policies or repeated seed identifiers.
Train several agents and retain every result
Append this block to main.py. Run python3 main.py in the course CPU environment.
# Step 3 — Train several agents and retain every result: Each agent receives a separate training key; all use the declared...
training_seeds = [0,7,23,41,59]
evaluation_seeds = [1000,1001,1002,1003]
policies, histories, reports = [], [], []
for seed in training_seeds:
    policy, history = train(seed=seed)
    policies.append(policy)
    histories.append(history)
    reports.append(evaluate(policy,evaluation_seeds))
trained_means = np.array([r['mean'] for r in reports])
exact_means = np.array([r['exact'] for r in reports])
baseline = evaluate(jnp.zeros(3),evaluation_seeds)
assert np.all(trained_means > baseline['mean'] + .4)
assert np.all(np.abs(trained_means-exact_means) < .03)
print('training seeds:', training_seeds)
print('held-out mean per agent:', trained_means)
print('exact mean per agent:', exact_means)
print('uniform baseline mean:', baseline['mean'])
print('across-agent mean / sample sd:', trained_means.mean(),trained_means.std(ddof=1))
Each agent receives a separate training key; all use the declared held-out evaluation streams.
Run the example
The assembled script is in the separate solutions and code appendix.
All five independently trained agents outperform the held-out uniform baseline. The printed per-agent values preserve variability instead of hiding it in one pooled number.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check baselines with known returns
Predict before running: Which policy should have the highest mean, and by how much?
# Experiment — Check baselines with known returns: The baseline check can fail an evaluator even when the learned...
left = evaluate(jnp.full(3,-100.),evaluation_seeds)
right = evaluate(jnp.full(3,100.),evaluation_seeds)
assert abs(left['mean']+.08) < 1e-6
assert abs(right['mean']-.985) < .002
assert left['mean'] < baseline['mean'] < right['mean']
assert abs(baseline['mean']-.466875) < .04
print('left / random / right:', left['mean'], baseline['mean'], right['mean'])
The means follow the known order and agree with the exact values within the declared sampling tolerances.
The baseline check can fail an evaluator even when the learned policy appears successful.
Prove isolation and replay
Predict before running: Should evaluating a policy twice change either its parameters or the report?
# Experiment — Prove isolation and replay: Repeatability is useful for debugging.
before = np.array(policies[0],copy=True)
a = evaluate(policies[0],evaluation_seeds)
b = evaluate(policies[0],evaluation_seeds)
# Execute `np.testing.assert_array_equal(before,policies[0])`
np.testing.assert_array_equal(before,policies[0])
# Execute `np.testing.assert_array_equal(a['episode_returns'],b['episod`
np.testing.assert_array_equal(a['episode_returns'],b['episode_returns'])
c = evaluate(policies[0],[2000,2001,2002,2003])
assert not np.array_equal(a['episode_returns'],c['episode_returns'])
The same stream reproduces the report; new streams change sampled episodes while preserving the policy.
Repeatability is useful for debugging. It does not convert a reused test stream into fresh evidence.
Your exercise
Compute the paired held-out improvement over the uniform baseline for each trained agent. Report all 55 differences and their mean, keeping the training run as the unit.
Attempt this before consulting the separate solutions appendix.
Expose an unequal-batch averaging bug
Transfer / diagnosis
One evaluation shard contains one episode with return 11; another contains nine episodes with return 00. Compare the unweighted mean of shard means with the true episode mean.
Hint
Weight each shard mean by its episode count.
Distinguish spread from standard error
Transfer / diagnosis
For agent means (0.8,0.9,1.0)(0.8,0.9,1.0), compute sample standard deviation and the naive standard error assuming independent agent measurements. Explain why neither automatically describes our shared-stream protocol.
Hint
Use sample standard deviation with ddof=1; a standard error divides by the square root of the number of independent units.
Checkpoint
What does evaluating one policy on many episodes fail to measure?
	Its mean return on those sampled episodes
	Sensitivity to training randomness across independently fitted policies
	Variation in returns between the sampled episodes

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a result changes after evaluation, compare model state and random-key ownership before inspecting the optimizer. If a reported uncertainty is implausibly tiny, check whether episodes were incorrectly counted as independent training runs. If a baseline is unexpectedly strong, recompute its known return under the exact horizon and reward contract.
Carry forward
	Separate randomness for fitting from randomness for evaluation.
	Report per-agent results, known baselines and explicit limits before making general claims.

Your evidence
Keep multiple trained seeds, fixed held-out streams, exact versus sampled returns and failed trajectories. Explain uncertainty and demonstrate evaluation leaves the policy unchanged.
Primary references
	JAX: explicit pseudorandom keys
	JAX scan: fixed-shape carry
	Schulman et al.: Proximal Policy Optimization Algorithms
	Gymnasium: termination and truncation

Phase 13: Pallas kernels
Does a custom kernel earn its complexity?
A lower-level implementation first owes you the same numerical contract. Use hostile shapes, independent references and explicit target limits before attempting a speed claim.
Prepare and work through the phase
	Prove indexing and arithmetic
Map each grid coordinate to input/output slices, test rectangular and boundary shapes and reject unsupported layouts or dtypes before launch.

	Measure only a supported target
Check pipeline semantics and buffer assumptions, compare with a strong compiled baseline and make an end-to-end decision from the operation’s measured share.


Readiness check
A matrix dimension is not divisible by the tile size. What must the last tile do?
Answer: Mask or pad out-of-range loads and stores under a declared policy. Valid elements still need exactly one correct output; fewer launched programs do not excuse missing boundary elements.
Transfer question
Interpret mode passes all numerical tests. Can you use its timings to choose the fastest TPU tile?
Approach: No. Interpretation supports bounded semantic checks. Compile and measure supported candidates on the named TPU with equivalent work and synchronization, including numerical verification there.
Common pitfall
A kernel passes square inputs but corrupts rectangular ones. Inspect operand-specific index maps and boundary masks; square dimensions can hide an axis swap.
Phase artifact
Use kernel-audit. Retain independent numerical checks, rejected unsupported contracts and a target measurement plan. Keep hardware timings unmeasured until actually executed.
Actual TPU/GPU compilation, race diagnosis and target tuning remain unqualified; CPU interpretation cannot close these gaps.
Phase project: A checked Pallas kernel with an explicit target qualification plan. Compare against a reference across shapes and justify each optimization with evidence.
	kernel-audit · online workspace · project guide

Pallas grids and BlockSpecs
Implement an actual Pallas Ref-writing kernel with grid and BlockSpecs. Derive block coordinates and distinguish them from element offsets.
What you will be able to do
	Implement an actual Pallas Ref-writing kernel with grid and BlockSpecs.
	Derive block coordinates and distinguish them from element offsets.
	Handle nondivisible matrix tails explicitly and verify full output coverage.
	Separate CPU interpretation from accelerator execution evidence.

The problem
A kernel can produce the right answer on a divisible matrix and silently miss the last row on a real workload. How do grid coordinates, block ownership and array boundaries fit together? We will implement an actual Pallas operation and make its tail handling visible.
The idea
A Pallas grid assigns work to programs, and BlockSpec maps those programs to array regions. Boundary tiles make the distinction between logical data and padded storage important. Verify ownership before optimizing arithmetic.
Map every logical element to an owning program
The lesson's five-by-eleven matrix is covered by nine program IDs. Those IDs are categories, not measured magnitudes. Tile outlines and a discrete legend show which program owns each region without implying that a higher ID performs more work.
At an edge, the physical tile extends beyond the logical matrix. This implementation pads the inputs before the kernel, making each block access valid, then crops the result back to the logical shape. A padded slot is storage for the computation, not an extra observation or logical output.
Enumerate coordinates independently and verify coverage of every valid element. Then test dimensions that are not multiples of the tile size; perfectly divisible fixtures can conceal boundary mistakes.
Program coordinates and partial boundary tiles
Predict: Why test an awkward shape in addition to a tile-aligned shape?
[image: Two-by-four tiles cover a five-by-eleven logical matrix. Each cell lists a program ID and valid row/column range. Bottom and right tiles are partial; accesses outside the logical range need boundary treatment. Program IDs are categories, matching the corrected discrete ownership heatmap. Here explicit padding makes whole-block accesses valid; cropping removes artificial output positions.]Architecture and dataflow mechanism diagram.Two-by-four tiles cover a five-by-eleven logical matrix. Each cell lists a program ID and valid row/column range. Bottom and right tiles are partial; accesses outside the logical range need boundary treatment. Program IDs are categories, matching the corrected discrete ownership heatmap. Here explicit padding makes whole-block accesses valid; cropping removes artificial output positions.
Pause and reason
Why test an awkward shape in addition to a tile-aligned shape?
Compare your reasoningIt exercises partial boundary tiles and guards. A tile-aligned case never asks the implementation to distinguish padded positions from valid data.
Write the simplest useful contract
Two nonempty matrices have the same shape and dtype; the result has that shape and dtype. The kernel computes in float32 and casts once at its output, supporting float32 and bfloat16 inputs. This explicit precision policy becomes important later. A function returning an array is not the kernel body contract: the body reads input Refs and writes every element of its output Ref.
A grid coordinate is not an element coordinate
For a (5,11)(5,11) matrix and (2,4)(2,4) blocks, the grid is (3,3)(3,3). Invocation (i,j)(i,j) owns rows starting at 2i2i and columns starting at 4j4j. The BlockSpec index map returns block coordinates (i,j)(i,j); Pallas applies the block-size scaling. Confusing this with element offsets can produce skipped regions or out-of-bounds windows.
Gm=⌈MBm⌉,Gn=⌈NBn⌉G_m=\left\lceil\frac{M}{B_m}\right\rceil,\quad G_n=\left\lceil\frac{N}{B_n}\right\rceilMake boundary behavior explicit
We pad both inputs to (6,12)(6,12), launch complete blocks and crop the output to (5,11)(5,11). This avoids relying on implicit out-of-bounds reads or uninitialized output cells. There are 5555 logical elements and 7272 padded elements, so 1717 elements represent extra work. Padding with zeros is harmless here because each output depends only on corresponding input elements. A reduction, softmax or stencil would require a separate padding argument.
Check ownership and arithmetic separately
The ownership map comes from integer row/column arithmetic, independent of the kernel result. The value reference comes from NumPy. Checking only a mean could hide a missing or swapped tile; compare every element and explicitly inspect the last row and column. A different block size must change work partitioning while preserving the logical result.
Interpretation proves bounded semantics, not speed
The call sets interpret=True, which runs actual Pallas semantics through a CPU-compatible execution path. This verifies the grid, Ref operations and numerical results for the fixture. It does not validate TPU layout constraints, target lowering, memory overlap or accelerator throughput. The next lesson introduces a separate TPU-only path that refuses to substitute interpretation when target hardware is absent.
Nine programs cover a matrix with partial boundary tiles
Predict: Which program owns the last logical element, and why does the grid need a third row and column?
[image: A five by eleven ownership matrix uses program IDs zero through eight; partial final tiles remain covered.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Rows and columns are logical matrix coordinates. Each color identifies the program that owns that cell, using the program-ID labels on the colorbar under (2,4)(2,4) blocks. Program IDs are labels, not execution time or device IDs. Programs zero through two cover the first two rows; programs six through eight cover the last logical row.
The bottom-right cell belongs to program 88. Its logical region has only one row and three columns, although the launched block has two rows and four columns. The padded cells are intentionally outside this cropped ownership display.
Connect it to the computation
The independent ownership arithmetic agrees with a (3,3)(3,3) grid over a padded (6,12)(6,12) buffer. The numerical Pallas result is separately compared element by element with NumPy, including the bottom-right value of about 7.057.05.
Color differences do not imply parallel execution or different speeds. This CPU interpretation figure explains mapping and boundaries; TPU scheduling and layout constraints need their own target-specific evidence.
Write a block-local kernel and a boundary-aware wrapper
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 1 — Write a block-local kernel and a boundary-aware wrapper: The kernel writes its output Ref and returns nothing.
import jax
import jax.numpy as jnp
import numpy as np
from jax.experimental import pallas as pl
from jax.experimental.pallas import tpu as pltpu

def validate_pair(x,y,block):
    # Guard input contract (`x.ndim != 2 or x.shape != y.shape or min(x.shape) < 1`) and fail fast if violated.
    if x.ndim!=2 or x.shape!=y.shape or min(x.shape)<1:
        raise ValueError("inputs must be nonempty matrices with identical shapes")
    # Guard input contract (`x.dtype != y.dtype or x.dtype not in (jnp.float32, jnp.bfloat16)`) and fail fast if violated.
    if x.dtype!=y.dtype or x.dtype not in (jnp.float32,jnp.bfloat16):
        raise ValueError("matching float32 or bfloat16 inputs required")
    # Guard input contract (`len(block) != 2 or any((not isinstance(n, int) or n < 1 for n in block))`) and fail fast if violated.
    if len(block)!=2 or any(not isinstance(n,int) or n<1 for n in block):
        raise ValueError("two positive integer block dimensions required")

def pad_pair(x,y,block):
    validate_pair(x,y,block)
    m,n=x.shape
    bm,bn=block
    padded=((m+bm-1)//bm*bm,(n+bn-1)//bn*bn)
    # Combine or mask array elements to form `pads`.
    pads=((0,padded[0]-m),(0,padded[1]-n))
    return jnp.pad(x,pads),jnp.pad(y,pads),padded

def axpy_body(x_ref,y_ref,out_ref):
    result=2.0*x_ref[...].astype(jnp.float32)+y_ref[...].astype(jnp.float32)
    out_ref[...]=result.astype(out_ref.dtype)

def blocked_axpy(x,y,block=(2,4)):
    # Combine or mask array elements to form `(px, py, padded)`.
    px,py,padded=pad_pair(x,y,block)
    bm,bn=block
    # Invoke custom Pallas kernel or tile specification (`spec`).
    spec=pl.BlockSpec(block,lambda i,j:(i,j))
    # Combine or mask array elements to form `out`.
    out=pl.pallas_call(axpy_body,
        out_shape=jax.ShapeDtypeStruct(padded,x.dtype),
        grid=(padded[0]//bm,padded[1]//bn),
        in_specs=(spec,spec),out_specs=spec,interpret=True)(px,py)
    return out[:x.shape[0],:x.shape[1]]
The kernel writes its output Ref and returns nothing. The wrapper validates and pads the global matrices, defines ownership with BlockSpecs, launches actual Pallas interpretation and crops to the original shape.
Check every logical element against NumPy
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 2 — Check every logical element against NumPy: The last row and column belong to partial logical tiles.
# Construct and reshape `x` into the target tensor dimensions.
x=jnp.arange(55,dtype=jnp.float32).reshape(5,11)/10-2
y=jnp.full_like(x,0.25)
actual=blocked_axpy(x,y)
# Convert `reference` to a host NumPy array for inspection or verification.
reference=2*np.asarray(x)+np.asarray(y)
# Check tensor shape invariant: `actual.shape==(5,11)`
assert actual.shape==(5,11)
np.testing.assert_allclose(actual,reference,rtol=1e-6,atol=1e-6)
assert float(actual[-1,-1])==float(reference[-1,-1])
print("Shape and boundary:",actual.shape,float(actual[0,0]),float(actual[-1,-1]))
The last row and column belong to partial logical tiles. Checking them explicitly catches floor-divided grids that omit the tail.
Derive the ownership map independently
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 3 — Derive the ownership map independently: Block coordinates are multiplied by the block shape by Pallas.
rows,cols=np.indices((5,11))
owner=(rows//2)*3+(cols//4)
assert owner[0,0]==0 and owner[4,10]==8
logical=5*11
padded=6*12
print("Grid:",(3,3),"logical/padded elements:",logical,padded)
print("Padding fraction:",(padded-logical)/padded)
Block coordinates are multiplied by the block shape by Pallas. An index map returning (i,j) selects the corresponding block; multiplying those indices again would skip data.
Run the example
The assembled script is in the separate solutions and code appendix.
Logical shape (5,11); endpoints -3.75 and approximately 7.05. Grid (3,3); 55 logical versus 72 padded elements.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Change block geometry without changing values
Predict before running: Will blocks of (3,5)(3,5) change the logical answer?
# Experiment — Change block geometry without changing values: Grid geometry is an implementation choice for this independent...
changed=blocked_axpy(x,y,(3,5))
np.testing.assert_allclose(changed,reference,rtol=1e-6,atol=1e-6)
print("Changed grid:",(2,3),"same numerical result")
The grid becomes (2,3); the logical output is unchanged.
Grid geometry is an implementation choice for this independent elementwise operation. It must not alter the mathematical contract.
Expose the floor-division omission
Predict before running: How many logical cells would a grid built with floor division cover?
# Experiment — Expose the floor-division omission: This diagnostic models the ownership bug without reading...
covered=np.zeros((5,11),dtype=bool)
for i in range(5//2):
    for j in range(11//4):
        covered[i*2:(i+1)*2,j*4:(j+1)*4]=True
assert int(covered.sum())==32
assert not covered[-1,-1]
print("Floor-grid missing logical cells:",int((~covered).sum()))
A floor-divided grid misses 23 of the 55 logical cells.
This diagnostic models the ownership bug without reading uninitialized kernel memory. Ceiling division plus an explicit tail policy repairs it.
Your exercise
Test a singleton row and a changed nondivisible matrix with negative values. Verify full NumPy agreement and exact output shapes for two block choices.
Attempt this before consulting the separate solutions appendix.
Reject a broadcast that changes the contract
Practice
Pass a column-shaped second input and confirm the wrapper rejects it before launching the kernel. Explain why silent broadcasting would hide an input-contract error.
Hint
Require identical matrix shapes, not merely broadcast-compatible shapes.
Measure padding overhead without claiming runtime
Challenge
For shapes (5,11) and (33,129), compare logical elements, padded elements and program counts for three block choices. Explain why fewer programs may still mean more work.
Hint
Use integer ceiling division; do not time interpretation as accelerator performance.
Checkpoint
For block shape (2,4), what does a BlockSpec index map returning (i,j) select?
	A block whose element origin is (2i,4j).
	One scalar element at (i,j).
	A block whose origin must be multiplied by block sizes again inside the index map.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If only the boundary is wrong, inspect ceiling division, padding and cropping before editing arithmetic. If blocks skip input regions, check whether the index map returns block coordinates or incorrectly pre-multiplied offsets. If a mean looks right but full comparison fails, inspect tile permutation or duplicate ownership.
Carry forward
	Write the simplest useful contract
	A grid coordinate is not an element coordinate
	Make boundary behavior explicit
	Check ownership and arithmetic separately
	Interpretation proves bounded semantics, not speed

Your evidence
Independent full-array comparisons, ownership map, tail fixtures and a floor-grid omission diagnosis. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	Pallas grids and block specifications
	Writing TPU kernels: layout and memory restrictions
	TPU pipelining and emit_pipeline
	TPU interpretation is simulation, not target execution

A first TPU kernel
Implement a real TPU-targeted Pallas launch with a broadcast BlockSpec. Specify target layout and float32 compute/output-cast policies.
What you will be able to do
	Implement a real TPU-targeted Pallas launch with a broadcast BlockSpec.
	Specify target layout and float32 compute/output-cast policies.
	Verify CPU semantics across tails and precision choices.
	Refuse target execution claims when only interpretation is available.

The problem
An interpreted kernel can be numerically correct and still violate a TPU layout or compilation restriction. How do we build a genuine TPU launch path without pretending that a CPU test ran on an accelerator? We will implement a fused bias-and-ReLU kernel with separate, enforceable execution modes.
The idea
Once a tile's inputs are identified, a kernel performs local arithmetic and writes the corresponding outputs. Bias broadcasting, activation and dtype rules must preserve the declared shape and value contract.
Separate tile ownership from the local arithmetic
Take one illustrative row [−2,1][-2,1] and feature bias [1,−3][1,-3]. Addition gives [−1,−2][-1,-2], and ReLU gives [0,0][0,0]. A bias indexed by row instead of feature can preserve output shape while computing the wrong result.
Trace loads into the tile, the exact broadcast axis, activation and stores. Keep boundary guards visible beside the arithmetic rather than assuming a correct formula guarantees correct indexing.
The activation plot checks the resulting values. Compare against an independent array implementation on awkward dimensions and negative/positive inputs. CPU interpretation helps test semantics; it does not qualify TPU throughput or prove a particular memory schedule.
Pause and reason
What can a value reference detect that an output-shape assertion cannot?
Compare your reasoningWrong broadcast axes, incorrect activation order or indexing errors that retain the expected shape. Use distinguishable values so those errors cannot cancel.
ϵmax⁡=max⁡i,j∣Yi,jkernel−Yi,jref∣≤τtol\epsilon_{\max} = \max_{i,j} \left| Y^{\text{kernel}}_{i,j} - Y^{\text{ref}}_{i,j} \right| \le \tau_{\text{tol}}Map each operand according to its meaning
The activation matrix has shape (M,N)(M,N); the bias has shape (N,)(N,). We reshape the padded bias to (1,Np)(1,N_p) and map its block coordinates to (0,j)(0,j), so changing the row-program index does not change the bias window. The output uses (i,j)(i,j) and is written exactly once per tile. This is intentional broadcasting with an explicit contract, unlike accepting accidentally mismatched matrices.
Use a conservative TPU tile contract
TPU vector-memory layout places restrictions on block dimensions. This wrapper requires block dimensions that are multiples of (8,128)(8,128) for target mode, then pads and crops arbitrary positive logical shapes. The one-row bias window spans its whole first dimension. This is a deliberately narrow supported contract, not a claim that every other block shape is forbidden on every TPU generation. CPU interpretation alone does not enforce or validate all lowering restrictions.
State where precision changes
Both inputs may be float32 or bfloat16, but their dtypes must match. The kernel promotes loaded values to float32 for addition and ReLU, then casts once to the output dtype. An independent reference must start from those same represented inputs and apply the same final cast. Comparing bfloat16 output directly to an unrounded original dataset mixes representation error with kernel correctness.
Make the execution mode inspectable
The wrapper accepts only the strings interpret and tpu. The TPU branch checks the actual default backend and the devices holding the inputs, and passes interpret=False. It never catches a target lowering failure and retries on CPU. A target failure should remain a failed result with its environment, not become a fabricated successful accelerator receipt.
Run the real target path as a separate lab
On an already configured TPU environment, use python3 projects/kernel-audit/target_tpu.py --kernel fused --block 8 128. That runner explicitly places inputs on a TPU, calls the target branch, synchronizes, and prints a JSON evidence record after numerical comparisons. Run it in a fresh TPU process rather than a CPU-forced lesson runner. The command is implemented; no target receipt exists in this authoring environment. CPU interpretation establishes neither target lowering success nor speedup.
Compare with a strong baseline before optimizing
The ordinary JAX expression can already be fused by XLA. A hand-written fused kernel is not automatically faster. On the target, compare with a warmed jitted baseline using the same dtype, data, padding boundary and output semantics. The final lesson defines the measurement protocol and distinguishes kernel-only timing from end-to-end wrapper cost.
Bias and ReLU alter the values, not the tile ownership contract
Predict: Where will the biased first and last rows cross the zero threshold?
[image: The interpreted first output row remains zero while the final row is positive and reaches 2.4 at the last column.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is column index. The vertical axis is output activation after adding that column’s bias and applying ReLU. The two plotted series are the first and last rows from the actual interpreted (9,129)(9,129) kernel result.
The first row is entirely zero for this fixture because its negative activations remain below zero after bias. The last row stays positive and reaches approximately 2.42.4 at column 128128, including the final partial logical tile. These are output values, not timings.
Connect it to the computation
The per-column NumPy comparison verifies every element, while the displayed rows make the activation boundary and tail visible. The bias window depends on the column program index and is reused across row blocks.
This figure is labeled CPU interpretation. It does not prove TPU lowering, vector-memory scheduling or speed. The separate target-only runner refuses to create those claims without real TPU inputs and completed execution.
Define separate interpreted and target-only launch modes
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 1 — Define separate interpreted and target-only launch modes: The launch path states its execution mode explicitly.
import jax
import jax.numpy as jnp
import numpy as np
from jax.experimental import pallas as pl
from jax.experimental.pallas import tpu as pltpu

def fused_bias_relu(x,bias,block=(8,128),mode="interpret"):
    # Guard input contract (`x.ndim != 2 or bias.ndim != 1 or bias.shape[0] != x.shape[1] or (min(x.shape) < 1)`) and fail fast if violated.
    if x.ndim!=2 or bias.ndim!=1 or bias.shape[0]!=x.shape[1] or min(x.shape)<1:
        raise ValueError("x must be (M,N), bias must be (N,), and dimensions nonempty")
    # Guard input contract (`x.dtype != bias.dtype or x.dtype not in (jnp.float32, jnp.bfloat16)`) and fail fast if violated.
    if x.dtype!=bias.dtype or x.dtype not in (jnp.float32,jnp.bfloat16):
        raise ValueError("matching float32 or bfloat16 required")
    bm,bn=block
    # Guard input contract (`not isinstance(bm, int) or not isinstance(bn, int) or bm < 1 or (bn < 1)`) and fail fast if violated.
    if not isinstance(bm,int) or not isinstance(bn,int) or bm<1 or bn<1:
        raise ValueError("positive integer block sizes required")
    # Guard input contract (`mode not in ('interpret', 'tpu')`) and fail fast if violated.
    if mode not in ("interpret","tpu"):
        raise ValueError("mode must explicitly be interpret or tpu")
    if mode=="tpu":
        if jax.default_backend()!="tpu" or any(not isinstance(a,jax.core.Tracer) and any(d.platform!="tpu" for d in a.devices()) for a in (x,bias)):
            raise RuntimeError("Real TPU inputs/backend required; CPU fallback is disabled")
        if bm%8 or bn%128:
            raise ValueError("this TPU wrapper requires block multiples of (8,128)")
    m,n=x.shape
    pm=(m+bm-1)//bm*bm
    pn=(n+bn-1)//bn*bn
    # Combine or mask array elements to form `px`.
    px=jnp.pad(x,((0,pm-m),(0,pn-n)))
    # Combine or mask array elements to form `pb`.
    pb=jnp.pad(bias,(0,pn-n))[None,:]
    def kernel(x_ref,bias_ref,out_ref):
        value=x_ref[...].astype(jnp.float32)+bias_ref[...].astype(jnp.float32)
        out_ref[...]=jnp.maximum(value,0).astype(out_ref.dtype)
    # Invoke custom Pallas kernel or tile specification (`matrix_spec`).
    matrix_spec=pl.BlockSpec((bm,bn),lambda i,j:(i,j))
    # Invoke custom Pallas kernel or tile specification (`bias_spec`).
    bias_spec=pl.BlockSpec((1,bn),lambda i,j:(0,j))
    # Invoke custom Pallas kernel or tile specification (`output`).
    output=pl.pallas_call(kernel,
        out_shape=jax.ShapeDtypeStruct((pm,pn),x.dtype),
        grid=(pm//bm,pn//bn),in_specs=(matrix_spec,bias_spec),out_specs=matrix_spec,
        interpret=(mode=="interpret"),
        compiler_params=pltpu.CompilerParams(dimension_semantics=("parallel","parallel")))(px,pb)
    return output[:m,:n]
The launch path states its execution mode explicitly. TPU mode refuses non-TPU inputs and enforces a conservative target tile contract; interpretation remains a named testing mode.
Execute the kernel semantics on CPU
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 2 — Execute the kernel semantics on CPU: The matrix and column bias use different BlockSpecs.
# Construct and reshape `x` into the target tensor dimensions.
x=jnp.linspace(-2,2,9*129,dtype=jnp.float32).reshape(9,129)
bias=jnp.linspace(-.3,.4,129,dtype=jnp.float32)
actual=fused_bias_relu(x,bias)
# Convert `reference` to a host NumPy array for inspection or verification.
reference=np.maximum(np.asarray(x)+np.asarray(bias)[None,:],0)
np.testing.assert_allclose(actual,reference,rtol=1e-6,atol=1e-6)
# Check tensor shape invariant: `actual.shape==(9,129)`
assert actual.shape==(9,129)
print("Interpretation max error:",float(np.max(np.abs(np.asarray(actual)-reference))))
print("Zero fraction and endpoint:",float(np.mean(reference==0)),float(actual[-1,-1]))
The matrix and column bias use different BlockSpecs. The bias window is reused across row blocks, while each output tile has unique ownership.
Prove the target path cannot silently claim CPU success
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 3 — Prove the target path cannot silently claim CPU success: The registered lesson executes CPU interpretation only.
if jax.default_backend()=="cpu":
    rejected=False
    try:fused_bias_relu(x,bias,mode="tpu")
    except RuntimeError as error:
        rejected=True
        print("Expected target refusal:",error)
    assert rejected
else:
    print("Reference lesson is intended for CPU; target execution uses the separate project runner")
The registered lesson executes CPU interpretation only. On real TPU hardware the project runner explicitly chooses mode=tpu, synchronizes, compares against a reference, and records the actual device.
Run the example
The assembled script is in the separate solutions and code appendix.
CPU interpretation agrees with NumPy, including the (9,129) tail. The final value is approximately 2.4. Requesting TPU mode on CPU raises an explicit refusal.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check the represented bfloat16 contract
Predict before running: Will bfloat16 inputs need comparison against their original float32 values or their rounded representations?
# Experiment — Check the represented bfloat16 contract: This checks the declared compute/cast policy.
bx=x.astype(jnp.bfloat16)
bb=bias.astype(jnp.bfloat16)
bactual=fused_bias_relu(bx,bb)
bref=jnp.maximum(bx.astype(jnp.float32)+bb.astype(jnp.float32)[None,:],0).astype(jnp.bfloat16)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(np.asarray(bactual),np.asarray(bref))
assert bactual.dtype==jnp.bfloat16
print("bfloat16 represented-input reference matched exactly")
The represented-input reference matches exactly for this fixture.
This checks the declared compute/cast policy. Any difference from the original float32 experiment is a separate precision-policy observation.
Place the ReLU boundary deliberately
Predict before running: What should happen when a value exactly cancels its column bias?
# Experiment — Place the ReLU boundary deliberately: Testing activation boundaries catches wrong bias axes and...
edge_x=jnp.array([[-1.,0.,1.],[1.,-2.,.5]],dtype=jnp.float32)
edge_bias=jnp.array([1.,0.,-1.],dtype=jnp.float32)
edge=fused_bias_relu(edge_x,edge_bias)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(edge,np.array([[0.,0.,0.],[2.,0.,0.]],dtype=np.float32))
print("Boundary fixture:",np.asarray(edge))
Exact cancellations become zero; the only positive result is 2.
Testing activation boundaries catches wrong bias axes and accidental operations applied before or after casting.
Your exercise
Change the activation shape to (17,257), freeze a NumPy random seed and compare two target-compatible block choices in interpretation. Keep the bias values distinct by column.
Attempt this before consulting the separate solutions appendix.
Reject hidden bias-axis broadcasting
Practice
Give the wrapper a matrix-shaped bias and then a wrong-length vector. Verify both fail before launch.
Hint
A column bias is a vector with exactly one entry per matrix column.
Check a permutation invariant
Challenge
Permute columns and bias entries together, then undo the permutation. Verify the output is unchanged.
Hint
Use a deterministic reversed column order; do not permute the bias independently.
Checkpoint
What does a successful CPU interpret run establish for this target-oriented kernel?
	The TPU kernel has measured high throughput.
	The tested numerical Ref/grid semantics agree with the reference; target lowering and performance remain separate checks.
	Every TPU generation accepts all block sizes.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If every row has a repeated bias pattern, inspect the bias BlockSpec and its column coordinate. If CPU interpretation passes but TPU lowering fails, preserve the target error and inspect layout/dtype restrictions. If a target command succeeds on a CPU-only environment, its fallback guard is broken and the receipt must not be called TPU validation.
Carry forward
	Map each operand according to its meaning
	Use a conservative TPU tile contract
	State where precision changes
	Make the execution mode inspectable
	Run the real target path as a separate lab
	Compare with a strong baseline before optimizing

Your evidence
Broadcast/boundary checks, represented-input precision oracle and a tested no-fallback TPU guard; target execution remains separately unverified. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	Pallas grids and block specifications
	Writing TPU kernels: layout and memory restrictions
	TPU pipelining and emit_pipeline
	TPU interpretation is simulation, not target execution

Tiling, memory, and pipelining
Execute actual emit_pipeline semantics under explicit CPU TPU-layout simulation. Compare synchronous and buffered schedules against an independent oracle.
What you will be able to do
	Execute actual emit_pipeline semantics under explicit CPU TPU-layout simulation.
	Compare synchronous and buffered schedules against an independent oracle.
	Explain tile count, padding and modeled local-buffer footprint separately.
	Distinguish correctness of scheduling from measured transfer/compute overlap.

The problem
A larger tile reduces the number of kernel invocations, but it also consumes more local memory and may compute more padded values. Can we make those tradeoffs concrete and execute a real buffered pipeline without claiming that CPU simulation measures TPU overlap?
The idea
Pipelining overlaps stages such as loading, computing and storing by giving work separate buffers and a valid schedule. The key question is when each buffer becomes safe to reuse, not merely how many buffers exist.
A buffer cannot be reused while a consumer still needs it
Draw time across the page and a separate lane for load, compute and store. Label buffers by identity and mark the last use of each version. Loading new data too early can overwrite values still needed by computation.
Larger tiles may reduce program count while increasing local storage and per-program work. The lesson's bars expose those modeled tradeoffs. Fewer programs alone is not proof of lower runtime.
Keep illustrative overlap separate from measured overlap. The CPU interpretation and race checks validate bounded aspects of the schedule; a device trace and completed measurements are needed to claim TPU performance. Buffer-count changes should be checked against both correctness and the actual target constraints.
Pause and reason
Why is double buffering not automatically faster?
Compare your reasoningIt requires useful overlap and enough resources without creating another bottleneck. Correct buffer lifetimes establish validity; measured target behavior establishes any performance benefit.
Keep one numerical operation while changing data movement
The arithmetic body remains unchanged from the first lesson. The outer kernel receives entire buffers in a global-memory space, and the inner pipeline sees block-local references. This separation lets us change the movement schedule without changing the mathematical result. If a new schedule changes values, it is a correctness regression rather than a performance tradeoff.
What buffering is trying to overlap
A pipeline can start bringing the next tile into a different buffer while the current tile is being processed. Reusing a buffer too early risks overwriting data still being read; consuming it before its transfer completes risks stale or uninitialized data. The emitter manages copies and waits. We compare two versus three input slots while keeping two output slots: installed JAX 0.9.2 rejects output buffer counts above two. A third input slot consumes more local memory and may or may not hide additional latency.
Use the appropriate interpreter for memory operations
Ordinary interpret=True is enough for the first lesson’s arithmetic grid, but does not supply all TPU layout information required by this installed pipeline API. Here pltpu.InterpretParams simulates memory spaces and synchronization; an AbstractMesh specifies a simulated TPU v5 lite layout. The actual backend remains CPU. This is JAX 0.9.2 API usage, and its signature should be rechecked when upgrading. The simulated device label must never appear as the actual device in a performance receipt.
Use synchronous execution as a debugging comparison
no_pipelining=True requests synchronous copies through the same pipeline. Agreement with the buffered result helps isolate scheduling errors while preserving arithmetic and windows. The interpreter enables race detection, but passing these cases does not prove every target interleaving, layout or compiler path. If a TPU interpretation exception occurs, the documented interpreter state-reset procedure is required before reusing that mode in the same process; fresh-process checks avoid carrying failed state into later evidence.
Count the cost of a tile choice
For a logical (17,257)(17,257) matrix, blocks (8,128)(8,128), (16,128)(16,128) and (16,256)(16,256) use 99, 66 and 44 programs. Their padded work grows from 92169216 to 1228812288 to 1638416384 elements. The corresponding modeled double-buffered data storage grows from 2424 to 4848 to 9696 KiB for two inputs and one output in float32. Fewer programs therefore does not automatically mean less work or lower memory use.
Bmodel=(2ninput buffers+2) BmBn bytes per elementB_{\mathrm{model}}=(2n_{\mathrm{input\ buffers}}+2)\,B_mB_n\,\mathrm{bytes\ per\ element}Only target measurements can rank pipeline speed
CPU simulation may execute callbacks, bookkeeping and race tracking that have no relation to TPU throughput. Do not time it and call the result a kernel benchmark. The project’s target runner can execute the actual synchronous or buffered TPU branch without fallback; its correctness checks and synchronized baseline comparison must pass before interpreting latency. No such target performance receipt is available here.
Fewer tile programs can require more work and local storage
Predict: Will the tile configuration with the fewest programs also minimize padding and buffer footprint?
[image: Program counts fall from nine to four as tile size grows, while modeled double-buffered data storage rises from twenty-four to ninety-six KiB.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The first panel shows logical kernel-program counts for three tile shapes on the same (17,257)(17,257) matrix: 99, 66 and 44. The second panel shows modeled double-buffered data storage: 2424, 4848 and 9696 KiB. These are exact configuration-derived counts, not measured timing or device-memory counters.
The largest tile has fewer programs but four times the modeled data-buffer footprint of the smallest. Its padded element count also rises from 92169216 to 1638416384, even though the logical matrix still contains only 43694369 elements.
Connect it to the computation
Every pictured configuration also runs through the actual Pallas pipeline in CPU simulation and matches the same NumPy result. The figure explains the resource tradeoff that remains after correctness is established.
The footprint omits semaphores, bookkeeping, layout padding, registers and compiler scratch. It is distinct from total VMEM use or speedup. A real TPU trace and synchronized timing are needed to learn whether a larger tile improves reuse enough to offset its costs.
Reuse the checked arithmetic and add a real pipeline
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 1 — Reuse the checked arithmetic and add a real pipeline: The outer kernel receives global-memory references and emits an...
import jax
import jax.numpy as jnp
import numpy as np
from jax.experimental import pallas as pl
from jax.experimental.pallas import tpu as pltpu

def validate_pair(x,y,block):
    # Guard input contract (`x.ndim != 2 or x.shape != y.shape or min(x.shape) < 1`) and fail fast if violated.
    if x.ndim!=2 or x.shape!=y.shape or min(x.shape)<1:
        raise ValueError("inputs must be nonempty matrices with identical shapes")
    # Guard input contract (`x.dtype != y.dtype or x.dtype not in (jnp.float32, jnp.bfloat16)`) and fail fast if violated.
    if x.dtype!=y.dtype or x.dtype not in (jnp.float32,jnp.bfloat16):
        raise ValueError("matching float32 or bfloat16 inputs required")
    # Guard input contract (`len(block) != 2 or any((not isinstance(n, int) or n < 1 for n in block))`) and fail fast if violated.
    if len(block)!=2 or any(not isinstance(n,int) or n<1 for n in block):
        raise ValueError("two positive integer block dimensions required")

def pad_pair(x,y,block):
    validate_pair(x,y,block)
    m,n=x.shape
    bm,bn=block
    padded=((m+bm-1)//bm*bm,(n+bn-1)//bn*bn)
    # Combine or mask array elements to form `pads`.
    pads=((0,padded[0]-m),(0,padded[1]-n))
    return jnp.pad(x,pads),jnp.pad(y,pads),padded

def axpy_body(x_ref,y_ref,out_ref):
    result=2.0*x_ref[...].astype(jnp.float32)+y_ref[...].astype(jnp.float32)
    out_ref[...]=result.astype(out_ref.dtype)

def blocked_axpy(x,y,block=(2,4)):
    # Combine or mask array elements to form `(px, py, padded)`.
    px,py,padded=pad_pair(x,y,block)
    bm,bn=block
    # Invoke custom Pallas kernel or tile specification (`spec`).
    spec=pl.BlockSpec(block,lambda i,j:(i,j))
    # Combine or mask array elements to form `out`.
    out=pl.pallas_call(axpy_body,
        out_shape=jax.ShapeDtypeStruct(padded,x.dtype),
        grid=(padded[0]//bm,padded[1]//bn),
        in_specs=(spec,spec),out_specs=spec,interpret=True)(px,py)
    return out[:x.shape[0],:x.shape[1]]

def pipelined_axpy(x,y,block=(8,128),buffers=2,no_pipelining=False,mode="simulate"):
    # Combine or mask array elements to form `(px, py, padded)`.
    px,py,padded=pad_pair(x,y,block)
    bm,bn=block
    # Guard input contract (`bm % 8 or bn % 128`) and fail fast if violated.
    if bm%8 or bn%128:
        raise ValueError("pipeline blocks must be multiples of (8,128)")
    # Guard input contract (`buffers not in (2, 3)`) and fail fast if violated.
    if buffers not in (2,3):
        raise ValueError("this lab supports two or three buffers")
    # Guard input contract (`mode not in ('simulate', 'tpu')`) and fail fast if violated.
    if mode not in ("simulate","tpu"):
        raise ValueError("mode must explicitly be simulate or tpu")
    # Guard input contract (`mode == 'tpu' and (jax.default_backend() != 'tpu' or any((not isinstance(a, jax.core.Tracer) and any((d.platform != 'tpu' for d in a.devices())) for a in (x, y))))`) and fail fast if violated.
    if mode=="tpu" and (jax.default_backend()!="tpu" or any(not isinstance(a,jax.core.Tracer) and any(d.platform!="tpu" for d in a.devices()) for a in (x,y))):
        raise RuntimeError("Real TPU inputs/backend required; simulation fallback is disabled")
    # Invoke custom Pallas kernel or tile specification (`spec`).
    spec=pl.BlockSpec(block,lambda i,j:(i,j),pipeline_mode=pl.Buffered(buffer_count=buffers))
    # Invoke custom Pallas kernel or tile specification (`output_spec`).
    output_spec=pl.BlockSpec(block,lambda i,j:(i,j),pipeline_mode=pl.Buffered(buffer_count=2))
    def outer(x_hbm,y_hbm,out_hbm):
        # Combine or mask array elements to form ``.
        pltpu.emit_pipeline(axpy_body,grid=(padded[0]//bm,padded[1]//bn),
            in_specs=(spec,spec),out_specs=output_spec,
            no_pipelining=no_pipelining)(x_hbm,y_hbm,out_hbm)
    # Invoke custom Pallas kernel or tile specification (`whole`).
    whole=pl.BlockSpec(memory_space=pl.ANY)
    interpretation=pltpu.InterpretParams(detect_races=True) if mode=="simulate" else False
    # Combine or mask array elements to form `call`.
    call=pl.pallas_call(outer,out_shape=jax.ShapeDtypeStruct(padded,x.dtype),
        in_specs=(whole,whole),out_specs=whole,interpret=interpretation)
    if mode=="simulate":
        # This describes a SIMULATED TPU layout, not the machine running the code.
        abstract=jax.sharding.AbstractMesh((1,),("simulated_device",),
            abstract_device=jax.sharding.AbstractDevice(device_kind="TPU v5 lite",num_cores=1))
        with jax.sharding.use_abstract_mesh(abstract):
            output=call(px,py)
    else:
        output=call(px,py)
    return output[:x.shape[0],:x.shape[1]]
The outer kernel receives global-memory references and emits an actual TPU pipeline. BlockSpecs describe its VMEM windows; the pipeline manages buffer copies and waits. CPU execution uses the TPU interpreter with explicitly simulated layout metadata.
Compare synchronous and buffered pipeline semantics
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 2 — Compare synchronous and buffered pipeline semantics: Both schedules execute real pipeline semantics under CPU simulation.
# Construct and reshape `x` into the target tensor dimensions.
x=jnp.linspace(-1,1,17*257,dtype=jnp.float32).reshape(17,257)
y=jnp.full_like(x,.25)
# Convert `reference` to a host NumPy array for inspection or verification.
reference=2*np.asarray(x)+np.asarray(y)
synchronous=pipelined_axpy(x,y,no_pipelining=True)
buffered=pipelined_axpy(x,y,no_pipelining=False)
np.testing.assert_allclose(synchronous,reference,rtol=1e-6,atol=1e-6)
np.testing.assert_allclose(buffered,reference,rtol=1e-6,atol=1e-6)
# Execute `np.testing.assert_array_equal(synchronous,buffered)`
np.testing.assert_array_equal(synchronous,buffered)
print("Actual backend:",jax.default_backend(),"simulated layout: TPU v5 lite")
print("Synchronous/buffered endpoints:",float(buffered[0,0]),float(buffered[-1,-1]))
Both schedules execute real pipeline semantics under CPU simulation. Equality checks copies, writes and tails; it is distinct from that transfers overlap with computation on a real TPU.
Quantify tile tradeoffs before measuring hardware
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 3 — Quantify tile tradeoffs before measuring hardware: This footprint counts only the declared data buffers.
configurations=[(8,128),(16,128),(16,256)]
metadata=[]
for bm,bn in configurations:
    gm=(17+bm-1)//bm
    gn=(257+bn-1)//bn
    programs=gm*gn
    padded_elements=programs*bm*bn
    # Two input buffers and one output buffer, each double buffered, FP32.
    modeled_buffer_bytes=3*2*bm*bn*4
    # Combine or mask array elements to form ``.
    metadata.append((programs,padded_elements,modeled_buffer_bytes))
    result=pipelined_axpy(x,y,(bm,bn))
    np.testing.assert_allclose(result,reference,rtol=1e-6,atol=1e-6)
print("programs, padded elements, modeled data-buffer bytes:",metadata)
This footprint counts only the declared data buffers. It excludes runtime bookkeeping, semaphores, compiler scratch, register allocation and target-specific layout padding; it is not a measured device-memory statistic.
Run the example
The assembled script is in the separate solutions and code appendix.
Synchronous and buffered CPU simulations agree with NumPy and each other; endpoints -1.75 and 2.25. Tile program counts [9,6,4], padded elements [9216,12288,16384], modeled data buffers [24576,49152,98304] bytes.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Change input buffer count without changing the result
Predict before running: Can adding a third slot to each input change the numerical answer?
# Experiment — Change input buffer count without changing the result: More input buffering changes potential overlap and storage, not...
three=pipelined_axpy(x,y,buffers=3)
np.testing.assert_allclose(three,reference,rtol=1e-6,atol=1e-6)
# Execute `np.testing.assert_array_equal(three,buffered)`
np.testing.assert_array_equal(three,buffered)
print("Three-buffer schedule matches the two-buffer result")
Two and three input slots produce the same logical result; outputs retain two slots.
More input buffering changes potential overlap and storage, not arithmetic. This installed emitter only supports up to two output slots. A speed benefit remains a target measurement question.
Check a one-tile pipeline
Predict before running: What work can be overlapped when there is only one tile?
# Experiment — Check a one-tile pipeline: A one-tile pipeline has no next tile with which to overlap its...
# Construct and reshape `small_x` into the target tensor dimensions.
small_x=jnp.arange(8*128,dtype=jnp.float32).reshape(8,128)/100
small_y=jnp.ones_like(small_x)
small=pipelined_axpy(small_x,small_y)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(small,2*np.asarray(small_x)+1,rtol=1e-6,atol=1e-6)
print("Single-tile pipeline checked")
The one-tile result matches the oracle.
A one-tile pipeline has no next tile with which to overlap its initial fetch. Prologue and drain overhead can dominate small workloads; correctness does not imply a benefit.
Your exercise
Use a (9,129) random fixture and verify synchronous, double-input-buffered and triple-input-buffered pipelines for both float32 and bfloat16 represented-input contracts. Keep output buffering at two slots.
Attempt this before consulting the separate solutions appendix.
Reject an unsupported pipeline tile
Practice
Try a (3,5) block and verify that the pipeline wrapper refuses it rather than using the permissive arithmetic interpreter as a hidden fallback.
Hint
The pipeline lab deliberately uses a conservative TPU-compatible tile family.
Estimate the price of a third input buffer
Challenge
Compute the declared data-buffer footprint for two and three input slots at each tile size, with two output slots in both cases. State at least two omitted memory costs.
Hint
Count two input arrays and one output array separately because their buffer counts differ.
Checkpoint
The three-buffer simulation is correct and has fewer grid programs after a tile change. Can you conclude the TPU version is faster?
	Yes; program count determines runtime.
	Yes; simulation latency is the TPU latency.
	No; padding, local memory and actual target overlap must be measured with synchronized target execution.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If the buffered result differs from synchronous execution, keep arithmetic and tile geometry fixed while inspecting copies, ownership and synchronization. If the interpreter cannot infer TPU layout on CPU, choose the documented TPU simulation API and label the metadata as simulated. If a larger tile uses fewer programs but more padded work, neither count alone ranks its performance.
Carry forward
	Keep one numerical operation while changing data movement
	What buffering is trying to overlap
	Use the appropriate interpreter for memory operations
	Use synchronous execution as a debugging comparison
	Count the cost of a tile choice
	Only target measurements can rank pipeline speed

Your evidence
Synchronous/buffered CPU simulation agreement, two/three input slots, unchanged output buffering, correctness across tiles and modeled footprint counts. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	Pallas grids and block specifications
	Writing TPU kernels: layout and memory restrictions
	TPU pipelining and emit_pipeline
	TPU interpretation is simulation, not target execution

Iterate with correctness and performance evidence
Build a representative shape/dtype correctness matrix for an actual Pallas pipeline. Separate kernel implementation error from input/output precision differences.
What you will be able to do
	Build a representative shape/dtype correctness matrix for an actual Pallas pipeline.
	Separate kernel implementation error from input/output precision differences.
	Implement a guarded compile/warmup/synchronized target benchmark.
	Connect profiling, partitioning, tiling and numerical evidence to an optimization decision.

The problem
A custom kernel is useful only if it stays correct when shapes and dtypes change and improves an actual workload. What evidence is enough to keep an optimization, and what should we do when no target hardware is available? We will build a repeatable audit and an executable target-only measurement protocol.
The idea
A low-precision kernel can differ from a high-precision calculation because inputs changed representation, arithmetic changed, or the implementation is wrong. Separate these causes with references that answer different questions.
Use two references to locate a precision gap
First compare the kernel with an independent computation using the same represented inputs. That isolates implementation behavior under the chosen numeric contract. Then compare the represented-input reference with the original high-precision calculation to estimate representation effects.
If the first comparison passes while the second shows a gap, changing indexing is unlikely to fix that gap. Investigate the precision policy and whether downstream quality tolerates it.
The error bars should keep those comparisons separate and state scale, dtype and tolerance. A passed numerical check also says nothing about speed. Keep workload identity, synchronization and target-device measurements with any optimization claim.
Pause and reason
Which comparison should you inspect before blaming quantization for a wrong output?
Compare your reasoningCompare against an independent reference on the same represented inputs. A mismatch there may be an implementation error rather than unavoidable representation error.
Speedup(Stotal)=1(1−p)+p/skernel\text{Speedup}(S_{\text{total}}) = \frac{1}{(1 - p) + p / s_{\text{kernel}}}Choose cases that challenge the contract
The fixtures include a singleton matrix, one exact tile, a small tail and a larger tail. The same frozen random data is tested in float32 and bfloat16. A benchmark-sized divisible matrix alone would miss many boundary bugs. Every implementation must return the original logical shape; padding is internal work, not extra observations in the output.
Use two references for two different questions
The represented-input oracle promotes the actual stored inputs to float32, computes 2X+Y2X+Y, then applies the declared output cast. Kernel agreement with that reference checks implementation correctness. Comparing against the original float32 dataset instead reveals input and output rounding. These differences should not be merged into one unexplained error number or hidden by arbitrarily loose tolerances.
Make target timing a complete operation
The target protocol compiles separately, warms up five times and synchronizes every measured output. Inputs are already placed on the target before timing. The measured boundary includes logical-shape padding, the Pallas call and cropping, because those are part of this wrapper’s user-visible cost. A kernel-only benchmark would need a different explicit boundary and could not be compared directly with these results.
Compare a strong baseline with the same contract
The baseline is jitted ordinary JAX with float32 arithmetic and the same final dtype cast. XLA can fuse simple expressions, so the custom kernel may lose. Report every sample, median and ninetieth percentile, plus compilation time and actual device. The percentile is a distribution summary, not the maximum. Repeated samples expose variability but do not erase cache, thermal or system-load effects.
Relate local kernels to the distributed workload
A kernel optimizes an operation on local arrays; it does not automatically reduce all-reduce or resharding costs. Use a profile to determine whether the workload is limited by local compute, memory movement, input staging or communication. Keep the partitioning decision explicit and verify the same global numerical objective. A faster local operation may have little end-to-end benefit when another part dominates.
Accept, revise or decline the optimization
Keep the change only when representative correctness and the declared target boundary improve enough to justify maintenance and specialization costs. If performance is unchanged or worse, retain the simpler baseline and record the experiment. If target hardware is unavailable, retain the tested kernel and its runnable target protocol, mark performance unverified, and do not fill the gap with interpret-mode timings. The scale synthesis assessment asks for profiling and partitioning evidence as well as the local kernel audit.
Precision gaps remain after kernel correctness passes
Predict: Can a kernel have zero implementation error and still differ from the original higher-precision data?
[image: Float32 bars show zero gap to the original data calculation, while bfloat16 gaps range from about 0.000862 to 0.03079 after all represented-input correctness checks pass.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis names four frozen matrix fixtures. The vertical axis is maximum absolute difference between the actual simulated Pallas output and the original float32 dataset calculation. Float32 bars have zero height; bfloat16 bars are positive because stored inputs and final outputs are rounded.
The bfloat16 gaps are approximately 0.0008620.000862, 0.025220.02522, 0.030790.03079 and 0.029220.02922. The largest matrix does not have the largest gap in this run. These are different frozen inputs, so the bar heights are separate from a monotonic law relating shape and error.
Connect it to the computation
The separate represented-input oracle checks in the code report zero implementation error for every shape and dtype. This plot answers the additional precision question: what changed relative to the original float32 values despite correct execution of the chosen contract?
The figure contains no runtime or target-memory data. It is distinct from throughput, pipeline overlap or TPU correctness. Those claims require the guarded target runner and actual completed accelerator execution.
Keep reference semantics, target mode and benchmark boundary together
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 1 — Keep reference semantics, target mode and benchmark boundary together: The candidate uses the same checked Pallas pipeline.
import jax
import jax.numpy as jnp
import numpy as np
from jax.experimental import pallas as pl
from jax.experimental.pallas import tpu as pltpu

def validate_pair(x,y,block):
    # Guard input contract (`x.ndim != 2 or x.shape != y.shape or min(x.shape) < 1`) and fail fast if violated.
    if x.ndim!=2 or x.shape!=y.shape or min(x.shape)<1:
        raise ValueError("inputs must be nonempty matrices with identical shapes")
    # Guard input contract (`x.dtype != y.dtype or x.dtype not in (jnp.float32, jnp.bfloat16)`) and fail fast if violated.
    if x.dtype!=y.dtype or x.dtype not in (jnp.float32,jnp.bfloat16):
        raise ValueError("matching float32 or bfloat16 inputs required")
    # Guard input contract (`len(block) != 2 or any((not isinstance(n, int) or n < 1 for n in block))`) and fail fast if violated.
    if len(block)!=2 or any(not isinstance(n,int) or n<1 for n in block):
        raise ValueError("two positive integer block dimensions required")

def pad_pair(x,y,block):
    validate_pair(x,y,block)
    m,n=x.shape
    bm,bn=block
    padded=((m+bm-1)//bm*bm,(n+bn-1)//bn*bn)
    # Combine or mask array elements to form `pads`.
    pads=((0,padded[0]-m),(0,padded[1]-n))
    return jnp.pad(x,pads),jnp.pad(y,pads),padded

def axpy_body(x_ref,y_ref,out_ref):
    result=2.0*x_ref[...].astype(jnp.float32)+y_ref[...].astype(jnp.float32)
    out_ref[...]=result.astype(out_ref.dtype)

def blocked_axpy(x,y,block=(2,4)):
    # Combine or mask array elements to form `(px, py, padded)`.
    px,py,padded=pad_pair(x,y,block)
    bm,bn=block
    # Invoke custom Pallas kernel or tile specification (`spec`).
    spec=pl.BlockSpec(block,lambda i,j:(i,j))
    # Combine or mask array elements to form `out`.
    out=pl.pallas_call(axpy_body,
        out_shape=jax.ShapeDtypeStruct(padded,x.dtype),
        grid=(padded[0]//bm,padded[1]//bn),
        in_specs=(spec,spec),out_specs=spec,interpret=True)(px,py)
    return out[:x.shape[0],:x.shape[1]]

def pipelined_axpy(x,y,block=(8,128),buffers=2,no_pipelining=False,mode="simulate"):
    # Combine or mask array elements to form `(px, py, padded)`.
    px,py,padded=pad_pair(x,y,block)
    bm,bn=block
    # Guard input contract (`bm % 8 or bn % 128`) and fail fast if violated.
    if bm%8 or bn%128:
        raise ValueError("pipeline blocks must be multiples of (8,128)")
    # Guard input contract (`buffers not in (2, 3)`) and fail fast if violated.
    if buffers not in (2,3):
        raise ValueError("this lab supports two or three buffers")
    # Guard input contract (`mode not in ('simulate', 'tpu')`) and fail fast if violated.
    if mode not in ("simulate","tpu"):
        raise ValueError("mode must explicitly be simulate or tpu")
    # Guard input contract (`mode == 'tpu' and (jax.default_backend() != 'tpu' or any((not isinstance(a, jax.core.Tracer) and any((d.platform != 'tpu' for d in a.devices())) for a in (x, y))))`) and fail fast if violated.
    if mode=="tpu" and (jax.default_backend()!="tpu" or any(not isinstance(a,jax.core.Tracer) and any(d.platform!="tpu" for d in a.devices()) for a in (x,y))):
        raise RuntimeError("Real TPU inputs/backend required; simulation fallback is disabled")
    # Invoke custom Pallas kernel or tile specification (`spec`).
    spec=pl.BlockSpec(block,lambda i,j:(i,j),pipeline_mode=pl.Buffered(buffer_count=buffers))
    # Invoke custom Pallas kernel or tile specification (`output_spec`).
    output_spec=pl.BlockSpec(block,lambda i,j:(i,j),pipeline_mode=pl.Buffered(buffer_count=2))
    def outer(x_hbm,y_hbm,out_hbm):
        # Combine or mask array elements to form ``.
        pltpu.emit_pipeline(axpy_body,grid=(padded[0]//bm,padded[1]//bn),
            in_specs=(spec,spec),out_specs=output_spec,
            no_pipelining=no_pipelining)(x_hbm,y_hbm,out_hbm)
    # Invoke custom Pallas kernel or tile specification (`whole`).
    whole=pl.BlockSpec(memory_space=pl.ANY)
    interpretation=pltpu.InterpretParams(detect_races=True) if mode=="simulate" else False
    # Combine or mask array elements to form `call`.
    call=pl.pallas_call(outer,out_shape=jax.ShapeDtypeStruct(padded,x.dtype),
        in_specs=(whole,whole),out_specs=whole,interpret=interpretation)
    if mode=="simulate":
        # This describes a SIMULATED TPU layout, not the machine running the code.
        abstract=jax.sharding.AbstractMesh((1,),("simulated_device",),
            abstract_device=jax.sharding.AbstractDevice(device_kind="TPU v5 lite",num_cores=1))
        with jax.sharding.use_abstract_mesh(abstract):
            output=call(px,py)
    else:
        output=call(px,py)
    return output[:x.shape[0],:x.shape[1]]

def target_benchmark(candidate,baseline,args,repeats=20):
    # Guard input contract (`jax.default_backend() != 'tpu' or any((d.platform != 'tpu' for a in args for d in a.devices()))`) and fail fast if violated.
    if jax.default_backend()!="tpu" or any(d.platform!="tpu" for a in args for d in a.devices()):
        raise RuntimeError("TPU benchmark requires real TPU inputs; interpretation timings are not accepted")
    # Guard input contract (`repeats < 5`) and fail fast if violated.
    if repeats<5:
        raise ValueError("at least five repeated target measurements required")
    import time
    records={}
    for label,function in (("candidate",candidate),("baseline",baseline)):
        started=time.perf_counter()
        # Wrap with `jax.jit` (`compiled`) so XLA traces and compiles the function.
        compiled=jax.jit(function).lower(*args).compile()
        compile_seconds=time.perf_counter()-started
        # Synchronize host execution until asynchronous device computation completes.
        for _ in range(5):compiled(*args).block_until_ready()
        samples=[]
        for _ in range(repeats):
            started=time.perf_counter()
            # Synchronize host execution until asynchronous device computation completes.
            compiled(*args).block_until_ready()
            samples.append((time.perf_counter()-started)*1000)
        records[label]={"compile_seconds":compile_seconds,"samples_ms":samples,
            "median_ms":float(np.median(samples)),"p90_ms":float(np.percentile(samples,90))}
    # Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for `records['actual_backend']`.
    records["actual_backend"]=jax.default_backend()
    # Query the active JAX devices into `records['device_kind']`.
    records["device_kind"]=jax.devices()[0].device_kind
    # Combine or mask array elements to form `records['boundary']`.
    records["boundary"]="already-placed logical inputs; complete padded/cropped wrapper output; warm synchronized execution"
    return records
The candidate uses the same checked Pallas pipeline. The benchmark rejects CPU inputs before compiling or timing. It measures the complete wrapper, including padding/cropping, and records compilation separately.
Audit a matrix of shapes and precisions
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 2 — Audit a matrix of shapes and precisions: A zero kernel error means the implementation honored the declared...
rng=np.random.default_rng(42)
correctness=[]
precision_gaps=[]
for shape in [(1,1),(8,128),(9,129),(17,257)]:
    original_x=rng.normal(size=shape).astype(np.float32)
    original_y=rng.normal(size=shape).astype(np.float32)
    ideal=2*original_x+original_y
    row=[]
    gaps=[]
    for dtype in (jnp.float32,jnp.bfloat16):
        # Create device-backed JAX array `a`.
        # Create device-backed JAX array `b`.
        a=jnp.asarray(original_x,dtype=dtype)
        b=jnp.asarray(original_y,dtype=dtype)
        actual=pipelined_axpy(a,b)
        represented=(2*a.astype(jnp.float32)+b.astype(jnp.float32)).astype(dtype)
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_array_equal(np.asarray(actual),np.asarray(represented))
        # Convert `error` to a host NumPy array for inspection or verification.
        error=float(np.max(np.abs(np.asarray(actual,dtype=np.float32)-np.asarray(represented,dtype=np.float32))))
        # Convert `gap` to a host NumPy array for inspection or verification.
        gap=float(np.max(np.abs(np.asarray(actual,dtype=np.float32)-ideal)))
        row.append(error)
        gaps.append(gap)
    correctness.append(row)
    precision_gaps.append(gaps)
print("Kernel errors versus represented-input oracle:",correctness)
print("Gaps versus original float32 data:",precision_gaps)
A zero kernel error means the implementation honored the declared precision contract. A nonzero gap to the original float32 dataset measures representation and output rounding, which must be reported separately.
Check the evidence boundary before requesting a speed claim
Create main.py for the first block, then append each block in order in your course CPU environment.
# Step 3 — Check the evidence boundary before requesting a speed claim: The runnable target entry point is the project target_tpu.py script.
if jax.default_backend()=="cpu":
    probe=jnp.ones((8,128),dtype=jnp.float32)
    rejected=False
    try:target_benchmark(lambda a,b:pipelined_axpy(a,b,mode="tpu"),lambda a,b:2*a+b,(probe,probe))
    except RuntimeError as error:
        rejected=True
        print("Expected benchmark refusal:",error)
    assert rejected
print("CPU correctness audit complete; no TPU latency or speedup measured")
The runnable target entry point is the project target_tpu.py script. A missing target receipt remains a missing target receipt; the CPU result is not relabeled as performance data.
Run the example
The assembled script is in the separate solutions and code appendix.
All eight shape/dtype cases exactly match the represented-input oracle. bfloat16 differs from original float32 values by a separately reported precision gap. The benchmark refuses CPU execution; no target speedup is reported.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Preserve correctness under a joint row permutation
Predict before running: Will permuting both input rows change any value after restoring the order?
# Experiment — Preserve correctness under a joint row permutation: This operation has no coupling between rows.
a=jnp.asarray(rng.normal(size=(9,129)),dtype=jnp.float32)
# Create device-backed JAX array `b`.
b=jnp.asarray(rng.normal(size=(9,129)),dtype=jnp.float32)
order=jnp.array([8,0,7,1,6,2,5,3,4])
inverse=jnp.argsort(order)
original=pipelined_axpy(a,b)
permuted=pipelined_axpy(a[order],b[order])[inverse]
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(np.asarray(permuted),np.asarray(original))
print("Joint row permutation preserves output identity")
The restored output is identical.
This operation has no coupling between rows. A failure suggests ownership or data-pairing errors rather than ordinary floating-point variability.
Make a precision-policy counterexample
Predict before running: Will rounding an intermediate bfloat16 value always equal one final output cast?
# Experiment — Make a precision-policy counterexample: The order of representation changes is part of the numerical...
first=jnp.array([1.00390625],dtype=jnp.float32)
second=jnp.array([0.00390625],dtype=jnp.float32)
early=(first.astype(jnp.bfloat16).astype(jnp.float32)+second).astype(jnp.bfloat16)
late=(first+second).astype(jnp.bfloat16)
assert float(early[0])!=float(late[0])
print("Early/final-only rounding:",float(early[0]),float(late[0]))
Early rounding yields 1.0 while one final cast yields 1.0078125.
The order of representation changes is part of the numerical algorithm. A reference must reflect the declared contract rather than a superficially similar expression.
Your exercise
Add a (15,255) fixture, compare two tile choices and two buffer counts, and retain the same frozen inputs for every candidate. Report errors and padded work separately.
Attempt this before consulting the separate solutions appendix.
Reject unsupported dtype mixing
Practice
Pass a float32 matrix and a bfloat16 matrix together, then pass integer arrays. Verify neither is silently coerced into an undocumented kernel contract.
Hint
The wrapper promises matching float32 or bfloat16 inputs.
Bound the end-to-end opportunity
Challenge
A profile attributes 30%30\% of time to a local operation. Derive the best end-to-end speedup if that operation becomes twice as fast, then the impossible-to-exceed limit if its cost vanished.
Hint
Keep the remaining workload time unchanged in the calculation.
Checkpoint
The kernel matches the represented-input oracle exactly but differs from the original float32 dataset in bfloat16. What should the report say?
	The kernel is necessarily incorrect.
	The interpretation proves TPU throughput.
	Implementation correctness passed for the declared precision policy; the separate representation gap must still be reported.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If bfloat16 disagrees only with the original float32 data, check whether the represented-input oracle still passes before calling it a kernel bug. If timings are implausibly tiny, inspect synchronization and device placement. If a local speedup fails to improve the training step, reprofile communication and other unchanged work. Never replace missing target evidence with simulated-device labels.
Carry forward
	Choose cases that challenge the contract
	Use two references for two different questions
	Make target timing a complete operation
	Compare a strong baseline with the same contract
	Relate local kernels to the distributed workload
	Accept, revise or decline the optimization

Your evidence
Shape/dtype reference checks, separate precision gaps, guarded target benchmark and a bounded end-to-end speedup argument. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	Pallas grids and block specifications
	Writing TPU kernels: layout and memory restrictions
	TPU pipelining and emit_pipeline
	TPU interpretation is simulation, not target execution

Phase 14: Autodiff & JAX internals
Which mathematical operation does the transformed program represent?
Use internal representations to explain and verify transformations, not to memorize printed variable names. Separate primal values, tangent directions, cotangents and compiled artifacts.
Prepare and work through the phase
	Read and check transformed programs
Follow one jaxpr equation, compare directional derivatives independently and verify the adjoint identity at changed inputs.

	Enforce a custom transformation boundary
Require tangent linearity and test higher-order promises. For the tiny interpreter, reject unsupported primitives rather than returning a plausible incomplete result.


Readiness check
A function maps an input vector to an output vector. Does a JVP multiply by the Jacobian or its transpose?
Answer: A JVP maps an input tangent through the Jacobian. A VJP maps an output cotangent through its transpose. Check the spaces and the adjoint inner-product identity.
Transfer question
A custom JVP returns the correct derivative when the tangent equals one but squares the tangent internally. Is it valid?
Approach: No. Derivatives are linear maps in the direction at a fixed base point. Check multiple directions and linear combinations; agreement for one seed is insufficient.
Common pitfall
A derivative test passes at one input but fails after a shift. Inspect captured constants, detached values and custom rules. Compare both primal and derivative behavior at changed base points.
Phase artifact
Use derivative-audit. Keep analytic/directional checks, the adjoint identity, supported higher-order behavior and explicit unsupported-program rejections.
The tiny interpreter is intentionally incomplete. Production extension APIs, effects and full compiler transformation coverage require further targeted work.
Phase project: Audit derivatives and a tiny transformation. Explain tracing and verify the derivative rule numerically.
	derivative-audit · online workspace · project guide

Read your first jaxpr
Inspect a small transformed function and identify its operations.
What you will be able to do
	Translate jaxpr variables and array types into a data-flow diagram.
	Compare a forward computation with its gradient program.
	Distinguish a closed-over array constant from a function input.
	Diagnose a traced Python branch and verify a lax.cond repair.
	Compare an unrolled loop with a scan without claiming a speedup.

The problem
Your function returns the right answer. Now let’s look inside the computation JAX traced. We’ll start with three operations, calculate each intermediate value ourselves, and match them to a jaxpr. Then we’ll see what changes after differentiation. The printed representation is a learning tool, not a measurement of execution speed.
The idea
A jaxpr records primitive operations and the values that connect them. Read it as a data-flow program with shapes and dtypes, not as a literal description of final hardware instructions or Python execution order.
Read a jaxpr as a typed computation
Start at the inputs and trace one intermediate to its consumers. For a reduction, identify the consumed axes and resulting shape. Distinguish array inputs from closed constants: both can affect the output, but they enter the program differently.
Then connect each primitive to the corresponding part of the original expression. A variable name in a printed jaxpr is a local label, not a stable API to test verbatim.
The intermediate-value heatmap is a numerical aid. Pair it with the typed dependency graph to explain how those values were produced. Lowering and compilation can change representation later; a primitive count alone does not predict executed kernel count or runtime.
Pause and reason
Why avoid a correctness test that compares the entire printed jaxpr string?
Compare your reasoningFormatting, names and primitive details can change across versions. Test intended structure where appropriate and verify numerical behavior independently.
f(x)  →trace  ClosedJaxpr(invars,eqns,outvars)f(x) \;\xrightarrow{\text{trace}}\; \texttt{ClosedJaxpr}(\text{invars}, \text{eqns}, \text{outvars})Compute the values before reading the representation
Start with x=[1,2,3]x=[1, 2, 3]. Adding 11 gives [2,3,4][2, 3, 4]. Elementwise multiplication of this vector by itself gives [4,9,16][4, 9, 16]. The sum is 2929. The first two operations retain shape (3,)(3,), while the reduction produces a scalar, whose array shape is ().
The derivative of each (xi+1)2(x_i+1)^2 is 2(xi+1)2(x_i+1), so the gradient at this input is [4,6,8][4, 6, 8]. A different implementation could produce the same values with different primitives. We use multiplication explicitly to keep this first trace readable. Do not infer an algorithm from the spelling of a Python expression alone.
x: f32[3] = [1, 2, 3]
   │ add scalar 1
   ▼
shifted: f32[3] = [2, 3, 4]
   │ multiply by shifted
   ▼
squared: f32[3] = [4, 9, 16]
   │ reduce_sum over axis 0
   ▼
result: f32[] = 29
Read one equation at a time
In a typical printout the input is named a, the shifted vector b, the squared vector c, and the scalar result dd. These names are generated; they are not your Python variable names and can change across versions. An equation such as b:f32[3] = add a 1.0:f32[] binds a new value rather than mutating a. f32 means float32, [3][3] denotes a length-three vector, and [] denotes a scalar.
The lambda header lists closed constants before its semicolon and ordinary input variables after it. The let block lists equations; the final in (...) lists returned values. Parameters in brackets belong to a primitive, for example reduction axes. Our script iterates over eqns and prints primitive names and output shapes so you can relate the structured object to the text. Treat exact formatting and generated names as version-dependent details.
{ lambda ; a:f32[3]. let
    b:f32[3] = add a 1.0:f32[]
    c:f32[3] = mul b b
    d:f32[] = reduce_sum[...] c
  in (d,) }
Illustrative excerpt: actual reduction parameters may differ.
Trace an abstract signature, not the sample’s values
make_jaxpr uses an example array to establish an abstract input shape and dtype. It does not use the ordinary data values as Python control-flow decisions. Calling the same function with another float32 length-three array follows the same computation structure. A length-four input changes the types in the representation, even though the algorithm is still add, multiply, sum.
This is why if xx[0][0] > 00 cannot select a Python branch during ordinary tracing: the comparison produces a traced boolean, not a concrete Python truth value. Use array-compatible control flow such as lax.cond with compatible branch result types. Moving the predicate into a static argument is a different design and may trigger separate traces; it is not a universal repair.
Inspect the gradient as another program
make_jaxpr(grad(shifted_square_sum))(x) asks JAX to trace the transformed derivative function. You will see additional operations that propagate a scalar output sensitivity back to vector inputs, including multiplication and broadcasting. Some forward operations may remain; their exact arrangement depends on transformations and JAX’s implementation.
Count the equations as a descriptive observation, then verify the numerical derivative independently at multiple inputs. More equations do not automatically mean slower execution: lowering, fusion, memory movement and hardware scheduling affect runtime. A jaxpr can tell you what was traced; profiling answers where time is spent.
Separate data inputs from captured constants
An array defined outside a function and read by it can appear as a closed constant. In the exercise below the offset vector is [1,2,3][1, 2, 3]; xx remains the ordinary input. Inspect closed.consts and jaxpr.constvars, then compare with a version that takes the offset as an explicit second argument. The explicit version has two input variables.
This distinction matters for clarity and reusable function signatures. It does not prove that a constant occupies a particular device memory buffer or is copied on every call. Later compiler stages can represent constants differently. Save the traced structure without presenting it as a memory trace.
Compare Python unrolling with structured iteration
A Python loop with a fixed range is executed during tracing, so its repeated array operations can appear repeatedly in the outer jaxpr. lax.scan represents a loop with a nested body and a carry contract; the outer equation list includes the loop primitive rather than simply expanding every iteration.
Inspect both representations for a four-step recurrence and verify they return the same result. The body jaxpr still contains operations, so counting only outer equations would hide work. This comparison illustrates representation, not a benchmark. For an actual performance claim, measure compilation and synchronized execution separately on the intended hardware.
Follow values through the jaxpr operations
Predict: Which operation reduces an array to one scalar?
[image: Follow values through the jaxpr operations. Columns track the three array coordinates, while rows track stages of a computation. The first row is input \((1,2,3)\). Adding \(1\) produces \((2,3,4)\), and multiplying those values by themselves produces \((4,9,16)\). Follow one column downward: the final coordinate changes from \(3\) to \(4\) to \(16\). Its darker bottom cell reflects a larger intermediate value, not a more expensive operation or longer runtime.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Columns track the three array coordinates, while rows track stages of a computation. The first row is input (1,2,3)(1,2,3). Adding 11 produces (2,3,4)(2,3,4), and multiplying those values by themselves produces (4,9,16)(4,9,16).
Follow one column downward: the final coordinate changes from 33 to 44 to 1616. Its darker bottom cell reflects a larger intermediate value, not a more expensive operation or longer runtime.
Connect it to the computation
The final reduction adds the bottom row to obtain 4+9+16=294+9+16=29. That scalar is not another row in the heatmap because it no longer has three separate coordinates. This change of shape connects the elementwise operations to the reduction in the jaxpr.
A jaxpr describes operations and abstract values. The figure supplies concrete intermediate values for this one input, making that program easier to trace by hand. Changing the input changes these numbers without necessarily changing the jaxpr’s structure.
1. Establish the input signature
Create main.py in the activated setup environment and add the imports and float32 vector below. Calculate [2,3,4][2, 3, 4] → [4,9,16][4, 9, 16] → 2929 on paper.
# Step 1 — 1. Establish the input signature: The vector has shape (3,) and dtype float32; these determine the...
import jax
import jax.numpy as jnp

x = jnp.array([1., 2., 3.], dtype=jnp.float32)
The vector has shape (3,)(3,) and dtype float32; these determine the abstract input type.
2. Write the pure function
Append this function. It reads its argument and returns one scalar; no global mutation or Python branch is involved.
# Step 2 — 2. Write the pure function: Each assignment names a new value.
def shifted_square_sum(x):
    shifted = x + 1.
    squared = shifted * shifted
    return jnp.sum(squared)
Each assignment names a new value. sum reduces the three squared values to a scalar.
3. Inspect and independently verify
Append this block and run python main.py. Match each printed operation to the flow above, then compare the assertions with your paper calculation.
# Step 3 — 3. Inspect and independently verify: Forward operations include add, mul and reduce_sum, with output...
# Trace or lower the function to inspect its compiler representation (`closed`).
closed = jax.make_jaxpr(shifted_square_sum)(x)
print("Forward program:")
print(closed)
for equation in closed.jaxpr.eqns:
    print("Operation:", equation.primitive.name,
          "output shapes:", [v.aval.shape for v in equation.outvars])
value = shifted_square_sum(x)
# Differentiate the objective to obtain `gradient` via automatic differentiation.
gradient = jax.grad(shifted_square_sum)(x)
print("Value / gradient:", value, gradient)
assert jnp.allclose(value, 29.)
assert jnp.allclose(gradient, jnp.array([4., 6., 8.]))
Forward operations include add, mul and reduce_sum, with output shapes (3,)(3,), (3,)(3,), (). Value: 29.029.0; gradient: [4.,6.,8.][4., 6., 8.]. Variable names and printed primitive parameters may vary by JAX version.
Run the example
The assembled script is in the separate solutions and code appendix.
Forward operations include add, mul and reduce_sum, with output shapes (3,)(3,), (3,)(3,), (). Value: 29.029.0; gradient: [4.,6.,8.][4., 6., 8.]. Variable names and printed primitive parameters may vary by JAX version.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Trace and verify the derivative
Predict before running: Which intermediate values and shapes will the derivative need? Write the analytic gradient for [−1,0,2][-1, 0, 2] before running.
# Experiment — Trace and verify the derivative: The new input checks the derivative independently of the...
# Differentiate the objective to obtain `derivative_program` via automatic differentiation.
derivative_program = jax.make_jaxpr(jax.grad(shifted_square_sum))(x)
print("Derivative program:", derivative_program)
other = jnp.array([-1., 0., 2.])
assert jnp.allclose(shifted_square_sum(other), 10.)
assert jnp.allclose(jax.grad(shifted_square_sum)(other), jnp.array([0., 2., 6.]))
assert jnp.allclose(jax.grad(shifted_square_sum)(other), 2*(other+1))
At [−1,0,2][-1, 0, 2], value 1010 and gradient [0,2,6][0, 2, 6]. The derivative trace contains extra sensitivity operations.
The new input checks the derivative independently of the original sample; trace inspection alone is not a numerical test.
Inspect a captured array
Predict before running: Will the offset vector appear as a second ordinary input in the captured version?
# Experiment — Inspect a captured array: The function signature determines ordinary inputs; closed...
offset = jnp.array([1., 2., 3.])
def captured(z):
    return jnp.sum(z + offset)
def explicit(z, offset):
    return jnp.sum(z + offset)
# Trace or lower the function to inspect its compiler representation (`captured_program`).
captured_program = jax.make_jaxpr(captured)(x)
# Trace or lower the function to inspect its compiler representation (`explicit_program`).
explicit_program = jax.make_jaxpr(explicit)(x, offset)
print("Captured:", captured_program)
print("Explicit:", explicit_program)
assert len(captured_program.jaxpr.invars) == 1
assert len(explicit_program.jaxpr.invars) == 2
assert jnp.allclose(captured(x), explicit(x, offset))
Captured version has one ordinary input; explicit version has two. Both return 1212.
The function signature determines ordinary inputs; closed constants are represented separately.
Your exercise
Change the scalar offset from 11 to 22. Draw the new value flow for [1,2,3][1, 2, 3], calculate the sum and gradient by hand, then inspect both jaxprs. Explain which structural features remain and which values change.
Attempt this before consulting the separate solutions appendix.
Compare unrolled and scanned recurrences
Transfer / diagnosis
Implement four repetitions of z←0.5z+1z\leftarrow0.5z+1 using a fixed Python loop and scan. Print both representations and check the final result from z=0z=0.
Hint
The exact four-step result is 1.8751.875; scan carries a scalar.
Reproduce and repair a traced boolean failure
Transfer / diagnosis
Write a Python branch that chooses sum(z) or −sum(z) based on zz[0][0]>00. Reproduce the make_jaxpr error, replace the branch with cond, and verify positive and negative cases.
Hint
Both cond branches must return matching scalar types.
Checkpoint
A jaxpr has more equations after grad. What can you conclude from that observation alone?
	The derivative must run slower on every device.
	The traced derivative has a different computation structure; runtime needs separate measurement.
	Every equation corresponds to one hardware kernel.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If make_jaxpr fails, reduce the example and read the first tracing error. A Python boolean conversion asks for a value unavailable during tracing; a branch shape mismatch violates the cond output contract. After fixing it, trace again and test numeric behavior on both sides of the branch. Do not hard-code generated variable letters or an exact full jaxpr string as a correctness test.
Carry forward
	Follow shapes and dependencies rather than generated variable names.
	Check transformed functions with independent numerical expectations.
	Closed constants, nested jaxprs and ordinary inputs describe different parts of the traced program.
	Use profiling for performance claims and lowering inspection for compiler-stage questions.

Your evidence
Save your annotated forward and derivative traces, offset-2 hand calculation, captured/explicit input comparison, unrolled/scan comparison and traced-branch error with both repaired numeric tests.
Primary references
	The jaxpr language
	make_jaxpr API
	Tracing errors

JVPs, VJPs, and higher-order derivatives
Compute and interpret JVP and VJP products with correct domains and shapes. Verify the adjoint dot-product identity against a hand-derived Jacobian.
What you will be able to do
	Compute and interpret JVP and VJP products with correct domains and shapes.
	Verify the adjoint dot-product identity against a hand-derived Jacobian.
	Compute an exact Hessian-vector product and distinguish it from a Gauss–Newton approximation.

The problem
A large model may have millions of inputs or outputs, but you often need only one sensitivity direction. How can we compute the useful product without constructing the full Jacobian—and verify that forward, reverse and higher-order calculations agree?
The idea
A JVP asks how an input direction changes outputs. A VJP asks how an output sensitivity pulls back to inputs. Both use the same local derivative, but their vectors belong to different spaces.
Forward and reverse products answer complementary questions
For a map from three inputs to two outputs, the Jacobian has shape (2,3)(2,3). A JVP consumes a three-component direction and returns two components. A VJP consumes a two-component cotangent and returns three.
Check the adjoint relation uT(Jv)=(JTu)Tvu^T(Jv)=(J^Tu)^Tv using independent dot products. It connects both directions without requiring the full Jacobian to be materialized.
When reading product bars, name the vector's space before interpreting its coordinates. A square example can hide a transpose mistake because both vectors have the same length. Add an unequal-dimension case to expose that ambiguity.
JVP and VJP use different vector spaces
Predict: Does a VJP simply return the same vector as a JVP?
[image: The top row pushes a three-component direction into two output components. The bottom pulls a two-component sensitivity back to three inputs. Shapes disambiguate the two products even when a square worked example would not. The adjoint identity checks their relationship.]Architecture and dataflow mechanism diagram.The top row pushes a three-component direction into two output components. The bottom pulls a two-component sensitivity back to three inputs. Shapes disambiguate the two products even when a square worked example would not. The adjoint identity checks their relationship.
Pause and reason
Does a VJP simply return the same vector as a JVP?
Compare your reasoningNo. They apply the derivative in different directions and can have different result dimensions. Their relationship is the adjoint identity, not equality of vectors.
Separate the point from the direction
For f(a,b)=(ab,sin⁡(a)+b2)f(a,b)=(ab,\sin(a)+b^2), the point x=(0.4,−0.7)x=(0.4,-0.7) determines a Jacobian. The direction v=(1.2,−0.3)v=(1.2,-0.3) says how the inputs will move near that point. JVP returns both the original output and J(x)vJ(x)v. It does not evaluate the nonlinear function at x+vx+v; its approximation becomes meaningful when multiplied by a sufficiently small displacement.
J(a,b)=[bacos⁡(a)2b],f(x+εv)≈f(x)+εJ(x)vJ(a,b)=\begin{bmatrix}b&a\\\cos(a)&2b\end{bmatrix},\qquad f(x+\varepsilon v)\approx f(x)+\varepsilon J(x)vA VJP answers a different directional question
The cotangent u=(0.5,2)u=(0.5,2) weights changes in the two outputs. Pulling it back gives J(x)TuJ(x)^\mathsf{T}u, a vector in input space. It is the gradient of the scalar function uTf(x)u^\mathsf{T}f(x) when uu is fixed. The pullback closes over the forward computation at this specific point; it must be rebuilt when the point changes.
Check the adjoint identity with independent values
The scalar uT(Jv)u^\mathsf{T}(Jv) can be computed either by pushing the direction first or pulling the measurement first. The two orders must agree: uTJv=(JTu)Tvu^\mathsf{T}Jv=(J^\mathsf{T}u)^\mathsf{T}v. Here JVP is approximately (−0.96,1.52527)(-0.96,1.52527), VJP is (1.49212,−2.6)(1.49212,-2.6), and both scalar products are about 2.570552.57055. This identity alone is insufficient if both rules share a mistake; the explicit Jacobian adds an independent oracle.
Count directions before choosing a Jacobian strategy
Forward mode naturally produces a Jacobian column for each input basis direction; reverse mode produces a row for each output basis direction. Many inputs and one scalar output often favor reverse mode, whereas a small number of input directions may favor forward products. Real runtime also depends on intermediates, batching and device behavior. This lesson verifies mathematical products, not a universal timing rule.
Curvature includes the changing Jacobian
For L(x)=12∥f(x)∥2L(x)=\frac12\lVert f(x)\rVert^2, the gradient is JTfJ^\mathsf{T}f. Differentiating again gives H=JTJ+∑ifi∇2fiH=J^\mathsf{T}J+\sum_i f_i\nabla^2f_i. The first term is positive semidefinite and is often used as a Gauss–Newton approximation; it is exact only when the residual-weighted term vanishes. Forward-over-reverse differentiation computes HvHv without building every Hessian entry.
Hv=JT(Jv)+∑ifi(∇2fi)vHv=J^\mathsf{T}(Jv)+\sum_i f_i(\nabla^2 f_i)vUse finite differences as a second perspective
A central difference of gradients approximates the Hessian-vector product, while a central difference of function outputs approximates the JVP. Sweep perturbations and retain a range of agreement; making the perturbation arbitrarily small causes cancellation. Float64 is explicitly enabled for these CPU comparisons. Non-smooth points and custom derivative rules require their own mathematical interpretation.
Forward and reverse products live in different spaces
Predict: Should a JVP and VJP have equal coordinates just because this example has two inputs and two outputs?
[image: Paired bars show JVP matching J times v and VJP matching transpose J times u, with different coordinates in the two panels.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The first panel compares the JVP with the explicit product JvJv, one bar per output coordinate. The matched values are about −0.96-0.96 and 1.52531.5253. These are predicted output changes for the selected input direction, not the function outputs themselves.
The second panel compares the VJP with JTuJ^\mathsf{T}u, one bar per input coordinate. Its matched values are about 1.49211.4921 and −2.6-2.6. Both plots happen to contain two coordinates, but their axes refer to different vector spaces.
Connect it to the computation
The bars agree within each panel because the hand-derived Jacobian verifies the corresponding JAX product. The two panels should not agree with each other: their seed vectors and meanings differ. Multiplying by the opposite seed gives the common adjoint scalar, about 2.57052.5705.
An adjoint equality checks compatibility between two linear maps. The independent Jacobian and changed-point exercises protect against a shared wrong map. The figure does not compare runtime or memory use.
Define a small vector map and derive its Jacobian
Create main.py for the first block, then append subsequent blocks in order using your course CPU environment.
# Step 1 — Define a small vector map and derive its Jacobian: The map has two inputs and two outputs.
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

def mapping(x):
    a,b=x
    return jnp.array([a*b,jnp.sin(a)+b*b])
x=jnp.array([0.4,-0.7])
v=jnp.array([1.2,-0.3])
u=jnp.array([0.5,2.0])
# Convert `(a, b)` to a host NumPy array for inspection or verification.
a,b=np.asarray(x)
jacobian=np.array([[b,a],[np.cos(a),2*b]])
expected_value=np.array([a*b,np.sin(a)+b*b])
The map has two inputs and two outputs. Its Jacobian rows correspond to output coordinates, and columns to input coordinates.
Push a direction forward and pull a measurement backward
Create main.py for the first block, then append subsequent blocks in order using your course CPU environment.
# Step 2 — Push a direction forward and pull a measurement backward: The VJP returns one cotangent per input argument, hence the...
# Compute exact directional derivative / Jacobian / Hessian (`(value, jvp)`).
value,jvp=jax.jvp(mapping,(x,),(v,))
# Compute exact directional derivative / Jacobian / Hessian (`(value_again, pullback)`).
value_again,pullback=jax.vjp(mapping,x)
vjp,=pullback(u)
np.testing.assert_allclose(value,expected_value,rtol=1e-12)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(jvp,jacobian@np.asarray(v),rtol=1e-12)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(vjp,jacobian.T@np.asarray(u),rtol=1e-12)
left=float(jnp.vdot(u,jvp))
right=float(jnp.vdot(vjp,v))
np.testing.assert_allclose(left,right,rtol=1e-12)
print("Jacobian:",jacobian)
print("JVP:",np.asarray(jvp),"VJP:",np.asarray(vjp),"adjoint pair:",left,right)
The VJP returns one cotangent per input argument, hence the one-element tuple. The dot-product identity checks that forward and reverse products represent adjoint linear maps.
Compute curvature without materializing a Hessian
Create main.py for the first block, then append subsequent blocks in order using your course CPU environment.
# Step 3 — Compute curvature without materializing a Hessian: For squared residuals, the Hessian includes a...
def objective(z):
    return 0.5*jnp.vdot(mapping(z),mapping(z))
# Differentiate the objective to obtain `gradient` via automatic differentiation.
gradient=jax.grad(objective)(x)
# Differentiate the objective to obtain `hvp` via automatic differentiation.
hvp=jax.jvp(jax.grad(objective),(x,),(v,))[1]
y=expected_value
hessian_0=np.array([[0.,1.],[1.,0.]])
hessian_1=np.array([[-np.sin(a),0.],[0.,2.]])
hessian=jacobian.T@jacobian+y[0]*hessian_0+y[1]*hessian_1
np.testing.assert_allclose(gradient,jacobian.T@y,rtol=1e-12)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(hvp,hessian@np.asarray(v),rtol=1e-12)
np.testing.assert_allclose(hessian,hessian.T,atol=1e-12)
print("Hessian-vector product:",np.asarray(hvp))
For squared residuals, the Hessian includes a Jacobian-transpose-Jacobian term and residual-weighted second derivatives. Dropping the latter is an approximation, not the exact Hessian.
Run the example
The assembled script is in the separate solutions and code appendix.
JVP [-0.96, 1.52527319], VJP [1.49212199, -2.6], adjoint scalar approximately 2.57054639. The independently derived Hessian-vector product agrees.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Reconstruct columns and rows independently
Predict before running: Will mapping JVPs over basis vectors directly produce rows or columns?
# Experiment — Reconstruct columns and rows independently: The transpose in the forward construction is necessary: vmap...
basis=jnp.eye(2)
# Compute exact directional derivative / Jacobian / Hessian (`columns`).
columns=jax.vmap(lambda direction:jax.jvp(mapping,(x,),(direction,))[1])(basis).T
# Vectorize across the batch dimension with `jax.vmap` (`rows`).
rows=jax.vmap(lambda weighting:pullback(weighting)[0])(basis)
np.testing.assert_allclose(columns,jacobian,rtol=1e-12)
np.testing.assert_allclose(rows,jacobian,rtol=1e-12)
print("Forward columns and reverse rows agree")
Both reconstructed matrices equal the hand-derived Jacobian.
The transpose in the forward construction is necessary: vmap first stacks one directional result per input basis vector.
Separate exact curvature from Gauss–Newton
Predict before running: Will the residual-weighted correction vanish at our chosen point?
# Experiment — Separate exact curvature from Gauss–Newton: Residuals are nonzero, and both output functions have second...
# Perform matrix / vector contraction (`@`) to compute `gauss_newton`.
gauss_newton=jacobian.T@jacobian
# Perform matrix / vector contraction (`@`) to compute `approximation`.
approximation=gauss_newton@np.asarray(v)
assert np.linalg.norm(np.asarray(hvp)-approximation)>0.1
eps=1e-4
# Differentiate the objective to obtain `fd` via automatic differentiation.
fd=(np.asarray(jax.grad(objective)(x+eps*v))-np.asarray(jax.grad(objective)(x-eps*v)))/(2*eps)
np.testing.assert_allclose(hvp,fd,rtol=1e-7,atol=1e-8)
print("Exact HVP:",np.asarray(hvp),"Gauss-Newton product:",approximation)
The approximation differs visibly; the finite-difference gradient check matches the exact HVP.
Residuals are nonzero, and both output functions have second derivatives. Calling the approximation the Hessian would erase those contributions.
Your exercise
Repeat the Jacobian, JVP, VJP and adjoint checks at x=(−0.2,0.8)x=(-0.2,0.8) with v=(−0.5,1.3)v=(-0.5,1.3) and u=(1.1,−0.4)u=(1.1,-0.4). Explain which quantities belong to input and output space.
Attempt this before consulting the separate solutions appendix.
Test linearity at a fixed point
Practice
Check the JVP of 2v−w2v-w against the same combination of separate JVPs. Then show why changing the base point is a different operation.
Hint
A derivative is linear in its direction at a fixed base point.
Check curvature symmetry without a full Hessian
Challenge
For two directions v,wv,w, verify wTHv=vTHww^\mathsf{T}Hv=v^\mathsf{T}Hw, then verify one product with finite differences.
Hint
Compose jvp with grad and compare scalar products.
Checkpoint
A VJP is seeded with an output weighting u. What does the returned input cotangent represent?
	The output at a displaced input x+u.
	The gradient of the scalar weighted output u-transpose f(x), with u fixed.
	A complete Hessian for every possible loss.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a product has the wrong shape, identify whether its seed lives in input or output space. If basis reconstruction is transposed, inspect which index vmap stacks first. If an HVP differs from J-transpose-J times the direction, calculate the residual-weighted second-derivative term before blaming autodiff.
Carry forward
	Separate the point from the direction
	A VJP answers a different directional question
	Check the adjoint identity with independent values
	Count directions before choosing a Jacobian strategy
	Curvature includes the changing Jacobian
	Use finite differences as a second perspective

Your evidence
Hand-derived Jacobian/Hessian, adjoint scalar, changed-point checks, finite-difference HVP and a Gauss–Newton distinction. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX automatic differentiation cookbook
	Custom JVP and VJP rules
	Ahead-of-time lowering and compilation
	The jaxpr language

Custom derivative rules
Implement actual custom_jvp and custom_vjp rules with correct return and residual contracts. Verify seed linearity, stable extreme values and second derivatives.
What you will be able to do
	Implement actual custom_jvp and custom_vjp rules with correct return and residual contracts.
	Verify seed linearity, stable extreme values and second derivatives.
	Detect a wrong but linear derivative rule using independent numerical checks.
	Explain the forward-mode limitation of a custom_vjp function.

The problem
Sometimes you know a stable formula for a derivative, or need to control what a reverse pass saves. How do you replace JAX’s default differentiation without quietly changing the mathematics? We will write two exact custom rules, check higher derivatives, and catch a deliberately plausible wrong rule.
The idea
A custom derivative rule changes how differentiation treats a function. It must preserve the intended derivative while respecting transformation requirements. Stability of the primal computation and correctness of the derivative need separate checks.
A custom rule is a mathematical contract
Start from a known analytic function and derive its slope. Compare the custom rule with that result over ordinary and extreme inputs, then examine the second derivative if higher-order use is intended.
A forward rule must be linear in its tangent input; a reverse rule must be linear in its incoming cotangent. Inserting an arbitrary nonlinear operation on that sensitivity can produce a rule that no longer represents a derivative.
The slope and curvature curves show more than a successful first gradient at one point. Follow their behavior near numerically difficult regions and use finite differences only where that independent approximation is reliable.
Pause and reason
Why check more than one tangent magnitude or cotangent value?
Compare your reasoningIt can expose a rule that is incorrectly nonlinear in the sensitivity input. Matching a single derivative call can hide that contract violation.
Keep the primal stable before customizing its derivative
Softplus is s(x)=log⁡(1+ex)s(x)=\log(1+e^x). Direct exponentiation overflows for a large positive input, even though the correct output is approximately xx. logaddexp computes the same mathematical function without forming the dangerous exponential. Its derivative is the sigmoid σ(x)\sigma(x), and its second derivative is σ(x)(1−σ(x))\sigma(x)(1-\sigma(x)). We use these identities as checks, not as permission to ignore the primal calculation.
s(x)=log⁡(1+ex),s′(x)=σ(x),s′′(x)=σ(x)(1−σ(x))s(x)=\log(1+e^x),\qquad s\prime(x)=\sigma(x),\qquad s\prime\prime(x)=\sigma(x)(1-\sigma(x))A custom JVP must remain linear in its tangent
The JVP receives tuples of primal arguments and tangent arguments. For one scalar input, it returns (s(x),σ(x)x˙)(s(x),\sigma(x)\dot{x}). The coefficient depends on the primal point; the expression is linear in the tangent x˙\dot{x}. Squaring the tangent would not represent a derivative and would prevent a valid linear transpose. Multiplying by an incorrect constant remains linear but is still mathematically wrong, so linearity checks alone is distinct from correctness.
Choose residuals for a custom reverse pass
For ℓ(x)=log⁡∑iexi\ell(x)=\log\sum_i e^{x_i}, the gradient is softmax pp. The forward rule returns the scalar primal and saves pp as the residual. The backward rule receives that residual and a scalar output cotangent gg, then returns the input cotangent gpgp inside a one-element tuple. Saving probabilities is a deliberate memory/recomputation choice in this small example; it is not a universal optimal residual policy.
∂ℓ∂xi=pi,pi=exi∑jexj\frac{\partial\ell}{\partial x_i}=p_i,\qquad p_i=\frac{e^{x_i}}{\sum_j e^{x_j}}Higher-order behavior is part of the promise
Differentiating the softplus rule again should give curvature 0.250.25 at zero. Differentiating the log-sum-exp reverse gradient gives diag⁡(p)−ppT\operatorname{diag}(p)-pp^\mathsf{T}, a symmetric Hessian whose rows sum to zero because adding a common constant changes the value linearly. The reference checks use these formulas. A stop_gradient inserted into a residual path might preserve first derivatives while breaking these higher-order checks.
Custom reverse mode has a transformation boundary
Applying jvp directly to a custom_vjp function is unsupported in the tested JAX API. We reproduce that boundary and report it explicitly. Reverse-over-reverse differentiation of this smooth, correctly implemented rule works and is checked. If forward-mode composition is needed, use an appropriate custom_jvp or ordinary JAX implementation rather than assuming every derivative decorator is interchangeable.
An intentionally different gradient needs a different claim
A straight-through or surrogate rule can be useful in a modeling method, but it is not the exact derivative of the reported primal. This lesson teaches exact custom derivatives. We deliberately halve a correct derivative to show that a smooth-looking result and seed linearity do not make it true. A finite-difference comparison away from flat or saturated regions exposes the error.
A stable custom rule preserves both slope and curvature
Predict: Where should softplus have the greatest curvature, and what happens far into either tail?
[image: Softplus slope changes from zero to one; its curvature is a symmetric peak of one quarter at zero.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The upper panel plots the first derivative of the custom softplus against its scalar input. It rises smoothly from near zero to near one and passes through 0.50.5 at zero. This is sensitivity, not the softplus value itself.
The lower panel plots the second derivative on the same input range. It reaches 0.250.25 at zero and falls to about 0.017660.01766 at both −4-4 and 44. The curvature is symmetric even though the first derivative is not.
Connect it to the computation
The plotted values come from differentiating the registered custom rule, including differentiating it twice. Independent sigmoid and sigmoid-times-one-minus-sigmoid formulas check the numerical values at named points. The high-curvature central region is useful for detecting a wrong coefficient.
The separate extreme-input test reaches magnitude one thousand, beyond this display, to check overflow behavior. A smooth curve here is distinct from correctness in every transform or dtype; the VJP interface-boundary experiment and changed-size practice test other parts of the contract.
Write stable primal functions and exact derivative contracts
Create main.py for the first block, then append subsequent blocks in order using your course CPU environment.
# Step 1 — Write stable primal functions and exact derivative contracts: The JVP rule returns primal and tangent; the VJP forward rule...
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

# Register custom derivative rule on `stable_softplus(x)`:
@jax.custom_jvp
def stable_softplus(x):
    return jnp.logaddexp(0.0,x)

@stable_softplus.defjvp
def softplus_jvp(primals,tangents):
    x,=primals
    dx,=tangents
    return stable_softplus(x),jax.nn.sigmoid(x)*dx

# Register custom derivative rule on `stable_logsumexp(x)`:
@jax.custom_vjp
def stable_logsumexp(x):
    return jax.scipy.special.logsumexp(x)

def logsumexp_fwd(x):
    # Evaluate numerically stable log-space cross-entropy/likelihood (`value`).
    value=stable_logsumexp(x)
    # Apply nonlinear activation or probability normalization to compute `weights`.
    weights=jax.nn.softmax(x)
    return value,weights

def logsumexp_bwd(weights,cotangent):
    return (cotangent*weights,)

# Execute `stable_logsumexp.defvjp(logsumexp_fwd,logsumexp_bwd)`.
stable_logsumexp.defvjp(logsumexp_fwd,logsumexp_bwd)
The JVP rule returns primal and tangent; the VJP forward rule returns primal and residual, and its backward rule returns one cotangent per original input. Both preserve linearity in the directional seed.
Check first and second derivatives independently
Create main.py for the first block, then append subsequent blocks in order using your course CPU environment.
# Step 2 — Check first and second derivatives independently: An exact first derivative can still hide mistakes in a...
points=jnp.array([-4.,0.,3.])
# Vectorize across the batch dimension with `jax.vmap` (`values`).
values=jax.vmap(stable_softplus)(points)
# Differentiate the objective to obtain `first` via automatic differentiation.
first=jax.vmap(jax.grad(stable_softplus))(points)
# Differentiate the objective to obtain `second` via automatic differentiation.
second=jax.vmap(jax.grad(jax.grad(stable_softplus)))(points)
# Convert `reference_first` to a host NumPy array for inspection or verification.
reference_first=1/(1+np.exp(-np.asarray(points)))
reference_second=reference_first*(1-reference_first)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(values,np.logaddexp(0,np.asarray(points)),rtol=1e-12)
np.testing.assert_allclose(first,reference_first,rtol=1e-12)
np.testing.assert_allclose(second,reference_second,rtol=1e-12)
x=jnp.array([-0.8,0.4,1.1])
# Convert `weights` to a host NumPy array for inspection or verification.
# Accumulate the next contribution into `weights`.
weights=np.exp(np.asarray(x)-np.max(np.asarray(x)))
weights/=weights.sum()
hessian_reference=np.diag(weights)-np.outer(weights,weights)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(stable_logsumexp)(x),weights,rtol=1e-12)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.jacrev(jax.grad(stable_logsumexp))(x),hessian_reference,rtol=1e-12,atol=1e-12)
print("Softplus first/second:",np.asarray(first),np.asarray(second))
print("Logsumexp gradient:",weights)
An exact first derivative can still hide mistakes in a higher-order rule. The softplus curvature and logsumexp Hessian are independently derived here.
Exercise extremes and seed linearity
Create main.py for the first block, then append subsequent blocks in order using your course CPU environment.
# Step 3 — Exercise extremes and seed linearity: Numerical stability must hold in both the primal and derivative path.
extremes=jnp.array([-1000.,0.,1000.])
# Vectorize across the batch dimension with `jax.vmap` (`extreme_values`).
extreme_values=jax.vmap(stable_softplus)(extremes)
# Differentiate the objective to obtain `extreme_gradients` via automatic differentiation.
extreme_gradients=jax.vmap(jax.grad(stable_softplus))(extremes)
# Confirm that all computed values remain finite (no NaN or Inf).
assert np.isfinite(extreme_values).all() and np.isfinite(extreme_gradients).all()
np.testing.assert_allclose(extreme_values,[0.,np.log(2.),1000.],atol=1e-12)
# Enter `np.errstate(over='ignore')` context block:
with np.errstate(over='ignore'):
    # Convert `naive` to a host NumPy array for inspection or verification.
    naive=np.log1p(np.exp(np.asarray(extremes)))
# Confirm that all computed values remain finite (no NaN or Inf).
assert not np.isfinite(naive[-1])
# Compute exact directional derivative / Jacobian / Hessian (`(_, pullback)`).
_,pullback=jax.vjp(stable_logsumexp,x)
np.testing.assert_allclose(pullback(2.0-0.3)[0],2*pullback(1.0)[0]-pullback(0.3)[0],rtol=1e-12)
print("Stable extreme values:",np.asarray(extreme_values),"naive positive extreme:",naive[-1])
Numerical stability must hold in both the primal and derivative path. Backward seed linearity is a contract of a true pullback, not an optional aesthetic property.
Run the example
The assembled script is in the separate solutions and code appendix.
Softplus derivatives at zero are 0.5 and 0.25. Stable values at [-1000, 0, 1000] are [0, log(2), 1000]; the naive positive extreme overflows. The custom reverse Hessian matches diag(p)-p p-transpose.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Expose a wrong but linear rule
Predict before running: Would halving the derivative violate seed linearity? Would it still be the derivative of softplus?
# Experiment — Expose a wrong but linear rule: The wrong tangent expression is linear, so transposition can...
# Register custom derivative rule on `wrong_softplus(z)`:
@jax.custom_jvp
def wrong_softplus(z):
    return jnp.logaddexp(0.0,z)
@wrong_softplus.defjvp
def wrong_rule(primals,tangents):
    z,=primals
    dz,=tangents
    return wrong_softplus(z),0.5*jax.nn.sigmoid(z)*dz
probe=0.4
eps=1e-5
finite=(np.logaddexp(0,probe+eps)-np.logaddexp(0,probe-eps))/(2*eps)
# Differentiate the objective to obtain `wrong` via automatic differentiation.
wrong=float(jax.grad(wrong_softplus)(probe))
# Differentiate the objective to obtain `right` via automatic differentiation.
right=float(jax.grad(stable_softplus)(probe))
assert abs(wrong-finite)>0.2
np.testing.assert_allclose(right,finite,rtol=1e-9)
print("Wrong/correct/finite-difference derivative:",wrong,right,finite)
Wrong derivative approximately 0.29934; correct and finite-difference derivatives approximately 0.59869.
The wrong tangent expression is linear, so transposition can still work. Only an independent mathematical or numerical oracle detects its incorrect coefficient.
Exercise the custom VJP boundary
Predict before running: Can a custom reverse rule automatically supply a direct forward-mode product?
# Experiment — Exercise the custom VJP boundary: Adding the same constant to all logits shifts log-sum-exp by...
rejected=False
# Run the boundary check and catch the expected exception:
try:
    jax.jvp(stable_logsumexp,(x,),(jnp.ones_like(x),))
except TypeError as error:
    rejected=True
    print("Expected custom_vjp forward-mode boundary:",str(error).splitlines()[0])
assert rejected
# Evaluate numerically stable log-space cross-entropy/likelihood (`ordinary`).
ordinary=lambda z:jax.scipy.special.logsumexp(z)
# Compute exact directional derivative / Jacobian / Hessian (`ordinary_direction`).
ordinary_direction=jax.jvp(ordinary,(x,),(jnp.ones_like(x),))[1]
np.testing.assert_allclose(ordinary_direction,1.0,atol=1e-12)
print("Ordinary JAX common-shift JVP:",float(ordinary_direction))
The custom_vjp direct JVP is rejected; the ordinary function gives directional derivative 1.
Adding the same constant to all logits shifts log-sum-exp by that constant. The mathematical derivative exists; the limitation belongs to the custom_vjp transformation interface.
Your exercise
Check the custom log-sum-exp gradient on (−3,0.2,2,5)(-3,0.2,2,5) against an independent stable softmax and central differences along two directions. Keep the output cotangent explicit.
Attempt this before consulting the separate solutions appendix.
Check common-shift invariance of curvature
Practice
Add a common constant of 10001000 to every logit. Verify the value shift, unchanged gradient, and Hessian row sums.
Hint
Use stable references and avoid direct exponentiation of the shifted logits.
Audit a nonlinear seed rule before registering it
Challenge
A proposed JVP returns σ(x)x˙2\sigma(x)\dot{x}^2. Show explicitly why it cannot be the derivative map, then repair it and test a mixed linear combination.
Hint
At fixed x, compare the response to twice a tangent with twice the response.
Checkpoint
A custom derivative is linear in its tangent and returns finite values. What additional evidence is necessary before calling it exact?
	Agreement with the actual primal derivative through an independent derivation or numerical check.
	A larger batch size so its bars look smoother.
	No additional evidence: linearity guarantees the coefficient is correct.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If first derivatives pass but second derivatives fail, inspect whether residuals or derivative coefficients have been detached. If extreme values are nonfinite, inspect both primal and derivative expressions. If a custom VJP direct JVP fails, treat that as an interface boundary. If a plausible custom gradient differs from finite differences, do not relabel it exact without a valid derivation.
Carry forward
	Keep the primal stable before customizing its derivative
	A custom JVP must remain linear in its tangent
	Choose residuals for a custom reverse pass
	Higher-order behavior is part of the promise
	Custom reverse mode has a transformation boundary
	An intentionally different gradient needs a different claim

Your evidence
Stable extreme inputs, analytic slopes/Hessians, seed linearity, independent finite differences and a deliberately wrong-rule diagnosis. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX automatic differentiation cookbook
	Custom JVP and VJP rules
	Ahead-of-time lowering and compilation
	The jaxpr language

Lowering, compilation, and a tiny transformation
Interpret literals, captured constants and variables in a supported flat jaxpr. Implement actual forward derivative rules without calling jax.jvp inside the interpreter.
What you will be able to do
	Interpret literals, captured constants and variables in a supported flat jaxpr.
	Implement actual forward derivative rules without calling jax.jvp inside the interpreter.
	Reject unsupported operations and mismatched signatures explicitly.
	Compare interpreted, JAX, analytic and compiled transformed results.

The problem
Reading a jaxpr tells you what operations exist, but implementing one small transformation makes its rules concrete. Can we propagate a value and a directional derivative through a traced program, compile that transformed computation, and clearly reject programs we do not support?
The idea
A small interpreter makes program transformations concrete: read operations and propagate additional information through them. Keep tracing, interpretation, lowering and compilation as distinct stages so the exercise's scope stays clear.
Locate your transformation in the compilation pipeline
Imagine an interpreter carrying a value and a directional derivative through each supported operation. Addition combines both pairs; multiplication applies the product rule. The interpreter must explicitly define behavior for every primitive it accepts.
Reject unsupported operations instead of silently passing them through with a made-up derivative. Compare the transformed result with an analytic or independently calculated direction on a small composition.
The directional-derivative curve checks the bounded interpreter example. It is separate from a general-purpose compiler or support for all JAX primitives. Identify which stage your code implements and which later stages JAX supplies.
Pause and reason
What should a tiny interpreter do when it sees a primitive without a defined rule?
Compare your reasoningRaise a clear unsupported-operation error. A plausible fallback would hide a gap in the transformation's mathematical contract.
Treat a jaxpr as a typed data-flow program
A closed jaxpr contains input variables, captured constants, equations and output variables. Each equation reads already-defined values and writes new values. Its variable names are presentation details; the object identities and data dependencies carry meaning. We use the public extension namespace for the Literal type, and inspect the installed JAX representation rather than matching printed variable names. The executed environment is JAX 0.9.2, where the closed trace exposes .jaxpr and .consts separately. Newer documentation may describe a unified representation; inspect the installed version and rerun these contracts when upgrading.
Attach a tangent to every value
For addition, add both primals and tangents. For multiplication, the tangent is a˙b+ab˙\dot a b+a\dot b, not the product of the tangents. For sine, multiply the incoming tangent by the cosine of the primal. Reduction sums both values over the same axes. Literals and captured constants have zero tangent with respect to the explicit input. That last qualifier matters: making a formerly captured parameter an input changes the derivative contract.
(a,a˙)⋅(b,b˙)=(ab,a˙b+ab˙),sin⁡(a,a˙)=(sin⁡a,cos⁡a a˙)(a,\dot a)\cdot(b,\dot b)=(ab,\dot a b+a\dot b),\qquad \sin(a,\dot a)=(\sin a,\cos a\,\dot a)A small supported subset is an enforceable boundary
The interpreter supports add, multiply, negate, sine and sum-reduction. It rejects effects, unsupported primitives, multiple-result primitives, explicit reduction placement, integer inputs and signature mismatches. It does not interpret nested jit calls, conditionals, scan, random state, complex differentiation or custom derivatives. Silent fallback to executing an unknown primitive would produce a value without a justified derivative, so the explicit exception is essential.
Verify a complete transformed program
Our example is F(x)=∑i(xisin⁡xi+ci)F(x)=\sum_i(x_i\sin x_i+c_i), with captured offset cc. Its analytic directional derivative is ∑i(sin⁡xi+xicos⁡xi)vi\sum_i(\sin x_i+x_i\cos x_i)v_i. The interpreter implements that derivative through local primitive rules, while the reference derives it from the whole expression. Comparing those approaches checks both the local rules and how they are composed.
Trace, lower and compile are separate stages
make_jaxpr exposes a JAX-level program. Lowering converts a traced computation toward compiler input, and compile produces an executable specialized to the signature and target. We lower the transformed interpreter, not just the original function. The interpreter’s Python loop runs during tracing; its arithmetic becomes the program that executes later. StableHLO text is useful for inspection, but its length or equation count is not a runtime measurement.
Specialization is part of the artifact contract
The ahead-of-time executable accepts the same array shapes and dtypes used for lowering. A changed shape requires retracing and recompilation; the compiled callable does not automatically create a new specialization. We deliberately test rejection rather than assuming shape polymorphism. Numeric input values may change within the same signature, and we test those changed values separately. Compiled artifact portability across devices or JAX versions is not established here.
A composed interpreter tracks the analytic directional derivative
Predict: As the base point moves along a line, should its directional derivative remain constant?
[image: Interpreted and analytic directional derivatives overlap while changing along a line through input space.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is a scalar displacement α\alpha of the base point x+αvx+\alpha v. The vertical axis is the directional derivative of the scalar program along the fixed direction vv. Each point comes from a new evaluation of the same supported trace at a shape-compatible input.
The interpreter and analytic curves overlap. Their derivative is about −0.09853-0.09853 at α=−1\alpha=-1, rises to a sampled peak of about 0.439130.43913 at the original point α=0\alpha=0, then falls to about 0.041020.04102 at α=1\alpha=1. The sign change and nonmonotone shape reflect a changing Jacobian, not disagreement between the two methods.
Connect it to the computation
The interpreter obtains each value by composing local tangent rules; the reference directly evaluates ∑i(sin⁡zi+zicos⁡zi)vi\sum_i(\sin z_i+z_i\cos z_i)v_i at z=x+αvz=x+\alpha v. The code also checks the middle point against JAX’s JVP and checks the lowered, compiled transformed program.
Agreement applies to this primitive subset and tested inputs. It does not validate an unsupported operation, nested control flow, compiler performance or device portability. Those require new rules and new evidence rather than extrapolation from this plot.
Define a deliberately small derivative interpreter
Create main.py for the first block, then append subsequent blocks in order using your course CPU environment.
# Step 1 — Define a deliberately small derivative interpreter: Each environment entry stores a primal and its tangent.
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

from jax.extend import core

def tiny_jvp(closed,primals,tangents):
    """Interpret a pure flat jaxpr with floating inputs and explicit tangent rules."""
    program=closed.jaxpr
    # Guard input contract (`program.effects`) and fail fast if violated.
    if program.effects:
        raise NotImplementedError("effects are outside this interpreter")
    # Guard input contract (`len(primals) != len(program.invars) or len(tangents) != len(primals)`) and fail fast if violated.
    if len(primals)!=len(program.invars) or len(tangents)!=len(primals):
        raise ValueError("one primal and tangent per input variable required")
    values={}
    directions={}
    def put(var,value,tangent):
        values[var]=value
        directions[var]=tangent
    for var,constant in zip(program.constvars,closed.consts):
        # Allocate initialized array `` with the specified shape and dtype.
        put(var,constant,jnp.zeros_like(constant))
    for var,value,tangent in zip(program.invars,primals,tangents):
        # Guard input contract (`value.shape != var.aval.shape or value.dtype != var.aval.dtype`) and fail fast if violated.
        if value.shape!=var.aval.shape or value.dtype!=var.aval.dtype:
            raise ValueError("primal shape/dtype differs from traced signature")
        # Guard input contract (`tangent.shape != value.shape or tangent.dtype != value.dtype`) and fail fast if violated.
        if tangent.shape!=value.shape or tangent.dtype!=value.dtype:
            raise ValueError("tangent shape/dtype must match its primal")
        # Guard input contract (`not jnp.issubdtype(value.dtype, jnp.floating)`) and fail fast if violated.
        if not jnp.issubdtype(value.dtype,jnp.floating):
            raise ValueError("this teaching interpreter requires real floating inputs")
        put(var,value,tangent)
    def read(atom):
        if isinstance(atom,core.Literal):
            return atom.val,jnp.zeros_like(atom.val)
        return values[atom],directions[atom]
    for equation in program.eqns:
        name=equation.primitive.name
        # Guard input contract (`name not in {'add', 'mul', 'neg', 'sin', 'reduce_sum'}`) and fail fast if violated.
        if name not in {"add","mul","neg","sin","reduce_sum"}:
            raise NotImplementedError("unsupported primitive: "+name)
        # Guard input contract (`len(equation.outvars) != 1`) and fail fast if violated.
        if len(equation.outvars)!=1:
            raise NotImplementedError("multiple-result primitives are outside this interpreter")
        operands=[read(atom) for atom in equation.invars]
        a,da=operands[0]
        if name=="add":
            b,db=operands[1]
            result,tangent=a+b,da+db
        elif name=="mul":
            b,db=operands[1]
            result,tangent=a*b,da*b+a*db
        elif name=="neg":result,tangent=-a,-da
        elif name=="sin":result,tangent=jnp.sin(a),jnp.cos(a)*da
        else:
            if equation.params.get("out_sharding") is not None:
                raise NotImplementedError("explicit reduction placement is outside this interpreter")
            axes=equation.params["axes"]
            result,tangent=jnp.sum(a,axis=axes),jnp.sum(da,axis=axes)
        put(equation.outvars[0],result,tangent)
    output=[read(var) for var in program.outvars]
    return tuple(v for v,_ in output),tuple(t for _,t in output)
Each environment entry stores a primal and its tangent. Constants and literals receive zero tangents. Every supported primitive has a written derivative rule; unknown operations fail explicitly.
Trace a program and verify the transformed result
Create main.py for the first block, then append subsequent blocks in order using your course CPU environment.
# Step 2 — Trace a program and verify the transformed result: The traced closed constant contributes to the primal but not the...
offset=jnp.array([0.1,0.2,0.3])
def program(x):
    return jnp.sum(jnp.sin(x)*x+offset)
x=jnp.array([-0.8,0.4,1.1])
direction=jnp.array([0.3,-0.2,0.7])
# Trace or lower the function to inspect its compiler representation (`closed`).
closed=jax.make_jaxpr(program)(x)
primal_outputs,tangent_outputs=tiny_jvp(closed,(x,),(direction,))
# Aggregate array values to compute `reference_value`.
reference_value=np.sum(np.sin(np.asarray(x))*np.asarray(x)+np.asarray(offset))
# Convert `reference_tangent` to a host NumPy array for inspection or verification.
reference_tangent=np.dot(np.sin(np.asarray(x))+np.asarray(x)*np.cos(np.asarray(x)),np.asarray(direction))
np.testing.assert_allclose(primal_outputs[0],reference_value,rtol=1e-12)
np.testing.assert_allclose(tangent_outputs[0],reference_tangent,rtol=1e-12)
np.testing.assert_allclose(tangent_outputs[0],jax.jvp(program,(x,),(direction,))[1],rtol=1e-12)
print("Supported primitives:",[e.primitive.name for e in closed.jaxpr.eqns])
print("Interpreted primal and tangent:",float(primal_outputs[0]),float(tangent_outputs[0]))
The traced closed constant contributes to the primal but not the input derivative. The interpreter performs genuine forward derivative propagation rather than delegating to jax.jvp.
Lower and compile the transformation itself
Create main.py for the first block, then append subsequent blocks in order using your course CPU environment.
# Step 3 — Lower and compile the transformation itself: The Python interpreter runs while tracing the transformed...
transformed=lambda value,tangent:tiny_jvp(closed,(value,),(tangent,))
# Wrap with `jax.jit` (`lowered`) so XLA traces and compiles the function.
lowered=jax.jit(transformed).lower(x,direction)
# Trace or lower the function to inspect its compiler representation (`stablehlo`).
stablehlo=str(lowered.compiler_ir(dialect="stablehlo"))
assert len(stablehlo)>0
# Trace or lower the function to inspect its compiler representation (`compiled`).
compiled=lowered.compile()
compiled_primal,compiled_tangent=compiled(x,direction)
np.testing.assert_allclose(compiled_primal[0],reference_value,rtol=1e-12)
np.testing.assert_allclose(compiled_tangent[0],reference_tangent,rtol=1e-12)
shape_rejected=False
# Run the boundary check and catch the expected exception:
try:
    compiled(jnp.ones(4),jnp.ones(4))
except TypeError:
    shape_rejected=True
assert shape_rejected
print("Lowered IR characters:",len(stablehlo))
print("Compiled transformed outputs match; changed shape explicitly rejected")
The Python interpreter runs while tracing the transformed function; its JAX arithmetic becomes a new compiled program. The ahead-of-time executable is specialized to the recorded input signature.
Run the example
The assembled script is in the separate solutions and code appendix.
The program contains sin, mul, add and reduce_sum. Interpreted and compiled primal/tangent values match analytic and JAX references; a changed compiled shape is rejected.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Exercise an unsupported primitive
Predict before running: If a new function uses exp, should the interpreter guess a derivative or stop?
# Experiment — Exercise an unsupported primitive: A numerical result without a supported tangent rule would...
# Trace or lower the function to inspect its compiler representation (`unsupported`).
unsupported=jax.make_jaxpr(lambda z:jnp.sum(jnp.exp(z)))(x)
rejected=False
# Run the boundary check and catch the expected exception:
try:
    tiny_jvp(unsupported,(x,),(direction,))
except NotImplementedError as error:
    rejected=True
    assert "exp" in str(error)
    print("Expected unsupported primitive:",error)
assert rejected
An explicit unsupported primitive: exp error is raised.
A numerical result without a supported tangent rule would falsely advertise derivative coverage. Add and verify a rule before accepting the new program.
Change values while preserving the compiled signature
Predict before running: Can an executable specialized to three float64 values accept different values of that same shape?
# Experiment — Change values while preserving the compiled signature: Specialization constrains abstract shape/dtype contracts.
changed=x+jnp.array([0.1,-0.4,0.2])
cp,ct=compiled(changed,direction)
# Aggregate array values to compute `expected`.
expected=np.sum(np.sin(np.asarray(changed))*np.asarray(changed)+np.asarray(offset))
# Convert `expected_d` to a host NumPy array for inspection or verification.
expected_d=np.dot(np.sin(np.asarray(changed))+np.asarray(changed)*np.cos(np.asarray(changed)),np.asarray(direction))
np.testing.assert_allclose(cp[0],expected,rtol=1e-12)
np.testing.assert_allclose(ct[0],expected_d,rtol=1e-12)
print("Changed-value compiled tangent:",float(ct[0]))
Both compiled outputs agree on a new point without changing the signature.
Specialization constrains abstract shape/dtype contracts. It does not mean every input number is frozen into the program; captured constants are a separate matter.
Your exercise
Trace a new polynomial using only supported primitives, verify its interpreted derivative at two points, and compile that transformed computation independently.
Attempt this before consulting the separate solutions appendix.
Make a constant into a differentiable input
Practice
Replace the captured offset by an explicit argument, seed that argument with a nonzero direction, and verify its contribution to the total tangent.
Hint
The new program has two input variables and needs two tangent arguments.
Verify multiple outputs and negation
Challenge
Trace a supported function returning both a scalar sum and a negated vector. Check the tuple of primal/tangent outputs and reject a mismatched tangent shape.
Hint
Multiple program outputs are supported even though each supported primitive returns one result.
Checkpoint
Why does the tiny interpreter raise an error for an unsupported primitive instead of calling that primitive directly?
	Every unsupported primitive is mathematically nondifferentiable.
	Executing a primal without a verified tangent rule would silently break the derivative contract.
	Compiled JAX cannot run exponentials.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If primals match but tangents fail, audit multiplication’s two terms and zero tangents for constants. If an unknown primitive appears, stop and inspect its semantics instead of bypassing the error. If compilation rejects a changed shape, rebuild the trace and executable for that signature. Do not infer speed or optimization quality from IR text length.
Carry forward
	Treat a jaxpr as a typed data-flow program
	Attach a tangent to every value
	A small supported subset is an enforceable boundary
	Verify a complete transformed program
	Trace, lower and compile are separate stages
	Specialization is part of the artifact contract

Your evidence
Annotated primitive rules, constant/literal handling, independent expression oracles, changed compiled values and explicit unsupported/signature errors. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX automatic differentiation cookbook
	Custom JVP and VJP rules
	Ahead-of-time lowering and compilation
	The jaxpr language

Phase 15: Deployment, interoperability & edge AI
Does the exported service preserve the model’s complete contract?
A deployment includes preprocessing, parameter layout, numeric policy and runtime behavior. Verify the same raw examples across each boundary before comparing memory or speed.
Prepare and work through the phase
	Choose the model and preserve its meaning
Adapt the model under a fixed held-out protocol before freezing its release. Compare framework layouts, preprocessing and state with independent predictions. Convert the actual PyTorch model to Flax and locate an injected operation mismatch numerically. Keep a candidate decision table, feature/parameter mapping table, and the first divergent operation from a deliberately broken conversion.

	Freeze the artifact and numeric policy
Export and load in a fresh process, reject malformed inputs, then track weight, activation, accumulator, bias and output formats. Separate clipping from rounding and retain held-out conversion checks. Include a fresh-interpreter export receipt, raw-request rejection cases, clipping counts and actual versus ideal packed byte counts.

	Deliver to a stated runtime
Package and qualify the selected service, relate queue assumptions to measured service work, then examine the additional conversion and device budgets for an edge target. Leave actual device fields unmeasured until tested. Keep separate artifact, process, image and device receipts. Explain an interpolated percentile and a burst deadline failure before choosing a capacity intervention.


Readiness check
Weights match after conversion, but predictions differ. What besides weights must be compared?
Answer: Compare input normalization, feature/channel order, operation semantics, non-trainable state, output labels, dtype and shape. Start with a hand-computed asymmetric example to expose layout mistakes.
Transfer question
An INT8 model matches typical inputs but fails after a sensor’s range changes. How do you locate the regression?
Approach: Verify raw preprocessing first; count values outside the frozen calibration range, inspect clipped channels and compare float-converted versus quantized outputs. Do not recalibrate on final test labels. Re-evaluate a revised policy on a separate held-out set.
Common pitfall
A smaller model file produces no lower request latency. Inspect load-time expansion, fallback operators, transfers and preprocessing on the named runtime. File size is not a kernel or latency measurement.
Phase artifact
Use deployment-audit and engineering-release to assemble one release dossier: candidate selection and retention criteria; a named feature and parameter mapping; source/export and layerwise parity; full precision policy and calibration identity; raw-request validation; artifact and process receipts; measured request samples; and a queue/deadline analysis. Mark container and target-device evidence unmeasured unless you actually ran those environments. Another learner should be able to reproduce each claimed check from the recorded inputs and command.
Actual edge-device delegates, thermal/energy budgets, packed low-bit kernels and production serving loads remain unqualified. The revised sequence moves adaptation before export and containerization before service capacity planning.
Phase project: Verify an inference artifact and capacity hypothesis. Verify an exported prediction contract, report weight/activation precision error, and distinguish CPU request measurements from target-device evidence.
	deployment-audit · online workspace · project guide
	engineering-release · online workspace · project guide
	weight-conversion · online workspace · project guide

Adapt a pretrained model and choose a post-training objective
Pretrain and reload an artifact with recorded data and checkpoint hashes Compare supervised adaptation and teacher distillation from the same starting weights
What you will be able to do
	Pretrain and reload an artifact with recorded data and checkpoint hashes
	Compare supervised adaptation and teacher distillation from the same starting weights
	Verify both objective gradients independently
	Report target-task gains and source-task retention without leaking held-out data

The problem
A model already learned one task. You now have a small adaptation set and a teacher that supplies probabilities. Should you optimize the observed labels or imitate the teacher? We will actually pretrain, save and reload a tiny model, adapt it both ways, and compare the resulting predictions on an untouched evaluation split. The model is deliberately small so every objective and derivative can be inspected.
The idea
Adaptation starts with the behavior you want to change and the evidence you have. Supervised labels and teacher distributions supply different targets. Their objectives can use the same model while asking it to learn different things.
Choose the target before choosing the adaptation method
A hard target identifies one class. A teacher distribution can assign mass to several alternatives, preserving information about relative preferences. Matching that distribution does not guarantee the teacher is correct for your deployment population.
Keep the evaluation target fixed when comparing adaptation methods. A lower training loss under one objective cannot be compared directly with a differently defined loss under another objective.
The held-out cross-entropy bars compare the lesson's two procedures under a common scoring rule. Explain that rule and inspect changed examples before choosing a method. This experiment is a bounded adaptation comparison; reward modeling and policy optimization require their own distinct data and update contracts.
Pause and reason
Why not choose the method with the numerically smallest training loss across different objectives?
Compare your reasoningThe numbers may have different definitions and scales. Compare behavior under a common held-out evaluation contract relevant to the intended task.
Define the tasks before choosing an objective
The input has two measured features plus a constant intercept feature. The source task uses one synthetic probability rule; the target task uses another. Source training sees 256256 rows. Adaptation sees only 4848 different rows. The final target report uses 512512 separately generated rows. These are disjoint generated splits with separate keys, not a real benchmark. Binary adaptation labels are sampled from the target probabilities; the teacher supplies the probabilities themselves. That privileged teacher is declared explicitly rather than presented as a generally superior model.
Understand hard labels and soft targets
For logit z=x⊤wz=x^\top w, cross-entropy is log⁡(1+ez)−tz\log(1+e^z)-tz, where tt is either a binary observed label or a teacher probability between zero and one. Differentiating gives (sigmoid⁡(z)−t)x(\operatorname{sigmoid}(z)-t)x. Averaging over rows gives the gradient in our host reference. A soft target contains uncertainty that a single sampled binary label does not. If the teacher is wrong, faithfully matching that uncertainty can also preserve its mistakes.
L(w)=1N∑i[softplus⁡(xi⊤w)−tixi⊤w],∇L=1NX⊤(sigmoid⁡(Xw)−t)L(w)=\frac1N\sum_i[\operatorname{softplus}(x_i^\top w)-t_i x_i^\top w],\qquad \nabla L=\frac1N X^\top(\operatorname{sigmoid}(Xw)-t)Make pretrained mean previously trained
We start from zero, optimize the source objective for 300300 updates and check that the source loss falls. We save those resulting weights, hash the checkpoint bytes and record the source-array hash, objective, dtype, version and training recipe. Adaptation uses only the reloaded artifact. This establishes a small reproducibly pretrained fixture; it is not a foundation model, a downloaded checkpoint or a random frozen feature masquerading as pretraining. The artifact omits optimizer state, so no exact-resume claim is made.
Choose a fair comparison
Both adaptation branches receive identical initial weights, adaptation inputs, update count and rate. Their training losses are not directly a competition because their targets differ. We evaluate both on one common target cross-entropy and probability squared error, using held-out generating probabilities unavailable to training. We also evaluate source loss to expose forgetting. Do not select a learning rate using this final report; add a separate validation split for model selection. One seeded synthetic result is separate from which objective will win on another task.
Locate preference and reinforcement objectives
A pairwise preference objective asks which of two responses is preferred; its supervision consists of prompt, chosen response and rejected response, with a defined sampling and reference policy. A teacher cross-entropy uses distributions over labels or tokens and does not require preference pairs. An RL objective uses a reward and a policy whose generated actions affect the training samples. This lab executes supervised adaptation and distillation only. Renaming teacher probabilities “rewards” would not create an RL experiment.
Carry the contract to a real pretrained model
Choose an actual model checkpoint under its license, record repository and exact revision, tokenizer or feature preprocessing, architecture configuration, file hashes and base precision. First verify a golden inference example before changing weights. Build disjoint training, validation and final evaluation sets, with no overlap from teacher-generation or calibration data. Start with a small controlled adapter or declared trainable parameter subset; record what remains frozen and save adapter/base identities together. Define the task and source-retention criteria before optimization. Recheck export, precision and target-runtime parity after adaptation. This extension is an execution plan, not a claim that a large external model ran in this CPU lesson.
Turn task tradeoffs into a release decision
A lower target loss can be useful while still causing an unacceptable regression on an older task. Decide how much source-task degradation is allowed before inspecting the candidate results. Let LsL_s denote source evaluation loss and let Δs=Ls(candidate)−Ls(base)\Delta_s=L_s(\mathrm{candidate})-L_s(\mathrm{base}). Positive Δs\Delta_s means worse retention. A retention budget is a product decision expressed in the same loss units, not a universal constant.
In this synthetic exercise the source evaluation reuses the source inputs, so it is only a retention proxy. A real release needs a separate held-out source set as well as a held-out target set. Record every candidate, including candidates rejected by the gate. If none satisfies the predeclared budget, keep the base or change the training recipe; do not quietly relax the budget after seeing the answer.
Pause and reason
Can the candidate with the lowest target loss fail this gate?
Compare your reasoningYes. The gate requires both improvement on the target criterion and a source regression no larger than the chosen budget δ\delta. Report both quantities and the reason for rejection.
accept(m)=[Lt(m)<Lt(m0)]∧[Ls(m)−Ls(m0)≤δ]\mathrm{accept}(m)=\left[L_t(m)<L_t(m_0)\right]\land\left[L_s(m)-L_s(m_0)\leq\delta\right]Two adaptation objectives evaluated on the same held-out target
Predict: Will improving the new task necessarily preserve performance on the source task?
[image: Two adaptation objectives evaluated on the same held-out target. The horizontal categories are the reloaded pretrained model, supervised adaptation and teacher distillation. The vertical axis is mean cross-entropy in nats. One series evaluates the same held-out target probabilities for every model; the other evaluates source-task probabilities. Lower is better within each series. The two adapted models improve target-task loss while their source-task loss increases. These bars are evaluations of the resulting weights, not the branches’ incomparable training objectives. In this seeded run the held-out target bars are approximately \(0.978,0.555,0.524\), while the source bars are \(0.545,0.790,1.005\), in the same model order. Teacher adaptation gives the lowest target loss here but also the largest source-retention loss.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories are the reloaded pretrained model, supervised adaptation and teacher distillation. The vertical axis is mean cross-entropy in nats. One series evaluates the same held-out target probabilities for every model; the other evaluates source-task probabilities. Lower is better within each series. The two adapted models improve target-task loss while their source-task loss increases. These bars are evaluations of the resulting weights, not the branches’ incomparable training objectives. In this seeded run the held-out target bars are approximately 0.978,0.555,0.5240.978,0.555,0.524, while the source bars are 0.545,0.790,1.0050.545,0.790,1.005, in the same model order. Teacher adaptation gives the lowest target loss here but also the largest source-retention loss.
Connect it to the computation
The teacher exactly matches the declared synthetic target generator, making this an especially favorable distillation case. The held-out comparison demonstrates an objective tradeoff on this fixture. It neither establishes that a real teacher is correct nor that one adaptation recipe is generally best. The failure experiment makes the teacher wrong and rechecks the target criterion.
1. Pretrain a small model and retain its source data identity
Create main.py in the CPU environment. These are explicit synthetic classification tasks; the source model is genuinely optimized before it is saved.
# Step 1 — 1. Pretrain a small model and retain its source data identity: The same stable cross-entropy accepts binary labels or teacher...
import hashlib
import json
import tempfile
from pathlib import Path
import numpy as np
import jax
import jax.numpy as jnp

def design(key,n):
    # Sample deterministic random values into `features` using an explicit PRNG key.
    features=jax.random.normal(key,(n,2))
    return jnp.concatenate([features,jnp.ones((n,1))],axis=1)
# Create or split explicit PRNG key(s) (`source_X`) for reproducible randomness.
source_X=design(jax.random.key(10),256)
source_targets=jax.nn.sigmoid(source_X@jnp.array([1.2,-.8,.2]))
# Create or split explicit PRNG key(s) (`adapt_X`) for reproducible randomness.
adapt_X=design(jax.random.key(11),48)
# Create or split explicit PRNG key(s) (`held_X`) for reproducible randomness.
held_X=design(jax.random.key(12),512)
teacher=jnp.array([.6,1.4,-.3])
soft_targets=jax.nn.sigmoid(adapt_X@teacher)
# Create or split explicit PRNG key(s) (`hard_targets`) for reproducible randomness.
hard_targets=jax.random.bernoulli(jax.random.key(13),soft_targets).astype(jnp.float32)
held_prob=jax.nn.sigmoid(held_X@teacher)
def objective(w,X,targets):
    logits=X@w
    return jnp.mean(jnp.logaddexp(0.,logits)-targets*logits)
def train(initial,X,targets,steps=300,rate=.15):
    def step(w,_):
        # Evaluate both scalar loss and parameter gradients in one pass (`(loss, grad)`).
        loss,grad=jax.value_and_grad(objective)(w,X,targets)
        return w-rate*grad,loss
    return jax.lax.scan(step,initial,None,length=steps)
# Allocate initialized array `(base, pretrain_history)` with the specified shape and dtype.
base,pretrain_history=train(jnp.zeros(3),source_X,source_targets)
assert pretrain_history[-1]<pretrain_history[0]-.1
# Convert `source_hash` to a host NumPy array for inspection or verification.
source_hash=hashlib.sha256(np.asarray(source_X).tobytes()+np.asarray(source_targets).tobytes()).hexdigest()
The same stable cross-entropy accepts binary labels or teacher probabilities. Those targets express different supervision, even though the algebra is shared.
2. Save and reload before adapting
Append this artifact boundary. The manifest names the model, synthetic source split, objective and training recipe; adaptation starts from reloaded weights.
# Step 2 — 2. Save and reload before adapting: Both branches begin with identical pretrained parameters and a...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as directory:
    checkpoint=Path(directory)/'pretrained.npz'
    # Convert `` to a host NumPy array for inspection or verification.
    np.savez(checkpoint,weights=np.asarray(base))
    # Compute deterministic cryptographic digest `digest` for provenance verification.
    digest=hashlib.sha256(checkpoint.read_bytes()).hexdigest()
    # Compute deterministic cryptographic digest `manifest` for provenance verification.
    manifest={'model':'three-parameter logistic synthetic fixture','source_data_sha256':source_hash,
              'weights_sha256':digest,'source_seed':10,'pretrain_steps':300,'learning_rate':.15,
              'objective':'binary cross entropy with synthetic source probabilities',
              'jax':jax.__version__,'dtype':'float32','optimizer_state_included':False}
    manifest_path=Path(directory)/'manifest.json'
    # Write the serialized artifact payload to disk.
    manifest_path.write_text(json.dumps(manifest))
    recorded=json.loads(manifest_path.read_text())
    assert hashlib.sha256(checkpoint.read_bytes()).hexdigest()==recorded['weights_sha256']
    with np.load(checkpoint,allow_pickle=False) as saved:
        # Create device-backed JAX array `restored`.
        restored=jnp.asarray(saved['weights'])
# Execute `np.testing.assert_array_equal(restored,base)`
np.testing.assert_array_equal(restored,base)
frozen=np.array(restored,copy=True)
sft,sft_history=train(restored,adapt_X,hard_targets,steps=200)
distilled,distill_history=train(restored,adapt_X,soft_targets,steps=200)
# Execute `np.testing.assert_array_equal(restored,frozen)`
np.testing.assert_array_equal(restored,frozen)
Both branches begin with identical pretrained parameters and a fresh stateless SGD update rule. This is adaptation, not exact optimizer-state resumption.
3. Compare on a held-out criterion shared by both objectives
Append the independent derivative and final evaluation. Neither optimization branch receives held_X or held_prob.
# Step 3 — 3. Compare on a held-out criterion shared by both objectives: The teacher is the known generating rule in this fixture, so...
w_check=jnp.array([.2,-.3,.1])
# Convert `host_X` to a host NumPy array for inspection or verification.
host_X=np.asarray(adapt_X,dtype=np.float64)
# Convert `host_w` to a host NumPy array for inspection or verification.
host_w=np.asarray(w_check,dtype=np.float64)
host_p=1/(1+np.exp(-(host_X@host_w)))
for targets in (hard_targets,soft_targets):
    # Convert `expected` to a host NumPy array for inspection or verification.
    expected=host_X.T@(host_p-np.asarray(targets))/len(host_X)
    # Differentiate the objective to obtain gradients ``.
    np.testing.assert_allclose(jax.grad(objective)(w_check,adapt_X,targets),expected,rtol=1e-5,atol=1e-6)
metrics={}
for name,weights in [('pretrained',restored),('supervised',sft),('teacher',distilled)]:
    metrics[name]={'held_cross_entropy':float(objective(weights,held_X,held_prob)),
                   'held_brier':float(jnp.mean((jax.nn.sigmoid(held_X@weights)-held_prob)**2)),
                   'source_cross_entropy':float(objective(weights,source_X,source_targets))}
assert metrics['supervised']['held_cross_entropy']<metrics['pretrained']['held_cross_entropy']
assert metrics['teacher']['held_cross_entropy']<metrics['pretrained']['held_cross_entropy']
print(json.dumps(metrics,indent=2))
print('checkpoint source hash:',source_hash)
The teacher is the known generating rule in this fixture, so matching it is an especially favorable distillation setting. Report source retention as well as target-task improvement.
Run the example
The assembled script is in the separate solutions and code appendix.
Both adapted branches reduce the common held-out target cross-entropy relative to the reloaded source model. The printed table also reports probability error and source-task retention; inspect all three quantities.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check a stable extreme logit
Predict before running: Can a logit of 10001000 be evaluated without exponentiating it directly?
# Experiment — Check a stable extreme logit: logaddexp evaluates softplus stably; a naive log(1+exp(z)) can...
extreme=objective(jnp.array([1000.]),jnp.ones((1,1)),jnp.zeros(1))
assert jnp.isfinite(extreme) and jnp.allclose(extreme,1000.)
The wrong confident prediction has finite loss 10001000.
logaddexp evaluates softplus stably; a naive log(1+exp(z)) can overflow.
Reveal teacher error
Predict before running: If a teacher flips every target probability, does matching it still solve the original task?
# Experiment — Reveal teacher error: Distillation optimizes fidelity to its teacher, which is not...
wrong,_=train(restored,adapt_X,1-soft_targets,steps=200)
assert objective(wrong,held_X,held_prob)>objective(distilled,held_X,held_prob)
print("wrong-teacher held loss:",float(objective(wrong,held_X,held_prob)))
The deliberately wrong teacher produces worse target evaluation than the correct teacher.
Distillation optimizes fidelity to its teacher, which is not automatically fidelity to the desired task.
Your exercise
Adapt for zero steps and verify that predictions exactly match the reloaded checkpoint. Then run a short adaptation and show that the saved base is unchanged while the adapted parameters differ.
Attempt this before consulting the separate solutions appendix.
Keep source-task evidence
Transfer / diagnosis
Measure source cross-entropy before and after both adaptation objectives. Explain any forgetting using the different source and target probability rules.
Hint
Report the actual values; target improvement is not a source-retention guarantee.
Check the loss without autodiff
Transfer / diagnosis
Compare the soft-target loss with a host float64 logaddexp expression on new weights.
Hint
Use the same logits, reduction and targets; this check does not call the JAX loss as its oracle.
Choose under a declared retention constraint
Transfer / diagnosis
Before running, choose a source-loss increase budget of 0.30.3 nats for this fixture. Evaluate both adapted candidates against the same target and source criteria; retain the base if neither qualifies.
Hint
Compare each source loss with the base source loss. Do not compare the two training objectives with each other.
Checkpoint
Why should the two adaptation branches be compared using a common held-out criterion rather than their own training losses?
	Teacher targets always make training loss zero
	Their supervision differs, so their training losses answer different questions
	Using the evaluation split during every update guarantees fairness

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If target performance improves but source loss rises, inspect task conflict before blaming checkpoint corruption. If the initial adapted output differs before any update, compare checkpoint hash, preprocessing and precision. If a distillation result looks implausibly strong, verify that teacher labels and evaluation labels were not generated from the same held-out examples.
Carry forward
	A post-training comparison begins with an identifiable trained artifact.
	Choose an objective according to the supervision actually available.
	Compare target quality, source retention and provenance before exporting a new version.

Your evidence
Source/checkpoint hashes, independent loss and gradient, disjoint evaluation results and teacher-failure diagnosis. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	Knowledge distillation: original paper
	JAX automatic differentiation

Move models between JAX, Keras, TensorFlow and PyTorch
Verify parameter layouts and inference semantics before switching frameworks.
What you will be able to do
	Map Dense and Linear weight axes and verify a known output.
	Separate architecture, weights, non-trainable state, optimizer state and preprocessing.
	Run a backend-neutral Keras model and explain the boundaries of tensor exchange and export.

The problem
You have a dense layer in PyTorch and the same model idea in Keras. Can you reuse the weights in JAX? We’ll start with one small layer, work out a prediction by hand, and check the weight axes. From there, you’ll learn which parts of a model can transfer directly and which need separate checks.
The idea
Cross-framework conversion must preserve the meaning of inputs, parameters and outputs. A layout transpose can be necessary, but architecture, preprocessing and arithmetic conventions must agree too. Start by writing the function each framework computes.
Map the function, not just the weight file
For a dense layer, one framework may store weights as input-by-output while another stores output-by-input. The transpose can align the intended multiplication. If both dimensions happen to match, an incorrect mapping may still have a legal shape.
Use unequal dimensions and distinguishable values, then compare intermediate results on the same input. Check bias placement, activation and normalization conventions instead of inferring equivalence from a successful load.
The transpose heatmaps show storage correspondence. They do not demonstrate conversion of an arbitrary Keras, TensorFlow or PyTorch architecture. A supported converter needs an explicit model-family contract, including tokenizer or image/audio processor identity where relevant.
Pause and reason
Why is a square weight matrix a weak first conversion test?
Compare your reasoningThe wrong orientation can still have the expected shape. Unequal dimensions and independently known values make layout mistakes easier to detect.
A parameter file is not a model
Our inputs have shape [batch,3][\mathrm{batch}, 3]. Keras Dense uses a [3,2][3, 2] kernel; PyTorch Linear stores [2,3][2, 3] weights and multiplies by their transpose. Bias has shape [2][2]. For x=[1,2,−1]x=[1, 2, -1], the first output is 1+1+1+0.1=3.11+1+1+0.1=3.1. Verify a hand-derived row before comparing whole arrays. Convolution kernels have additional layout conventions; do not apply this dense transpose rule to them.
Use Keras as a shared model vocabulary
Keras 33 can execute models on JAX, TensorFlow or PyTorch. Select KERAS_BACKEND before importing keras, in a fresh process. Use keras.layers and keras.ops in portable model code; a call to tf.* inside a custom layer is a TensorFlow dependency. This does not port arbitrary Python side effects or framework-specific training loops. A .keras archive preserves Keras configuration and weights; an inference export has a different job.
Explicit JAX state is a design decision
Pass parameters and non-trainable state explicitly; return updated state and keep random keys visible. A matched inference result does not show that dropout randomness, BatchNorm moving statistics or optimizer slots were transferred. Start in inference mode with training=False. Compare gradients and an update separately before claiming training equivalence. Reinitializing the optimizer is a new training run, not an exact resume.
Choose the bridge for the destination
NumPy exchange makes a clear host copy and usually breaks autodiff across the boundary. DLPack exchanges supported tensor buffers between frameworks; sharing memory is not model conversion or cross-framework autodiff, and external mutation can violate JAX assumptions. JAX export serializes a staged computation for compatible consumers. jax2tf is a separate, version-sensitive TensorFlow bridge. Keras export can target supported inference formats; inspect the destination operators and signatures. ONNX is a model interchange format, while ONNX Runtime execution providers choose supported execution paths. PyTorch/XLA runs PyTorch through XLA; it does not turn a PyTorch model into an explicit JAX function.
Run the optional real-framework lab
The file labs/keras_backends.py beside this lesson builds the same Dense model, fixes its weights, compares known outputs, and inspects mixed precision policy. From the extracted course workspace root, use an isolated environment with Keras and the backend you want. Run the same file in a new process for each backend; --backend selects it before importing Keras. Tested locally with Keras 3.14.1 on the installed JAX and PyTorch backends. The same companion also passed on TensorFlow 2.21.0 with Keras 3.15.1 in the separate edge-lab environment. These optional backend checks are recorded separately from the core CPU receipt.
Optional Keras environment — macOS/Linux, workspace root
# Run optional keras environment — macos/linux, workspace root using the course Python environment
python3 -m venv .venv-interop
.venv-interop/bin/python -m pip install "keras==3.14.1" "jax==0.9.2" "torch==2.11.0"
Expected:
An isolated environment with the tested Keras/JAX/PyTorch versions. Use .venv-interop/bin/python instead of python3 in the commands below; on Windows use .venv-interop\Scripts\python.exe. TensorFlow is a separate optional backend: use the edge lab environment instructions and record its installed versions.
Optional lab — run from the course workspace root after installing Keras and the selected backend
# Run optional lab — run from the course workspace root after installing keras and the selected backend using the course Python environment
python3 phases/15-deployment/01-keras-and-pytorch-bridges-to-explicit-jax/labs/keras_backends.py --backend jax
python3 phases/15-deployment/01-keras-and-pytorch-bridges-to-explicit-jax/labs/keras_backends.py --backend torch
python3 phases/15-deployment/01-keras-and-pytorch-bridges-to-explicit-jax/labs/keras_backends.py --backend tensorflow
Expected:
Each installed backend prints PASS and measured precision errors. A missing backend must be installed in its isolated environment before running that command.
Write the same dense layer in both layouts
We’ll call the input matrix XX, the Keras-style kernel WW, and the PyTorch-style weight WtorchW_{\mathrm{torch}}. The math agrees when W=WtorchTW=W_{\mathrm{torch}}^\mathsf{T}. The transpose changes how weights are arranged, not what the layer means. Bias bb is added to every output row. Check the known first row before trying a larger model.
Y=XW+b=XWtorchT+bY=XW+b=XW_{\mathrm{torch}}^\mathsf{T}+bA valid shape can still mean the wrong feature
Imagine that the source reads temperature, pressure and humidity in that order. The target reads humidity, pressure and temperature. Both receive three numbers, so a shape assertion passes. But the first coefficient now multiplies the wrong measurement. Write down feature names and units next to each input column before mapping a weight tensor.
For the worked first row, the two scores are 1+1+1+0.1=3.11+1+1+0.1=3.1 and −2+2−0.25−0.2=−0.45-2+2-0.25-0.2=-0.45. Swapping the first and last features gives −0.9-0.9 and 4.054.05. These large differences are not floating-point noise. Follow the first mismatch: raw values, normalized values, first layer, activation, then output labels. This order prevents you from adjusting a numerical tolerance to conceal a different function.
Pause and reason
If the target swaps input features and also swaps the matching rows of its kernel, should its output change?
Compare your reasoningNo. Both changes restore each feature–coefficient pairing. Swapping only the values or only the rows changes the function. This is a semantic alignment check, separate from changing the storage layout from input-by-output to output-by-input.
Use a small bridge before a complete model
Keep the dense example as a test you can reason through by hand. Then add one operation at a time: a nonlinearity, normalization, and a second layer. Record an intermediate tensor at each boundary. For a convolution, declare both image layout and kernel layout; for attention, declare token order, head order, masks, and how query, key and value weights are packed.
The optional Keras lab runs real backends in separate processes. The default companion below uses NumPy and JAX to expose the mapping arithmetic, so its success alone is verified separately from TensorFlow, PyTorch, or a complete pretrained checkpoint. Carry a table of source names, target names, shapes, axis permutations and test inputs into the model-specific conversion lesson.
A transpose changes storage layout, not the intended model
Predict: Which axis names swap between the two parameter layouts?
[image: A transpose changes storage layout, not the intended model. The upper matrix has input features as rows and output features as columns. The lower matrix swaps those axes. The cell values are weights, and the two panels contain the same six numbers in transposed positions. Track the weight \(-1\): it moves from input \(2\), output \(0\) in the upper panel to output \(0\), input \(2\) in the lower panel. It still connects the same input feature to the same output feature. The layout changes from shape \((3,2)\) to \((2,3)\).]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The upper matrix has input features as rows and output features as columns. The lower matrix swaps those axes. The cell values are weights, and the two panels contain the same six numbers in transposed positions.
Track the weight −1-1: it moves from input 22, output 00 in the upper panel to output 00, input 22 in the lower panel. It still connects the same input feature to the same output feature. The layout changes from shape (3,2)(3,2) to (2,3)(2,3).
Connect it to the computation
With the first convention, a row batch computes XW+bXW+b. With the transposed storage convention, the equivalent calculation uses XW~T+bX\widetilde W^{\mathsf T}+b, where W~=WT\widetilde W=W^{\mathsf T}. Transposing storage without adapting the computation would change the meaning or produce a shape error.
The picture explains this layout contract using an explicit numerical reference. It does not demonstrate that every layer or serialized model can be transferred between frameworks by one transpose. Check activations, bias, preprocessing, and layer-specific conventions against an independent output reference as well.
Write the source function and its known input
Create main.py in your lesson workspace and run it with the active course Python environment. Keep feature order fixed while you name the input, kernel and bias.
# Step 1 — Write the source function and its known input: The arrays define a batch of shape (2,3), a kernel of shape (3,2),...
import numpy as np
import jax
import jax.numpy as jnp
# Same dense layer, different parameter layouts.
x = np.array([[1., 2., -1.], [-2., 0., 3.]], np.float32)
keras_kernel = np.array([[1., -2.], [.5, 1.], [-1., .25]], np.float32)
bias = np.array([.1, -.2], np.float32)

np.testing.assert_allclose(x[0] @ keras_kernel + bias, [3.1, -.45], atol=1e-6)
The arrays define a batch of shape (2,3)(2,3), a kernel of shape (3,2)(3,2), and a bias of shape (2,)(2,). The first known output is [3.1,−0.45][3.1,-0.45].
Map the stored tensor into explicit JAX parameters
Append this block to the same main.py and rerun the whole file. Transpose the stored PyTorch-style weights back into input-by-output order, then define the pure prediction function.
# Step 2 — Map the stored tensor into explicit JAX parameters: The zero-input check returns the bias twice.
torch_weight = keras_kernel.T.copy()  # torch Linear: output, input
# Create device-backed JAX array `params`.
params = {"kernel": jnp.asarray(torch_weight.T), "bias": jnp.asarray(bias)}
def predict(params, inputs):
    return inputs @ params["kernel"] + params["bias"]

# Allocate initialized array `` with the specified shape and dtype.
np.testing.assert_allclose(predict(params, jnp.zeros((2,3))), np.tile(bias,(2,1)), atol=1e-6)
The zero-input check returns the bias twice. If it does not, inspect bias broadcasting before comparing full predictions.
Verify values before extending the architecture
Append this block to the same main.py and rerun the whole file. Run both independent checks and inspect the two output rows.
# Step 3 — Verify values before extending the architecture: The first assertion checks hand arithmetic; the second compares...
# Wrap with `jax.jit` (`actual`) so XLA traces and compiles the function.
actual = np.asarray(jax.jit(predict)(params, jnp.asarray(x)))
# A hand-computed first row detects a shared layout mistake.
np.testing.assert_allclose(actual[0], [3.1, -.45], atol=1e-6)
np.testing.assert_allclose(actual, x @ keras_kernel + bias, atol=1e-6)
print("Matched dense outputs:", actual)
The first assertion checks hand arithmetic; the second compares the entire batch with the source-layout calculation. Continue with the feature-order and second-layer experiments below.
Run the example
The assembled script is in the separate solutions and code appendix.
Two rows match; the first is [3.1,−0.45][3.1, -0.45] within absolute tolerance 10−610^{-6}.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
A square matrix hides a transpose
Predict before running: Will a shape check catch wrong axes when input and output dimensions are equal?
# Experiment — A square matrix hides a transpose: Check asymmetric values and independently known outputs, not...
square = np.array([[1., 2.], [3., 4.]], np.float32)
z = np.array([[2., -1.]], np.float32)
# Check tensor shape invariant: `(z @ square).shape == (z @ square.T).shape`
assert (z @ square).shape == (z @ square.T).shape
assert not np.allclose(z @ square, z @ square.T)
print("Equal shapes, unequal outputs")
Both outputs have the same shape but different values.
Check asymmetric values and independently known outputs, not just tensor dimensions.
Reorder features without changing tensor dimensions
Predict before running: Predict both scores if the first and last input features are exchanged while the weights stay fixed.
# Experiment — Reorder features without changing tensor dimensions: The repair changes the pairing of features and coefficients.
permutation = [2, 1, 0]
reordered = x[:, permutation]
# Convert `wrong_order` to a host NumPy array for inspection or verification.
wrong_order = np.asarray(predict(params, reordered))
np.testing.assert_allclose(wrong_order[0], [-.9, 4.05], atol=1e-6)
assert not np.allclose(wrong_order, actual)
repaired_params = {'kernel': params['kernel'][permutation, :], 'bias': params['bias']}
np.testing.assert_allclose(predict(repaired_params, reordered), actual, atol=1e-6)
print('Feature order failed, then matched after aligning kernel rows.')
The wrong first row is [−0.9,4.05][-0.9,4.05]; permuting the kernel rows restores both original observations.
The repair changes the pairing of features and coefficients. It does not change the model represented by those pairings. Repeat with asymmetric feature values; repeated values can hide a wrong order.
Your exercise
Add a batch with four rows and preserve the same parameters. Verify each row independently using a feature-by-feature sum.
Attempt this before consulting the separate solutions appendix.
Detect a preprocessing mismatch
Transfer
Suppose the source model expects inputs divided by 255255, while the target receives raw pixels. Demonstrate why correct weight transfer still fails.
Hint
Compute both predictions from the same raw input: once with the source normalization and once without it. Matching weights cannot cancel an input-scale mismatch.
Map a second layer and locate an omitted activation
Transfer / diagnosis
Extend the dense mapping with ReLU and a second dense layer. Use independently computed final scores to catch a converter that forgets ReLU. Then show why an all-positive probe would be a weak test.
Hint
Compute both first-layer rows by hand, replace negative entries by zero, and apply the new output weights.
Checkpoint
The Dense predictions match after transposing weights. What has been established?
	The tested inference mapping matches for these inputs.
	Optimizer and random state are now equivalent.
	Any runtime can execute the model.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If output shapes fail, write the contraction axes. If shapes match but values drift, check layout, preprocessing, bias, inference mode and dtype in that order. A missing TensorFlow import in the optional lab means that backend is not installed; it is not a failure of the JAX core exercise.
Your evidence
Keep the layout map, two changed-input comparisons, runtime versions and optional backend-lab output. Identify which model state and preprocessing are not covered by a dense-layer match.
Primary references
	Keras multi-backend migration
	Keras inference export
	JAX DLPack contract

Convert PyTorch weights to Flax and locate numerical errors
Convert a real PyTorch state dictionary to Flax NNX and validate intermediate outputs, gradients and reloaded artifacts with explicit numerical tolerances.
What you will be able to do
	Map named PyTorch tensors into Flax NNX parameters with complete key, shape and dtype checks.
	Locate the first mismatching operation using absolute and relative errors.
	Verify input gradients and reload the converted artifact independently.

The problem
You copied a checkpoint and the new model runs, but its answers differ. Is the weight mapping wrong, or does the architecture compute a different function? We will load actual PyTorch tensors into a Flax NNX model and stop at the first layer whose values diverge.
The idea
When a converted model disagrees with its reference, compare aligned intermediate activations on identical inputs. The earliest divergent boundary usually gives a more useful diagnosis than the final output alone.
Find the earliest disagreement
Suppose the first dense output agrees but normalized activations do not. Inspect the normalization axis, epsilon and parameter mapping before changing the final layer. A later output difference may only be a consequence of the earlier mismatch.
Record absolute error and an appropriate relative measure. Near-zero references can make relative error large even when absolute error is small, so tolerances need scale and dtype context.
The layer-error plot identifies a location to investigate, not a universal threshold for all architectures. Use several inputs, including boundary cases, and compare the full preprocessing-to-output contract. Matching one fixture is separate from arbitrary checkpoint compatibility.
Small errors need a scale-aware budget
Predict: Why can a larger absolute difference pass at a larger reference value?
[image: Read each row as one elementwise decision using absolute tolerance \(2\times10^{-6}\) and relative tolerance \(2\times10^{-5}\). Near zero the absolute term determines the allowance. At reference \(100\), the relative term increases it. These are hand-worked tolerance examples, not measured conversion errors; the executed bar plot below reports the model comparison.]Architecture and dataflow mechanism diagram.Read each row as one elementwise decision using absolute tolerance 2×10−62\times10^{-6} and relative tolerance 2×10−52\times10^{-5}. Near zero the absolute term determines the allowance. At reference 100100, the relative term increases it. These are hand-worked tolerance examples, not measured conversion errors; the executed bar plot below reports the model comparison.
Pause and reason
Why can only comparing final probabilities hide useful information?
Compare your reasoningDifferent intermediate errors can cancel or be compressed by the final nonlinearity. Layerwise comparisons locate where the intended computation first changed.
Write the architecture contract before mapping weights
Our input has shape (B,3)(B,3), the hidden width is 55, and the output width is 22. PyTorch Linear stores output-by-input weights, while Flax Linear uses input-by-output kernels, so transpose those two arrays. LayerNorm scale and bias stay one-dimensional and do not transpose. Require every expected key exactly once; ignoring unknown or missing parameters can silently leave random weights in the target.
Match operations, not just tensors
Use the same LayerNorm epsilon, feature axes, variance convention and affine parameters. Select exact GELU in both frameworks instead of mixing exact and tanh approximations. Disable training-only behavior and match preprocessing, padding, positions and output labels before claiming parity. The Flax implementation disables the fast variance formula to make the comparison boundary explicit; float32 execution can still differ slightly across kernels.
Use an error budget that works near zero
For each element, require the absolute difference to fit an absolute tolerance plus a relative tolerance times the reference magnitude. Absolute tolerance handles near-zero references; relative tolerance scales with large values. Report maximum absolute error and relative L2 error, but retain the elementwise decision so a small aggregate cannot hide a bad element. Set tolerances before inspecting the candidate, record dtype/backend, and never turn NaN into a passing comparison.
∣yi−y^i∣≤a+r∣yi∣,erel,2=∥y−y^∥2max⁡(∥y∥2,10−12)|y_i-\widehat y_i|\leq a+r|y_i|,\qquad e_{\mathrm{rel},2}=\frac{\|y-\widehat y\|_2}{\max(\|y\|_2,10^{-12})}Find the first mismatch
Capture hidden linear output, normalized values, activation and final logits for the same inputs. A wrong LayerNorm epsilon leaves the hidden linear output correct but changes the normalized output first. Later mismatches may be consequences rather than separate bugs. Use several batch sizes and amplitudes: one large random batch can miss epsilon-sensitive or near-zero behavior.
Validate the derivative and the saved artifact
For a scalar sum of outputs, compare gradients with respect to the input in both frameworks. Then save the Flax arrays with architecture metadata and reload them before inference. The project also starts a fresh process for this step. Only load trusted checkpoint sources; weights_only loading limits the PyTorch loading path but is separate from authenticity or universal safety.
Extend the mapping deliberately
Convolution kernels may require OIHW to HWIO permutations, not a dense transpose. Attention may fuse query/key/value tensors or arrange heads differently. Tied embeddings, normalization order, rotary positions and vocabulary row order can all change behavior despite matching shapes. Add these operations one at a time with golden inputs and intermediate comparisons. This lesson validates its named MLP only; those additional architectures need their own executed mappings.
Read an error budget one element at a time
A relative error alone behaves badly near a zero reference. Use an absolute allowance aa near zero and a relative allowance rr for larger values. For a reference yy and converted value y^\hat y, the allowed difference is a+r∣y∣a+r|y|. The reference is deliberately the source value; exchanging the two arguments changes the budget slightly.
With a=2×10−6a=2\times10^{-6} and r=2×10−5r=2\times10^{-5}, a reference of zero allows 2×10−62\times10^{-6} absolute error. An error of 10−610^{-6} passes even though dividing by the reference is undefined. At reference 100100, the budget is 0.0020020.002002, so an error of 0.0010.001 passes. These tolerances are declared checks for this FP32 fixture. Derive and test a different budget for a different computation or precision policy.
Pause and reason
An output near zero differs by 3×10−63\times10^{-6}. Does a small relative-L2 error over the whole tensor guarantee it passes?
Compare your reasoningNo. The per-element absolute allowance near zero is about 2×10−62\times10^{-6}. A global norm can conceal one failing element among many large, accurate values. Keep the elementwise gate as well as summary metrics.
∣y^i−yi∣≤a+r∣yi∣|\hat y_i-y_i|\leq a+r|y_i|Probe more than the sum of the outputs
The companion compares the input gradient of the sum of outputs. That is one projection of the Jacobian: it weights every output equally. Opposing errors can cancel in that projection. Use a nonuniform output sensitivity, called a cotangent, to ask how a different weighted combination changes with the input.
Keep the source in evaluation mode, use the same input and cotangent, and reset the PyTorch input gradient before comparing. Inspect the first failing forward boundary before studying derivative differences. Matching this additional probe strengthens the test; it still does not prove equality of the entire Jacobian for every input.
J(x)Tv=∇x(∑ivifi(x))J(x)^{\mathsf T}v=\nabla_x\left(\sum_i v_i f_i(x)\right)Locate the first divergent layer
Predict: Which bar should remain near zero when only LayerNorm epsilon is wrong?
[image: Layerwise maximum absolute errors for matching conversion and a deliberately wrong LayerNorm epsilon; the first wrong layer is normalization.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories follow execution order: hidden linear, normalization, activation and output. Bars show maximum absolute difference in that layer’s output units. The correct mapping remains near floating-point rounding error; the changed-epsilon model first diverges at normalization. The earlier matching hidden output narrows the cause. These are numerical errors, not accuracy or latency.
Connect it to the computation
All weights are identical between the correct and wrong-epsilon target models. A parameter-file comparison alone would miss the changed operation. Later error may grow or shrink through nonlinearities and the output projection, so the largest bar is not necessarily the location of the original bug. The per-element tolerance and gradient checks are reported separately from this plot.
Make the source boundaries inspectable
Create main.py in your lesson workspace and run it with the active course Python environment. Define the source model so every named operation returns its intermediate result.
# Step 1: Make the source boundaries inspectable
"""Explicit CPU PyTorch -> Flax NNX mapping; no generic architecture converter."""
import numpy as np
import jax
import jax.numpy as jnp
import torch
from flax import nnx

# Define `TorchModel` module / container with explicit state and forward pass:
class TorchModel(torch.nn.Module):
    def __init__(self, eps=1e-5):
        super().__init__()
        self.hidden=torch.nn.Linear(3,5)
        self.norm=torch.nn.LayerNorm(5,eps=eps)
        self.out=torch.nn.Linear(5,2)
    def forward(self,x):
        h=self.hidden(x)
        n=self.norm(h)
        a=torch.nn.functional.gelu(n,approximate='none')
        return {'hidden':h,'norm':n,'activation':a,'output':self.out(a)}

assert TorchModel().eval()(torch.zeros((2,3)))['output'].shape == (2,2)
The probe has two observations and returns an output of shape (2,2)(2,2). It also exposes hidden, normalization and activation tensors for diagnosis.
Write the same operations in Flax
Append this block to the same main.py and rerun the whole file. Match dimensions, normalization epsilon, variance calculation and exact GELU.
# Step 2 — Write the same operations in Flax: The probe again returns shape (2,2).
# Define `FlaxModel` module / container with explicit state and forward pass:
class FlaxModel(nnx.Module):
    def __init__(self,eps=1e-5):
        self.hidden=nnx.Linear(3,5,rngs=nnx.Rngs(0))
        self.norm=nnx.LayerNorm(5,epsilon=eps,use_fast_variance=False,rngs=nnx.Rngs(1))
        self.out=nnx.Linear(5,2,rngs=nnx.Rngs(2))
    def __call__(self,x):
        # Apply nonlinear activation or probability normalization to compute `a`.
        h=self.hidden(x)
        n=self.norm(h)
        a=jax.nn.gelu(n,approximate=False)
        return {'hidden':h,'norm':n,'activation':a,'output':self.out(a)}

assert FlaxModel()(jnp.zeros((2,3)))['output'].shape == (2,2)
The probe again returns shape (2,2)(2,2). At this point random parameters differ; matching shapes does not mean matching predictions.
Map each parameter and declare tolerances
Append this block to the same main.py and rerun the whole file. Copy checked source arrays into named destination parameters. Compare a hidden output with an independent matrix calculation.
# Step 3 — Map each parameter and declare tolerances: The hidden-layer check passes after transposing the source kernel.
def convert(state,eps=1e-5):
    shapes={'hidden.weight':(5,3),'hidden.bias':(5,),'norm.weight':(5,),'norm.bias':(5,),'out.weight':(2,5),'out.bias':(2,)}
    # Guard input contract (`set(state) != set(shapes)`) and fail fast if violated.
    if set(state)!=set(shapes):raise ValueError('missing or unexpected state key')
    arrays={}
    for name,shape in shapes.items():
        value=state[name].detach().cpu().numpy()
        # Guard input contract (`value.shape != shape or value.dtype != np.float32 or (not np.isfinite(value).all())`) and fail fast if violated.
        if value.shape!=shape or value.dtype!=np.float32 or not np.isfinite(value).all():
            raise ValueError('unexpected shape, dtype or nonfinite tensor: '+name)
        arrays[name]=value.copy()
    target=FlaxModel(eps)
    # Create device-backed JAX array `target.hidden.kernel[...]`.
    target.hidden.kernel[...]=jnp.asarray(arrays['hidden.weight'].T)
    # Create device-backed JAX array `target.hidden.bias[...]`.
    target.hidden.bias[...]=jnp.asarray(arrays['hidden.bias'])
    # Create device-backed JAX array `target.norm.scale[...]`.
    target.norm.scale[...]=jnp.asarray(arrays['norm.weight'])
    # Create device-backed JAX array `target.norm.bias[...]`.
    target.norm.bias[...]=jnp.asarray(arrays['norm.bias'])
    # Create device-backed JAX array `target.out.kernel[...]`.
    target.out.kernel[...]=jnp.asarray(arrays['out.weight'].T)
    # Create device-backed JAX array `target.out.bias[...]`.
    target.out.bias[...]=jnp.asarray(arrays['out.bias'])
    return target

def error_report(reference,actual,atol=2e-6,rtol=2e-5):
    # Convert `reference` to a host NumPy array for inspection or verification.
    # Convert `actual` to a host NumPy array for inspection or verification.
    reference=np.asarray(reference,dtype=np.float64)
    actual=np.asarray(actual,dtype=np.float64)
    # Guard input contract (`reference.shape != actual.shape or not np.isfinite(reference).all() or (not np.isfinite(actual).all())`) and fail fast if violated.
    if reference.shape!=actual.shape or not np.isfinite(reference).all() or not np.isfinite(actual).all():
        raise ValueError('shape or finite-value mismatch')
    # Guard input contract (`min(atol, rtol) < 0 or not np.isfinite([atol, rtol]).all()`) and fail fast if violated.
    if min(atol,rtol)<0 or not np.isfinite([atol,rtol]).all():raise ValueError('invalid tolerances')
    absolute=np.abs(actual-reference)
    budget=atol+rtol*np.abs(reference)
    return {'max_abs':float(absolute.max()),'relative_l2':float(np.linalg.norm(actual-reference)/max(np.linalg.norm(reference),1e-12)),
            'passed':bool(np.all(absolute<=budget))}

step_source = TorchModel().eval()
step_target = convert(step_source.state_dict())
step_input = np.array([[1., -2., .5]], np.float32)
step_expected = step_input @ step_source.hidden.weight.detach().numpy().T + step_source.hidden.bias.detach().numpy()
# Create device-backed JAX array ``.
np.testing.assert_allclose(step_target(jnp.asarray(step_input))['hidden'], step_expected, rtol=2e-5, atol=2e-6)
The hidden-layer check passes after transposing the source kernel. A missing key or wrong source shape should fail before inference.
Save and reload the converted state
Append this block to the same main.py and rerun the whole file. Store architecture metadata with the arrays and rebuild the target from that archive.
# Step 4 — Save and reload the converted state: The temporary round trip preserves a probe output.
def save_flax(model,path):
    # Convert `` to a host NumPy array for inspection or verification.
    np.savez(path,hidden_kernel=np.asarray(model.hidden.kernel[...]),hidden_bias=np.asarray(model.hidden.bias[...]),
             norm_scale=np.asarray(model.norm.scale[...]),norm_bias=np.asarray(model.norm.bias[...]),
             out_kernel=np.asarray(model.out.kernel[...]),out_bias=np.asarray(model.out.bias[...]),
             epsilon=np.array(model.norm.epsilon),schema=np.array(1))

def load_flax(path):
    shapes={'hidden_kernel':(3,5),'hidden_bias':(5,),'norm_scale':(5,),'norm_bias':(5,),'out_kernel':(5,2),'out_bias':(2,)}
    # Enter `np.load(path, allow_pickle=False)` context block:
    with np.load(path,allow_pickle=False) as archive:
        # Guard input contract (`set(archive.files) != set(shapes) | {'epsilon', 'schema'}`) and fail fast if violated.
        if set(archive.files)!=set(shapes)|{'epsilon','schema'}:raise ValueError('unexpected archive schema')
        # Guard input contract (`archive['schema'].shape != () or int(archive['schema']) != 1`) and fail fast if violated.
        if archive['schema'].shape!=() or int(archive['schema'])!=1:raise ValueError('unknown schema')
        # Guard input contract (`archive['epsilon'].shape != ()`) and fail fast if violated.
        if archive['epsilon'].shape!=():raise ValueError('epsilon must be scalar')
        eps=float(archive['epsilon'])
        # Guard input contract (`not np.isfinite(eps) or eps <= 0`) and fail fast if violated.
        if not np.isfinite(eps) or eps<=0:raise ValueError('invalid epsilon')
        arrays={}
        for key,shape in shapes.items():
            value=archive[key]
            # Guard input contract (`value.shape != shape or value.dtype != np.float32 or (not np.isfinite(value).all())`) and fail fast if violated.
            if value.shape!=shape or value.dtype!=np.float32 or not np.isfinite(value).all():raise ValueError('invalid array '+key)
            arrays[key]=value.copy()
    model=FlaxModel(eps)
    for module,name,key in [(model.hidden,'kernel','hidden_kernel'),(model.hidden,'bias','hidden_bias'),(model.norm,'scale','norm_scale'),(model.norm,'bias','norm_bias'),(model.out,'kernel','out_kernel'),(model.out,'bias','out_bias')]:
        # Create device-backed JAX array `getattr(module, name)[...]`.
        getattr(module,name)[...]=jnp.asarray(arrays[key])
    return model

import tempfile
from pathlib import Path
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as step_folder:
    step_path = Path(step_folder) / 'roundtrip.npz'
    save_flax(step_target, step_path)
    step_reloaded = load_flax(step_path)
    # Create device-backed JAX array ``.
    np.testing.assert_allclose(step_reloaded(jnp.asarray(step_input))['output'], step_target(jnp.asarray(step_input))['output'], rtol=2e-5, atol=2e-6)
The temporary round trip preserves a probe output. The loader validates the array set, dtype, shape and epsilon; a filename alone establishes none of these properties.
Compare input regimes and reproduce a mismatch
Append this block to the same main.py and rerun the whole file. Run the fixed-seed source, layerwise comparison, derivative checks and wrong-epsilon intervention.
# Step 5 — Compare input regimes and reproduce a mismatch: The original epsilon passes all declared gates.
import tempfile
from pathlib import Path
torch.set_num_threads(1)
torch.manual_seed(9)
source=TorchModel().eval()
# A real local state_dict file, loaded using the tensor-only loading option.
with tempfile.TemporaryDirectory() as folder:
    checkpoint=Path(folder)/'weights.pt'
    torch.save(source.state_dict(),checkpoint)
    state=torch.load(checkpoint,map_location='cpu',weights_only=True)
    target=convert(state)
    # Save the converted weights independently of the live PyTorch object.
    converted=Path(folder)/'flax-weights.npz'
    save_flax(target,converted)
    target=load_flax(converted)
    errors={name:[] for name in ['hidden','norm','activation','output']}
    for batch,scale in [(1,1.),(7,1e-3),(5,4.)]:
        inputs=np.random.default_rng(batch).normal(size=(batch,3)).astype(np.float32)*scale
        # Create device-backed JAX array `flax_values`.
        tx=torch.tensor(inputs,requires_grad=True)
        torch_values=source(tx)
        flax_values=target(jnp.asarray(inputs))
        for name in errors:
            report=error_report(torch_values[name].detach().numpy(),flax_values[name])
            assert report['passed'],(name,report)
            errors[name].append(report['max_abs'])
        # Execute `torch_values['output'].sum().backward()`.
        torch_values['output'].sum().backward()
        # Create device-backed JAX array `input_gradient`.
        input_gradient=jax.grad(lambda z:jnp.sum(target(z)['output']))(jnp.asarray(inputs))
        assert error_report(tx.grad.numpy(),input_gradient,atol=5e-6,rtol=5e-5)['passed']
    wrong=convert(state,eps=.1)
    reference={k:v.detach().numpy() for k,v in source(torch.tensor(inputs)).items()}
    # Create device-backed JAX array `wrong_reports`.
    wrong_reports={k:error_report(reference[k],v) for k,v in wrong(jnp.asarray(inputs)).items()}
    assert wrong_reports['hidden']['passed'] and not wrong_reports['norm']['passed']
    for bad in [dict(state,unexpected=torch.zeros(1)),{k:v for k,v in state.items() if k!='norm.bias'}]:
        try:convert(bad)
        except ValueError:pass
        else:raise AssertionError('incomplete mapping accepted')
print('Maximum absolute error per layer:',{k:max(v) for k,v in errors.items()})
print('Wrong epsilon: first mismatch is norm; intermediate outputs and input gradients verified on CPU.')
The original epsilon passes all declared gates. Changing only epsilon leaves the hidden layer unchanged and first fails normalization. Use that first mismatch to choose a repair.
Run the example
The assembled script is in the separate solutions and code appendix.
Correct FP32 conversion passes layerwise and input-gradient tolerances on three input regimes. A changed LayerNorm epsilon first fails at norm; missing and unexpected keys are rejected.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Inspect the wrong-epsilon signature
Predict before running: Will the dense hidden output fail when only normalization epsilon changes?
# Experiment — Inspect the wrong-epsilon signature: Localize the first divergent operation before remapping...
assert wrong_reports['hidden']['passed']
assert not wrong_reports['norm']['passed']
print('Per-layer wrong-epsilon report:',wrong_reports)
The first dense layer passes; normalization fails first.
Localize the first divergent operation before remapping unrelated weights. The plot records downstream effects as well as the first failure.
Test the tolerance rule near zero
Predict before running: Which differences pass at a zero reference and at a reference of 100100?
# Experiment — Test the tolerance rule near zero: The gate checks each element against a reference-dependent budget.
near_zero = error_report([0.], [1e-6])
near_zero_fail = error_report([0.], [3e-6])
large_value = error_report([100.], [100.001])
assert near_zero['passed'] and not near_zero_fail['passed'] and large_value['passed']
print('Near-zero, excessive near-zero, large-value:', near_zero['passed'], near_zero_fail['passed'], large_value['passed'])
The three decisions are pass, fail, pass.
The gate checks each element against a reference-dependent budget. A single relative-error percentage is not a substitute.
Your exercise
Compare a near-zero reference against two candidate errors. Verify that the absolute tolerance accepts rounding noise but rejects a meaningful discrepancy.
Attempt this before consulting the separate solutions appendix.
Reject a plausible but wrong tensor layout
Transfer
Transpose the first PyTorch weight before conversion and prove the boundary rejects it instead of transposing it a second time.
Hint
The first weight is rectangular, so validate its source shape before applying the mapping.
Check a nonuniform output sensitivity
Transfer / diagnosis
Compare the source and converted input gradients for an output cotangent that contains unequal positive and negative entries. Explain what this tests beyond summing the outputs.
Hint
Form the same scalar weighted output in each framework. Create a fresh PyTorch input so earlier gradients do not accumulate.
Checkpoint
The first linear layer agrees, but LayerNorm is the first mismatch. What should you inspect next?
	Normalization axes, variance calculation, epsilon and affine parameters.
	Relax every tolerance until the final outputs pass.
	Assume successful checkpoint loading proves parity.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Reject missing, extra, malformed or nonfinite weights before assignment. If the first linear output differs, inspect orientation and bias. If normalization first differs, inspect its contract. If forward outputs agree but gradients differ, inspect operation approximations and differentiability; retain both results.
Your evidence
Keep source checkpoint and architecture identity, complete parameter mapping, per-layer max-absolute/relative-L2 errors, elementwise tolerances, input-gradient comparisons, wrong-epsilon diagnosis and a fresh-process converted-artifact receipt.
Primary references
	PyTorch state_dict and weights-only loading
	Flax NNX Linear

Export a computation and verify its serving contract
Round-trip an exported inference function and reject incompatible requests.
What you will be able to do
	Serialize and reload a fixed-shape JAX inference computation.
	Test known values and changed requests independently.
	Distinguish export compatibility from service and edge-device readiness.

The problem
Your function works in the training process. Let’s make sure it also works after saving and reloading its inference computation. We’ll define one request shape, check a known prediction, and deliberately send an incompatible request. These checks give us a clear contract before adding a service around the model.
The idea
Export packages a computation for a supported runtime. The consumer still needs input validation, preprocessing, output meaning and compatibility information. Separate the artifact boundary from the surrounding service.
A serialized computation still needs an interface
The lesson exports a fixed float32 input of shape (1,3)(1,3) to an output of shape (1,2)(1,2). A Python function may accept a larger batch while that particular exported signature does not. The consumer must follow the artifact's declared contract.
Serialize, load the file again and call the restored computation on new inputs. Comparing only the original in-memory function does not test the exported bytes. Keep artifact hash, environment and tolerance with the result.
If preprocessing lives outside the export, version it alongside the model. A correct graph can still return wrong application results when the caller normalizes inputs differently. A local round trip does not automatically qualify another runtime, hardware target or version.
Four different deployment boundaries
Predict: Which row is tested by the exported object alone?
[image: Read top to bottom from the raw request to the response. Each row has a distinct contract and a distinct failure. The exported computation handles the numeric call; request fields, artifact identity and response meaning require surrounding checks. The fresh-process experiment exercises loading and calling under the installed CPU runtime.]Architecture and dataflow mechanism diagram.Read top to bottom from the raw request to the response. Each row has a distinct contract and a distinct failure. The exported computation handles the numeric call; request fields, artifact identity and response meaning require surrounding checks. The fresh-process experiment exercises loading and calling under the installed CPU runtime.
Pause and reason
What should happen to a request with the wrong feature count?
Compare your reasoningReject it at the interface with a clear explanation before inference. Silently reshaping may alter example meaning and does not make the request compatible with the exported signature.
y^deserialized(x)=y^eager(x),∀x∈Dcanary\hat{y}_{\text{deserialized}}(x) = \hat{y}_{\text{eager}}(x), \qquad \forall x \in \mathcal{D}_{\text{canary}}Freeze the inference boundary
The example closes over trained weights and bias, so those values become part of the exported computation. The single input is float32 [1,3][1, 3]; the output is float32 [1,2][1, 2]. A new weight version requires a new artifact here. For systems that pass weights as inputs, define and version those parameter signatures instead. Remove optimizer state and training-only behavior from this inference boundary.
Fixed shapes are a deliberate constraint
A fixed batch-one signature simplifies the runtime contract. A batch of two is not accepted merely because the original Python expression supports it. JAX shape polymorphism is a separate export feature with its own constraints. Record permitted dimensions explicitly; an HTTP wrapper should reject malformed requests before invoking the computation.
Verify the file, not the original function
Serialize, read back and deserialize before checking predictions. Then compare to both a manually known row and NumPy on new inputs. Record the JAX/jaxlib versions, platform, artifact hash, preprocessing and tolerance with the release. Exported calling conventions and supported platforms have compatibility rules; retain the environment instead of assuming a byte file runs everywhere.
Choose a runtime after choosing an artifact
The local exported call still needs a compatible JAX runtime. For TensorFlow serving, investigate a supported jax2tf or Keras SavedModel route and retest outputs after conversion. For LiteRT, use its supported converter and runtime with explicit operator and dtype checks. ONNX Runtime needs a supported ONNX graph and execution provider. A format name alone says nothing about whether a target NPU can execute every operator.
From local call to service
Place decoding, normalization, shape checks, inference and response encoding inside your request boundary. Set input size limits and concurrency limits. Measure cold initialization and warmed request latency separately; queueing and network time change the service result. The edge lesson extends this boundary to a single-device request. Autoscaling and a production server are outside this CPU artifact exercise.
Separate serialized computation from the serving system
Export answers a specific question: can a staged computation be represented, loaded and called with the declared signature? It does not automatically include the request parser, feature names, normalization policy, output labels or service configuration. A fixed shape of (1,3)(1,3) says that the call expects one observation with three features; it says nothing about which physical measurements those features represent.
This example captures a particular set of weights and bias in the exported computation. The fresh-process experiment loads only the bytes and a request. It does not import the original inference function or retrain a model. Passing that test is stronger than calling the object that just produced the export, but it still checks the installed CPU runtime, not a different accelerator or another runtime's operator coverage.
Serialization preserves the declared computation
Predict: Do the restored scores match the direct function?
[image: Serialization preserves the declared computation. Each category is one output score. The paired bars compare the direct computation with the restored serialized artifact on the same input. Both give approximately \(3.1\) for score \(0\) and \(-0.45\) for score \(1\). The matching heights show numerical agreement. The bars are adjacent, rather than one line hiding another. A negative second score is valid because these are raw outputs, not probabilities constrained to lie between zero and one.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Each category is one output score. The paired bars compare the direct computation with the restored serialized artifact on the same input. Both give approximately 3.13.1 for score 00 and −0.45-0.45 for score 11.
The matching heights show numerical agreement. The bars are adjacent, rather than one line hiding another. A negative second score is valid because these are raw outputs, not probabilities constrained to lie between zero and one.
Connect it to the computation
This is the first behavior to check after serialization: does the restored computation preserve the result within the declared tolerance? The figure makes a coordinate-by-coordinate mismatch visible instead of reducing all outputs to one aggregate number.
The example exports a specific float32 input signature with shape (1,3)(1,3). Agreement for this case is separate from acceptance of arbitrary shapes or support in every serving runtime. Keep the signature and input preprocessing with the artifact, then expand parity checks to the cases your application actually needs.
Define an inference-only computation
Create main.py in your lesson workspace and run it with the active course Python environment. Keep training out of the function and compute the known probe before exporting.
# Step 1 — Define an inference-only computation: The probe returns [3.1,-0.45].
import tempfile
from pathlib import Path
import numpy as np
import jax
import jax.numpy as jnp
from jax import export
weights = jnp.array([[1., -2.], [.5, 1.], [-1., .25]], dtype=jnp.float32)
bias = jnp.array([.1, -.2], dtype=jnp.float32)
# Define and JIT-compile `inference(x)` so XLA traces and fuses the operations:
@jax.jit
def inference(x):
    return x @ weights + bias

# Create device-backed JAX array ``.
np.testing.assert_allclose(inference(jnp.array([[1.,2.,-1.]], jnp.float32)), [[3.1,-.45]], atol=1e-6)
The probe returns [3.1,−0.45][3.1,-0.45]. Preserve that independent expected value as you cross the serialization boundary.
Declare the fixed input signature
Append this block to the same main.py and rerun the whole file. Stage the computation for a batch of one with three float32 features.
# Step 2 — Declare the fixed input signature: The export has one input of shape (1,3).
signature = jax.ShapeDtypeStruct((1, 3), jnp.float32)
artifact = export.export(inference)(signature)

# Check tensor shape invariant: `artifact.in_avals[0].shape == (1,3)`
assert artifact.in_avals[0].shape == (1,3)
The export has one input of shape (1,3)(1,3). A batch of two is a different contract; the failure experiment tests that rejection.
Write bytes, reload and compare
Append this block to the same main.py and rerun the whole file. Serialize to disk and call the restored artifact on the same probe.
# Step 3 — Write bytes, reload and compare: The output agrees with hand arithmetic.
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    path = Path(folder) / "dense.jaxexport"
    path.write_bytes(artifact.serialize())
    restored = export.deserialize(path.read_bytes())
    # Convert `sample` to a host NumPy array for inspection or verification.
    sample = np.array([[1., 2., -1.]], np.float32)
    # Convert `actual` to a host NumPy array for inspection or verification.
    actual = np.asarray(restored.call(sample))
    np.testing.assert_allclose(actual, [[3.1, -.45]], atol=1e-6)
    print("Verified serialized bytes:", path.stat().st_size)
The output agrees with hand arithmetic. File size is recorded rather than hard-coded because the representation can change with the JAX version. Next, run the fresh-interpreter experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
The serialized artifact reloads and returns [3.1,−0.45][3.1, -0.45]. File size depends on the JAX version.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Reject the wrong batch
Predict before running: Does the exported signature accept two rows?
# Experiment — Reject the wrong batch: A Python function being shape-generic does not make its fixed...
# Run the boundary check and catch the expected exception:
try:
    restored.call(np.ones((2, 3), np.float32))
except (ValueError, TypeError) as error:
    print("Rejected incompatible shape:", type(error).__name__)
else:
    raise AssertionError("Fixed batch-one contract was not enforced")
The incompatible shape is rejected.
A Python function being shape-generic does not make its fixed exported interface polymorphic.
Load only the exported bytes in a fresh interpreter
Predict before running: Will the computation still work when the new process has no inference function or live parameter objects?
# Experiment — Load only the exported bytes in a fresh interpreter: The checked boundary is artifact bytes → installed JAX CPU...
import json
import os
import subprocess
import sys
# Convert `worker` to a host NumPy array for inspection or verification.
worker = """import json,sys
from pathlib import Path
import numpy as np
from jax import export
loaded = export.deserialize(Path(sys.argv[1]).read_bytes())
request = np.asarray(json.load(sys.stdin)['features'], dtype=np.float32)
print(json.dumps({'scores': np.asarray(loaded.call(request)).tolist()}, allow_nan=False))
"""
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as directory:
    exported_path = Path(directory) / 'dense.jaxexport'
    exported_path.write_bytes(artifact.serialize())
    # Configure environment variable before initializing the runtime.
    completed = subprocess.run([sys.executable, '-c', worker, str(exported_path)], input=json.dumps({'features': [[1.,2.,-1.]]}), text=True, capture_output=True, check=True, env=dict(os.environ, JAX_PLATFORMS='cpu'), timeout=60)
    worker_scores = json.loads(completed.stdout)['scores']
np.testing.assert_allclose(worker_scores, [[3.1, -.45]], atol=1e-6)
print('Fresh interpreter loaded bytes and matched the known scores.')
The child process returns [3.1,−0.45][3.1,-0.45] using only the exported artifact and request.
The checked boundary is artifact bytes → installed JAX CPU runtime → scores. The worker has a JSON transport for the test, not a production web server. A separate deployment runtime requires its own receipt.
Your exercise
Verify a new input [−2,0,3][-2, 0, 3] against an independent NumPy expression.
Attempt this before consulting the separate solutions appendix.
Validate a request before inference
Transfer
Write a host-side request checker that rejects nonfinite values and the wrong shape. Test a NaN input and a wrong feature count.
Hint
Validate shape and finiteness on the host before calling inference. Include a singleton batch, the wrong feature count and a NaN; specify which cases your serving signature permits.
Prove that request validation precedes exported inference
Transfer / diagnosis
Build a request wrapper that records how often inference runs. Reject both a malformed feature row and a nonfinite row before calling the exported computation. Then verify one valid request.
Hint
Increment the counter only after validation succeeds. An error message alone does not prove which boundary rejected the input.
Checkpoint
What does a successful local export round trip prove?
	The saved computation matches the tested CPU contract.
	The file is an edge executable on every NPU.
	An HTTP service now exists.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
A missing flatbuffers dependency prevents serialization: reinstall requirements-cpu.txt. A rejected input may be correct enforcement of your shape/dtype signature. Conversion success with output drift calls for intermediate-tensor comparison, preprocessing checks and evaluation on held-out examples.
Your evidence
Keep the export/reload code, version/platform manifest, known-output and changed-input checks, rejected-shape result, and the planned serving request boundary.
Primary references
	JAX export and serialization
	JAX shape polymorphism
	Keras inference export

Choose weight, activation and accumulation precision
Compare floating-point policies, weight-only quantization and calibrated integer activations.
What you will be able to do
	Compare FP32, FP16 and BF16 rounding without confusing storage with accumulation.
	Implement per-output-channel symmetric INT8 and INT4 weight quantization.
	Calibrate activations and diagnose clipping on unseen ranges.
	Explain FP64, FP8, weight-only, full integer and mixed precision policies.

The problem
Someone asks you for an “8-bit model.” A helpful first question is: 8-bit weights, activations, or both? We’ll separate those choices, compare them with a float32 reference, and watch what happens when an input falls outside the calibrated range. You’ll leave with a precision policy you can explain, not just a dtype label.
The idea
A precision policy specifies how weights, activations, accumulations and outputs are represented. Quantization adds scales, zero-points and rounding/clipping rules. Track those units through the computation instead of describing the whole model with one dtype label.
Follow the units through integer arithmetic
For an illustrative scale s=0.5s=0.5 and zero-point z=3z=3, the real value 11 maps to integer q=5q=5, since q=round⁡(1/0.5)+3q=\operatorname{round}(1/0.5)+3. Reconstructing gives 0.5(5−3)=10.5(5-3)=1. Real zero maps to the zero-point, not necessarily integer zero.
In a dot product, centered integer products accumulate in an appropriately wide type. The accumulator's scale comes from the input and weight scales. Bias must use compatible units before the output is rescaled or requantized.
The error plots compare specific representation policies. Read weight, activation and accumulation choices separately. Per-channel scales also require a declared axis. Numerical error, downstream quality and target-runtime speed need separate evidence.
Integer values need scales and zero-points
Predict: What happens if you ignore a nonzero zero-point when interpreting quantized values?
[image: Follow affine integer codes into centered products, wide accumulation and compatible bias units, then output rescaling. Exact accumulator dtype and per-channel scale axes belong to the declared runtime policy. These arrows describe arithmetic dependencies, not a specific hardware kernel.]Architecture and dataflow mechanism diagram.Follow affine integer codes into centered products, wide accumulation and compatible bias units, then output rescaling. Exact accumulator dtype and per-channel scale axes belong to the declared runtime policy. These arrows describe arithmetic dependencies, not a specific hardware kernel.
Pause and reason
What happens if you ignore a nonzero zero-point when interpreting quantized values?
Compare your reasoningYou introduce an offset error before multiplication or reconstruction. Correct integer storage alone is insufficient; arithmetic must honor the affine mapping.
Write the policy before choosing a dtype
Use separate fields for stored weights, input/intermediate activations, multiply operands, accumulator, output and optimizer/master weights. FP32 is a useful baseline. FP64 can help sensitive numerical work; in JAX enable jax_enable_x64 before creating arrays and account for target support and cost. FP16 has a narrower exponent range than BF16, while BF16 gives up fraction precision for range. Keep reductions, normalization statistics and sensitive losses in FP32 when needed. The example rounds operands to each format, then explicitly returns them to FP32 for multiplication; it isolates representation error rather than proving low-precision kernel behavior.
Mixed precision during training
A Keras mixed_float16 or mixed_bfloat16 policy generally keeps variables in FP32 while using lower-precision computations. Set the policy before constructing layers and inspect variable_dtype and compute_dtype. FP16 training may need loss scaling to avoid gradient underflow; unscale before clipping and updating, reject nonfinite updates, and keep optimizer/master state at suitable precision. BF16 has wider range but still incurs rounding. In explicit JAX code, cast intentionally at operation boundaries and test the full update. Merely changing the parameter storage dtype is not a complete mixed precision implementation.
Quantize weights with scale metadata
Let bb be the number of bits and qmax⁡=2b−1−1q_{\max}=2^{b-1}-1 the largest positive code. For each weight column, choose scale s=max⁡(∣w∣)/qmax⁡s=\max(|w|)/q_{\max}. Dividing a weight by ss moves it onto the integer grid; rounding chooses the nearest code, and clipping keeps the code in range. Reconstruct the approximate weight with w^=sq\widehat w=sq.
Our Dense kernel’s output channels lie along axis 11, so each column gets its own scale. This preserves resolution when columns have different ranges. For a zero column, use scale 11 and codes 00. Without clipping, rounding changes a value by at most s/2s/2. Smaller quantization groups can improve local resolution, but each group also needs scale metadata.
Weight-only and full integer are different deployments
W4A16 and W8A16 usually describe compressed weights with floating activations; a runtime may dequantize before multiplication or use a specialized mixed kernel. Our 4-bit codes live in int8 arrays and are not nibble-packed, so they do not realize 4-bit memory savings. W8A8 quantizes activations too. An affine activation reconstructs as a=s(q−z)a=s(q-z), where qq is its integer code, ss is its scale, and zz is the zero point; calibration estimates its range from representative training/calibration data, never the held-out evaluation set. Static quantization fixes ranges; dynamic quantization estimates activation ranges at runtime. Accumulation commonly uses INT32 for integer kernels; bias and requantization must use compatible scales.
FP8 and other low-bit formats require a target contract
FP8 E4M3 and E5M2 differ in range and precision; their names are not interchangeable. Scaling granularity, saturation behavior and kernel support matter. Do not treat a successful CPU dtype cast as evidence of FP8 acceleration. INT4, UINT8, INT16 activation schemes and newer sub-byte floating formats also depend on runtime/operator support. For ONNX Runtime or LiteRT, inspect the format, operator, quantization scheme and execution provider together. If a supported PTQ policy loses too much task accuracy, evaluate quantization-aware training rather than silently relaxing acceptance criteria.
Evaluate quality separately from size and speed
Compare the original and converted models on held-out examples, including low-margin decisions and uncommon ranges. Record absolute/relative error with a sensible near-zero floor, task metrics, clipping rates and acceptance thresholds chosen in advance. Estimate weight storage as ceil(parameter_count*bits/8) plus metadata, but measure the real artifact and peak runtime memory. Activation buffers, KV caches, workspace and fallback copies can dominate. Benchmark on the intended device after verifying which kernels actually execute.
Follow one value onto the quantization grid
A scale ss tells us how far apart the representable values are. For s=0.1s=0.1, a weight of 0.260.26 rounds to integer code 33 and reconstructs as 0.30.3. The error is 0.040.04, less than half a grid step. If a value lies outside the supported range, clipping can make the error much larger. Our per-channel code computes a separate scale for each output column and treats a zero column specially.
qmax⁡=2b−1−1q=clip⁡ ⁣(round⁡(w/s),−qmax⁡,qmax⁡)w^=sq,∣w−w^∣≤s/2without clipping\begin{aligned}q_{\max}&=2^{b-1}-1\\q&=\operatorname{clip}\!\left(\operatorname{round}(w/s),-q_{\max},q_{\max}\right)\\\widehat w&=sq,\qquad |w-\widehat w|\le s/2\quad\text{without clipping}\end{aligned}Follow an affine output through every numeric unit
Let an activation code be qxq_x, its zero point zxz_x, and its positive scale sxs_x. The represented value is sx(qx−zx)s_x(q_x-z_x). Subtract the zero point after widening the codes: raw INT8 arithmetic can overflow before accumulation. With symmetric weights, each output channel has weight zero point zero and scale sw,js_{w,j}. Its accumulator therefore has units sxsw,js_xs_{w,j}, so round the bias into those same units before adding it. In the worked experiment, corrected products plus bias give accumulators 55 and 1515; their real outputs are 0.6250.625 and 0.93750.9375. Requantization maps these values onto the output grid. A small output scale offers fine spacing but can also make the representable range too narrow. The second plot separates forgetting the input zero point from clipping at the output; these are different bugs with different repairs.
aj=∑i(qx,i−zx)qw,ij+round⁡ ⁣(bjsxsw,j),qy,j=clip⁡ ⁣(round⁡ ⁣(sxsw,jsyaj)+zy,−128,127)a_j=\sum_i(q_{x,i}-z_x)q_{w,ij}+\operatorname{round}\!\left(\frac{b_j}{s_xs_{w,j}}\right),\qquad q_{y,j}=\operatorname{clip}\!\left(\operatorname{round}\!\left(\frac{s_xs_{w,j}}{s_y}a_j\right)+z_y,-128,127\right)Distinguish storage savings from an error budget
For a dense matrix with KK input features and NN output features, FP32 weights occupy 4KN4KN bytes before container metadata. Ideally packed four-bit weights occupy ⌈KN/2⌉\lceil KN/2\rceil bytes, but each output channel may also need a floating-point scale. If scales are FP32, add 4N4N bytes. Biases, alignment and runtime workspace are additional terms.
For this tiny (3,2)(3,2) matrix, FP32 needs 2424 weight bytes. A packed four-bit representation plus two FP32 scales would need 3+8=113+8=11 bytes before other metadata. The teaching implementation stores its codes in int8 arrays, so it uses 6+8=146+8=14 bytes instead. Report the representation you actually measured. Neither byte count says which kernel will execute or how long a request will take.
Follow rounding error through the next multiplication
A weight value rounded to its nearest grid point has error at most half a scale when it is within the represented range. To see why that does not directly bound the output by half a scale, write the output error as a sum of input-weight error products. Large inputs can amplify small weight errors; cancellation may reduce the observed error but should not be assumed in the bound.
For input [2,−1,0.5][2,-1,0.5] and weight errors [0.1,−0.1,0.1][0.1,-0.1,0.1], the signed output error is 0.350.35. The sum of absolute products is also 0.350.35, so the bound can be attained. Activation clipping is different: a value outside the represented range can lose much more than half a scale. Keep a clipping count alongside your rounding and task-quality measurements.
∣Δyj∣=∣∑ixiΔWij∣≤∑i∣xi∣ ∣ΔWij∣|\Delta y_j|=\left|\sum_i x_i\Delta W_{ij}\right|\leq\sum_i |x_i|\,|\Delta W_{ij}|Precision choices trade representation for output error
Predict: Must two low-precision formats have the same error?
[image: Precision choices trade representation for output error. The horizontal categories are precision policies; the vertical axis is maximum absolute output error against the FP32 reference on the same small input. Lower bars mean closer numerical agreement, not faster execution. The FP32 baseline is zero by construction. The errors are approximately \(0.00105\) for FP16 rounding, \(0.00617\) for BF16 rounding, \(0.00803\) for W8 A32, and \(0.146\) for W4 A32. The four-bit weight simulation has about eighteen times the output error of the eight-bit simulation in this example. These are output units, not percentages or classification error rates. A second panel compares correct affine outputs with an omitted zero point and a clipping output grid; the text supplies every value and its interpretation.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories are precision policies; the vertical axis is maximum absolute output error against the FP32 reference on the same small input. Lower bars mean closer numerical agreement, not faster execution. The FP32 baseline is zero by construction.
The errors are approximately 0.001050.00105 for FP16 rounding, 0.006170.00617 for BF16 rounding, 0.008030.00803 for W8 A32, and 0.1460.146 for W4 A32. The four-bit weight simulation has about eighteen times the output error of the eight-bit simulation in this example. These are output units, not percentages or classification error rates.
The lower panel uses a separate exactly representable affine fixture, with output channel on the horizontal axis and real output value on the vertical axis. Correct values are 0.6250.625 and 0.93750.9375. Omitting the input zero point lowers them to −0.125-0.125 and 0.56250.5625; this is systematic offset error, not random rounding. The narrow output grid makes both bars equal 0.527343750.52734375, the largest representable output under that policy. Equal bars here reveal saturation, not equal underlying predictions.
Connect it to the computation
For the floating-point policies, both inputs and weights are rounded, then converted to FP32 for accumulation. FP16 has finer precision than BF16 around these particular values; BF16’s wider exponent range is not being tested here. The weight-only policies keep activations in FP32 and reconstruct quantized weights before multiplication.
Four-bit quantization uses fewer representable weight levels, so its larger rounding steps can create larger output discrepancies. The code uses per-output-column scales and checks an independent error bound. This is simulated quantization using ordinary CPU arrays, not a measurement of packed four-bit storage or native low-bit kernels. Accuracy, memory, and latency must each be evaluated on the intended workload and runtime.
Use the lower panel to decide what to inspect: zero-point subtraction and bias units for an offset mismatch; output range and clipping counts for saturation. The upper panel compares precision policies on the original fixture, while the lower panel isolates operator bookkeeping on a different fixture. Neither measures latency.
Write the full-precision reference
Create main.py in your lesson workspace and run it with the active course Python environment. Keep the input and kernel in FP32 and establish an independently computed dot product.
# Step 1 — Write the full-precision reference: The top-left output is -1.437.
import numpy as np
import jax.numpy as jnp
x = np.array([[.3, -1.2, 2.1], [1.1, .2, -.8]], np.float32)
w = np.array([[.11, -1.8], [.7, .2], [-.3, 2.4]], np.float32)
# Perform matrix / vector contraction (`@`) to compute `reference`.
reference = x @ w

np.testing.assert_allclose(reference[0,0], -1.437, atol=1e-6)
The top-left output is −1.437-1.437. This anchors the error comparison to a named value before introducing a lower-precision policy.
Round inputs and weights, then accumulate explicitly
Append this block to the same main.py and rerun the whole file. Compare FP32, FP16 and BF16 representations while returning to FP32 before multiplication.
# Step 2 — Round inputs and weights, then accumulate explicitly: The printed errors isolate the consequence of representational...
def mixed_forward(x, w, dtype):
    # Demonstrate rounding inputs/weights with explicit float32 accumulation.
    a = jnp.asarray(x, dtype).astype(jnp.float32)
    # Create device-backed JAX array `b`.
    b = jnp.asarray(w, dtype).astype(jnp.float32)
    return np.asarray(a @ b)
for dtype in (jnp.float32, jnp.float16, jnp.bfloat16):
    y = mixed_forward(x, w, dtype)
    # Aggregate array values to compute `error`.
    error = float(np.max(np.abs(y-reference)))
    # Confirm that all computed values remain finite (no NaN or Inf).
    assert np.isfinite(y).all() and error < .05
    print(str(dtype), "max absolute error", error)
The printed errors isolate the consequence of representational rounding in this example. This does not benchmark a native low-precision matrix kernel.
Construct signed integer codes and channel scales
Append this block to the same main.py and rerun the whole file. Quantize per output channel and inspect the all-zero-channel case.
# Step 3 — Construct signed integer codes and channel scales: An all-zero channel uses scale 1 and zero codes, so reconstruction...
def quantize_weights(weights, bits):
    # Guard input contract (`bits not in (4, 8)`) and fail fast if violated.
    if bits not in (4, 8):
        raise ValueError("use signed 4 or 8 bit symmetric quantization")
    limit = 2 ** (bits - 1) - 1
    # Reduce along axis=0 to compute `maxima`.
    maxima = np.max(np.abs(weights), axis=0, keepdims=True)
    scale = np.where(maxima == 0, 1., maxima / limit).astype(np.float32)
    # Combine or mask array elements to form `q`.
    q = np.clip(np.rint(weights / scale), -limit, limit).astype(np.int8)
    return q, scale

# Allocate initialized array `(zero_codes, zero_scales)` with the specified shape and dtype.
zero_codes, zero_scales = quantize_weights(np.zeros((3,2),np.float32), 8)
# Allocate initialized array `` with the specified shape and dtype.
np.testing.assert_array_equal(zero_codes, np.zeros((3,2),np.int8))
# Allocate initialized array `` with the specified shape and dtype.
np.testing.assert_array_equal(zero_scales, np.ones((1,2),np.float32))
An all-zero channel uses scale 11 and zero codes, so reconstruction stays zero without division by zero.
Check reconstructed outputs against a bound
Append this block to the same main.py and rerun the whole file. Reconstruct the weights, then compare observed output errors with the independent absolute-product bound.
# Step 4 — Check reconstructed outputs against a bound: Every error must fit its stated bound.
for bits in (8, 4):
    q, scale = quantize_weights(w, bits)
    reconstructed = q.astype(np.float32) * scale
    assert np.all(np.abs(reconstructed-w) <= scale / 2 + 1e-6)
    # Independent error bound: |x deltaW| <= |x| |deltaW|.
    error = np.abs(x @ reconstructed-reference)
    bound = np.abs(x) @ np.broadcast_to(scale / 2, w.shape)
    assert np.all(error <= bound + 1e-6)
    print("W%dA32 simulated output error" % bits, float(error.max()))
Every error must fit its stated bound. Move on to activation clipping and the affine integer experiment before calling the policy W8A8.
Run the example
The assembled script is in the separate solutions and code appendix.
FP32, FP16 and BF16 comparisons are finite with error below 0.050.05 for this fixture. INT8/INT4 reconstruction errors obey a half-scale bound; these are simulated weight-only computations.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Calibrate an activation range, then shift it
Predict before running: What happens to a value of 44 if calibration only covered [−1,1][-1, 1]?
# Experiment — Calibrate an activation range, then shift it: Do not recalibrate on the test set to hide this error.
calibration = np.linspace(-1., 1., 101, dtype=np.float32)
# Aggregate array values to compute `activation_scale`.
activation_scale = float(np.max(np.abs(calibration))) / 127
held_out = np.array([.2, .9, 4.], np.float32)
# Combine or mask array elements to form `activation_codes`.
activation_codes = np.clip(np.rint(held_out / activation_scale), -127, 127).astype(np.int8)
restored_activations = activation_codes.astype(np.float32) * activation_scale
clipped = np.count_nonzero(np.abs(held_out) > 127 * activation_scale)
assert clipped == 1 and abs(float(restored_activations[-1])-4.) > 2.9
print("Clipped values:", clipped, "reconstructed:", restored_activations)
One value clips and reconstructs near 11 instead of 44.
Do not recalibrate on the test set to hide this error. Collect representative calibration data or choose a policy that meets the task requirements.
Include zero points, bias and the output grid
Predict before running: Can finer output spacing make the answer worse? Predict the two outputs when the output scale changes from 0.06250.0625 to 1/2561/256, with zero point −8-8 held fixed.
# Deliberately exact grid values make an independent hand calculation possible.
a_sx, a_zx = .25, -3
a_sw = np.array([.5, .25], np.float64)
a_qx = np.array([[-3, 1, 5]], np.int8)
a_qw = np.array([[2, -1], [-1, 2], [1, 1]], np.int8)
a_bias = np.array([.125, -.0625], np.float64)
a_bias_codes = np.rint(a_bias / (a_sx * a_sw)).astype(np.int64)
# Check the wide result before representing it with an INT32 accumulator.
a_wide = (a_qx.astype(np.int64) - a_zx) @ a_qw.astype(np.int64) + a_bias_codes
assert np.all((a_wide >= np.iinfo(np.int32).min) & (a_wide <= np.iinfo(np.int32).max))
a_acc = a_wide.astype(np.int32)
# Execute `np.testing.assert_array_equal(a_acc, [[5, 15]])`
np.testing.assert_array_equal(a_acc, [[5, 15]])
a_real = a_acc.astype(np.float64) * a_sx * a_sw
# Independent real-valued input/weights, written without decoding the codes.
a_reference = np.array([[0., 1., 2.]]) @ np.array([[1., -.25], [-.5, .5], [.5, .25]]) + a_bias
# Execute `np.testing.assert_array_equal(a_real, [[.625, .9375]])`
np.testing.assert_array_equal(a_real, [[.625, .9375]])
np.testing.assert_allclose(a_real, a_reference, atol=1e-12, rtol=0)
def output_grid(real, scale, zero_point):
    # Guard input contract (`not np.isfinite(scale) or scale <= 0`) and fail fast if violated.
    if not np.isfinite(scale) or scale <= 0:
        raise ValueError('positive finite output scale required')
    # Guard input contract (`type(zero_point) is not int or not -128 <= zero_point <= 127`) and fail fast if violated.
    if type(zero_point) is not int or not -128 <= zero_point <= 127:
        raise ValueError('integer INT8 zero point required')
    unbounded = np.rint(real / scale) + zero_point
    clipped = (unbounded < -128) | (unbounded > 127)
    # Combine or mask array elements to form `codes`.
    codes = np.clip(unbounded, -128, 127).astype(np.int8)
    return codes, (codes.astype(np.float64) - zero_point) * scale, clipped

a_codes, a_restored, a_clipped = output_grid(a_real, .0625, -8)
# Execute `np.testing.assert_array_equal(a_codes, [[2, 7]])`
np.testing.assert_array_equal(a_codes, [[2, 7]])
assert not a_clipped.any()
np.testing.assert_allclose(a_restored, a_reference, atol=1e-12, rtol=0)
a_wrong = (a_qx.astype(np.int64) @ a_qw.astype(np.int64) + a_bias_codes) * a_sx * a_sw
# Execute `np.testing.assert_array_equal(a_wrong, [[-.125, .5625]])`
np.testing.assert_array_equal(a_wrong, [[-.125, .5625]])
_, a_saturated, a_small_clipped = output_grid(a_real, 1./256, -8)
assert a_small_clipped.all()
# Execute `np.testing.assert_array_equal(a_saturated, [[135./256, 135./`
np.testing.assert_array_equal(a_saturated, [[135./256, 135./256]])
print('Affine accumulators:', a_acc.tolist(), 'output codes:', a_codes.tolist())
print('Correct / missing zero point / clipped:', a_restored.tolist(), a_wrong.tolist(), a_saturated.tolist())
Accumulators [[5, 15]], output codes [[2, 7]], correct outputs [[0.625, 0.9375]]. Omitting the input zero point gives [[-0.125, 0.5625]]. The narrow output grid clips both outputs to [[0.52734375, 0.52734375]].
The first grid represents both values exactly. With scale 1/2561/256, the highest output is (127+8)/256=0.52734375(127+8)/256=0.52734375, so both values saturate. A half-step rounding bound applies only without clipping. This is a NumPy arithmetic audit, not a native INT8 kernel or bit-exact LiteRT implementation: real runtimes specify operator layouts, multiplier approximations and rounding rules separately.
Give small and large output channels different grids
Predict before running: If one output channel has weights near 0.010.01 and another near 1010, what happens to the small channel under one shared INT8 scale?
# Experiment — Give small and large output channels different grids: The global maximum determines a coarse grid for every channel.
heterogeneous = np.array([[.01, 10.], [-.02, -5.], [.03, 2.]], np.float32)
channel_codes, channel_scales = quantize_weights(heterogeneous, 8)
per_channel = channel_codes.astype(np.float32) * channel_scales
# Aggregate array values to compute `shared_scale`.
shared_scale = np.max(np.abs(heterogeneous)) / 127
shared = np.clip(np.rint(heterogeneous/shared_scale), -127, 127).astype(np.int8).astype(np.float32)*shared_scale
assert np.all(shared[:,0] == 0)
assert np.max(np.abs(per_channel[:,0]-heterogeneous[:,0])) < .001
np.testing.assert_allclose(shared[:,0], [0.,0.,0.], atol=0)
print('Small-channel max error; shared / per-channel:', np.max(np.abs(shared[:,0]-heterogeneous[:,0])), np.max(np.abs(per_channel[:,0]-heterogeneous[:,0])))
The shared scale rounds the entire small channel to zero. Its error is 0.030.03; the per-channel error stays below 0.0010.001.
The global maximum determines a coarse grid for every channel. A per-channel grid protects the small channel here, at the cost of additional scale metadata and a runtime contract that must support the chosen axis.
Your exercise
Add a zero-valued output channel and verify that its quantization scale is finite and its reconstruction is exactly zero.
Attempt this before consulting the separate solutions appendix.
Compute W8A8 with a wide accumulator
Transfer
Use calibrated symmetric scales for xx and per-channel scales for ww. Multiply integer codes with INT32 accumulation, rescale, and compare to the float baseline. Do not multiply int8 arrays directly.
Hint
Cast both integer-code arrays before multiplication. The real accumulator unit is the activation scale multiplied by each output channel’s weight scale; compare with the unchanged floating-point reference.
Change the code origin without changing the values
Transfer
Change the activation zero point from −3-3 to 1717, shift the input codes accordingly, and prove that predictions stay unchanged. Then feed codes representing real zero and identify the expected bias-only result.
Hint
Shift the zero point and codes by the same amount before subtracting; verify representability before casting back to INT8.
Account for actual low-bit storage
Transfer / diagnosis
Calculate FP32 storage, ideal packed four-bit storage, and the actual int8-backed four-bit simulation for the fixture. Include per-output-channel FP32 scales; keep biases and runtime workspace explicitly outside this subtotal.
Hint
Use nbytes for actual arrays. Packing two signed four-bit codes into one byte is not implemented by astype(int8).
Checkpoint
What must a deployment policy specify beyond “INT8 weights”?
	Activation, accumulator and output formats, scales, calibration and supported kernels.
	Only the filename extension.
	Nothing; INT8 guarantees acceleration.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
NaNs in FP16 suggest checking range and sensitive reductions. Finite but degraded predictions suggest rounding or clipping; inspect tensor ranges and per-channel errors. No memory improvement from the INT4 exercise is expected because its codes use int8 storage. No latency gain after conversion calls for profiling fallback operators and data transfers on the target.
Your evidence
Keep a precision table listing weight, activation, accumulator and output dtypes; max error and clipping counts on changed inputs; calibration provenance; and storage estimates that include scales and packing.
Primary references
	Keras mixed precision policies
	JAX dtype defaults and X64
	ONNX Runtime quantization
	LiteRT integer conversion
	LiteRT INT8 operator, zero-point and bias contracts

Containerize a model service and verify its boundary
Package an inference service and verify model identity, request validation and readiness across process and container boundaries.
What you will be able to do
	Separate training from inference
	Understand the build context
	Keep runtime inputs explicit
	Prove the same request survives the boundary

The problem
Your model works in a notebook, but another machine has a different interpreter, library set and working directory. Let’s export a small prediction artifact, verify it in a fresh process, then run the same boundary in a real Docker container.
The idea
Containerization packages a runtime environment; a running container executes a process; a model artifact supplies versioned numerical content. Keeping these identities separate makes deployment and debugging reproducible.
An image, a process and an artifact have different identities
A container image can start successfully while loading the wrong model path or configuration. Conversely, a valid model artifact can fail because the runtime lacks a compatible dependency. Record the image identity and model/configuration identities together.
Trace the build context into the image, then configuration and artifact mounts into the running process. Mark the request boundary where decoding, validation, inference and response encoding happen. A readiness signal should reflect the actual service contract, not merely process existence.
The current subprocess experiment demonstrates a process boundary. It is not evidence that a Docker build or container benchmark ran. Use that distinction when extending the lesson to your own container execution and keep the resulting receipt.
What each deployment receipt proves
Predict: Which evidence would still be missing after the Python subprocess tests pass?
[image: Each row identifies an object and the evidence needed to make a claim about it. The current companion supplies artifact checks and fresh-process predictions. An actual container run must add image, user and runtime evidence; device qualification adds hardware and workload measurements. Do not fill later rows with results from an earlier boundary.]Architecture and dataflow mechanism diagram.Each row identifies an object and the evidence needed to make a claim about it. The current companion supplies artifact checks and fresh-process predictions. An actual container run must add image, user and runtime evidence; device qualification adds hardware and workload measurements. Do not fill later rows with results from an earlier boundary.
Pause and reason
Does pinning a container image automatically pin a model loaded from a mutable path?
Compare your reasoningNo. The external artifact can change independently. Pin and verify its identity as part of the release configuration.
Gate(B)=I ⁣[ϵparity≤τ  ∧  Lp95≤LSLO  ∧  hash(B)=hmanifest]\text{Gate}(\mathcal{B}) = \mathbb{I}\!\left[\epsilon_{\text{parity}} \le \tau \;\wedge\; L_{p95} \le L_{\text{SLO}} \;\wedge\; \text{hash}(\mathcal{B}) = h_{\text{manifest}}\right]Separate training from inference
Our service evaluates an exported scalar affine model using the Python standard library. The connected lab actually trains that model in JAX first. Inference does not need the optimizer, training data or MLflow server. This small portable contract makes it possible to compare Python-process, MLflow pyfunc and container outputs independently. Larger JAX exports need a compatible runtime and their own serialization checks; copying two coefficients does not demonstrate arbitrary graph portability.
Understand the build context
Docker only sees the build context sent to the engine. The supplied .dockerignore excludes everything except Dockerfile and service.py, so local data, notebooks, environment files and training artifacts do not enter the image accidentally. COPY names only the service source. The base image is pinned by its observed digest, not just a moving tag. Pinning records an identity; you still need a deliberate dependency update process and image scanning.
Keep runtime inputs explicit
MODEL_PATH selects a mounted artifact and MODEL_SHA256 verifies its bytes before serving. Configuration can be supplied at runtime; credentials belong in a runtime secret mechanism rather than build arguments or image layers. The container runs as a numeric non-root user, with a read-only filesystem and model mount. The default network-free check needs no published port. The optional HTTP mode binds a service port, enforces a small request-body and batch limit, and exposes readiness. It is a teaching server, not a production concurrency stack.
Prove the same request survives the boundary
The CPU companion writes an artifact and starts a fresh Python process for every request. Singleton and changed-size batches must match independent arithmetic. An empty batch, boolean input and changed artifact digest are rejected. These are process checks; the connected Docker checker additionally builds the actual image, mounts the artifact, checks non-root execution, performs inference and tests readiness inside the running container. Keep those two evidence scopes distinct.
Train and retain the model first
# Run train and retain the model first using the course Python environment
python projects/engineering-release/mlflow_lab.py --output ./engineering-run
Expected:
Creates model.json and report.json using actual tracked training.
Build the local teaching image
# Build the local teaching image
docker build -t jaxpathways-engineering:course projects/engineering-release
Expected:
Build succeeds from the pinned base digest and copies only the inference service.
Run the container qualification lab
# Run run the container qualification lab using the course Python environment
python projects/engineering-release/container_check.py --model ./engineering-run/model.json --output ./container-report.json
Expected:
Checks actual container predictions, digest rejection, non-root identity and HTTP readiness. Requires a running local Docker engine.
Readiness, liveness and startup are different
A process can be alive while its model failed to load. Readiness should require a verified model and a completed smoke prediction; liveness asks whether the service is stuck. Docker HEALTHCHECK reports health but does not itself implement a rollout controller or restart policy. A Kubernetes startup probe can protect a slow load, readiness can remove an instance from service traffic, and liveness may restart it. Benchmark cold startup separately from warmed inference, then add concurrency and overload limits.
Ship the artifact you actually checked
CI should run tests, build once, record the resulting image identity, verify the model and request contract, and attach evaluation evidence. Promote that immutable bundle into staging before selecting production. Rebuilding from a tag at deployment time can change the environment after testing. On accelerators, also verify drivers, runtime libraries, device discovery and kernel support. Even a passing CPU container receipt would not establish GPU or edge qualification.
Matching bytes and valid model state are separate checks
A digest answers whether the bytes match an expected artifact. It does not answer whether those bytes encode a valid model. The service therefore checks the model's schema, version and finite coefficients after checking its digest. A valid artifact can still be the wrong model for a task, so the known request is a third check.
Change the weight from 22 to 33 without updating the expected digest: loading should fail. Update the digest as well: the artifact can now load, but the old expected scores must fail. This separates artifact identity from behavioral compatibility. A digest by itself is also not proof of who approved an artifact; record the approval and provenance separately.
Pause and reason
Why does a correctly hashed artifact with a nonfinite weight still need to be rejected?
Compare your reasoningThe hash proves byte identity, while finite-value and schema checks establish whether the service can interpret the artifact under its contract. Hash verification cannot replace these semantic checks.
Observe the process boundary before containerizing it
Predict: Should invalid requests produce a prediction or a failed process?
[image: Two local process prediction cases pass and three invalid cases are rejected.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories separate the two valid request shapes from three deliberately invalid boundaries. Bar height is the number of cases observed by the local subprocess checker: 22 successful prediction cases and 33 expected rejections. These counts do not represent throughput, latency or a failure probability. Each success is also checked against independent affine arithmetic.
Connect it to the computation
A container must preserve this contract. The Docker lab supplies additional engine, user and readiness evidence; this plot comes from ordinary Python processes and cannot prove image behavior by itself.
Freeze a tiny model independently of training
Create main.py in your lesson workspace and run it with the active course Python environment. Write an inference artifact with a schema, one coefficient and one bias.
# Step 1 — Freeze a tiny model independently of training: The independent probe computes 2\times2+1=5.
import hashlib, json, os, subprocess, sys, tempfile
from pathlib import Path
MODEL = {'schema': 1, 'weight': 2., 'bias': 1.}

assert MODEL['weight']*2+MODEL['bias']==5
The independent probe computes 2×2+1=52\times2+1=5. No training library is needed to state this model.
Write the service boundary
Append this block to the same main.py and rerun the whole file. Define the separate service program. Read the order: digest, model schema, request validation, prediction and JSON encoding.
# The deployment contract uses exported coefficients, not a training environment.
SERVICE = '''import hashlib,json,math,os,sys
raw=open(os.environ['MODEL_PATH'],'rb').read()
if hashlib.sha256(raw).hexdigest()!=os.environ['MODEL_SHA256']:
    raise ValueError('artifact mismatch')
m=json.loads(raw)
if not isinstance(m,dict) or set(m)!={'schema','weight','bias'}:
    raise ValueError('model schema')
if type(m['schema']) is not int or m['schema']!=1:
    raise ValueError('model schema version')
if any(type(m[k]) not in (int,float) or not math.isfinite(m[k]) for k in ('weight','bias')):
    raise ValueError('invalid coefficient')
x=json.load(sys.stdin)['inputs']
if not isinstance(x,list) or not 1<=len(x)<=32:
    raise ValueError('batch limit')
if any(type(v) not in (int,float) or not math.isfinite(v) for v in x):
    raise ValueError('invalid input')
print(json.dumps({'predictions':[m['weight']*v+m['bias'] for v in x]},allow_nan=False))
'''
The string is source code for a new process. This step defines it; the next step actually executes it. Notice that booleans are rejected even though Python treats bool as an integer subclass.
Launch fresh processes and check both outcomes
Append this block to the same main.py and rerun the whole file. Materialize the artifact and program, then send valid and invalid requests.
# Step 3 — Launch fresh processes and check both outcomes: Two valid batches pass and three deliberately invalid cases fail.
accepted, rejected = 0, 0
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='container-contract-') as folder:
    root = Path(folder)
    artifact = root / 'model.json'
    service = root / 'service.py'
    artifact.write_text(json.dumps(MODEL, sort_keys=True))
    service.write_text(SERVICE)
    # Compute deterministic cryptographic digest `sha` for provenance verification.
    sha = hashlib.sha256(artifact.read_bytes()).hexdigest()
    # Configure environment variable before initializing the runtime.
    env = dict(os.environ, MODEL_PATH=str(artifact), MODEL_SHA256=sha)
    for values in [[-.5], [-2., 0., 1.5]]:
        completed = subprocess.run([sys.executable, str(service)], input=json.dumps({'inputs': values}), text=True, capture_output=True, env=env, check=True)
        actual = json.loads(completed.stdout)['predictions']
        assert actual == [2 * value + 1 for value in values]
        # Accumulate the next contribution into `accepted`.
        accepted += 1
    for payload, changes in [({'inputs': []}, {}), ({'inputs': [True]}, {}), ({'inputs': [0.]}, {'MODEL_SHA256': '0' * 64})]:
        completed = subprocess.run([sys.executable, str(service)], input=json.dumps(payload), text=True, capture_output=True, env=dict(env, **changes))
        # Assert that the computed values satisfy the numerical and structural contract.
        # Accumulate the next contribution into `rejected`.
        assert completed.returncode != 0
        rejected += 1
print('Fresh-process valid requests:', accepted, 'rejected boundaries:', rejected)
print('This companion tests the process/artifact contract. Run the Docker lab for container evidence.')
Two valid batches pass and three deliberately invalid cases fail. These are process checks. Use the separate Docker lab to gather image and runtime evidence.
Run the example
The assembled script is in the separate solutions and code appendix.
Fresh-process valid requests: 2 rejected boundaries: 3
This companion tests the process/artifact contract. Run the Docker lab for container evidence.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Change the batch without changing the model
Predict before running: Will a three-element request give the same values as three singleton requests?
# Experiment — Change the batch without changing the model: Batching changes transport shape, not the per-observation...
batch=[-.25,.75,2.]
assert [MODEL['weight']*x+MODEL['bias'] for x in batch]==[.5,2.5,5.]
print('Independent three-input predictions: 0.5, 2.5, 5.0')
Independent predictions are 0.5, 2.5 and 5.0.
Batching changes transport shape, not the per-observation prediction contract. A stateful or preprocessing-dependent service needs additional checks.
Rehash an invalid model and watch validation reject it
Predict before running: Will a matching SHA-256 digest make an infinite model coefficient valid?
# Experiment — Rehash an invalid model and watch validation reject it: Python accepts the nonstandard Infinity token in this fixture...
invalid_model = dict(MODEL, weight=float('inf'))
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as directory:
    invalid_path = Path(directory)/'model.json'
    runner_path = Path(directory)/'service.py'
    # Write the serialized artifact payload to disk.
    invalid_path.write_text(json.dumps(invalid_model))
    runner_path.write_text(SERVICE)
    # Compute deterministic cryptographic digest `matching_digest` for provenance verification.
    matching_digest = hashlib.sha256(invalid_path.read_bytes()).hexdigest()
    # Configure environment variable before initializing the runtime.
    invalid_result = subprocess.run([sys.executable,str(runner_path)], input=json.dumps({'inputs':[0.]}), text=True,capture_output=True,env=dict(os.environ,MODEL_PATH=str(invalid_path),MODEL_SHA256=matching_digest),timeout=30)
    assert invalid_result.returncode != 0 and 'invalid coefficient' in invalid_result.stderr
print('Matching digest did not bypass model validation.')
The service rejects the nonfinite coefficient after the digest check passes.
Python accepts the nonstandard Infinity token in this fixture JSON; the explicit numerical contract still rejects it. This test is about process behavior, not evidence that a Docker image was built or exercised.
Your exercise
Reject an artifact whose bytes changed after its expected digest was recorded.
Attempt this before consulting the separate solutions appendix.
Reject a nonfinite request
transfer
Send an infinite input to the process contract and verify the rejection.
Hint
The validation boundary should reject before producing JSON predictions.
Check changed behavior after a legitimate artifact replacement
Transfer / diagnosis
Create an artifact with weight 33, keep bias 11, and use its new matching digest. Check the result for input 22, then compare with the previous model.
Hint
A legitimate new digest permits loading. Independent expected predictions decide whether the changed behavior is acceptable.
Checkpoint
The image built successfully. What should happen before serving traffic?
	Assume the trained model is included and ready.
	Load the expected artifact, verify its digest and complete a prediction through the target runtime.
	Ignore preprocessing because dependencies are pinned.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
A missing model mount is a runtime configuration error, not a reason to rebuild the model into every image. Permission errors call for mount/user inspection. A successful local process check does not prove Docker is running. Keep engine and target failures in their own receipt.
Carry forward
	Separate training from inference
	Prove the same request survives the boundary
	Ship the artifact you actually checked

Your evidence
Keep the artifact digest, valid and rejected requests, fresh-process output and, when Docker is available, the actual image identity, runtime user and container qualification receipt.
Primary references
	Docker build best practices
	Dockerfile reference and health checks
	Kubernetes liveness, readiness and startup probes

Inference capacity, batching, and autoscaling
Measure completed inference after warming each batch shape Report batch latency and example throughput with correct units
What you will be able to do
	Measure completed inference after warming each batch shape
	Report batch latency and example throughput with correct units
	Implement and independently check a serial queue timeline
	Distinguish utilization, batch-collection delay and hypothetical replica planning from measured service evidence

The problem
A model call looks fast in isolation, yet users may wait when requests arrive together. We will measure actual completed inference at several batch sizes, then use those observations in a clearly labeled queue simulation. The aim is to connect milliseconds per batch, examples per second and response latency without confusing a local benchmark with a deployed service.
The idea
Inference capacity depends on arrivals, queueing, batching, service time and response work. A fast model call is one component. Define the request boundary before estimating throughput or deciding when to add capacity.
A request spends time before and after computation
A request may wait for a batch, wait behind existing work, execute and then be encoded for response. Larger batches can improve work per call while increasing the first waiting request's latency. These objectives can conflict.
Draw arrival, enqueue, dispatch and completion on one timeline. Then measure or model each interval with its source stated. Tail latency depends on the arrival pattern and concurrency, not just the mean of isolated calls.
This lesson combines measured CPU batch computation with a separately simulated queue. Keep those panels distinct. A queue simulation explores stated assumptions; it is not an observed autoscaling system or a production traffic measurement.
Pause and reason
Can higher batch throughput coexist with worse user latency?
Compare your reasoningYes. Requests can wait longer to form a batch or reach service. Report both completed throughput and the declared end-to-end latency distribution.
Choose the clock boundary first
JAX dispatch may return before numerical work has completed. The timer calls block_until_ready inside the measured interval. Inputs and weights are already resident; preprocessing, device placement, request decoding and response encoding are excluded. The first call for each shape can include compilation and is recorded separately from 4040 warm calls. A p95 from 4040 samples is a small descriptive statistic, not a reliable production tail estimate. Timings change across hosts and repeated runs; correctness checks must not assert a fixed speedup.
Keep request units and example units separate
Let a batch of BB examples take tBt_B milliseconds. A serial worker completing full batches has a compute-throughput proxy 1000B/tB1000B/t_B examples per second. The batch still takes tBt_B milliseconds; dividing by BB describes amortized cost per example, not the response time experienced by one example in that batch. Partial batches, memory pressure, shape recompilation and preprocessing can change both numbers.
qB=1000BtBexamples/secondq_B=\frac{1000B}{t_B}\quad\text{examples/second}Trace a queue before using a rate formula
For one first-come-first-served worker, a request starts at the later of its arrival and the previous finish. With arrivals at 0,1,40,1,4 milliseconds and service duration 22 milliseconds, starts are 0,2,40,2,4, finishes are 2,4,62,4,6, and response times are 2,3,22,3,2. The second request waits one millisecond because the worker is busy. This independent hand timeline checks our simulation before we feed it measured service durations.
si=max⁡(ai,fi−1),fi=si+t,ri=fi−ais_i=\max(a_i,f_{i-1}),\qquad f_i=s_i+t,\qquad r_i=f_i-a_iA utilization estimate is not a latency guarantee
If arrival rate is λ\lambda requests per second and each request consumes tt milliseconds on one serial worker, the utilization proxy is ρ=λt/1000\rho=\lambda t/1000. Sustained offered work above capacity makes backlog grow in this unlimited-queue model. Even below capacity, bursts and service-time variation can cause long waits. Our stable arrivals are spaced 1.5t1.5t apart, so no queue forms. Overloaded arrivals are 0.6t0.6t apart; waiting grows by 0.4t0.4t per request and the sixtieth response takes 24.6t24.6t. These are simulated consequences of declared inputs, not measured user latencies.
Batch collection trades waiting for throughput
With regularly spaced arrivals separated by δ\delta, filling a batch of BB from empty makes its first example wait (B−1)δ(B-1)\delta before execution; the average collection wait is (B−1)δ/2(B-1)\delta/2 if all positions are equally represented. A timeout permits partial batches and limits intentional collection delay, but a busy worker can still add queueing. A production experiment should replay realistic arrivals, batch sizes and sequence lengths, record queue, collection and execution times separately, and compare tail latency against an explicit service-level objective. TODO (Dynamic Batching Server Extension): Replay this arrival trace against a live dynamic-batching HTTP server and compare p99 queue + execution latency.
Plan replicas with headroom, then test the plan
For a measured effective capacity qq requests per second per replica and target utilization uu, a first estimate is R=⌈λ/(uq)⌉R=\lceil\lambda/(u q)\rceil. This assumes compatible units, balanced routing and an actual capacity measurement for the workload. Autoscaling also has observation windows, startup time, warming and cooldown; it cannot erase a burst that arrives before new capacity is ready. Keep the formula labeled as a planning assumption until a load test includes the real request boundary, concurrency limits, failures and startup behavior.
A percentile is a sample summary, not a latency promise
Sort twenty observed request times. If nineteen are 11 millisecond and one is 100100 milliseconds, NumPy's default linear percentile interpolation reports p95 as 5.955.95 milliseconds. The maximum remains 100100. The interpolated value need not be an observed request time.
That summary does not guarantee that future requests will stay below p95, and a small sample gives weak evidence about rare slow requests. State the sample size and percentile method, retain the full samples, and repeat the run under the intended workload. Do not average percentiles from separate workers; combine request samples or use an aggregation method appropriate to the monitoring system.
Pause and reason
Would reporting only p95 reveal the actual worst observed request in this example?
Compare your reasoningNo. The worst observed request is 100100 milliseconds, while interpolated p95 is 5.955.95. Report the distribution and maximum alongside the requested percentile when those distinctions matter.
Measured batch computation and a separately simulated queue
Predict: Can a queue grow even when the duration of each individual model call is unchanged?
[image: Measured batch computation and a separately simulated queue. The upper panel shows measured CPU warm p50 and p95 milliseconds per batch for batch sizes \(1,8,32\). Each timing waits for completion; inputs are already resident. These are sample percentiles, not confidence bounds or a speedup guarantee. The lower panel uses request index on the horizontal axis and simulated response time divided by the measured batch-one median on the vertical axis. Stable arrivals stay at \(1\); overloaded arrivals rise from \(1\) to \(24.6\).]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The upper panel shows measured CPU warm p50 and p95 milliseconds per batch for batch sizes 1,8,321,8,32. Each timing waits for completion; inputs are already resident. These are sample percentiles, not confidence bounds or a speedup guarantee. The lower panel uses request index on the horizontal axis and simulated response time divided by the measured batch-one median on the vertical axis. Stable arrivals stay at 11; overloaded arrivals rise from 11 to 24.624.6.
Connect it to the computation
The lower panel’s growth comes entirely from the chosen arrival schedule and serial queue recurrence. The service duration stays fixed in the simulation. Normalizing by the measured service duration makes the buildup visible without freezing host-dependent milliseconds into the prose. Real requests can add networking, preprocessing, variable service times and batch collection; those costs are not inferred from this graph.
1. Define and check the inference workload
Create a fresh main.py. This fixed dense-network fixture measures an inference boundary; its random weights are not presented as a pretrained or accurate model.
# Step 1 — 1. Define and check the inference workload: The timer includes dispatch and completion for already resident...
import math
import time
import numpy as np
import jax
import jax.numpy as jnp
# Draw pseudorandom samples for `rng` using the explicit RNG state.
rng=np.random.default_rng(82)
# Create device-backed JAX array `W1`.
W1=jnp.asarray(rng.normal(0,.1,(64,32)).astype(np.float32))
# Create device-backed JAX array `W2`.
W2=jnp.asarray(rng.normal(0,.1,(32,8)).astype(np.float32))
# Define and JIT-compile `infer(inputs)` so XLA traces and fuses the operations:
@jax.jit
def infer(inputs):
    return jnp.tanh(inputs@W1)@W2
def measure(batch_size,repeats=40):
    host=rng.normal(size=(batch_size,64)).astype(np.float32)
    # Create device-backed JAX array `device`.
    device=jnp.asarray(host)
    began=time.perf_counter()
    # Synchronize host execution until asynchronous device computation completes.
    first=infer(device).block_until_ready()
    first_ms=(time.perf_counter()-began)*1000
    # Convert `expected` to a host NumPy array for inspection or verification.
    expected=np.tanh(host@np.asarray(W1))@np.asarray(W2)
    np.testing.assert_allclose(first,expected,rtol=2e-5,atol=2e-6)
    samples=[]
    for _ in range(repeats):
        began=time.perf_counter()
        # Synchronize host execution until asynchronous device computation completes.
        infer(device).block_until_ready()
        samples.append((time.perf_counter()-began)*1000)
    p50=float(np.percentile(samples,50))
    return {'batch':batch_size,'first_call_ms':first_ms,'samples_ms':samples,
            'p50_ms':p50,'p95_ms':float(np.percentile(samples,95)),
            'steady_examples_per_second':1000*batch_size/p50}
The timer includes dispatch and completion for already resident inputs. JSON, networking, queueing and host-to-device placement are outside this boundary.
2. Measure each batch shape separately
Append three batch shapes and print all timing boundaries. Each shape has its own first call and warmed sample distribution.
# Step 2 — 2. Measure each batch shape separately: Do not assume a larger batch is faster per request.
measurements=[measure(batch) for batch in (1,8,32)]
for report in measurements:
    assert len(report['samples_ms'])==40
    # Ensure all array elements remain finite: `all(value>0 and np.isfinite(value) for value in report['samples_m...`
    assert all(value>0 and np.isfinite(value) for value in report['samples_ms'])
    print({key:value for key,value in report.items() if key!='samples_ms'})
service_ms=measurements[0]['p50_ms']
Do not assume a larger batch is faster per request. Examples per second and milliseconds per batch answer different questions.
3. Model a queue with an independent hand-check
Append the FCFS simulator and two hypothetical arrival schedules. Times are milliseconds throughout the simulation.
# Step 3 — 3. Model a queue with an independent hand-check: This simulator assumes one serial worker and a constant service...
def simulate_queue(arrival_ms,service_ms):
    # Convert `arrivals` to a host NumPy array for inspection or verification.
    arrivals=np.asarray(arrival_ms,dtype=float)
    # Guard input contract (`arrivals.ndim != 1 or np.any(~np.isfinite(arrivals)) or np.any(np.diff(arrivals) < 0)`) and fail fast if violated.
    if arrivals.ndim!=1 or np.any(~np.isfinite(arrivals)) or np.any(np.diff(arrivals)<0):
        raise ValueError('arrivals must be a finite ordered vector')
    # Guard input contract (`not np.isfinite(service_ms) or service_ms <= 0`) and fail fast if violated.
    if not np.isfinite(service_ms) or service_ms<=0:
        raise ValueError('service duration must be positive milliseconds')
    ready=0.
    starts=[]
    finishes=[]
    for arrival in arrivals:
        start=max(float(arrival),ready)
        ready=start+service_ms
        starts.append(start)
        finishes.append(ready)
    return np.array(starts),np.array(finishes),np.array(finishes)-arrivals
hand_start,hand_finish,hand_latency=simulate_queue([0.,1.,4.],2.)
# Execute `np.testing.assert_allclose(hand_start,[0.,2.,4.])`
np.testing.assert_allclose(hand_start,[0.,2.,4.])
# Execute `np.testing.assert_allclose(hand_finish,[2.,4.,6.])`
np.testing.assert_allclose(hand_finish,[2.,4.,6.])
# Execute `np.testing.assert_allclose(hand_latency,[2.,3.,2.])`
np.testing.assert_allclose(hand_latency,[2.,3.,2.])
request_index=np.arange(60)
stable_arrivals=request_index*1.5*service_ms
overloaded_arrivals=request_index*.6*service_ms
_,_,stable_latency=simulate_queue(stable_arrivals,service_ms)
_,_,overloaded_latency=simulate_queue(overloaded_arrivals,service_ms)
assert np.allclose(stable_latency,service_ms)
assert np.isclose(overloaded_latency[-1],24.6*service_ms)
print('measured batch-one service proxy (ms):',service_ms)
print('simulated last stable/overloaded response (ms):',stable_latency[-1],overloaded_latency[-1])
This simulator assumes one serial worker and a constant service duration derived from the measured median. It is not a load test, an HTTP server or an autoscaler.
Run the example
The assembled script is in the separate solutions and code appendix.
The program prints first-call, warm p50/p95 and examples-per-second measurements for each batch size. Absolute timings are host-dependent. The independent queue example yields response times of 2, 3 and 2 milliseconds.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compute a replica estimate with explicit units
Predict before running: At 300 requests per second, 200 requests per second of effective capacity per replica, and 70% target utilization, how many replicas does the planning formula suggest?
# Experiment — Compute a replica estimate with explicit units: This is arithmetic on hypothetical effective capacities, not an...
arrival_per_s=300.
capacity_per_s=200.
target_utilization=.7
replicas=math.ceil(arrival_per_s/(target_utilization*capacity_per_s))
assert replicas==3
print("hypothetical planned replicas:",replicas)
The formula suggests three replicas under the stated assumptions.
This is arithmetic on hypothetical effective capacities, not an executed autoscaling test.
Estimate batch-collection delay
Predict before running: For eight requests arriving two milliseconds apart, how long do the earliest and average request wait for a full batch before computation?
# Experiment — Estimate batch-collection delay: A throughput improvement can be overwhelmed by waiting for a...
batch=8
spacing_ms=2.
collection_wait=(batch-1-np.arange(batch))*spacing_ms
assert collection_wait[0]==14.
assert collection_wait.mean()==7.
The first waits fourteen milliseconds; mean collection delay is seven milliseconds.
A throughput improvement can be overwhelmed by waiting for a batch at low arrival rates.
Inspect the interpolation behind p95
Predict before running: With nineteen 11-millisecond samples and one 100100-millisecond sample, must p95 equal an observed sample?
# Experiment — Inspect the interpolation behind p95: These deliberately constructed values explain the percentile...
illustrative_ms=np.array([1.]*19+[100.])
interpolated_p95=float(np.percentile(illustrative_ms,95,method='linear'))
np.testing.assert_allclose(interpolated_p95,5.95,atol=1e-10)
assert interpolated_p95 not in illustrative_ms and illustrative_ms.max()==100.
print('Analytic sample p95 / max (ms):',interpolated_p95,illustrative_ms.max())
The interpolated p95 is 5.955.95 milliseconds and the maximum is 100100 milliseconds.
These deliberately constructed values explain the percentile calculation. They are not measurements of the course model or an accelerator. The timed figure retains its actual measured samples.
Your exercise
Simulate a burst of four requests arriving at time zero with a two-millisecond serial service duration. Derive all finish times and response times before executing.
Attempt this before consulting the separate solutions appendix.
Expose burst sensitivity
Transfer / diagnosis
Compare five requests spaced three milliseconds apart with five simultaneous requests. Use two-millisecond service and compare maximum response latency.
Hint
The worker is idle between spaced requests but never idle during the burst.
Reject a broken timeline
Transfer / diagnosis
Pass an out-of-order arrival vector and a zero service duration. Confirm both are rejected instead of returning a plausible chart.
Hint
Public simulation inputs need finite, ordered values and positive service time.
Measure the margin below a response deadline
Transfer / diagnosis
For five simultaneous requests and a 22-millisecond serial service, count responses that exceed a 66-millisecond deadline. Explain why adding a faster model alone is not the only intervention.
Hint
Compute finish minus arrival for each request. Here a response exactly at the deadline is accepted; declare that convention.
Checkpoint
A batch of eight finishes in four milliseconds. Which statement follows for a fully occupied serial worker?
	Every example experiences half a millisecond of response latency
	The compute-throughput proxy is two thousand examples per second, while batch execution still takes four milliseconds
	The service can guarantee the same throughput for every arrival pattern

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If timings look impossibly small, check that completion is inside the timer. If a larger batch improves examples per second but misses a latency target, inspect collection and queue delay before choosing replicas. If a capacity calculation differs by a thousand, label milliseconds versus seconds at every conversion.
Carry forward
	Measure completion and declare the boundary.
	Batch throughput, amortized cost and individual response time are different quantities.
	A queue simulation and replica formula guide experiments; neither replaces a real service load test.

Your evidence
Warm timing samples, latency/throughput units, independent queue timeline and labeled simulation/replica assumptions. Keep the environment, observed outputs and your explanation of the figure.
Primary references
	JAX benchmarking guidance
	JAX asynchronous dispatch

Deploy at the edge: conversion, budgets and device checks
Define an edge runtime contract and measure an end-to-end batch-one request.
What you will be able to do
	Trace source model through conversion, runtime and device execution.
	Measure a complete batch-one request separately from first-call overhead.
	Define calibration, held-out quality and device acceptance checks.
	Identify fallback operators and memory costs before claiming edge readiness.

The problem
A model works on your computer, and now you want it to run near the user—perhaps on a phone or an embedded board. Let’s trace the whole request, from raw input to usable output. We’ll check conversion, measure a batch-one CPU request, and write down what still needs to be measured on the real device.
The idea
An edge deployment includes input decoding, preprocessing, transfers, inference and output handling under device constraints. Choose a target and an explicit request contract before claiming that an exported model is ready for that device.
Measure the device path the user actually experiences
A converted operator may run on the intended accelerator while another falls back to the CPU. The end-to-end request can then pay transfer and scheduling costs absent from an isolated kernel measurement. Inspect actual runtime placement and supported operators.
Memory also has several parts: weights, activations, temporary workspace and runtime overhead. A smaller weight file does not guarantee the whole request fits the device's working-memory budget.
The CPU request trace is a useful reference for the interface. It is distinct from phone, browser, NPU or TPU performance. Repeat the same correctness cases on the named target, then measure cold and warm behavior with its runtime and power/thermal conditions recorded when relevant.
Model speed is one part of request speed
Predict: If inference becomes twice as fast, does the whole request become twice as fast?
[image: Read the two columns as a hypothetical serial request before and after halving only inference. Preprocessing and transfer/response work remain unchanged. Add down each column: the total moves from \(24\) to \(20\) milliseconds, a \(1.2\)-fold improvement. These times are analytic teaching values; the separate plot contains actual local CPU request measurements.]Architecture and dataflow mechanism diagram.Read the two columns as a hypothetical serial request before and after halving only inference. Preprocessing and transfer/response work remain unchanged. Add down each column: the total moves from 2424 to 2020 milliseconds, a 1.21.2-fold improvement. These times are analytic teaching values; the separate plot contains actual local CPU request measurements.
Pause and reason
What should you verify after conversion before interpreting a faster timing?
Compare your reasoningVerify output behavior on the same inputs, operator placement/fallbacks and the complete request boundary. A faster but different computation is not a qualified optimization.
Choose a deployment lane
For a phone or Linux edge device, LiteRT is one runtime option; ONNX Runtime offers execution providers for supported targets. Apple deployments may use Core ML after a supported conversion; PyTorch models may use ExecuTorch. Microcontrollers require a runtime and operator set designed for constrained memory, such as LiteRT for Microcontrollers. These are alternatives, not interchangeable file formats. Write down OS, device model, runtime version, operators, input shapes, precision policy and accelerator path before converting.
Follow one concrete TensorFlow-to-LiteRT route
The optional labs/tensorflow_litert.py companion builds the known dense model in TensorFlow, converts float32 and fully integer variants, inspects input/output scale and zero point, quantizes requests and dequantizes outputs, then checks held-out predictions. Representative calibration inputs are preprocessed floats in the exact source-model input domain. Setting integer-only supported ops and int8 input/output requests a strict integer graph; unsupported conversion should fail rather than silently satisfy the contract with float fallback. The lab uses TensorFlow’s interpreter interface as a desktop compatibility check; it is not a device delegate test. Desktop conversion was verified with Python 3.12.13, TensorFlow 2.21.0 and Keras 3.15.1 on macOS arm64. The optional requirements file pins these tested top-level dependencies; other platforms still need a compatible installation.
Optional TensorFlow environment — macOS/Linux, from the workspace root
# Run optional tensorflow environment — macos/linux, from the workspace root using the course Python environment
python3.12 -m venv .venv-tensorflow
.venv-tensorflow/bin/python -m pip install -r phases/15-deployment/06-edge-ai-conversion-and-device-validation/labs/requirements-tensorflow.txt
.venv-tensorflow/bin/python phases/15-deployment/06-edge-ai-conversion-and-device-validation/labs/tensorflow_litert.py --output edge-artifacts
.venv-tensorflow/bin/python -m pip freeze > edge-artifacts/requirements-tested.txt
Expected:
A compatible TensorFlow installation writes two .tflite files and report.json after numerical checks. Desktop float32 and INT8 conversion passed separately from the core CPU receipt; device validation remains unperformed. On Windows use .venv-tensorflow\Scripts\python.exe in place of .venv-tensorflow/bin/python. If no compatible TensorFlow wheel exists, choose a supported Python/platform combination from the official installation guide.
Keep preprocessing attached to the model
Our sample uses three sensor features in the range 00 to 255255 and divides by 255255 before inference. The JSON request exercises that boundary. A camera model also needs color order, resize/crop behavior and normalization; tokenizer-based models need vocabulary, special tokens and sequence rules. Keep preprocessing versioned with weights and output labels. Run the same raw golden inputs through the source pipeline and the device pipeline.
Budget more than weights
Peak memory includes activations, tensors held by the runtime, workspace, preprocessing buffers and, for autoregressive models, KV cache. A compressed file may expand on load. Batch one often minimizes interaction latency but may reduce throughput. Include cold process startup, model load and runtime initialization in a separate device cold-start measurement; our first-request timing starts after imports and model setup, so it does not cover them. Measure power or energy with an actual target-device tool and record thermal state.
Measure the request the user experiences
The timer includes JSON decoding, normalization, host/device placement, inference completion and response encoding. Thirty warm requests produce an instructional p50 and p95, not a production tail-latency estimate. A device report needs more samples, realistic input variation and sustained runs to reveal thermal throttling. Never reuse a kernel-only time as end-to-end latency. Verify the numerical output before interpreting any timings.
Device acceptance is an experiment
Choose quality, memory, startup and latency thresholds before comparing candidates. Record runtime/delegate logs and partitioning so unsupported operators cannot quietly fall back to CPU. Compare float32, FP16 and calibrated INT8 where that device supports them. Retain the original artifact, hashes, versions, input/output metadata, calibration provenance and failed cases. A conversion failure, regression on rare inputs or memory-budget failure is a result to diagnose. Leave device fields unmeasured until tested on the named hardware.
Declare the raw sensor contract before normalizing
This exercise uses one row of three numeric sensor values in the range [0,255][0,255]. Numeric strings, booleans, missing values, extra fields and out-of-range readings are rejected. That is a deliberately chosen protocol for this fixture, not a rule for every sensor. If a physical device uses a different unit or range, change and version the contract before changing the model.
Check the raw values before converting them to an array. Otherwise a convenient cast may turn a string or boolean into a plausible number, hiding a caller's mistake. After validation, divide by 255255 exactly once. Keep that conversion with the model release so the desktop reference and device application see the same numeric inputs.
Spend a latency budget across the whole request
Suppose decoding and preprocessing take 1212 milliseconds, transfers and response handling take 44, and inference takes 88. The request takes 2424 milliseconds if these stages run serially. Halving inference time reduces the total to 2020, not 1212. The model sped up by a factor of two; the request sped up by only 24/20=1.224/20=1.2.
These are illustrative stage times, not observations from the course device. On a real target, instrument the same request boundary, check whether stages overlap, and record warmup, temperature, power mode and operator fallback. If transfers dominate, a smaller model may help less than reducing transfers. Compare those hypotheses with traces before choosing an intervention.
speedup=tother+tmodeltother+tmodel/s\mathrm{speedup}=\frac{t_{\mathrm{other}}+t_{\mathrm{model}}}{t_{\mathrm{other}}+t_{\mathrm{model}}/s}An end-to-end boundary includes more than inference
Predict: Which parts of a request are included in these samples?
[image: An end-to-end boundary includes more than inference. The horizontal axis counts warm requests, and the vertical axis measures end-to-end latency in milliseconds. The solid line joins the measured request times. The dashed horizontal line is the empirical \(95\)th percentile of those same \(30\) samples; it is a summary threshold, not a second implementation. Read a solid point above the dashed line as a request slower than that percentile threshold. The line is not the maximum, so a few points can lie above it. The first cold request is reported separately and is not the first point of this warm-only plot.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis counts warm requests, and the vertical axis measures end-to-end latency in milliseconds. The solid line joins the measured request times. The dashed horizontal line is the empirical 9595th percentile of those same 3030 samples; it is a summary threshold, not a second implementation.
Read a solid point above the dashed line as a request slower than that percentile threshold. The line is not the maximum, so a few points can lie above it. The first cold request is reported separately and is not the first point of this warm-only plot.
Connect it to the computation
Each duration includes JSON decoding, normalization, transfer, inference, waiting for completion, and encoding the response. That boundary explains why the chart should not be read as pure model execution time. An early high warm point or later spike shows variation in the whole request; this plot alone cannot identify its cause.
The percentile is computed from a small sample, with interpolation between ordered values. It does not guarantee that future requests will meet the threshold. Compare the sample distribution, median, and tail across repeated runs on the target device. These are local CPU proxy measurements, not evidence of mobile or edge-device latency.
Keep a known inference function
Create main.py in your lesson workspace and run it with the active course Python environment. Define the fixed dense model and check the parameter shapes without invoking the compiled function.
# Step 1 — Keep a known inference function: A row has three sensor features and the result has two scores.
import json
import time
import numpy as np
import jax
import jax.numpy as jnp
weights = jnp.array([[1., -2.], [.5, 1.], [-1., .25]], jnp.float32)
bias = jnp.array([.1, -.2], jnp.float32)
# Define and JIT-compile `infer(features)` so XLA traces and fuses the operations:
@jax.jit
def infer(features):
    return features @ weights + bias

# Check tensor shape invariant: `weights.shape == (3, 2) and bias.shape == (2,)`
assert weights.shape == (3, 2) and bias.shape == (2,)
A row has three sensor features and the result has two scores. Leave the compiled function uncalled so the later first-request measurement can include initialization.
Build the raw-request boundary
Append this block to the same main.py and rerun the whole file. Validate the raw JSON protocol, normalize once, wait for inference, and encode the result.
# Step 2 — Build the raw-request boundary: This probe checks decoding and raw values without running inference.
payload = json.dumps({"features": [[255., 128., 0.]]})
def validate_sensor_payload(payload):
    document = json.loads(payload)
    # Guard input contract (`not isinstance(document, dict) or set(document) != {'features'}`) and fail fast if violated.
    if not isinstance(document, dict) or set(document) != {'features'}:
        raise ValueError('expected features object')
    rows = document['features']
    # Guard input contract (`not isinstance(rows, list) or len(rows) != 1 or (not isinstance(rows[0], list)) or (len(rows[0]) != 3)`) and fail fast if violated.
    if not isinstance(rows, list) or len(rows) != 1 or not isinstance(rows[0], list) or len(rows[0]) != 3:
        raise ValueError('expected one row of three sensor values')
    # Guard input contract (`any((type(value) not in (int, float) or not 0 <= value <= 255 or (not np.isfinite(value)) for value in rows[0]))`) and fail fast if violated.
    if any(type(value) not in (int, float) or not 0 <= value <= 255 or not np.isfinite(value) for value in rows[0]):
        raise ValueError('expected numeric sensor values in the range 0 through 255')
    return np.asarray(rows, dtype=np.float32)
def request(payload):
    decoded = validate_sensor_payload(payload)
    features = decoded / 255.
    # Synchronize host execution until asynchronous device computation completes.
    output = np.asarray(infer(jnp.asarray(features)).block_until_ready())
    return json.dumps({"scores": output.tolist()})

# Execute `np.testing.assert_array_equal(validate_sensor_payload(payloa`
np.testing.assert_array_equal(validate_sensor_payload(payload), [[255., 128., 0.]])
This probe checks decoding and raw values without running inference. Keep normalization inside request so it happens exactly once.
Measure cold and warm requests separately
Append this block to the same main.py and rerun the whole file. Time the first request, then retain every warm observation.
# Step 3 — Measure cold and warm requests separately: The first request can include compilation and initialization.
start = time.perf_counter()
first_response = request(payload)
first_ms = (time.perf_counter() - start) * 1000
samples = []
for _ in range(30):
    start = time.perf_counter()
    response = request(payload)
    samples.append((time.perf_counter() - start) * 1000)
The first request can include compilation and initialization. The line plot contains only the subsequent warm requests; do not describe its first point as the cold request.
Validate outputs and describe measurement scope
Append this block to the same main.py and rerun the whole file. Compare the response with independent NumPy arithmetic and write an honest measurement report.
# Step 4 — Validate outputs and describe measurement scope: The report records local CPU timings and explicitly leaves...
expected = (np.array([[255., 128., 0.]], np.float32) / 255.) @ np.asarray(weights) + np.asarray(bias)
np.testing.assert_allclose(json.loads(response)["scores"], expected, atol=1e-6)
report = {"runtime": "JAX CPU instructional proxy", "jax": jax.__version__,
          "first_request_ms": first_ms, "warm_samples_ms": samples,
          "p50_ms": float(np.percentile(samples, 50)), "p95_ms": float(np.percentile(samples, 95)),
          "boundary": "JSON decode + normalize + transfer + infer + wait + encode",
          "edge_device_validated": False}
assert len(samples) == 30 and all(t >= 0 for t in samples)
print(json.dumps(report, indent=2))

# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(json.loads(request(json.dumps({'features':[[0,0,0]]})))['scores'], np.asarray(bias)[None,:], atol=1e-6)
The report records local CPU timings and explicitly leaves edge-device qualification false. Carry the same protocol to a named device before replacing that field.
Run the example
The assembled script is in the separate solutions and code appendix.
A JSON report with 3030 measured warm requests, first-request time, p50/p95 and edge_device_validated=false. Timings depend on this CPU; no device speedup is asserted.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
A normalization mismatch survives conversion
Predict before running: Will raw sensor values and normalized values produce the same scores?
# Experiment — A normalization mismatch survives conversion: Conversion checks must start at the raw input boundary when...
raw = np.array([[255., 128., 0.]], np.float32)
# Convert `wrong` to a host NumPy array for inspection or verification.
wrong = np.asarray(infer(raw))
# Convert `right` to a host NumPy array for inspection or verification.
right = np.asarray(infer(raw / 255.))
assert not np.allclose(wrong, right)
print("Preprocessing mismatch max error", float(np.max(np.abs(wrong-right))))
The mismatch is large despite identical weights.
Conversion checks must start at the raw input boundary when preprocessing is part of the product.
Reject raw inputs before normalization hides their meaning
Predict before running: Would an array cast distinguish a numeric string, a boolean and a legitimate sensor reading?
# Experiment — Reject raw inputs before normalization hides their meaning: The zero-input oracle checks that preprocessing does not add a...
invalid_payloads=[{'features':[['255',128,0]]},{'features':[[True,128,0]]},{'features':[[256,128,0]]},{'features':[[-1,128,0]]},{'features':[[0,1]]},{'features':[[0,1,float('nan')]]},{'features':[[0,1,2]],'extra':1}]
for invalid in invalid_payloads:
    try:
        request(json.dumps(invalid))
    except ValueError:
        pass
    else:
        raise AssertionError('invalid sensor payload accepted')
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(json.loads(request(json.dumps({'features':[[0,0,0]]})))['scores'],np.asarray(bias)[None,:],atol=1e-6)
print('Seven malformed or out-of-domain requests rejected; zero input returns the bias.')
All seven invalid payloads fail. A valid zero-valued row produces the two bias scores.
The zero-input oracle checks that preprocessing does not add a hidden offset. Rejection tests check input meaning before the model sees an apparently valid float array.
Your exercise
Send a second raw input [0,255,128][0, 255, 128] through the full request, and verify its independent normalized NumPy result.
Attempt this before consulting the separate solutions appendix.
Make incomplete deployment evidence explicit
Transfer
Create a device report template with required hardware and measurement fields. Reject it as ready while those fields are missing.
Hint
List the hardware, runtime, delegate and measurement fields before testing completeness. A missing value is different from a measured zero or an explicitly unsupported capability.
Decide whether a model speedup meets the request budget
Transfer / diagnosis
Use the illustrative serial times above. A 1919-millisecond deadline is declared before optimization. Does halving model time meet it? What is the best possible total if model time tends to zero?
Hint
Keep the fixed work unchanged. Compare the total request with the deadline, not the model-only duration.
Checkpoint
A LiteRT file converts successfully. What must happen before claiming NPU latency?
	Run it on the named device, verify execution placement and measure the stated request boundary.
	Divide CPU latency by the weight compression ratio.
	Assume every operator uses the NPU.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If INT8 quality drops, compare float conversion first, then verify calibration preprocessing, ranges and quantization metadata. If device latency disappoints, inspect fallback partitions, copies, request preprocessing and thermal conditions. If startup dominates, report it separately from warm inference and test the actual loading strategy.
Your evidence
Keep the CPU request report, preprocessing equivalence checks, chosen runtime/operator/precision matrix and an unfilled target-device report until actual device measurements exist. For the optional converter, retain the artifact, quantization metadata and held-out comparison.
Primary references
	LiteRT integer conversion tutorial
	LiteRT float16 conversion
	ONNX Runtime quantization and providers
	ExecuTorch edge runtime
	Core ML Tools overview
	LiteRT for Microcontrollers
	TensorFlow installation and supported platforms

Phase 16: Workload operations
Can you detect, explain and safely recover a failed model release?
Operational evidence connects work done to user-visible behavior. Separate worker health, model quality and release ownership so an alert leads to a specific investigation rather than automatic retraining.
Prepare and work through the phase
	Observe and recover real work
Launch a bounded worker, retain structured events, rehearse a failure and verify the next restored update against uninterrupted work.

	Control change and capacity
Reject invalid artifacts without changing selection. Revalidate rollback targets and calculate demand, reserve and cost with consistent measured units.

	Connect MLOps, LLMOps and ModelOps
Use data and slice-quality gates, trace a versioned text application and bind review to the complete release bundle. Keep evaluator replay separate from live-model quality.


Readiness check
A worker process is alive but has emitted no progress for a long time. Is it healthy?
Answer: Liveness only establishes that the process exists or responds. Check readiness, last completed work, expected duration and checkpoint freshness before choosing a bounded timeout or recovery action.
Transfer question
An input-distribution alert fires while delayed labels have not arrived. Should the system automatically retrain and promote?
Approach: No conclusion about quality follows yet. Check data integrity, affected slices and service health; gather outcome evidence under a declared response policy. Any candidate must pass independent release gates, and selection must remain unchanged after failure.
Common pitfall
A release passes average error while a rare critical slice fails. Require per-slice counts and quality thresholds. Do not average slice means equally or treat a missing critical slice as a passing zero.
Phase artifact
Use workload-operations and engineering-release. Keep a real failure/recovery timeline, failed-gate invariance, a rollback drill, run/model identity and named review responsibilities.
Authenticated review, multi-writer promotion, staged cloud rollout, SLO alerting and live-model abuse evaluation still require separate infrastructure and application-specific labs.
Phase project: An observable, restartable local workload. Diagnose a failed or stalled job, restore it correctly, and justify its resource plan from recorded measurements.
	workload-operations · online workspace · project guide
	engineering-release · online workspace · project guide

Accelerator jobs and runtime lifecycle
Launch and reap a real bounded subprocess with explicit runtime requirements. Distinguish successful completion, worker failure and supervisor timeout.
What you will be able to do
	Launch and reap a real bounded subprocess with explicit runtime requirements.
	Distinguish successful completion, worker failure and supervisor timeout.
	Keep configuration and observed runtime evidence with the run artifact.

The problem
A training command starts, but that does not tell us whether its runtime is correct, its initialization finished, or its process will ever exit. We will supervise a real small JAX worker through success, rejected runtime requirements and an intentionally stalled update. The result will contain observed process outcomes rather than a list of assumed job statuses.
The idea
Workload lifecycle states describe what a job can do now. Creation, startup, readiness, execution, completion and failure are different transitions. Observing the process alone is separate from that its useful work is available.
A running process is not necessarily a ready service
A process can exist while loading weights, waiting for resources or failing repeated health checks. A ready state should correspond to a concrete capability, such as accepting a validated inference request, rather than elapsed startup time.
Attach each transition to an observed event and define timeouts. If a job is rejected before launch, do not record that as a completed training run. If it terminates, preserve whether useful work completed or a failure interrupted it.
The lifetime bars compare actual process intervals in this fixture. They do not by themselves show readiness or accelerator utilization. Use the state timeline to explain what each interval includes.
Pause and reason
Why separate startup duration from useful execution duration?
Compare your reasoningThey have different causes and operational effects. Provisioning or loading changes may improve startup without changing the numerical workload's speed.
Statejob∈{provisioned,started,completed,timed_out,cleaned_up}\text{State}_{\text{job}} \in \{\texttt{provisioned}, \texttt{started}, \texttt{completed}, \texttt{timed\_out}, \texttt{cleaned\_up}\}Separate intent from observation
The configuration requests CPU and at least one device. The started event records what JAX actually discovered. Requesting 999999 devices should fail before training rather than silently run on fewer resources. An exit code of zero alone is insufficient: a worker that exits early without its completed event did not satisfy our job contract. Conversely, the last progress event is not proof of completion.
The process handle is the lifecycle authority
The supervisor owns a Popen handle and calls communicate with a deadline. On timeout it requests termination, waits briefly, then kills and reaps if needed. Merely writing timed_out into a JSON file would leave the actual worker alive. Exit values differ by platform: on POSIX a signal can appear as a negative return code, so our checks require a nonzero outcome rather than one portable magic number. This worker does not spawn descendants; a production process tree needs its own process-group or scheduler cancellation contract.
Ready means initialization finished
The worker imports JAX, validates the device contract, constructs data and compiles one update using a disposable result. It waits for that warmup result before emitting ready. The real parameters, momentum and random key remain unchanged during warmup. This makes the first progress event a genuine update from initial state, and keeps compile time separate from steady update time. A started process can still fail before ready.
Configuration should reject nonsense early
Total steps, batch size, checkpoint cadence and minimum device count must be positive integers. The minibatch cannot exceed the 6464-example fixture when sampling without replacement. Momentum lies in [0,1)[0,1), and learning rate is positive under this example’s bounded configuration. These validation choices document the teaching workload, not all valid optimizers. The worker command is an argument list and does not invoke a shell.
Treat a deadline as evidence, not a diagnosis
The lab inserts a real sleep after initialization and emits stall_injected. The supervisor times out and terminates the child. In an actual job, reaching a deadline would not by itself distinguish slow compilation, input starvation, deadlock or a workload that simply needs more time. Keep the last event, stderr and runtime contract before choosing a repair. Our intentional event makes this particular test diagnosable without pretending to emulate every failure.
Transfer the contract to available hardware
On a separately prepared accelerator host from the TPU course (phase-tpu), the same launch function accepts backend='tpu' (or gpu) and a required min_devices count. It requests that backend through JAX_PLATFORMS and records discovery; missing runtime support fails immediately before training starts. You can also run the portable TPU launcher (resources/tpu-gcp/launch.py --platform tpu) over SSH and copy the run folder back before deleting the TPU VM. Do not run that path on a laptop and call failure a hardware benchmark. Multi-host initialization, scheduler allocation, credentials, preemption signals and target-specific installation remain additional deployment contracts. No cloud resource is provisioned automatically by this lesson.
Supervise a bounded TPU worker on a Cloud TPU VM and copy back the run record
# Supervise a bounded TPU worker on a Cloud TPU VM and copy back the run record
gcloud compute tpus tpu-vm scp exercises/operations-01.py $TPU_NAME:~/jax-tpu-lab/ --zone=$ZONE
gcloud compute tpus tpu-vm ssh $TPU_NAME --zone=$ZONE \
  --command="JAX_PLATFORMS=tpu ~/jax-tpu-lab/.venv/bin/python -c 'import operations_01 as op; r = op.launch(\"/tmp/tpu-ops-run\", dict(backend=\"tpu\", min_devices=1, steps=4)); assert r[\"status\"] == \"completed\"; print(r[\"events\"][0], r[\"events\"][-1])'"
Expected:
Launches the supervised worker on the TPU VM with backend='tpu', verifies that started reports backend='tpu' and device_count >= 1, and records completed status in /tmp/tpu-ops-run/run.json.
Three actual process lifetimes
Predict: Will the runtime-rejected job spend time training?
[image: Three actual process lifetimes. The horizontal categories identify three actual child runs. The vertical axis is supervisor wall-clock seconds, from launch to reaped exit. The timeout bar reflects the configured deadline plus cancellation overhead. The failure bar includes Python and JAX startup before the runtime check rejects the job. These are measured durations, so their exact values vary across hosts and reruns.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories identify three actual child runs. The vertical axis is supervisor wall-clock seconds, from launch to reaped exit. The timeout bar reflects the configured deadline plus cancellation overhead. The failure bar includes Python and JAX startup before the runtime check rejects the job. These are measured durations, so their exact values vary across hosts and reruns.
Connect it to the computation
Compare the bars with the event traces, not by height alone. The completed run contains progress and a completed event; the rejected run has no progress; the stalled run reaches ready but never finishes. A shorter failing bar does not mean an efficient job. This plot demonstrates lifecycle measurement on the local CPU, not accelerator throughput.
Create the local artifact helpers
Create main.py with this block. Run python3 main.py in the CPU course environment.
# Step 1: Create the local artifact helpers
"""Bounded local JAX subprocess supervisor and lifecycle verifier."""
from pathlib import Path
import hashlib
import json
import math
import os
import subprocess
import sys
import tempfile
import time


def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()


def atomic_json(path, value):
    """Replace one local JSON file only after its bytes have been flushed."""
    path = Path(path)
    path.parent.mkdir(parents=True, exist_ok=True)
    fd, temporary = tempfile.mkstemp(prefix=path.name+'.', suffix='.tmp', dir=path.parent)
    # Run the boundary check and catch the expected exception:
    try:
        # Enter `os.fdopen(fd, 'w')` context block:
        with os.fdopen(fd, 'w') as stream:
            json.dump(value, stream, sort_keys=True, allow_nan=False)
            stream.flush()
            os.fsync(stream.fileno())
        os.replace(temporary, path)
    finally:
        if os.path.exists(temporary):
            os.unlink(temporary)
The only filesystem writes are to the caller-selected run directory. Stable JSON encoding makes hashes reproducible.
Define the supervised worker
Append this block to main.py. Run python3 main.py in the CPU course environment.
# This file is materialized only inside the caller-owned temporary run folder.
WORKER = r'''
import hashlib, json, os, sys, time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
root = Path(sys.argv[1])
cfg = json.loads((root/'config.json').read_text())
worker_hash = hashlib.sha256(Path(__file__).read_bytes()).hexdigest()
def emit(event, **fields):
    print(json.dumps(dict(event=event, monotonic_s=time.monotonic(), **fields)), flush=True)
def digest(value):
    return hashlib.sha256(json.dumps(value,sort_keys=True,separators=(',', ':'),allow_nan=False).encode()).hexdigest()
def write_checkpoint(state):
    target = root/'checkpoint.json'
    temporary = root/'checkpoint.pending'
    with temporary.open('w') as stream:
        json.dump(dict(state,checksum=digest(state)),stream,sort_keys=True,allow_nan=False)
        stream.flush()
        os.fsync(stream.fileno())
    os.replace(temporary,target)
    emit('checkpoint',step=state['step'],state_hash=digest(state))
try:
    emit('started',pid=os.getpid(),backend=jax.default_backend(),device_count=jax.device_count())
    if jax.default_backend() != cfg['backend'] or jax.device_count() < cfg['min_devices']:
        raise ValueError('runtime backend/device contract failed')
    x = jnp.linspace(-1.,1.,64)
    y = 2*x+1
    data_hash = digest(dict(x=np.asarray(x).tolist(),y=np.asarray(y).tolist()))
    training = {name:cfg[name] for name in ('seed','learning_rate','momentum','batch_size')}
    config_hash = digest(training)
    if cfg['resume']:
        saved = json.loads((root/'checkpoint.json').read_text())
        checksum = saved.pop('checksum',None)
        if checksum != digest(saved) or saved.get('worker_hash') != worker_hash:
            raise ValueError('checkpoint checksum/source mismatch')
        if saved['schema_version'] != 1 or saved['config_hash'] != config_hash or saved['data_hash'] != data_hash:
            raise ValueError('checkpoint provenance mismatch')
        state = saved
        step = saved['step']
        params=jnp.array(saved['params'])
        velocity=jnp.array(saved['velocity'])
        key=jnp.array(saved['key'],dtype=jnp.uint32)
        if not isinstance(step,int) or isinstance(step,bool) or step < 0 or step > cfg['steps'] or params.shape != (2,) or velocity.shape != (2,) or key.shape != (2,):
            raise ValueError('invalid checkpoint state shape or step')
        if not bool(jnp.all(jnp.isfinite(params))) or not bool(jnp.all(jnp.isfinite(velocity))):
            raise ValueError('nonfinite checkpoint state')
        emit('restored',step=step,state_hash=digest(saved))
    else:
        step=0
        params=jnp.zeros(2)
        velocity=jnp.zeros(2)
        key=jax.random.PRNGKey(cfg['seed'])
    def update(params,velocity,key):
        key, sample = jax.random.split(key)
        indices=jax.random.choice(sample,64,(cfg['batch_size'],),replace=False)
        objective=lambda p:jnp.mean((p[0]*x[indices]+p[1]-y[indices])**2)
        loss, grad=jax.value_and_grad(objective)(params)
        velocity=cfg['momentum']*velocity+grad
        params=params-cfg['learning_rate']*velocity
        return params,velocity,key,loss
    compiled=jax.jit(update)
    # Compile and synchronize once without consuming actual training state.
    begin=time.perf_counter()
    warm=compiled(params,velocity,key)
    jax.block_until_ready(warm)
    emit('ready',compile_warmup_s=time.perf_counter()-begin,step=step)
    while step < cfg['steps']:
        if cfg.get('stall_at') == step:
            emit('stall_injected',step=step)
            time.sleep(cfg.get('stall_seconds',10.))
        begin=time.perf_counter()
        params,velocity,key,loss=compiled(params,velocity,key)
        jax.block_until_ready((params,velocity,key,loss))
        elapsed=time.perf_counter()-begin
        step+=1
        state=dict(schema_version=1,worker_hash=worker_hash,step=step,params=np.asarray(params).tolist(),velocity=np.asarray(velocity).tolist(),key=np.asarray(key).tolist(),config_hash=config_hash,data_hash=data_hash)
        emit('progress',step=step,loss=float(loss),examples=cfg['batch_size'],update_s=elapsed,state_hash=digest(state))
        if step % cfg['checkpoint_every'] == 0 or step == cfg['steps']:
            write_checkpoint(state)
        if cfg.get('fail_after') == step:
            raise RuntimeError('controlled failure after update')
    write_checkpoint(state)
    emit('completed',step=step,state_hash=digest(state))
except Exception as error:
    emit('failed',kind=type(error).__name__,message=str(error))
    raise SystemExit(23)
'''
The string is a real Python program launched in a separate process. It emits structured events, synchronizes JAX updates and preserves complete state.
Add bounded launch and result collection
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 3 — Add bounded launch and result collection: The supervisor owns the child handle, captures its output and...
def default_config(**changes):
    cfg=dict(seed=3,learning_rate=.04,momentum=.8,batch_size=8,steps=8,
             checkpoint_every=2,backend='cpu',min_devices=1,resume=False,
             fail_after=None,stall_at=None,stall_seconds=10.)
    # Update state in place with the new values.
    cfg.update(changes)
    for name in ('steps','checkpoint_every','batch_size','min_devices'):
        # Guard input contract (`not isinstance(cfg[name], int) or isinstance(cfg[name], bool) or cfg[name] < 1`) and fail fast if violated.
        if not isinstance(cfg[name],int) or isinstance(cfg[name],bool) or cfg[name] < 1:
            raise ValueError(name+' must be a positive integer')
    # Guard input contract (`cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or (not 0 < cfg['learning_rate'] < 1)`) and fail fast if violated.
    if cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or not 0 < cfg['learning_rate'] < 1:
        raise ValueError('invalid training configuration')
    return cfg


def launch(root, config=None, timeout=10.):
    root=Path(root)
    root.mkdir(parents=True,exist_ok=True)
    cfg=default_config(**(config or {}))
    # Guard input contract (`timeout <= 0`) and fail fast if violated.
    if timeout <= 0:
        raise ValueError('timeout must be positive')
    atomic_json(root/'config.json',cfg)
    worker=root/'worker.py'
    worker.write_text(WORKER)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,JAX_PLATFORMS=cfg['backend'],PYTHONUNBUFFERED='1')
    started=time.perf_counter()
    process=subprocess.Popen([sys.executable,str(worker),str(root)],stdout=subprocess.PIPE,stderr=subprocess.PIPE,text=True,env=env)
    timed_out=False
    try:
        stdout,stderr=process.communicate(timeout=timeout)
    except subprocess.TimeoutExpired:
        timed_out=True
        process.terminate()
        try:
            stdout,stderr=process.communicate(timeout=1.)
        except subprocess.TimeoutExpired:
            process.kill()
            stdout,stderr=process.communicate(timeout=1.)
    wall=time.perf_counter()-started
    events=[]
    malformed=[]
    for line in stdout.splitlines():
        if not line.strip():
            continue
        try:
            event=json.loads(line)
            if not isinstance(event,dict) or 'event' not in event:
                raise ValueError('not an event')
            events.append(event)
        except (ValueError,TypeError):
            malformed.append(line)
    status='timed_out' if timed_out else 'completed' if process.returncode == 0 and not malformed and events and events[-1]['event']=='completed' else 'failed'
    # Compute deterministic cryptographic digest `result` for provenance verification.
    result=dict(status=status,returncode=process.returncode,wall_s=wall,events=events,stderr=stderr,
                worker_hash=hashlib.sha256(WORKER.encode()).hexdigest(),config=cfg,malformed_stdout=malformed)
    atomic_json(root/'run.json',result)
    return result
The supervisor owns the child handle, captures its output and always waits for termination after a timeout.
Exercise all three lifecycle outcomes
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 4 — Exercise all three lifecycle outcomes: Each outcome comes from a real subprocess.
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='ops-lifecycle-') as folder:
    base = Path(folder)
    successful = launch(base/'success')
    rejected = launch(base/'wrong-runtime',dict(min_devices=999))
    stalled = launch(base/'timeout',dict(stall_at=0,stall_seconds=20),timeout=6)
assert successful['status'] == 'completed'
assert rejected['status'] == 'failed' and rejected['returncode'] != 0
assert stalled['status'] == 'timed_out' and stalled['returncode'] != 0
assert any(e['event']=='stall_injected' for e in stalled['events'])
print('statuses:',successful['status'],rejected['status'],stalled['status'])
print('actual exit codes:',successful['returncode'],rejected['returncode'],stalled['returncode'])
Each outcome comes from a real subprocess. Temporary directories contain and clean up every artifact.
Run the example
The assembled script is in the separate solutions and code appendix.
The actual child outcomes are completed, failed and timed_out. A worker requirement failure exits nonzero; the stalled worker is terminated and reaped.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
A child that fails before training
Predict before running: Can an impossible device requirement produce valid training progress?
# Experiment — A child that fails before training: This check links the failure classification to a concrete...
assert any(e['event']=='failed' and 'runtime' in e['message'] for e in rejected['events'])
assert not any(e['event']=='progress' for e in rejected['events'])
The runtime mismatch is recorded, and no update event exists.
This check links the failure classification to a concrete boundary in the worker lifecycle.
A started process need not be ready
Predict before running: Which events occur before the injected stall?
# Experiment — A started process need not be ready: The sequence rules out startup failure in this controlled drill.
names=[e['event'] for e in stalled['events']]
assert names.index('started') < names.index('ready') < names.index('stall_injected')
assert 'completed' not in names
print('timed-out worker events:',names)
The worker reaches ready, then stalls before its first update.
The sequence rules out startup failure in this controlled drill. A different trace would demand a different diagnosis.
Your exercise
Launch a changed job with 33 updates and batch size 55. Verify the observed progress steps and completion event rather than relying only on its exit code.
Attempt this before consulting the separate solutions appendix.
Reject invalid work before spawning
Transfer / diagnosis
Try a zero step budget and an oversized minibatch. Require a clear configuration error for each.
Hint
Call default_config directly; no child should be needed.
Preserve a successful checkpoint
Transfer / diagnosis
Run 44 updates in a temporary directory and verify that the final checkpoint and run record both refer to the completed work.
Hint
Read the files before leaving the temporary-directory context.
Checkpoint
What must a timeout handler do beyond recording a timeout status?
	Leave the child running so it might finish later
	Terminate or kill as required, then wait for the actual child to exit
	Delete the last log line

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Use the last structured event to locate the boundary: no ready event points toward runtime or initialization; ready without progress points toward update/input work; completed with a nonzero exit still requires investigation. Preserve stderr. Verify the child has exited before retrying so two runs do not write the same checkpoint.
Carry forward
	A requested runtime and an observed runtime are separate facts.
	A process deadline needs cancellation and reaping, not just a status string.

Your evidence
Keep actual child exit codes, bounded timeout/termination output and proof that children were reaped. Distinguish launch failure, failed preflight, slow work and a stalled job.
Primary references
	Python subprocess management
	Python os.replace and fsync
	JAX asynchronous dispatch and synchronization
	JAX device discovery

Health, logs, and workload observability
Build useful summaries from structured events emitted by a real worker. Define throughput with explicit numerator, denominator and synchronization boundary.
What you will be able to do
	Build useful summaries from structured events emitted by a real worker.
	Define throughput with explicit numerator, denominator and synchronization boundary.
	Estimate uncheckpointed work from progress and checkpoint events.

The problem
A process is alive and prints messages, yet useful training may have stopped. What signals distinguish real progress from noise, and what could be lost if the process fails now? We will measure synchronized updates, count examples and compare progress with the latest committed checkpoint using events emitted by actual runs.
The idea
Logs tell us what a process reported; accepted checkpoints tell us what can be resumed. Monitoring should connect these signals without treating them as interchangeable. Their difference helps estimate the consequences of a failure.
Keep observed progress separate from recoverable progress
If the live process reports step 42 and the newest accepted checkpoint is step 40, there are two completed steps beyond that recovery boundary. Whether they must be replayed depends on the recovery contract and recorded input state.
Name metric units and update points: examples processed, valid tokens, optimizer steps and accepted checkpoint steps are different counters. A sudden flat line can indicate stalled computation, blocked logging or a failed collector; inspect another signal before assigning the cause.
Read the two progress curves at the same time coordinate and locate the failure. The gap describes lag in recoverable progress, while the slope of live progress describes reported work rate. Neither alone proves hardware utilization.
Pause and reason
Does a recent log line prove that its reported step is durable?
Compare your reasoningNo. It proves the observation reached the log. Recovery durability depends on the accepted checkpoint and storage contract.
An event needs meaning and units
Each event has a monotonic timestamp and an event name. A progress event adds completed step, scalar loss, examples processed, synchronized update seconds and a hash of the resulting complete state. Checkpoint events record the step that was actually replaced on disk. A heartbeat would show liveness only; it must not increment examples or claim training progress. Monotonic time is useful for local durations but is not a globally comparable timestamp across unrelated hosts.
Time completed computation
JAX may return control before an operation finishes. The worker calls block_until_ready on the result before stopping its update timer. That timer includes dispatch and completion of one compiled minibatch update, but excludes JSON encoding, checkpoint writes, process startup and compilation. The ready event records a separate compile/warmup duration. A benchmark that times dispatch alone would understate service time.
Two throughputs answer different questions
For 1212 updates of 88 examples, the numerator is 9696 examples. Divide by the sum of synchronized update durations to describe the update path. Divide by supervisor wall time to describe the short job end to end. The latter is lower here because this tiny workload spends much of its lifetime outside the compiled updates. Neither rate should be relabeled as a device hardware utilization percentage.
qupdate=N∑iti,qjob=NTwallq_{\mathrm{update}}=\frac{N}{\sum_i t_i},\qquad q_{\mathrm{job}}=\frac{N}{T_{\mathrm{wall}}}Freshness is about committed progress
The controlled incident fails after update 55, while the checkpoint cadence is every 22 updates. Its last committed checkpoint is step 44, leaving one completed but uncommitted update. This is a count of potential replay work, not a time-based recovery objective. To express time at risk, use appropriate measured durations and explicitly distinguish completed work from work that might still be in flight.
uncommitted updates=max⁡(0,last progress step−checkpoint step)\mathrm{uncommitted\ updates}=\max(0,\mathrm{last\ progress\ step}-\mathrm{checkpoint\ step})A declining loss is not a health guarantee
The fixture fits a line with minibatch momentum updates. Loss may rise between batches because different examples are sampled, and momentum can overshoot. A lower recent loss does not prove input freshness, checkpoint durability or correct evaluation. Conversely, a noisy loss sequence does not prove a stalled process. Diagnose loss behavior using the optimization lessons; diagnose missing progress using event and process evidence.
Scope of this collector
This bounded lab captures stdout and stderr in memory and analyzes events after the child exits. That is appropriate for a few dozen events. A long-running service needs streamed, bounded logs, a durable sink, timestamps aligned for its fleet, and monitored queue/backpressure behavior. The lesson provides measurement contracts and actual failure evidence, not an operational telemetry backend.
Observed progress and committed progress diverge before failure
Predict: Will the checkpoint line always equal the progress line?
[image: Observed progress and committed progress diverge before failure. The horizontal axis is completed update number for the failed run. The vertical axis is step index. The progress line reaches \(5\), while the checkpoint line advances at steps \(2\) and \(4\), ending at \(4\). The vertical gap at the final point is one update. These values come from actual emitted events, not a hypothetical fleet trace.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is completed update number for the failed run. The vertical axis is step index. The progress line reaches 55, while the checkpoint line advances at steps 22 and 44, ending at 44. The vertical gap at the final point is one update. These values come from actual emitted events, not a hypothetical fleet trace.
Connect it to the computation
The staircase records when state becomes available for recovery. A gap is expected between checkpoints; it becomes operationally relevant when the process fails. Resuming from step 44 repeats update 55 using its restored optimizer and random state. This plot does not show elapsed recovery time or prove power-loss durability.
Create the local artifact helpers
Create main.py with this block. Run python3 main.py in the CPU course environment.
# Step 1: Create the local artifact helpers
"""Bounded local JAX subprocess supervisor and lifecycle verifier."""
from pathlib import Path
import hashlib
import json
import math
import os
import subprocess
import sys
import tempfile
import time


def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()


def atomic_json(path, value):
    """Replace one local JSON file only after its bytes have been flushed."""
    path = Path(path)
    path.parent.mkdir(parents=True, exist_ok=True)
    fd, temporary = tempfile.mkstemp(prefix=path.name+'.', suffix='.tmp', dir=path.parent)
    # Run the boundary check and catch the expected exception:
    try:
        # Enter `os.fdopen(fd, 'w')` context block:
        with os.fdopen(fd, 'w') as stream:
            json.dump(value, stream, sort_keys=True, allow_nan=False)
            stream.flush()
            os.fsync(stream.fileno())
        os.replace(temporary, path)
    finally:
        if os.path.exists(temporary):
            os.unlink(temporary)
The only filesystem writes are to the caller-selected run directory. Stable JSON encoding makes hashes reproducible.
Define the supervised worker
Append this block to main.py. Run python3 main.py in the CPU course environment.
# This file is materialized only inside the caller-owned temporary run folder.
WORKER = r'''
import hashlib, json, os, sys, time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
root = Path(sys.argv[1])
cfg = json.loads((root/'config.json').read_text())
worker_hash = hashlib.sha256(Path(__file__).read_bytes()).hexdigest()
def emit(event, **fields):
    print(json.dumps(dict(event=event, monotonic_s=time.monotonic(), **fields)), flush=True)
def digest(value):
    return hashlib.sha256(json.dumps(value,sort_keys=True,separators=(',', ':'),allow_nan=False).encode()).hexdigest()
def write_checkpoint(state):
    target = root/'checkpoint.json'
    temporary = root/'checkpoint.pending'
    with temporary.open('w') as stream:
        json.dump(dict(state,checksum=digest(state)),stream,sort_keys=True,allow_nan=False)
        stream.flush()
        os.fsync(stream.fileno())
    os.replace(temporary,target)
    emit('checkpoint',step=state['step'],state_hash=digest(state))
try:
    emit('started',pid=os.getpid(),backend=jax.default_backend(),device_count=jax.device_count())
    if jax.default_backend() != cfg['backend'] or jax.device_count() < cfg['min_devices']:
        raise ValueError('runtime backend/device contract failed')
    x = jnp.linspace(-1.,1.,64)
    y = 2*x+1
    data_hash = digest(dict(x=np.asarray(x).tolist(),y=np.asarray(y).tolist()))
    training = {name:cfg[name] for name in ('seed','learning_rate','momentum','batch_size')}
    config_hash = digest(training)
    if cfg['resume']:
        saved = json.loads((root/'checkpoint.json').read_text())
        checksum = saved.pop('checksum',None)
        if checksum != digest(saved) or saved.get('worker_hash') != worker_hash:
            raise ValueError('checkpoint checksum/source mismatch')
        if saved['schema_version'] != 1 or saved['config_hash'] != config_hash or saved['data_hash'] != data_hash:
            raise ValueError('checkpoint provenance mismatch')
        state = saved
        step = saved['step']
        params=jnp.array(saved['params'])
        velocity=jnp.array(saved['velocity'])
        key=jnp.array(saved['key'],dtype=jnp.uint32)
        if not isinstance(step,int) or isinstance(step,bool) or step < 0 or step > cfg['steps'] or params.shape != (2,) or velocity.shape != (2,) or key.shape != (2,):
            raise ValueError('invalid checkpoint state shape or step')
        if not bool(jnp.all(jnp.isfinite(params))) or not bool(jnp.all(jnp.isfinite(velocity))):
            raise ValueError('nonfinite checkpoint state')
        emit('restored',step=step,state_hash=digest(saved))
    else:
        step=0
        params=jnp.zeros(2)
        velocity=jnp.zeros(2)
        key=jax.random.PRNGKey(cfg['seed'])
    def update(params,velocity,key):
        key, sample = jax.random.split(key)
        indices=jax.random.choice(sample,64,(cfg['batch_size'],),replace=False)
        objective=lambda p:jnp.mean((p[0]*x[indices]+p[1]-y[indices])**2)
        loss, grad=jax.value_and_grad(objective)(params)
        velocity=cfg['momentum']*velocity+grad
        params=params-cfg['learning_rate']*velocity
        return params,velocity,key,loss
    compiled=jax.jit(update)
    # Compile and synchronize once without consuming actual training state.
    begin=time.perf_counter()
    warm=compiled(params,velocity,key)
    jax.block_until_ready(warm)
    emit('ready',compile_warmup_s=time.perf_counter()-begin,step=step)
    while step < cfg['steps']:
        if cfg.get('stall_at') == step:
            emit('stall_injected',step=step)
            time.sleep(cfg.get('stall_seconds',10.))
        begin=time.perf_counter()
        params,velocity,key,loss=compiled(params,velocity,key)
        jax.block_until_ready((params,velocity,key,loss))
        elapsed=time.perf_counter()-begin
        step+=1
        state=dict(schema_version=1,worker_hash=worker_hash,step=step,params=np.asarray(params).tolist(),velocity=np.asarray(velocity).tolist(),key=np.asarray(key).tolist(),config_hash=config_hash,data_hash=data_hash)
        emit('progress',step=step,loss=float(loss),examples=cfg['batch_size'],update_s=elapsed,state_hash=digest(state))
        if step % cfg['checkpoint_every'] == 0 or step == cfg['steps']:
            write_checkpoint(state)
        if cfg.get('fail_after') == step:
            raise RuntimeError('controlled failure after update')
    write_checkpoint(state)
    emit('completed',step=step,state_hash=digest(state))
except Exception as error:
    emit('failed',kind=type(error).__name__,message=str(error))
    raise SystemExit(23)
'''
The string is a real Python program launched in a separate process. It emits structured events, synchronizes JAX updates and preserves complete state.
Add bounded launch and result collection
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 3 — Add bounded launch and result collection: The supervisor owns the child handle, captures its output and...
def default_config(**changes):
    cfg=dict(seed=3,learning_rate=.04,momentum=.8,batch_size=8,steps=8,
             checkpoint_every=2,backend='cpu',min_devices=1,resume=False,
             fail_after=None,stall_at=None,stall_seconds=10.)
    # Update state in place with the new values.
    cfg.update(changes)
    for name in ('steps','checkpoint_every','batch_size','min_devices'):
        # Guard input contract (`not isinstance(cfg[name], int) or isinstance(cfg[name], bool) or cfg[name] < 1`) and fail fast if violated.
        if not isinstance(cfg[name],int) or isinstance(cfg[name],bool) or cfg[name] < 1:
            raise ValueError(name+' must be a positive integer')
    # Guard input contract (`cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or (not 0 < cfg['learning_rate'] < 1)`) and fail fast if violated.
    if cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or not 0 < cfg['learning_rate'] < 1:
        raise ValueError('invalid training configuration')
    return cfg


def launch(root, config=None, timeout=10.):
    root=Path(root)
    root.mkdir(parents=True,exist_ok=True)
    cfg=default_config(**(config or {}))
    # Guard input contract (`timeout <= 0`) and fail fast if violated.
    if timeout <= 0:
        raise ValueError('timeout must be positive')
    atomic_json(root/'config.json',cfg)
    worker=root/'worker.py'
    worker.write_text(WORKER)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,JAX_PLATFORMS=cfg['backend'],PYTHONUNBUFFERED='1')
    started=time.perf_counter()
    process=subprocess.Popen([sys.executable,str(worker),str(root)],stdout=subprocess.PIPE,stderr=subprocess.PIPE,text=True,env=env)
    timed_out=False
    try:
        stdout,stderr=process.communicate(timeout=timeout)
    except subprocess.TimeoutExpired:
        timed_out=True
        process.terminate()
        try:
            stdout,stderr=process.communicate(timeout=1.)
        except subprocess.TimeoutExpired:
            process.kill()
            stdout,stderr=process.communicate(timeout=1.)
    wall=time.perf_counter()-started
    events=[]
    malformed=[]
    for line in stdout.splitlines():
        if not line.strip():
            continue
        try:
            event=json.loads(line)
            if not isinstance(event,dict) or 'event' not in event:
                raise ValueError('not an event')
            events.append(event)
        except (ValueError,TypeError):
            malformed.append(line)
    status='timed_out' if timed_out else 'completed' if process.returncode == 0 and not malformed and events and events[-1]['event']=='completed' else 'failed'
    # Compute deterministic cryptographic digest `result` for provenance verification.
    result=dict(status=status,returncode=process.returncode,wall_s=wall,events=events,stderr=stderr,
                worker_hash=hashlib.sha256(WORKER.encode()).hexdigest(),config=cfg,malformed_stdout=malformed)
    atomic_json(root/'run.json',result)
    return result
The supervisor owns the child handle, captures its output and always waits for termination after a timeout.
Summarize event boundaries
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 4 — Summarize event boundaries: The summary retains work counts, timing boundaries and checkpoint...
def summarize(result):
    updates=[e for e in result['events'] if e['event']=='progress']
    checkpoints=[e['step'] for e in result['events'] if e['event']=='checkpoint']
    count=sum(e['examples'] for e in updates)
    update_s=sum(e['update_s'] for e in updates)
    latest=max((e['step'] for e in updates),default=0)
    checkpoint=max(checkpoints,default=0)
    return dict(status=result['status'],updates=len(updates),examples=count,last_step=latest,checkpoint_step=checkpoint,
                uncheckpointed_updates=max(0,latest-checkpoint),update_s=update_s,
                update_examples_per_s=count/update_s if update_s else 0.,
                job_examples_per_s=count/result['wall_s'] if result['wall_s'] else 0.,
                update_duty_fraction=update_s/result['wall_s'] if result['wall_s'] else 0.)
The summary retains work counts, timing boundaries and checkpoint lag separately.
Run a healthy job and a controlled incident
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 5 — Run a healthy job and a controlled incident: Both summaries are derived from real child output; failures are...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='ops-signals-') as folder:
    observed=launch(Path(folder)/'healthy',dict(steps=12))
    interrupted=launch(Path(folder)/'failed',dict(steps=12,fail_after=5))
healthy=summarize(observed)
incident=summarize(interrupted)
progress=[e for e in observed['events'] if e['event']=='progress']
assert healthy['examples']==96 and healthy['updates']==12
assert incident['last_step']==5 and incident['checkpoint_step']==4
assert incident['uncheckpointed_updates']==1
assert healthy['job_examples_per_s'] < healthy['update_examples_per_s']
print('healthy:',healthy)
print('incident:',incident)
Both summaries are derived from real child output; failures are not invented status rows.
Run the example
The assembled script is in the separate solutions and code appendix.
The healthy run records 9696 processed examples. The failure occurs at step 55, with checkpoint step 44, so one completed update must be replayed.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Recompute throughput independently
Predict before running: Should averaging per-step rates equal total examples divided by total time?
# Experiment — Recompute throughput independently: Summing work and time weights slow steps appropriately; an...
total_examples=sum(e['examples'] for e in progress)
total_time=sum(e['update_s'] for e in progress)
assert abs(total_examples/total_time-healthy['update_examples_per_s']) < 1e-6
assert all(e['update_s']>0 for e in progress)
print('examples / synchronized seconds:',total_examples,total_time)
The summary matches the independently accumulated numerator and denominator.
Summing work and time weights slow steps appropriately; an unweighted mean of rates generally answers a different question.
Locate the incident boundary
Predict before running: Is the last successful update necessarily present in the checkpoint?
# Experiment — Locate the incident boundary: A progress log is not a committed state artifact.
names=[e['event'] for e in interrupted['events']]
assert names[-1]=='failed'
assert [e['step'] for e in interrupted['events'] if e['event']=='checkpoint']==[2,4]
assert [e['step'] for e in interrupted['events'] if e['event']=='progress'][-1]==5
The event order exposes exactly one completed update after the latest checkpoint.
A progress log is not a committed state artifact. Recovery must select the committed boundary.
Your exercise
Compute the fraction of supervisor wall time spent inside synchronized updates, and state precisely what that fraction excludes.
Attempt this before consulting the separate solutions appendix.
Catch an average-of-rates error
Transfer / diagnosis
Two updates process 88 examples each in 11 and 33 seconds. Compare the average rate with the rate of all completed work.
Hint
Sum examples and seconds first.
Change the checkpoint cadence
Transfer / diagnosis
Run with checkpoint cadence 33 and fail after update 55. Predict the committed step and replay count.
Hint
Expect the most recent multiple of the checkpoint interval before the failure.
Checkpoint
What does update duty fraction establish in this lab?
	GPU compute-unit occupancy
	Cluster utilization across hosts
	The fraction of this job’s wall time inside the measured synchronized update boundary

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If throughput is implausibly high, check synchronization and whether examples were counted twice. If checkpoint freshness looks perfect during a failure, verify that checkpoint events are emitted only after replacement completes. If timestamps appear out of order across hosts, do not subtract unrelated monotonic clocks.
Carry forward
	Choose metrics that answer a concrete operational decision.
	Specify the timing boundary before reporting a throughput or utilization-like ratio.

Your evidence
Keep raw structured events, observed work counts, synchronized timing units and checkpoint lag. Derive job and update throughput with different boundaries.
Primary references
	Python subprocess management
	Python os.replace and fsync
	JAX asynchronous dispatch and synchronization
	JAX device discovery

Failure recovery and operational runbooks
Rehearse a real worker failure and resume from an atomic complete-state checkpoint. Verify the next update and every later state against an uninterrupted reference.
What you will be able to do
	Rehearse a real worker failure and resume from an atomic complete-state checkpoint.
	Verify the next update and every later state against an uninterrupted reference.
	Reject corrupted or incompatible recovery artifacts and record a usable runbook.

The problem
A restarted job reaches a plausible final loss, but did it continue the same experiment? We will force a worker to fail after an uncheckpointed update, restore its last committed state, and compare every subsequent update with an uninterrupted run. A matching final metric alone will not be accepted as recovery evidence.
The idea
An operational runbook connects a symptom with evidence, a decision and a verified recovery action. Its purpose is to reduce uncertainty during failure, not merely list restart commands.
A runbook should choose the next diagnostic action
For an interrupted training job, first identify the failure boundary and newest accepted compatible checkpoint. Verify data, configuration and artifact identity before resuming. A restart from a convenient file can silently become a new experiment.
After recovery, compare the next data and state transition with the expected continuation. If that comparison fails, preserve the mismatch and investigate the state boundary rather than repeatedly restarting.
The replayed loss curve checks one part of the fixture. A complete incident record also explains what failed, why the selected recovery point was valid, what work was replayed and which observation confirmed the repair. Keep prevention work separate from the immediate restoration action.
Pause and reason
What makes “restart the job” an incomplete runbook instruction?
Compare your reasoningIt does not identify a valid recovery point, compatibility checks or a success criterion. Specify those decisions and the evidence needed to make them.
Identify the boundary before issuing a retry
The default job checkpoints after even-numbered updates. We inject failure after update 33, leaving a committed checkpoint at step 22. The runbook first confirms that the failed child is gone, preserves its events, then reads and validates that checkpoint. Blindly restarting from the beginning would repeat more work; continuing from the progress counter 33 with checkpoint state 22 would skip a state transition.
Momentum is part of the experiment
For gradient gtg_t, velocity follows vt+1=βvt+gtv_{t+1}=\beta v_t+g_t, and parameters follow θt+1=θt−αvt+1\theta_{t+1}=\theta_t-\alpha v_{t+1}. Restoring only parameters sets the wrong velocity for the next step. Likewise, reseeding the generator returns to earlier minibatches instead of continuing the saved key. The serialized key is the actual legacy uint32 key array used by this worker, not a guessed integer seed.
vt+1=βvt+gt,θt+1=θt−αvt+1v_{t+1}=\beta v_t+g_t,\qquad \theta_{t+1}=\theta_t-\alpha v_{t+1}Write the complete artifact before selecting it
The worker serializes state and its checksum into a sibling pending file, flushes and fsyncs the file, then uses os.replace to select it as the checkpoint. Readers see either the old complete file or the new complete file under the local filesystem’s replace contract. This avoids selecting a half-written JSON payload. It does not prove survival of a machine power loss or atomic behavior on an arbitrary remote filesystem; directory synchronization and storage-specific guarantees would need separate validation.
Compatibility is more than array shape
The checkpoint includes schema version, data hash, training-configuration hash and worker-source hash. Restore checks these before accepting values, then checks parameter, velocity and key shapes and finite numeric state. A checksum detects accidental payload corruption; it is not a signature against an adversary who can edit both state and checksum. Operational controls such as failure injection and total requested steps are excluded from the training hash so a compatible retry can finish the intended work.
Prove the continuation at the next update
The first restored progress event is update 33, and its full-state hash must equal update 33 from the uninterrupted run. We compare every remaining update and the final checkpoint, not only the final parameters. Wall-clock timestamps and timing samples should differ; they are observability metadata, not deterministic training state. Exact replay is bounded to this pinned CPU example, not promised across changed JAX versions or accelerator kernels.
Write a runbook from the failed drill
Use the actual trace: confirm process exit; preserve logs; find the latest committed step; validate checksum and provenance; restore into a single writer; verify the first new update; continue and compare completion artifacts. Escalate an incompatible checkpoint instead of silently deleting fields or relaxing checks. A failed rehearsal is useful evidence about the runbook, whereas an untested list of commands is only a proposal.
Resumed loss follows the same continuation
Predict: Should timing and loss both match after a restart?
[image: Resumed loss follows the same continuation. The horizontal axis is completed training step; the vertical axis is that update’s sampled minibatch mean squared error. The plot zooms in on updates \(3\) through \(8\). Both lines cover that continuation, because the restored boundary was step \(2\); the first two uninterrupted updates are outside this plotted interval. Its points lie on top of the uninterrupted points for the remaining updates. In the recorded run, loss rises from about \(0.38\) at update \(3\) to \(1.51\) at update \(4\), falls to about \(0.46\) at update \(6\), and rises again near \(0.75\) at update \(7\). Both executions share those same changes. The visible rebounds therefore do not indicate a restore mismatch.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is completed training step; the vertical axis is that update’s sampled minibatch mean squared error. The plot zooms in on updates 33 through 88. Both lines cover that continuation, because the restored boundary was step 22; the first two uninterrupted updates are outside this plotted interval. Its points lie on top of the uninterrupted points for the remaining updates. In the recorded run, loss rises from about 0.380.38 at update 33 to 1.511.51 at update 44, falls to about 0.460.46 at update 66, and rises again near 0.750.75 at update 77. Both executions share those same changes. The visible rebounds therefore do not indicate a restore mismatch.
Connect it to the computation
The overlap is supported by equality checks of the complete state hashes, not inferred merely from a visually similar curve. The loss can move unevenly because each update samples a minibatch. Restart timing is deliberately absent: compilation, process startup and checkpoint reading add overhead even when the numerical continuation is exact.
Create the local artifact helpers
Create main.py with this block. Run python3 main.py in the CPU course environment.
# Step 1: Create the local artifact helpers
"""Bounded local JAX subprocess supervisor and lifecycle verifier."""
from pathlib import Path
import hashlib
import json
import math
import os
import subprocess
import sys
import tempfile
import time


def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()


def atomic_json(path, value):
    """Replace one local JSON file only after its bytes have been flushed."""
    path = Path(path)
    path.parent.mkdir(parents=True, exist_ok=True)
    fd, temporary = tempfile.mkstemp(prefix=path.name+'.', suffix='.tmp', dir=path.parent)
    # Run the boundary check and catch the expected exception:
    try:
        # Enter `os.fdopen(fd, 'w')` context block:
        with os.fdopen(fd, 'w') as stream:
            json.dump(value, stream, sort_keys=True, allow_nan=False)
            stream.flush()
            os.fsync(stream.fileno())
        os.replace(temporary, path)
    finally:
        if os.path.exists(temporary):
            os.unlink(temporary)
The only filesystem writes are to the caller-selected run directory. Stable JSON encoding makes hashes reproducible.
Define the supervised worker
Append this block to main.py. Run python3 main.py in the CPU course environment.
# This file is materialized only inside the caller-owned temporary run folder.
WORKER = r'''
import hashlib, json, os, sys, time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
root = Path(sys.argv[1])
cfg = json.loads((root/'config.json').read_text())
worker_hash = hashlib.sha256(Path(__file__).read_bytes()).hexdigest()
def emit(event, **fields):
    print(json.dumps(dict(event=event, monotonic_s=time.monotonic(), **fields)), flush=True)
def digest(value):
    return hashlib.sha256(json.dumps(value,sort_keys=True,separators=(',', ':'),allow_nan=False).encode()).hexdigest()
def write_checkpoint(state):
    target = root/'checkpoint.json'
    temporary = root/'checkpoint.pending'
    with temporary.open('w') as stream:
        json.dump(dict(state,checksum=digest(state)),stream,sort_keys=True,allow_nan=False)
        stream.flush()
        os.fsync(stream.fileno())
    os.replace(temporary,target)
    emit('checkpoint',step=state['step'],state_hash=digest(state))
try:
    emit('started',pid=os.getpid(),backend=jax.default_backend(),device_count=jax.device_count())
    if jax.default_backend() != cfg['backend'] or jax.device_count() < cfg['min_devices']:
        raise ValueError('runtime backend/device contract failed')
    x = jnp.linspace(-1.,1.,64)
    y = 2*x+1
    data_hash = digest(dict(x=np.asarray(x).tolist(),y=np.asarray(y).tolist()))
    training = {name:cfg[name] for name in ('seed','learning_rate','momentum','batch_size')}
    config_hash = digest(training)
    if cfg['resume']:
        saved = json.loads((root/'checkpoint.json').read_text())
        checksum = saved.pop('checksum',None)
        if checksum != digest(saved) or saved.get('worker_hash') != worker_hash:
            raise ValueError('checkpoint checksum/source mismatch')
        if saved['schema_version'] != 1 or saved['config_hash'] != config_hash or saved['data_hash'] != data_hash:
            raise ValueError('checkpoint provenance mismatch')
        state = saved
        step = saved['step']
        params=jnp.array(saved['params'])
        velocity=jnp.array(saved['velocity'])
        key=jnp.array(saved['key'],dtype=jnp.uint32)
        if not isinstance(step,int) or isinstance(step,bool) or step < 0 or step > cfg['steps'] or params.shape != (2,) or velocity.shape != (2,) or key.shape != (2,):
            raise ValueError('invalid checkpoint state shape or step')
        if not bool(jnp.all(jnp.isfinite(params))) or not bool(jnp.all(jnp.isfinite(velocity))):
            raise ValueError('nonfinite checkpoint state')
        emit('restored',step=step,state_hash=digest(saved))
    else:
        step=0
        params=jnp.zeros(2)
        velocity=jnp.zeros(2)
        key=jax.random.PRNGKey(cfg['seed'])
    def update(params,velocity,key):
        key, sample = jax.random.split(key)
        indices=jax.random.choice(sample,64,(cfg['batch_size'],),replace=False)
        objective=lambda p:jnp.mean((p[0]*x[indices]+p[1]-y[indices])**2)
        loss, grad=jax.value_and_grad(objective)(params)
        velocity=cfg['momentum']*velocity+grad
        params=params-cfg['learning_rate']*velocity
        return params,velocity,key,loss
    compiled=jax.jit(update)
    # Compile and synchronize once without consuming actual training state.
    begin=time.perf_counter()
    warm=compiled(params,velocity,key)
    jax.block_until_ready(warm)
    emit('ready',compile_warmup_s=time.perf_counter()-begin,step=step)
    while step < cfg['steps']:
        if cfg.get('stall_at') == step:
            emit('stall_injected',step=step)
            time.sleep(cfg.get('stall_seconds',10.))
        begin=time.perf_counter()
        params,velocity,key,loss=compiled(params,velocity,key)
        jax.block_until_ready((params,velocity,key,loss))
        elapsed=time.perf_counter()-begin
        step+=1
        state=dict(schema_version=1,worker_hash=worker_hash,step=step,params=np.asarray(params).tolist(),velocity=np.asarray(velocity).tolist(),key=np.asarray(key).tolist(),config_hash=config_hash,data_hash=data_hash)
        emit('progress',step=step,loss=float(loss),examples=cfg['batch_size'],update_s=elapsed,state_hash=digest(state))
        if step % cfg['checkpoint_every'] == 0 or step == cfg['steps']:
            write_checkpoint(state)
        if cfg.get('fail_after') == step:
            raise RuntimeError('controlled failure after update')
    write_checkpoint(state)
    emit('completed',step=step,state_hash=digest(state))
except Exception as error:
    emit('failed',kind=type(error).__name__,message=str(error))
    raise SystemExit(23)
'''
The string is a real Python program launched in a separate process. It emits structured events, synchronizes JAX updates and preserves complete state.
Add bounded launch and result collection
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 3 — Add bounded launch and result collection: The supervisor owns the child handle, captures its output and...
def default_config(**changes):
    cfg=dict(seed=3,learning_rate=.04,momentum=.8,batch_size=8,steps=8,
             checkpoint_every=2,backend='cpu',min_devices=1,resume=False,
             fail_after=None,stall_at=None,stall_seconds=10.)
    # Update state in place with the new values.
    cfg.update(changes)
    for name in ('steps','checkpoint_every','batch_size','min_devices'):
        # Guard input contract (`not isinstance(cfg[name], int) or isinstance(cfg[name], bool) or cfg[name] < 1`) and fail fast if violated.
        if not isinstance(cfg[name],int) or isinstance(cfg[name],bool) or cfg[name] < 1:
            raise ValueError(name+' must be a positive integer')
    # Guard input contract (`cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or (not 0 < cfg['learning_rate'] < 1)`) and fail fast if violated.
    if cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or not 0 < cfg['learning_rate'] < 1:
        raise ValueError('invalid training configuration')
    return cfg


def launch(root, config=None, timeout=10.):
    root=Path(root)
    root.mkdir(parents=True,exist_ok=True)
    cfg=default_config(**(config or {}))
    # Guard input contract (`timeout <= 0`) and fail fast if violated.
    if timeout <= 0:
        raise ValueError('timeout must be positive')
    atomic_json(root/'config.json',cfg)
    worker=root/'worker.py'
    worker.write_text(WORKER)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,JAX_PLATFORMS=cfg['backend'],PYTHONUNBUFFERED='1')
    started=time.perf_counter()
    process=subprocess.Popen([sys.executable,str(worker),str(root)],stdout=subprocess.PIPE,stderr=subprocess.PIPE,text=True,env=env)
    timed_out=False
    try:
        stdout,stderr=process.communicate(timeout=timeout)
    except subprocess.TimeoutExpired:
        timed_out=True
        process.terminate()
        try:
            stdout,stderr=process.communicate(timeout=1.)
        except subprocess.TimeoutExpired:
            process.kill()
            stdout,stderr=process.communicate(timeout=1.)
    wall=time.perf_counter()-started
    events=[]
    malformed=[]
    for line in stdout.splitlines():
        if not line.strip():
            continue
        try:
            event=json.loads(line)
            if not isinstance(event,dict) or 'event' not in event:
                raise ValueError('not an event')
            events.append(event)
        except (ValueError,TypeError):
            malformed.append(line)
    status='timed_out' if timed_out else 'completed' if process.returncode == 0 and not malformed and events and events[-1]['event']=='completed' else 'failed'
    # Compute deterministic cryptographic digest `result` for provenance verification.
    result=dict(status=status,returncode=process.returncode,wall_s=wall,events=events,stderr=stderr,
                worker_hash=hashlib.sha256(WORKER.encode()).hexdigest(),config=cfg,malformed_stdout=malformed)
    atomic_json(root/'run.json',result)
    return result
The supervisor owns the child handle, captures its output and always waits for termination after a timeout.
Rehearse a failure and verify every resumed update
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 4 — Rehearse a failure and verify every resumed update: All files stay inside one temporary drill directory; the two runs...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='ops-recovery-') as folder:
    base=Path(folder)
    uninterrupted=launch(base/'full')
    failed=launch(base/'resume',dict(fail_after=3))
    committed=json.loads((base/'resume'/'checkpoint.json').read_text())
    assert committed['step']==2
    resumed=launch(base/'resume',dict(resume=True))
    final_full=json.loads((base/'full'/'checkpoint.json').read_text())
    final_resumed=json.loads((base/'resume'/'checkpoint.json').read_text())
assert failed['status']=='failed' and resumed['status']=='completed'
assert final_full==final_resumed
full_events={e['step']:e for e in uninterrupted['events'] if e['event']=='progress'}
resume_events=[e for e in resumed['events'] if e['event']=='progress']
assert [e['step'] for e in resume_events]==[3,4,5,6,7,8]
assert all(e['state_hash']==full_events[e['step']]['state_hash'] for e in resume_events)
print('restored step:',committed['step'],'replayed updates:',[e['step'] for e in resume_events])
print('all next-update state hashes match:',final_full==final_resumed)
All files stay inside one temporary drill directory; the two runs have independent output paths.
Run the example
The assembled script is in the separate solutions and code appendix.
The failure leaves checkpoint step 22. Resuming replays steps 33 through 88, and every complete-state hash plus the final checkpoint matches uninterrupted execution.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare state, not only loss
Predict before running: Could two different states have the same current loss?
# Experiment — Compare state, not only loss: Loss is a scalar projection of a much larger state; equal loss...
for event in resume_events:
    original=full_events[event['step']]
    assert event['state_hash']==original['state_hash']
    assert event['loss']==original['loss']
assert all(name in committed for name in ['params','velocity','key','step','data_hash','config_hash','worker_hash'])
All state fields and later hashes support the continuation claim.
Loss is a scalar projection of a much larger state; equal loss alone would not prove the next update is correct.
Reject a changed training rule
Predict before running: Should a learning-rate change be silently accepted as an exact resume?
# Experiment — Reject a changed training rule: A deliberate branch experiment is valid when explicitly labeled,...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    launch(folder,dict(steps=4))
    incompatible=launch(folder,dict(steps=8,resume=True,learning_rate=.05))
assert incompatible['status']=='failed'
assert any(e['event']=='failed' and 'provenance' in e['message'] for e in incompatible['events'])
Restore rejects the incompatible training configuration.
A deliberate branch experiment is valid when explicitly labeled, but it is not the same-run recovery being tested here.
Your exercise
Repeat the recovery drill with seed 99, checkpoint cadence 33 and failure after update 55. Verify restoration at step 33 and equality with a matching uninterrupted run.
Attempt this before consulting the separate solutions appendix.
Reject accidental checkpoint corruption
Transfer / diagnosis
After saving a checkpoint, alter one momentum value without updating its checksum, then attempt to restore.
Hint
The expected outcome is a failed restore; preserve the failure event.
Explain a weights-only mismatch by hand
Transfer / diagnosis
Let saved velocity be 22, the next gradient 33, momentum 0.80.8, and learning rate 0.10.1. Compare the correct parameter decrement with a reset-momentum decrement.
Hint
Apply the recurrence before multiplying by the learning rate.
Checkpoint
Which evidence most directly supports a correct resume?
	The process prints started again
	The next and later complete training states match a compatible uninterrupted run
	The final loss is finite

Answer and explanation are in the separate solutions appendix.
Diagnose the result
When replay diverges immediately, compare saved key, momentum, step and data/config/source hashes before changing numerical tolerances. When restore rejects a checksum, retain the artifact for diagnosis rather than rewriting its checksum. When two workers target one checkpoint directory, stop the duplicate writer before continuing.
Carry forward
	A checkpoint is a precise state boundary, including optimizer and randomness.
	A runbook becomes evidence only after a controlled failure and verified recovery.

Your evidence
Keep the injected failure timeline, accepted checkpoint identity and full-state comparisons for every resumed update. Record the incompatible and corrupted restore rejections.
Primary references
	Python subprocess management
	Python os.replace and fsync
	JAX asynchronous dispatch and synchronization
	JAX device discovery

Changes, rollback, and artifact provenance
Separate content identity, validation evidence and active selection. Reject corrupt or failed artifacts before a pointer change.
What you will be able to do
	Separate content identity, validation evidence and active selection.
	Reject corrupt or failed artifacts before a pointer change.
	Rehearse a reversible local artifact selection and document its limits.

The problem
A new artifact is available, but which exact bytes are currently selected, and can we return to the previous valid version after a bad change? We will create content-addressed artifacts from an actual trained checkpoint, test a validation gate, atomically change one local selection pointer and rehearse rollback.
The idea
A candidate artifact can exist without serving users. Validation, activation and rollback are separate release transitions. Bind each decision to immutable artifact identity so rejected candidates cannot accidentally change the active system.
Publishing is different from activating
Imagine candidate B is uploaded while artifact A remains active. If B fails evaluation, the correct transition leaves A active. The presence of B in storage is not permission to select it.
Rollback should select a known compatible artifact together with its processor and configuration. Restoring only weights while leaving an incompatible tokenizer or schema in place can create another failure.
The artifact-selection bars summarize discrete identities; their numeric height is not a quality score. Read them as a sequence of accepted or rejected transitions. A state diagram makes the unchanged active identity on rejection easier to verify.
Rejected candidates do not become active
Predict: Should a rejected candidate change the active artifact pointer?
[image: Candidate B can exist while A remains active. Only the passing branch permits activation under the policy; failure keeps A selected. Letters identify artifacts, not scores. Preserve compatible processor and configuration identities with the selected model.]Architecture and dataflow mechanism diagram.Candidate B can exist while A remains active. Only the passing branch permits activation under the policy; failure keeps A selected. Letters identify artifacts, not scores. Preserve compatible processor and configuration identities with the selected model.
Pause and reason
Should a rejected candidate change the active artifact pointer?
Compare your reasoningNo. The rejection should leave the active release unchanged. Test that invariant directly, including its configuration and processor identities.
ArtifactID=sha256⁡(weights  ∥  config  ∥  tokenizer)\text{ArtifactID} = \operatorname{sha256}(\text{weights} \;\|\; \text{config} \;\|\; \text{tokenizer})A name is not a content identity
Filenames such as latest or final can be overwritten without revealing that the bytes changed. Our artifact ID is the SHA-256 digest of a canonical JSON encoding with sorted keys and nonfinite values rejected. Reordering dictionary insertion alone does not change that encoding. Changing a parameter, source hash or even a release note produces a different ID. This identity detects changed bytes; it does not prove that the artifact is correct or authorized.
Attach enough provenance to reproduce the question
The artifact includes worker-source hash, training-configuration hash, data hash, full state and a validation record. These fields tie a claimed result to a concrete experiment. The local validation flag is a demonstration gate supplied by this trusted authoring workflow; it is not a signed attestation or protection against an adversarial publisher. A production registry needs access controls, trusted validators and policies appropriate to its use. Activation also independently evaluates the two model parameters on fixed held-out inputs (−1.5,−0.37,0.22,1.5)(-1.5,-0.37,0.22,1.5), using the known relationship y=2x+1y=2x+1. It requires mean squared error no larger than 11. This intentionally permissive fixture gate checks that a changed model is actually evaluated; it is not a production quality threshold.
Publish without affecting the current reader
publish writes a complete content-addressed file but does not create or change active.json. This permits inspection before use. activate reads that file, recomputes its digest and checks the gate before replacing the pointer. A failed gate leaves the current pointer byte-for-byte unchanged. The pointer contains current and previous IDs so an operator can identify what changed.
Keep selection atomic and scope the guarantee
The atomic helper writes to a temporary sibling file, flushes and fsyncs it, then replaces the selected filename. The exercise has one writer and a local filesystem. It does not provide compare-and-swap against concurrent deployments, distributed consensus, atomic updates across multiple files or guaranteed power-loss durability. A multi-writer service must add a concurrency contract rather than assuming this example already supplies one.
Rollback is another checked selection
Rollback reads the previous ID and calls the same activation path. It therefore rejects a previous artifact that has become corrupt. Selecting older weights does not undo external side effects, database migrations, changed data schemas or requests already served. Here the only changed operational state is a local pointer to a compatible JSON artifact. Describe that bounded result precisely.
A change record should support diagnosis
Retain previous and candidate IDs, source/config/data hashes, the gate result, and why the change or rollback occurred. In this exercise the second valid artifact differs only in reviewed metadata, which makes the byte-level identity test unambiguous. The separate degraded-model experiment changes actual parameters and is rejected by the measured held-out gate; the accepted metadata revision is not claimed to improve predictions.
The selected artifact changes only after a passing gate
Predict: Should publishing or rejecting a candidate move the active selection?
[image: The selected artifact changes only after a passing gate. The horizontal categories are actions in the executed local release drill. The vertical values are categorical codes: \(1\) means artifact A and \(2\) means artifact B. They are identifiers, not quality scores. The selected ID remains A after publishing B, changes to B after activation, stays B after a rejected candidate, and returns to A after rollback.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories are actions in the executed local release drill. The vertical values are categorical codes: 11 means artifact A and 22 means artifact B. They are identifiers, not quality scores. The selected ID remains A after publishing B, changes to B after activation, stays B after a rejected candidate, and returns to A after rollback.
Connect it to the computation
The flat pair around the rejected gate is the important invariant: failure must not partially change the active pointer. Every transition in the diagram is backed by a read of the local pointer in the figure experiment. The result proves a single-writer local selection workflow, not a multi-host rollout or rollback of external side effects.
Create the local artifact helpers
Create main.py with this block. Run python3 main.py in the CPU course environment.
# Step 1: Create the local artifact helpers
"""Bounded local JAX subprocess supervisor and lifecycle verifier."""
from pathlib import Path
import hashlib
import json
import math
import os
import subprocess
import sys
import tempfile
import time


def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()


def atomic_json(path, value):
    """Replace one local JSON file only after its bytes have been flushed."""
    path = Path(path)
    path.parent.mkdir(parents=True, exist_ok=True)
    fd, temporary = tempfile.mkstemp(prefix=path.name+'.', suffix='.tmp', dir=path.parent)
    # Run the boundary check and catch the expected exception:
    try:
        # Enter `os.fdopen(fd, 'w')` context block:
        with os.fdopen(fd, 'w') as stream:
            json.dump(value, stream, sort_keys=True, allow_nan=False)
            stream.flush()
            os.fsync(stream.fileno())
        os.replace(temporary, path)
    finally:
        if os.path.exists(temporary):
            os.unlink(temporary)
The only filesystem writes are to the caller-selected run directory. Stable JSON encoding makes hashes reproducible.
Define the supervised worker
Append this block to main.py. Run python3 main.py in the CPU course environment.
# This file is materialized only inside the caller-owned temporary run folder.
WORKER = r'''
import hashlib, json, os, sys, time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
root = Path(sys.argv[1])
cfg = json.loads((root/'config.json').read_text())
worker_hash = hashlib.sha256(Path(__file__).read_bytes()).hexdigest()
def emit(event, **fields):
    print(json.dumps(dict(event=event, monotonic_s=time.monotonic(), **fields)), flush=True)
def digest(value):
    return hashlib.sha256(json.dumps(value,sort_keys=True,separators=(',', ':'),allow_nan=False).encode()).hexdigest()
def write_checkpoint(state):
    target = root/'checkpoint.json'
    temporary = root/'checkpoint.pending'
    with temporary.open('w') as stream:
        json.dump(dict(state,checksum=digest(state)),stream,sort_keys=True,allow_nan=False)
        stream.flush()
        os.fsync(stream.fileno())
    os.replace(temporary,target)
    emit('checkpoint',step=state['step'],state_hash=digest(state))
try:
    emit('started',pid=os.getpid(),backend=jax.default_backend(),device_count=jax.device_count())
    if jax.default_backend() != cfg['backend'] or jax.device_count() < cfg['min_devices']:
        raise ValueError('runtime backend/device contract failed')
    x = jnp.linspace(-1.,1.,64)
    y = 2*x+1
    data_hash = digest(dict(x=np.asarray(x).tolist(),y=np.asarray(y).tolist()))
    training = {name:cfg[name] for name in ('seed','learning_rate','momentum','batch_size')}
    config_hash = digest(training)
    if cfg['resume']:
        saved = json.loads((root/'checkpoint.json').read_text())
        checksum = saved.pop('checksum',None)
        if checksum != digest(saved) or saved.get('worker_hash') != worker_hash:
            raise ValueError('checkpoint checksum/source mismatch')
        if saved['schema_version'] != 1 or saved['config_hash'] != config_hash or saved['data_hash'] != data_hash:
            raise ValueError('checkpoint provenance mismatch')
        state = saved
        step = saved['step']
        params=jnp.array(saved['params'])
        velocity=jnp.array(saved['velocity'])
        key=jnp.array(saved['key'],dtype=jnp.uint32)
        if not isinstance(step,int) or isinstance(step,bool) or step < 0 or step > cfg['steps'] or params.shape != (2,) or velocity.shape != (2,) or key.shape != (2,):
            raise ValueError('invalid checkpoint state shape or step')
        if not bool(jnp.all(jnp.isfinite(params))) or not bool(jnp.all(jnp.isfinite(velocity))):
            raise ValueError('nonfinite checkpoint state')
        emit('restored',step=step,state_hash=digest(saved))
    else:
        step=0
        params=jnp.zeros(2)
        velocity=jnp.zeros(2)
        key=jax.random.PRNGKey(cfg['seed'])
    def update(params,velocity,key):
        key, sample = jax.random.split(key)
        indices=jax.random.choice(sample,64,(cfg['batch_size'],),replace=False)
        objective=lambda p:jnp.mean((p[0]*x[indices]+p[1]-y[indices])**2)
        loss, grad=jax.value_and_grad(objective)(params)
        velocity=cfg['momentum']*velocity+grad
        params=params-cfg['learning_rate']*velocity
        return params,velocity,key,loss
    compiled=jax.jit(update)
    # Compile and synchronize once without consuming actual training state.
    begin=time.perf_counter()
    warm=compiled(params,velocity,key)
    jax.block_until_ready(warm)
    emit('ready',compile_warmup_s=time.perf_counter()-begin,step=step)
    while step < cfg['steps']:
        if cfg.get('stall_at') == step:
            emit('stall_injected',step=step)
            time.sleep(cfg.get('stall_seconds',10.))
        begin=time.perf_counter()
        params,velocity,key,loss=compiled(params,velocity,key)
        jax.block_until_ready((params,velocity,key,loss))
        elapsed=time.perf_counter()-begin
        step+=1
        state=dict(schema_version=1,worker_hash=worker_hash,step=step,params=np.asarray(params).tolist(),velocity=np.asarray(velocity).tolist(),key=np.asarray(key).tolist(),config_hash=config_hash,data_hash=data_hash)
        emit('progress',step=step,loss=float(loss),examples=cfg['batch_size'],update_s=elapsed,state_hash=digest(state))
        if step % cfg['checkpoint_every'] == 0 or step == cfg['steps']:
            write_checkpoint(state)
        if cfg.get('fail_after') == step:
            raise RuntimeError('controlled failure after update')
    write_checkpoint(state)
    emit('completed',step=step,state_hash=digest(state))
except Exception as error:
    emit('failed',kind=type(error).__name__,message=str(error))
    raise SystemExit(23)
'''
The string is a real Python program launched in a separate process. It emits structured events, synchronizes JAX updates and preserves complete state.
Add bounded launch and result collection
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 3 — Add bounded launch and result collection: The supervisor owns the child handle, captures its output and...
def default_config(**changes):
    cfg=dict(seed=3,learning_rate=.04,momentum=.8,batch_size=8,steps=8,
             checkpoint_every=2,backend='cpu',min_devices=1,resume=False,
             fail_after=None,stall_at=None,stall_seconds=10.)
    # Update state in place with the new values.
    cfg.update(changes)
    for name in ('steps','checkpoint_every','batch_size','min_devices'):
        # Guard input contract (`not isinstance(cfg[name], int) or isinstance(cfg[name], bool) or cfg[name] < 1`) and fail fast if violated.
        if not isinstance(cfg[name],int) or isinstance(cfg[name],bool) or cfg[name] < 1:
            raise ValueError(name+' must be a positive integer')
    # Guard input contract (`cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or (not 0 < cfg['learning_rate'] < 1)`) and fail fast if violated.
    if cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or not 0 < cfg['learning_rate'] < 1:
        raise ValueError('invalid training configuration')
    return cfg


def launch(root, config=None, timeout=10.):
    root=Path(root)
    root.mkdir(parents=True,exist_ok=True)
    cfg=default_config(**(config or {}))
    # Guard input contract (`timeout <= 0`) and fail fast if violated.
    if timeout <= 0:
        raise ValueError('timeout must be positive')
    atomic_json(root/'config.json',cfg)
    worker=root/'worker.py'
    worker.write_text(WORKER)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,JAX_PLATFORMS=cfg['backend'],PYTHONUNBUFFERED='1')
    started=time.perf_counter()
    process=subprocess.Popen([sys.executable,str(worker),str(root)],stdout=subprocess.PIPE,stderr=subprocess.PIPE,text=True,env=env)
    timed_out=False
    try:
        stdout,stderr=process.communicate(timeout=timeout)
    except subprocess.TimeoutExpired:
        timed_out=True
        process.terminate()
        try:
            stdout,stderr=process.communicate(timeout=1.)
        except subprocess.TimeoutExpired:
            process.kill()
            stdout,stderr=process.communicate(timeout=1.)
    wall=time.perf_counter()-started
    events=[]
    malformed=[]
    for line in stdout.splitlines():
        if not line.strip():
            continue
        try:
            event=json.loads(line)
            if not isinstance(event,dict) or 'event' not in event:
                raise ValueError('not an event')
            events.append(event)
        except (ValueError,TypeError):
            malformed.append(line)
    status='timed_out' if timed_out else 'completed' if process.returncode == 0 and not malformed and events and events[-1]['event']=='completed' else 'failed'
    # Compute deterministic cryptographic digest `result` for provenance verification.
    result=dict(status=status,returncode=process.returncode,wall_s=wall,events=events,stderr=stderr,
                worker_hash=hashlib.sha256(WORKER.encode()).hexdigest(),config=cfg,malformed_stdout=malformed)
    atomic_json(root/'run.json',result)
    return result
The supervisor owns the child handle, captures its output and always waits for termination after a timeout.
Add content-addressed publication and selection
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 4 — Add content-addressed publication and selection: Publication and activation are separate; rollback uses the same...
def publish(store, artifact):
    """Content-address one JSON artifact. Publishing does not activate it."""
    store=Path(store)
    identifier=digest(artifact)
    atomic_json(store/'artifacts'/(identifier+'.json'),artifact)
    return identifier


def read_artifact(store, identifier):
    # Guard input contract (`len(identifier) != 64 or any((c not in '0123456789abcdef' for c in identifier))`) and fail fast if violated.
    if len(identifier) != 64 or any(c not in '0123456789abcdef' for c in identifier):
        raise ValueError('invalid artifact identifier')
    artifact=json.loads((Path(store)/'artifacts'/(identifier+'.json')).read_text())
    # Guard input contract (`digest(artifact) != identifier`) and fail fast if violated.
    if digest(artifact) != identifier:
        raise ValueError('artifact digest mismatch')
    return artifact


def artifact_metrics(artifact):
    """Independent held-out arithmetic for this fixed linear-model release contract."""
    params=artifact.get('state',{}).get('params',[])
    # Guard input contract (`len(params) != 2 or any((not math.isfinite(float(v)) for v in params))`) and fail fast if violated.
    if len(params)!=2 or any(not math.isfinite(float(v)) for v in params):
        raise ValueError('invalid model parameters')
    inputs=(-1.5,-.37,.22,1.5)
    mse=sum((params[0]*x+params[1]-(2*x+1))**2 for x in inputs)/len(inputs)
    return dict(held_out_mse=mse,acceptance_limit=1.,passed=mse<=1.)


def activate(store, identifier):
    artifact=read_artifact(store,identifier)
    # Guard input contract (`artifact.get('validation', {}).get('passed') is not True`) and fail fast if violated.
    if artifact.get('validation',{}).get('passed') is not True:
        raise ValueError('artifact has no passing validation evidence')
    required=['worker_hash','config_hash','data_hash','state']
    # Guard input contract (`any((name not in artifact for name in required))`) and fail fast if violated.
    if any(name not in artifact for name in required):
        raise ValueError('artifact provenance incomplete')
    # Guard input contract (`not artifact_metrics(artifact)['passed']`) and fail fast if violated.
    if not artifact_metrics(artifact)['passed']:
        raise ValueError('held-out model validation failed')
    previous=None
    pointer=Path(store)/'active.json'
    if pointer.exists():previous=json.loads(pointer.read_text())['current']
    atomic_json(pointer,dict(current=identifier,previous=previous))
    return identifier


def rollback(store):
    pointer=json.loads((Path(store)/'active.json').read_text())
    # Guard input contract (`not pointer.get('previous')`) and fail fast if violated.
    if not pointer.get('previous'):raise ValueError('no previous version')
    return activate(store,pointer['previous'])
Publication and activation are separate; rollback uses the same integrity and validation checks.
Rehearse a local release and rollback
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 5 — Rehearse a local release and rollback: The artifact contains a checkpoint from an actual successful JAX job.
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='ops-release-') as folder:
    base=Path(folder)
    run=launch(base/'run')
    state=json.loads((base/'run'/'checkpoint.json').read_text())
    store=base/'registry'
    artifact=dict(worker_hash=run['worker_hash'],config_hash=state['config_hash'],data_hash=state['data_hash'],state=state,validation={'passed':True,'check':'completed CPU fixture and checksum'})
    version_a=publish(store,artifact)
    assert not (store/'active.json').exists()
    activate(store,version_a)
    version_b=publish(store,dict(artifact,release_note='reviewed metadata revision'))
    activate(store,version_b)
    rejected=publish(store,dict(artifact,validation={'passed':False}))
    before=(store/'active.json').read_bytes()
    try:
        activate(store,rejected)
    except ValueError:
        rejected_without_change=(store/'active.json').read_bytes()==before
    else:
        raise AssertionError('bad release activated')
    assert rejected_without_change
    assert rollback(store)==version_a
    chosen=json.loads((store/'active.json').read_text())
    assert chosen['current']==version_a
print('first / second content IDs:',version_a,version_b)
print('failed gate kept selection:',rejected_without_change,'rollback restored first:',chosen['current']==version_a)
The artifact contains a checkpoint from an actual successful JAX job. The pointer changes only after its gate passes.
Run the example
The assembled script is in the separate solutions and code appendix.
Publishing leaves the active pointer unchanged. A failed validation gate cannot change it, and rollback selects the first verified content ID again.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Identity follows content rather than key insertion order
Predict before running: Will dictionary key insertion order change the canonical content ID?
# Experiment — Identity follows content rather than key insertion order: Canonical encoding removes an incidental representation...
assert digest({'a':1,'b':2})==digest({'b':2,'a':1})
assert digest({'a':1,'b':2})!=digest({'a':1,'b':3})
Equivalent mappings share an ID; changed values do not.
Canonical encoding removes an incidental representation difference but preserves meaningful payload changes.
Detect corruption before activation
Predict before running: What happens if the stored file no longer matches its content ID?
# Experiment — Detect corruption before activation: A filename containing a hash is not enough: the reader must...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    identifier=publish(folder,artifact)
    # Write the serialized artifact payload to disk.
    (Path(folder)/'artifacts'/(identifier+'.json')).write_text('{}')
    # Run the boundary check and catch the expected exception:
    try:
        activate(folder,identifier)
    except ValueError as error:
        assert 'digest' in str(error)
    else:
        raise AssertionError('corruption accepted')
    assert not (Path(folder)/'active.json').exists()
The corrupted artifact is rejected before any pointer appears.
A filename containing a hash is not enough: the reader must recompute and compare the payload digest.
Reject an actually degraded model
Predict before running: Can a candidate with a claimed passing flag bypass the measured quality gate?
# Experiment — Reject an actually degraded model: Measured validation and claimed validation are distinct.
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    stable=publish(folder,artifact)
    activate(folder,stable)
    degraded=dict(artifact,state=dict(artifact['state'],params=[100.,-100.]))
    candidate=publish(folder,degraded)
    assert artifact_metrics(degraded)['held_out_mse'] > 1.
    before=(Path(folder)/'active.json').read_bytes()
    try:activate(folder,candidate)
    except ValueError as error:assert 'held-out' in str(error)
    else:raise AssertionError('degraded model activated')
    assert before==(Path(folder)/'active.json').read_bytes()
The known held-out relationship detects the changed model despite its passing claim.
Measured validation and claimed validation are distinct. The local gate recomputes the prediction error before selection.
Your exercise
Publish two compatible validated artifacts that differ in an explicit release note. Activate both in sequence, then rollback and verify the exact selected ID and content.
Attempt this before consulting the separate solutions appendix.
Reject an incomplete provenance record
Transfer / diagnosis
Construct a payload claiming passing validation but lacking the worker-source hash. Verify that it cannot become active.
Hint
A boolean flag does not replace required source/config/data evidence.
Check rollback without history
Transfer / diagnosis
Attempt rollback before any previous artifact exists, then verify the first activation remains selected.
Hint
A failed rollback must not clear the current selection.
Checkpoint
What does a matching artifact digest establish?
	The payload matches its recorded content identity
	The model is accurate on all future data
	The publisher is authenticated and authorized

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a candidate cannot activate, distinguish a digest mismatch, missing provenance and a failed quality gate. Do not repair a corrupt payload by renaming it to its newly computed hash without understanding the change. If rollback fails, verify that previous content still exists and remains compatible before editing the selection pointer.
Carry forward
	Content identity, validation and activation answer separate questions.
	Rollback must be rehearsed against the actual selection and compatibility contracts.

Your evidence
Keep source/configuration/data hashes, actual held-out candidate predictions, the rejected degraded release and unchanged active pointer, followed by verified rollback.
Primary references
	Python subprocess management
	Python os.replace and fsync
	JAX asynchronous dispatch and synchronization
	JAX device discovery

Capacity, utilization, and operating cost
Measure end-to-end local service time at more than one workload length. Compute offered load, worker reserve and illustrative cost with consistent units.
What you will be able to do
	Measure end-to-end local service time at more than one workload length.
	Compute offered load, worker reserve and illustrative cost with consistent units.
	Identify assumptions that prevent a CPU fixture from establishing accelerator fleet capacity.

The problem
A short local training job finishes quickly. How many workers would a stream of jobs require, and what can this measurement actually tell us about cost? We will measure complete CPU jobs of several lengths, separate update work from startup overhead and apply transparent capacity arithmetic to explicitly hypothetical arrival rates and prices.
The idea
Operating cost depends on resource allocation, runtime and the billing model. A workload's fraction of time in useful updates is not the same as device utilization. Keep cost accounting and performance measurements explicit.
Account for billed time as well as useful work
A job may spend time provisioning, loading, compiling, updating and shutting down. For short jobs, fixed startup costs can dominate even if the update loop is efficient. Reusing a warm service changes that tradeoff but introduces its own allocation costs.
Track the resource count and billed interval under the actual pricing assumptions. If a rate is hypothetical, label the resulting cost as modeled. A duration multiplied by an assumed price is not an invoice.
The timing panels compare different intervals. Their ratios can describe job-level busy fraction, but they do not measure accelerator instruction or memory utilization. Choose the metric that answers the operational question before optimizing it.
Pause and reason
Can a high fraction of time in the update loop prove high accelerator utilization?
Compare your reasoningNo. The loop can wait on data, synchronization or inefficient kernels. Device utilization requires suitable device observations in addition to job timing.
Measure the service boundary you intend to provision
We run jobs with 88, 3232 and 6464 updates in fresh child processes. Supervisor wall time includes imports, runtime startup, compilation, updates, logs and checkpoints. If a production worker stays warm across many jobs, this measurement overstates repeated startup cost; if production adds queueing or remote data, it understates those delays. Write the boundary alongside the number. We use the maximum of these three local observations as an illustrative conservative input, not a statistical tail estimate.
Convert seconds into worker demand
Let λ\lambda be arrivals per hour, tt seconds per job and mm workers, each running one job at a time. Offered demand is λt/3600\lambda t/3600 worker-hours per hour. Nominal load is this demand divided by mm. The units cancel to a fraction. A load above one means average demand exceeds nominal capacity under the model; a load below one does not guarantee a latency target.
ρ=λt3600m\rho=\frac{\lambda t}{3600m}State the reserve rather than hiding it
For reserve fraction rr, require nominal load no greater than 1−r1-r. The smallest integer worker count in this simple model is the ceiling below, with at least one worker in our function. For 9090-second jobs arriving 8080 times an hour, demand is 22 worker-hours per hour. A 2525% reserve requires at least 33 workers; four workers would run at nominal load 0.50.5.
mmin⁡=⌈λt3600(1−r)⌉m_{\min}=\left\lceil\frac{\lambda t}{3600(1-r)}\right\rceilA cost number needs a declared price model
We use an invented planning rate of 1.501.50 currency units per worker-hour, explicitly not a current cloud price. Reserving two workers for an hour costs 33 under that model, whether busy or idle. A job’s active-time cost is pt/3600pt/3600 for hourly rate pp, but dividing the reserved hourly bill by actual completed jobs can produce a different cost per completion. Include idle capacity, failed attempts, storage and transfer charges when those belong to the real budget.
Do not confuse duty fraction with hardware utilization
The worker records seconds inside synchronized compiled updates. Dividing their sum by job wall time is an application duty fraction. A small value in a tiny job mostly reflects startup and operational overhead. It does not measure CPU core occupancy, accelerator compute utilization, memory-bandwidth pressure or scheduler allocation. Those require their own target-specific measurements. Increasing update count can amortize startup without making each update intrinsically faster.
Capacity is a distribution, not just a mean
Real arrivals can burst, job durations can vary, failures consume retries, and a worker may be unavailable. Three short measurements cannot estimate a high percentile reliably. Retain individual timings, choose a larger representative study on the actual target, and test the queue/latency objective before buying capacity. The local examples execute real jobs; all arrival, reserve and price scenarios remain labeled assumptions.
Short jobs spend time outside the update loop
Predict: Will doubling the number of updates double total process time?
[image: Short jobs spend time outside the update loop. The horizontal categories in both panels are actual jobs with \(8\), \(32\) and \(64\) updates. The upper panel shows complete supervisor wall time in seconds. The lower panel shows the sum of synchronized update times in seconds. The panels use separate linear vertical scales, so compare their labeled numerical values rather than bar heights across panels. The labels retain the actual measurements from this run.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories in both panels are actual jobs with 88, 3232 and 6464 updates. The upper panel shows complete supervisor wall time in seconds. The lower panel shows the sum of synchronized update times in seconds. The panels use separate linear vertical scales, so compare their labeled numerical values rather than bar heights across panels. The labels retain the actual measurements from this run.
Connect it to the computation
The lower-panel values are much smaller than the complete-job values because startup, compilation, logging and checkpoint writes are outside the update timer. Calculate each pair’s ratio from its labels to see how much of the short job is spent in measured updates. The ratio can be large for such small workloads. Host scheduling and filesystem work vary, so close wall-time values need not increase monotonically with update count. This figure explains timing boundaries and startup amortization; it does not measure hardware utilization or prove scaling on an accelerator.
Create the local artifact helpers
Create main.py with this block. Run python3 main.py in the CPU course environment.
# Step 1: Create the local artifact helpers
"""Bounded local JAX subprocess supervisor and lifecycle verifier."""
from pathlib import Path
import hashlib
import json
import math
import os
import subprocess
import sys
import tempfile
import time


def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()


def atomic_json(path, value):
    """Replace one local JSON file only after its bytes have been flushed."""
    path = Path(path)
    path.parent.mkdir(parents=True, exist_ok=True)
    fd, temporary = tempfile.mkstemp(prefix=path.name+'.', suffix='.tmp', dir=path.parent)
    # Run the boundary check and catch the expected exception:
    try:
        # Enter `os.fdopen(fd, 'w')` context block:
        with os.fdopen(fd, 'w') as stream:
            json.dump(value, stream, sort_keys=True, allow_nan=False)
            stream.flush()
            os.fsync(stream.fileno())
        os.replace(temporary, path)
    finally:
        if os.path.exists(temporary):
            os.unlink(temporary)
The only filesystem writes are to the caller-selected run directory. Stable JSON encoding makes hashes reproducible.
Define the supervised worker
Append this block to main.py. Run python3 main.py in the CPU course environment.
# This file is materialized only inside the caller-owned temporary run folder.
WORKER = r'''
import hashlib, json, os, sys, time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
root = Path(sys.argv[1])
cfg = json.loads((root/'config.json').read_text())
worker_hash = hashlib.sha256(Path(__file__).read_bytes()).hexdigest()
def emit(event, **fields):
    print(json.dumps(dict(event=event, monotonic_s=time.monotonic(), **fields)), flush=True)
def digest(value):
    return hashlib.sha256(json.dumps(value,sort_keys=True,separators=(',', ':'),allow_nan=False).encode()).hexdigest()
def write_checkpoint(state):
    target = root/'checkpoint.json'
    temporary = root/'checkpoint.pending'
    with temporary.open('w') as stream:
        json.dump(dict(state,checksum=digest(state)),stream,sort_keys=True,allow_nan=False)
        stream.flush()
        os.fsync(stream.fileno())
    os.replace(temporary,target)
    emit('checkpoint',step=state['step'],state_hash=digest(state))
try:
    emit('started',pid=os.getpid(),backend=jax.default_backend(),device_count=jax.device_count())
    if jax.default_backend() != cfg['backend'] or jax.device_count() < cfg['min_devices']:
        raise ValueError('runtime backend/device contract failed')
    x = jnp.linspace(-1.,1.,64)
    y = 2*x+1
    data_hash = digest(dict(x=np.asarray(x).tolist(),y=np.asarray(y).tolist()))
    training = {name:cfg[name] for name in ('seed','learning_rate','momentum','batch_size')}
    config_hash = digest(training)
    if cfg['resume']:
        saved = json.loads((root/'checkpoint.json').read_text())
        checksum = saved.pop('checksum',None)
        if checksum != digest(saved) or saved.get('worker_hash') != worker_hash:
            raise ValueError('checkpoint checksum/source mismatch')
        if saved['schema_version'] != 1 or saved['config_hash'] != config_hash or saved['data_hash'] != data_hash:
            raise ValueError('checkpoint provenance mismatch')
        state = saved
        step = saved['step']
        params=jnp.array(saved['params'])
        velocity=jnp.array(saved['velocity'])
        key=jnp.array(saved['key'],dtype=jnp.uint32)
        if not isinstance(step,int) or isinstance(step,bool) or step < 0 or step > cfg['steps'] or params.shape != (2,) or velocity.shape != (2,) or key.shape != (2,):
            raise ValueError('invalid checkpoint state shape or step')
        if not bool(jnp.all(jnp.isfinite(params))) or not bool(jnp.all(jnp.isfinite(velocity))):
            raise ValueError('nonfinite checkpoint state')
        emit('restored',step=step,state_hash=digest(saved))
    else:
        step=0
        params=jnp.zeros(2)
        velocity=jnp.zeros(2)
        key=jax.random.PRNGKey(cfg['seed'])
    def update(params,velocity,key):
        key, sample = jax.random.split(key)
        indices=jax.random.choice(sample,64,(cfg['batch_size'],),replace=False)
        objective=lambda p:jnp.mean((p[0]*x[indices]+p[1]-y[indices])**2)
        loss, grad=jax.value_and_grad(objective)(params)
        velocity=cfg['momentum']*velocity+grad
        params=params-cfg['learning_rate']*velocity
        return params,velocity,key,loss
    compiled=jax.jit(update)
    # Compile and synchronize once without consuming actual training state.
    begin=time.perf_counter()
    warm=compiled(params,velocity,key)
    jax.block_until_ready(warm)
    emit('ready',compile_warmup_s=time.perf_counter()-begin,step=step)
    while step < cfg['steps']:
        if cfg.get('stall_at') == step:
            emit('stall_injected',step=step)
            time.sleep(cfg.get('stall_seconds',10.))
        begin=time.perf_counter()
        params,velocity,key,loss=compiled(params,velocity,key)
        jax.block_until_ready((params,velocity,key,loss))
        elapsed=time.perf_counter()-begin
        step+=1
        state=dict(schema_version=1,worker_hash=worker_hash,step=step,params=np.asarray(params).tolist(),velocity=np.asarray(velocity).tolist(),key=np.asarray(key).tolist(),config_hash=config_hash,data_hash=data_hash)
        emit('progress',step=step,loss=float(loss),examples=cfg['batch_size'],update_s=elapsed,state_hash=digest(state))
        if step % cfg['checkpoint_every'] == 0 or step == cfg['steps']:
            write_checkpoint(state)
        if cfg.get('fail_after') == step:
            raise RuntimeError('controlled failure after update')
    write_checkpoint(state)
    emit('completed',step=step,state_hash=digest(state))
except Exception as error:
    emit('failed',kind=type(error).__name__,message=str(error))
    raise SystemExit(23)
'''
The string is a real Python program launched in a separate process. It emits structured events, synchronizes JAX updates and preserves complete state.
Add bounded launch and result collection
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 3 — Add bounded launch and result collection: The supervisor owns the child handle, captures its output and...
def default_config(**changes):
    cfg=dict(seed=3,learning_rate=.04,momentum=.8,batch_size=8,steps=8,
             checkpoint_every=2,backend='cpu',min_devices=1,resume=False,
             fail_after=None,stall_at=None,stall_seconds=10.)
    # Update state in place with the new values.
    cfg.update(changes)
    for name in ('steps','checkpoint_every','batch_size','min_devices'):
        # Guard input contract (`not isinstance(cfg[name], int) or isinstance(cfg[name], bool) or cfg[name] < 1`) and fail fast if violated.
        if not isinstance(cfg[name],int) or isinstance(cfg[name],bool) or cfg[name] < 1:
            raise ValueError(name+' must be a positive integer')
    # Guard input contract (`cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or (not 0 < cfg['learning_rate'] < 1)`) and fail fast if violated.
    if cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or not 0 < cfg['learning_rate'] < 1:
        raise ValueError('invalid training configuration')
    return cfg


def launch(root, config=None, timeout=10.):
    root=Path(root)
    root.mkdir(parents=True,exist_ok=True)
    cfg=default_config(**(config or {}))
    # Guard input contract (`timeout <= 0`) and fail fast if violated.
    if timeout <= 0:
        raise ValueError('timeout must be positive')
    atomic_json(root/'config.json',cfg)
    worker=root/'worker.py'
    worker.write_text(WORKER)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,JAX_PLATFORMS=cfg['backend'],PYTHONUNBUFFERED='1')
    started=time.perf_counter()
    process=subprocess.Popen([sys.executable,str(worker),str(root)],stdout=subprocess.PIPE,stderr=subprocess.PIPE,text=True,env=env)
    timed_out=False
    try:
        stdout,stderr=process.communicate(timeout=timeout)
    except subprocess.TimeoutExpired:
        timed_out=True
        process.terminate()
        try:
            stdout,stderr=process.communicate(timeout=1.)
        except subprocess.TimeoutExpired:
            process.kill()
            stdout,stderr=process.communicate(timeout=1.)
    wall=time.perf_counter()-started
    events=[]
    malformed=[]
    for line in stdout.splitlines():
        if not line.strip():
            continue
        try:
            event=json.loads(line)
            if not isinstance(event,dict) or 'event' not in event:
                raise ValueError('not an event')
            events.append(event)
        except (ValueError,TypeError):
            malformed.append(line)
    status='timed_out' if timed_out else 'completed' if process.returncode == 0 and not malformed and events and events[-1]['event']=='completed' else 'failed'
    # Compute deterministic cryptographic digest `result` for provenance verification.
    result=dict(status=status,returncode=process.returncode,wall_s=wall,events=events,stderr=stderr,
                worker_hash=hashlib.sha256(WORKER.encode()).hexdigest(),config=cfg,malformed_stdout=malformed)
    atomic_json(root/'run.json',result)
    return result
The supervisor owns the child handle, captures its output and always waits for termination after a timeout.
Add metric summaries and capacity arithmetic
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 4 — Add metric summaries and capacity arithmetic: Keep measured quantities separate from invented planning inputs...
def summarize(result):
    updates=[e for e in result['events'] if e['event']=='progress']
    checkpoints=[e['step'] for e in result['events'] if e['event']=='checkpoint']
    count=sum(e['examples'] for e in updates)
    update_s=sum(e['update_s'] for e in updates)
    latest=max((e['step'] for e in updates),default=0)
    checkpoint=max(checkpoints,default=0)
    return dict(status=result['status'],updates=len(updates),examples=count,last_step=latest,checkpoint_step=checkpoint,
                uncheckpointed_updates=max(0,latest-checkpoint),update_s=update_s,
                update_examples_per_s=count/update_s if update_s else 0.,
                job_examples_per_s=count/result['wall_s'] if result['wall_s'] else 0.,
                update_duty_fraction=update_s/result['wall_s'] if result['wall_s'] else 0.)

def capacity(measured_job_s, arrivals_per_hour, workers, hourly_rate, reserve_fraction=.25):
    """Illustrative one-job-per-worker plan; inputs are not cloud price discovery."""
    values=[measured_job_s,arrivals_per_hour,hourly_rate,reserve_fraction]
    # Guard input contract (`any((not math.isfinite(x) for x in values)) or measured_job_s <= 0 or arrivals_per_hour < 0 or (hourly_rate < 0)`) and fail fast if violated.
    if any(not math.isfinite(x) for x in values) or measured_job_s <= 0 or arrivals_per_hour < 0 or hourly_rate < 0:
        raise ValueError('invalid finite capacity inputs')
    # Guard input contract (`not isinstance(workers, int) or isinstance(workers, bool) or workers < 1 or (not 0 <= reserve_fraction < 1)`) and fail fast if violated.
    if not isinstance(workers,int) or isinstance(workers,bool) or workers < 1 or not 0 <= reserve_fraction < 1:
        raise ValueError('invalid workers or reserve')
    offered=arrivals_per_hour*measured_job_s/3600
    load=offered/workers
    required=max(1,math.ceil(offered/(1-reserve_fraction)))
    return dict(offered_worker_hours_per_hour=offered,load_fraction=load,
                minimum_workers_with_reserve=required,hourly_budget=workers*hourly_rate,
                hypothetical_cost_per_job=measured_job_s*hourly_rate/3600,
                within_reserve=load <= 1-reserve_fraction)
Keep measured quantities separate from invented planning inputs and validate the units.
Measure jobs before evaluating assumptions
Append this block to main.py. Run python3 main.py in the CPU course environment.
# Step 5 — Measure jobs before evaluating assumptions: Every duration comes from a completed child; arrival and price...
samples=[]
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='ops-capacity-') as folder:
    for steps in [8,32,64]:
        run=launch(Path(folder)/str(steps),dict(steps=steps))
        assert run['status']=='completed'
        samples.append((steps,run,summarize(run)))
measured=max(run['wall_s'] for _,run,_ in samples)
plan=capacity(measured_job_s=measured,arrivals_per_hour=600,workers=2,hourly_rate=1.5,reserve_fraction=.25)
assert plan['hourly_budget']==3.
print('measured local job seconds:',[r['wall_s'] for _,r,_ in samples])
print('illustrative capacity plan:',plan)
print('assumptions: 600 arrivals/hour, 2 workers, hypothetical 1.50 per worker-hour, 25% reserve')
Every duration comes from a completed child; arrival and price inputs are labeled hypothetical.
Run the example
The assembled script is in the separate solutions and code appendix.
Three actual local durations feed a first-order plan whose arrival rate, worker count, reserve and price are explicitly hypothetical. No hardware utilization or cloud-cost claim is inferred from CPU timings.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Check units with known arithmetic
Predict before running: What load and minimum worker count follow from 9090-second jobs arriving 8080 times per hour?
# Experiment — Check units with known arithmetic: This independent arithmetic checks the calculator without...
known=capacity(90.,80.,4,2.,.25)
assert known['offered_worker_hours_per_hour']==2.
assert known['load_fraction']==.5
assert known['minimum_workers_with_reserve']==3
assert known['hypothetical_cost_per_job']==.05
assert known['hourly_budget']==8.
Demand, load, reserve and cost match a hand calculation.
This independent arithmetic checks the calculator without treating invented inputs as measured infrastructure.
Double the arrivals without changing the job
Predict before running: Does doubling demand require a proportional change in measured update speed?
# Experiment — Double the arrivals without changing the job: Demand changes the required capacity; it does not automatically...
one=capacity(measured,600,2,1.5,.25)
two=capacity(measured,1200,2,1.5,.25)
assert abs(two['load_fraction']-2*one['load_fraction'])<1e-12
assert two['hypothetical_cost_per_job']==one['hypothetical_cost_per_job']
print('nominal load at two demand scenarios:',one['load_fraction'],two['load_fraction'])
Nominal load doubles while per-job active-time cost stays fixed under the same simple model.
Demand changes the required capacity; it does not automatically make each job faster or slower in a model without contention.
Your exercise
Using the measured service-time input, calculate the minimum worker count for 12001200 arrivals per hour with 4040% reserve, then independently verify that the chosen count satisfies the load bound.
Attempt this before consulting the separate solutions appendix.
Account for failed attempts
Transfer / diagnosis
Assume 100100 completed jobs require 125125 equal-duration attempts. Compare active-time cost per attempt with active-time cost per completion.
Hint
Every attempt consumes resources under this hypothetical model.
Reject impossible capacity inputs
Transfer / diagnosis
Try a full reserve, zero workers and a nonfinite measured duration.
Hint
A plan should not silently divide by zero or emit a meaningless worker count.
Checkpoint
Which claim is supported by the measured update duty fraction?
	The fraction of local job wall time inside synchronized updates
	The accelerator will be occupied by the same fraction
	The same worker count meets any bursty arrival pattern

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If estimated cost is unexpectedly low, check seconds-to-hours conversion, idle reserved capacity and repeated failed attempts. If worker count looks sufficient but latency is poor, inspect burstiness and service-time variation. If longer jobs look faster per example, separate startup amortization from changes in the compiled update itself.
Carry forward
	Carry units and assumptions through every capacity calculation.
	Measured local duration can inform a bounded model without pretending to establish fleet performance.

Your evidence
Keep measured job/update samples and independent unit calculations. Label demand, reserve and price assumptions as hypothetical before deriving a resource plan.
Primary references
	Python subprocess management
	Python os.replace and fsync
	JAX asynchronous dispatch and synchronization
	JAX device discovery

MLOps: data contracts, CI gates and monitoring
Reject data leakage and incomplete evaluation, compute count-weighted slice metrics and distinguish drift investigation from model promotion.
What you will be able to do
	Validate data before the expensive job
	Use a fixed release evaluation
	Separate code CI from model delivery
	Compare distributions without inventing labels

The problem
A candidate looks good on an average dashboard, yet performs badly for a small group of requests. Let’s make an MLOps release decision from data identity, slice counts and independently checked metrics.
The idea
A release pipeline should connect data contracts, evaluation and artifact selection. Aggregate metrics help summarize behavior, but important subpopulations may require explicit gates. Define those slices and acceptance rules before selecting the model.
A passing average can hide a failing slice
Suppose nine examples have error 00 and one important slice has error 1010. The overall mean error is 11. Whether that is acceptable depends on the task and slice policy; the average alone cannot answer it.
Keep counts with slice metrics so a tiny subgroup is not mistaken for strong statistical evidence. Freeze evaluation data and decisions separately from training, and bind the resulting approval to the evaluated artifact.
The slice plot shows where the fixture's aggregate hides a problem. Monitoring later asks whether input or outcome behavior changed. Drift is a signal to investigate; it does not by itself determine that retraining is the correct intervention.
Pause and reason
Why define a slice gate before inspecting candidate results?
Compare your reasoningIt makes the selection rule explicit and reduces post-hoc cherry-picking. The gate should reflect the application's requirements, with sample counts and uncertainty considered.
Validate data before the expensive job
The fixture gives every observation an ID, a source group and a split. Validate names, finite numbers, allowed split values and group separation before training. Two different rows from the same subject or document can leak across splits even when row IDs differ. Hash the accepted manifest; reject unexpected schema changes explicitly. In a feature pipeline, also record event time, transformation version and missing-value rules to diagnose training-serving skew.
Use a fixed release evaluation
We inspect ten squared errors: nine values of 0.010.01 and one value of 44. The count-weighted overall MSE is (9×0.01+4)/10=0.409(9\times0.01+4)/10=0.409, below the illustrative limit 0.50.5. But the high-input slice has MSE 44, so the release must fail. An empty required slice also fails: zero observations are missing evidence, not perfect quality.
MSE⁡all=∑snsMSE⁡s∑sns\operatorname{MSE}_{\mathrm{all}}=\frac{\sum_s n_s\operatorname{MSE}_s}{\sum_s n_s}Separate code CI from model delivery
A practical pipeline validates the schema and source, runs numerical/unit checks, trains or retrieves a candidate, evaluates a frozen versioned set, packages and tests the serving artifact, then promotes a recorded image/model pair. Failed jobs must preserve the previous accepted bundle. The project contains a portable CI example; its MLflow SQLite store is isolated per job, and its container stage never publishes an image. In a team, durable metadata and artifact storage belong outside disposable workers.
Compare distributions without inventing labels
The input mix changes from [0.9,0.1][0.9,0.1] to [0.5,0.5][0.5,0.5] across two declared bins. Total variation is 0.40.4. This says the observed input distribution changed under that binning. It does not say the model became inaccurate: labels may arrive later, and seasonal mix changes can be harmless. Track data-quality errors, request volume, latency/error budgets, slice outcomes and delayed labels separately.
TV⁡(p,q)=12∑b∣pb−qb∣\operatorname{TV}(p,q)=\tfrac12\sum_b|p_b-q_b|Plan a response instead of a reflex
An alert should name an owner, a runbook and a decision. Inspect whether a schema change, new population, broken preprocessing or genuine concept shift explains the evidence. Quarantine malformed inputs where appropriate; gather labels and compare a candidate before retraining or rollback. Retraining on corrupted data can make the situation worse. Record sample counts, time windows and alert thresholds; a small window can exaggerate apparent change.
Rehearse the failed gate
The connected project varies errors, rejects nonfinite metrics and absent slices, checks data leakage, and confirms that failed approval cannot change the active pointer. Add representative protected/business slices appropriate to your domain, with minimum counts and uncertainty review. The fixed two-slice exercise teaches the decision mechanism; it is not a fairness audit or production statistical threshold.
Run the release-policy stage from the extracted workspace
# Run run the release-policy stage from the extracted workspace using the course Python environment
python projects/engineering-release/tests/check.py --implementation solution --stage 1
Expected:
Independent data and slice-gate checks pass, including changed-condition failures.
An average can conceal the failing slice
Predict: Which bar would an aggregate-only dashboard hide?
[image: Overall MSE 0.409 and low-slice MSE 0.01 are below 0.5, while high-slice MSE 4 exceeds it.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The categories are the overall set, the low-input slice and the high-input slice. Heights are squared-error means: 0.4090.409, 0.010.01 and 44. The second series marks the same illustrative acceptance limit 0.50.5 for each category. The high slice crosses its limit even though the overall bar does not. There are nine low examples and only one high example; that imbalance explains the aggregate.
Connect it to the computation
The plot comes from the exact errors checked by gate_metrics. The changed-mix exercise makes the overall bar rise while preserving the two slice bars. Counts, uncertainty and domain-specific acceptance rules are necessary before using a similar policy on real data.
Prepare the explicit contract
Create main.py and add this setup block. Continue with the next block in the same file.
# Step 1 — Prepare the explicit contract: The fixture gives every observation an ID, a source group and a split.
import hashlib, json, math
The fixture gives every observation an ID, a source group and a split. Validate names, finite numbers, allowed split values and group separation before training. Two different rows from the same subject or document can leak across splits even when row IDs differ. Hash the accepted manifest; reject unexpected schema changes explicitly. In a feature pipeline, also record event time, transformation version and missing-value rules to diagnose training-serving skew.
Run and inspect the controlled experiment
Append this block, run main.py in the course environment, and retain the actual output.
# Step 2 — Run and inspect the controlled experiment: The input mix changes from [0.9,0.1] to [0.5,0.5] across two...
def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()

def validate_rows(rows):
    """An observation has a stable identity, split, group, input and target."""
    # Guard input contract (`not rows`) and fail fast if violated.
    if not rows:
        raise ValueError('empty dataset')
    ids = set()
    groups = {}
    for row in rows:
        # Guard input contract (`set(row) != {'id', 'group', 'split', 'x', 'y'}`) and fail fast if violated.
        if set(row) != {'id', 'group', 'split', 'x', 'y'}:
            raise ValueError('schema mismatch')
        # Guard input contract (`not isinstance(row['id'], str) or not row['id'] or row['id'] in ids`) and fail fast if violated.
        if not isinstance(row['id'], str) or not row['id'] or row['id'] in ids:
            raise ValueError('duplicate or empty ID')
        # Guard input contract (`not isinstance(row['group'], str) or not row['group']`) and fail fast if violated.
        if not isinstance(row['group'], str) or not row['group']:
            raise ValueError('missing source group')
        # Guard input contract (`row['split'] not in {'train', 'validation', 'test'}`) and fail fast if violated.
        if row['split'] not in {'train', 'validation', 'test'}:
            raise ValueError('unknown split')
        for name in ['x', 'y']:
            # Guard input contract (`isinstance(row[name], bool) or not isinstance(row[name], (float, int)) or (not math.isfinite(row[name]))`) and fail fast if violated.
            if isinstance(row[name], bool) or not isinstance(row[name], (float, int)) or not math.isfinite(row[name]):
                raise ValueError('nonfinite or nonnumeric observation')
        # Guard input contract (`row['group'] in groups and groups[row['group']] != row['split']`) and fail fast if violated.
        if row['group'] in groups and groups[row['group']] != row['split']:
            raise ValueError('source group leaks between splits')
        # Execute `ids.add(row['id'])`
        ids.add(row['id'])
        groups[row['group']] = row['split']
    return digest(rows)

def gate_metrics(errors, slices, limit):
    """Count-weighted MSE plus every required slice; no empty-slice pass."""
    # Guard input contract (`len(errors) != len(slices) or not errors or (not math.isfinite(limit)) or (limit < 0)`) and fail fast if violated.
    if len(errors) != len(slices) or not errors or not math.isfinite(limit) or limit < 0:
        raise ValueError('invalid metric contract')
    # Guard input contract (`any((not math.isfinite(e) or e < 0 for e in errors))`) and fail fast if violated.
    if any(not math.isfinite(e) or e < 0 for e in errors):
        raise ValueError('invalid squared error')
    # Guard input contract (`not set(slices) <= {'low', 'high'}`) and fail fast if violated.
    if not set(slices) <= {'low', 'high'}:
        raise ValueError('unknown slice')
    result = {name: {'count': slices.count(name), 'mse': None} for name in ['low', 'high']}
    for name, item in result.items():
        selected = [e for e, s in zip(errors, slices) if s == name]
        if selected: item['mse'] = math.fsum(selected) / len(selected)
    result['overall'] = {'count': len(errors), 'mse': math.fsum(errors) / len(errors)}
    result['passed'] = all(v['count'] > 0 and v['mse'] <= limit for v in result.values())
    return result

rows = [dict(id=f'r{i}', group=f'g{i}', split='train' if i<4 else 'validation', x=float(i), y=2.*i+1.) for i in range(6)]
fingerprint = validate_rows(rows)
# Accumulate the next contribution into `changed[-1]['x']`.
changed = [dict(r) for r in rows]
changed[-1]['x'] += 1
assert validate_rows(changed) != fingerprint
leaked = [dict(r) for r in rows]
leaked[-1]['group'] = rows[0]['group']
# Run the boundary check and catch the expected exception:
try:
    validate_rows(leaked)
except ValueError:
    pass
else:
    raise AssertionError('cross-split source leakage accepted')
errors = [.01] * 9 + [4.]
slices = ['low'] * 9 + ['high']
metrics = gate_metrics(errors, slices, .5)
assert math.isclose(metrics['overall']['mse'], .409)
assert metrics['overall']['mse'] < .5 and not metrics['passed']
assert metrics['high']['count'] == 1 and metrics['high']['mse'] == 4.
assert not gate_metrics([.01]*9, ['low']*9, .5)['passed']
# Total variation on two declared bins: changed input mix is a diagnostic, not proof of degraded accuracy.
reference_mix = [.9, .1]
current_mix = [.5, .5]
shift = .5 * sum(abs(a-b) for a,b in zip(reference_mix,current_mix))
assert math.isclose(shift, .4)
print('Overall MSE:',metrics['overall']['mse'],'high-slice MSE:',metrics['high']['mse'],'release:',metrics['passed'])
print('Two-bin input total variation:',shift,'(requires investigation; not an automatic retraining order)')
The input mix changes from [0.9,0.1][0.9,0.1] to [0.5,0.5][0.5,0.5] across two declared bins. Total variation is 0.40.4. This says the observed input distribution changed under that binning. It does not say the model became inaccurate: labels may arrive later, and seasonal mix changes can be harmless. Track data-quality errors, request volume, latency/error budgets, slice outcomes and delayed labels separately.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
shift = .5 * sum(abs(a-b) for a,b in zip(reference_mix,current_mix))
assert math.isclose(shift, .4)
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
Overall MSE: 0.409 high-slice MSE: 4.0 release: False
Two-bin input total variation: 0.4 (requires investigation; not an automatic retraining order)
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
A good aggregate hides a bad slice
Predict before running: Does an overall MSE below 0.5 pass a gate that requires every slice below 0.5?
# Experiment — A good aggregate hides a bad slice: A policy must define both aggregation and required slice evidence.
assert metrics['overall']['mse'] < .5
assert metrics['high']['mse'] > .5 and metrics['passed'] is False
print('Aggregate-only acceptance would miss the high-slice failure.')
The overall score passes, but the complete gate fails.
A policy must define both aggregation and required slice evidence. The threshold is illustrative; its purpose must be justified in a real deployment.
Your exercise
Show that averaging slice means without counts changes the overall error.
Attempt this before consulting the separate solutions appendix.
Change the population mix
transfer
Keep the two slice errors, but evaluate nine high-slice examples and one low-slice example.
Hint
Change counts rather than the model errors.
Checkpoint
An input drift alert fired before new labels arrived. What follows?
	Retrain and automatically replace the active model.
	Investigate the change and gather quality evidence before choosing a response.
	Declare accuracy has decreased by the drift score.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Check denominators and slice counts before thresholds. A missing slice, nonfinite metric or changed evaluation manifest should block comparison. Investigate drift and training-serving skew separately from service health.
Carry forward
	Validate data before the expensive job
	Compare distributions without inventing labels
	Rehearse the failed gate

Your evidence
Keep the leaking-group rejection, data fingerprint, slice counts and MSEs, aggregate/slice gate disagreement, changed-population calculation and a written response to drift without labels.
Primary references
	Google Cloud MLOps: continuous delivery and automation
	MLflow experiment tracking
	MLflow model registry workflows

LLMOps: version prompts, evaluate behavior and trace requests
Evaluate a versioned text application with a complete case inventory, slice-level answer contracts and inspectable MLflow traces.
What you will be able to do
	Version the application boundary
	Define cases before changing the prompt
	Read the rare-case failure
	Trace enough to diagnose, without retaining everything

The problem
A prompt edit improves ordinary answers but makes the system confidently answer a question its documents cannot support. Let’s build a small regression suite that exposes the failure and save real MLflow traces without calling a paid model.
The idea
An LLM application combines prompts, retrieved context, model configuration and postprocessing. Version those components and keep a trace that explains a failed case. A model name alone does not identify the behavior of the whole application.
Trace a response through the system that produced it
If a response is unsupported, first ask whether relevant evidence reached the model, whether the prompt requested grounded behavior and whether the evaluation checks the intended claim. Changing the model cannot necessarily repair a missing retrieval candidate.
Link case IDs to prompt, retriever, model and evaluator versions. Re-run a fixed case set after a change and inspect both repaired cases and regressions. An average pass rate can conceal a newly broken critical case.
The lesson uses a bounded fixture to teach release logic. Preserve that scope: passing a mocked or non-LLM check is separate from actual model behavior. Qualify the full application with executed traces when replacing the fixture.
Pause and reason
Why retain the retrieved context in an error trace?
Compare your reasoningIt distinguishes missing or wrong evidence from generation or instruction-following errors. Without that context, the same final response can support several incompatible diagnoses.
Digest(Image)=sha256⁡(Layers  ∥  Lockfile),P(reproduce)=1\text{Digest}(\text{Image}) = \operatorname{sha256}(\text{Layers} \;\|\; \text{Lockfile}), \qquad P(\text{reproduce}) = 1Version the application boundary
For a text generator, record the model revision, tokenizer, prompt template and decoding settings. For retrieval, add corpus/index versions, chunking and retrieval configuration. For tools, version schemas and implementations and define permission boundaries. MLflow’s prompt registry can store versions; an alias is convenient for development, while an evaluated release should resolve an immutable prompt version. The connected lab actually registers and reloads a prompt version.
Define cases before changing the prompt
The companion replays controlled answer objects against ten public fixtures: nine answerable cases and one unsupported question. An answer contains text, citation IDs and an abstention flag. The evaluator checks the output schema, exact expected answer for these deliberately simple fixtures, allowed citation IDs and abstention for the unsupported case. A citation ID being allowed does not generally prove that a claim is entailed by a document; real tasks need claim-level checks and human calibration.
Read the rare-case failure
The always-answer candidate passes all nine ordinary cases and fails the unsupported one. Its aggregate pass rate is 0.90.9, but its unsupported-case pass rate is 00. The contract-aware replay passes all ten. These are deterministic candidate response fixtures, not outputs from a live LLM or a model-quality benchmark. They let us test whether the evaluator and release policy catch a known defect before spending money on generation.
Trace enough to diagnose, without retaining everything
A trace connects one request’s spans: retrieval, model invocation, tool calls, validation and response. Keep request IDs, version IDs, timing, error category and useful aggregate diagnostics. Raw prompts, retrieved documents and tool outputs can contain private data; define redaction, access and retention before collecting them. This lab records fixture IDs and summary scores in two actual MLflow traces. It does not log private messages. Tracing observes behavior; it does not enforce tool permissions or protect against prompt injection.
Add the production cases deliberately
Extend the suite with missing/contradictory context, multilingual inputs, long contexts, prompt injection in retrieved text, malformed tool arguments, unsupported tools, timeouts and rate limits. Treat retrieved text as data, not trusted instructions. Check tool allowlists and permissions outside the model. Keep a held-out test set and human-reviewed examples separate from cases used to tune prompts. If using an LLM judge, record the judge version and rubric and compare with human labels; judge disagreement is evidence to inspect, not an infallible score.
Measure serving work in the right units
Measure prefill and decode separately, along with time to first token, output tokens per second, completion rate, tail latency and request cost under declared context lengths and concurrency. Provider token accounting must use the provider’s tokenizer and pricing; whitespace counts are not interchangeable tokens. Set retry and timeout budgets and test the fallback path. The text harness supplies actual tiny-model cache/export measurements; the replay lesson supplies evaluation/tracing contracts, not production throughput.
Run the complete local prompt/trace demonstration
# Run run the complete local prompt/trace demonstration using the course Python environment
python projects/engineering-release/mlflow_lab.py --output ./engineering-run-llm
Expected:
Registers a real prompt version and records a nested retrieval/replay trace; no paid model API is used.
A missing response is an evaluation failure
Freeze the case inventory before collecting responses. Pair responses by stable case ID, not by arrival order: concurrent requests may finish out of order, and a timeout may omit a reply entirely. A loop over paired lists can silently stop at the shorter list and make coverage disappear from the denominator. The new experiment accepts reordered complete replies but rejects missing, duplicate and unknown IDs. In a live application, retain a timeout or tool-error outcome under the original case ID and score it under a declared policy; do not delete difficult cases after seeing results.
The unsupported case changes the release decision
Predict: How can a candidate pass 90% overall and still fail every unsupported case?
[image: Always-answer replay passes nine ordinary cases but fails the unsupported case; the contract-aware replay passes all ten.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis names the aggregate, answerable and unsupported groups. The vertical axis is the deterministic fixture pass fraction, between 00 and 11. Always-answer scores 0.9,1,00.9,1,0; contract-aware scores 1,1,11,1,1. The aggregate has ten cases, answerable has nine, and unsupported has one. The two answerable bars have equal height because both replays contain the same correct answers there.
Connect it to the computation
The plot reports evaluator outputs from controlled answer objects recorded in real traces. It does not report accuracy of a live language model. In a real suite, expand critical cases and preserve sample counts and model-version evidence before making a release claim.
Prepare the explicit contract
Create main.py and add this setup block. Continue with the next block in the same file.
# Step 1 — Prepare the explicit contract: For a text generator, record the model revision, tokenizer, prompt...
import os
# Configure environment variable before initializing the runtime.
os.environ["MLFLOW_DISABLE_AGENT_HINT"]="1"
# Configure environment variable before initializing the runtime.
os.environ["MLFLOW_ENABLE_ASYNC_TRACE_LOGGING"]="false"
# Configure environment variable before initializing the runtime.
os.environ["MLFLOW_ENABLE_TELEMETRY"]="false"
# Import required JAX, NumPy, and standard-library modules.
import tempfile
from pathlib import Path
import mlflow
from mlflow import MlflowClient
For a text generator, record the model revision, tokenizer, prompt template and decoding settings. For retrieval, add corpus/index versions, chunking and retrieval configuration. For tools, version schemas and implementations and define permission boundaries. MLflow’s prompt registry can store versions; an alias is convenient for development, while an evaluated release should resolve an immutable prompt version. The connected lab actually registers and reloads a prompt version.
Run and inspect the controlled experiment
Append this block, run main.py in the course environment, and retain the actual output.
# Step 2 — Run and inspect the controlled experiment: A trace connects one request’s spans: retrieval, model invocation,...
def llm_case(case, answer, allowed_citations):
    """Deterministic replay evaluator, not an LLM judge or a general safety classifier."""
    if set(answer) != {'answer', 'citations', 'abstain'} or not isinstance(answer['answer'], str):
        return False
    if not isinstance(answer['citations'], list) or any(not isinstance(c, str) for c in answer['citations']):
        return False
    if type(answer['abstain']) is not bool or not set(answer['citations']) <= set(allowed_citations):
        return False
    if case['unanswerable']:
        return answer['abstain'] and not answer['citations'] and answer['answer'] == ''
    return not answer['abstain'] and answer['answer'] == case['expected'] and case['document'] in answer['citations']

cases = [dict(id=f'answerable-{i}', unanswerable=False, expected='CPU', document='course-v1') for i in range(9)]
# Accumulate the next contribution into `cases`.
cases += [dict(id='unsupported', unanswerable=True)]
answer = dict(answer='CPU', citations=['course-v1'], abstain=False)
unsafe = [dict(answer) for _ in cases]
guarded = [dict(answer) for _ in cases[:-1]] + [dict(answer='', citations=[], abstain=True)]
results = []
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='llmops-') as folder:
    # Execute `mlflow.set_tracking_uri('sqlite:///' + str(Path(folder) / 'traces.db'))`.
    mlflow.set_tracking_uri('sqlite:///' + str(Path(folder) / 'traces.db'))
    client = MlflowClient()
    experiment = client.create_experiment('replay-evaluation', artifact_location=(Path(folder)/'artifacts').as_uri())
    mlflow.set_experiment(experiment_id=experiment)
    for name,replies in [('always-answer',unsafe),('contract-aware',guarded)]:
        with mlflow.start_span(name='evaluate-replay', span_type='CHAIN') as span:
            span.set_inputs({'candidate': name, 'dataset_version': 'public-fixture-v1', 'case_count': len(cases)})
            passed = [llm_case(case, reply, ['course-v1']) for case,reply in zip(cases,replies)]
            summary = {'overall': sum(passed)/len(passed), 'answerable': sum(passed[:-1])/9, 'unanswerable': float(passed[-1])}
            span.set_outputs(summary)
            results.append(summary)
    traces = mlflow.search_traces(experiment_ids=[experiment], return_type='list')
    assert len(traces) == 2
assert results[0] == {'overall': .9, 'answerable': 1., 'unanswerable': 0.}
assert results[1] == {'overall': 1., 'answerable': 1., 'unanswerable': 1.}
assert not llm_case(cases[0],dict(answer='CPU',citations=['invented'],abstain=False),['course-v1'])
print('Observed replay scores:', results)
print('Two real MLflow traces; no LLM API was called and no general model quality was evaluated.')
A trace connects one request’s spans: retrieval, model invocation, tool calls, validation and response. Keep request IDs, version IDs, timing, error category and useful aggregate diagnostics. Raw prompts, retrieved documents and tool outputs can contain private data; define redaction, access and retention before collecting them. This lab records fixture IDs and summary scores in two actual MLflow traces. It does not log private messages. Tracing observes behavior; it does not enforce tool permissions or protect against prompt injection.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
assert results[1] == {'overall': 1., 'answerable': 1., 'unanswerable': 1.}
assert not llm_case(cases[0],dict(answer='CPU',citations=['invented'],abstain=False),['course-v1'])
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
Observed replay scores: [{'overall': 0.9, 'answerable': 1.0, 'unanswerable': 0.0}, {'overall': 1.0, 'answerable': 1.0, 'unanswerable': 1.0}]
Two real MLflow traces; no LLM API was called and no general model quality was evaluated.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Separate aggregate and critical-case behavior
Predict before running: Can the 90% candidate satisfy a rule that requires the unsupported case to pass?
# Experiment — Separate aggregate and critical-case behavior: The extra gate encodes a required behavior that the overall...
release=[r['overall']>=.9 and r['unanswerable']==1. for r in results]
assert release==[False,True]
print('Release decisions:',release)
Release decisions are False and True.
The extra gate encodes a required behavior that the overall average hides. One unsupported fixture is a regression test, not a population estimate.
Reject an incomplete replay before reporting a score
Predict before running: If the only omitted response belongs to the unsupported case, what would a score over returned answers hide?
# Experiment — Reject an incomplete replay before reporting a score: The case inventory defines the denominator.
def score_replay(inventory, replies, allowed_citations):
    ids = [case['id'] for case in inventory]
    reply_ids = [reply['id'] for reply in replies]
    # Guard input contract (`not ids or len(set(ids)) != len(ids)`) and fail fast if violated.
    if not ids or len(set(ids)) != len(ids):
        raise ValueError('empty or duplicate case inventory')
    # Guard input contract (`len(set(reply_ids)) != len(reply_ids) or set(reply_ids) != set(ids)`) and fail fast if violated.
    if len(set(reply_ids)) != len(reply_ids) or set(reply_ids) != set(ids):
        raise ValueError('missing, duplicate or unknown response IDs')
    by_id = {reply['id']: reply['response'] for reply in replies}
    passed = [llm_case(case, by_id[case['id']], allowed_citations) for case in inventory]
    return {'count': len(ids), 'passed': sum(passed), 'fraction': sum(passed) / len(ids)}

complete_replies = [{'id': case['id'], 'response': reply} for case, reply in zip(cases, unsafe)]
replay_summary = score_replay(cases, list(reversed(complete_replies)), ['course-v1'])
assert replay_summary == {'count': 10, 'passed': 9, 'fraction': .9}
for broken in (complete_replies[:-1], complete_replies + [complete_replies[0]],
               complete_replies[:-1] + [dict(id='unknown', response=answer)]):
    try:
        score_replay(cases, broken, ['course-v1'])
    except ValueError:
        pass
    else:
        raise AssertionError('incomplete or ambiguous evaluation accepted')
print('Complete inventory:', replay_summary, '; missing, duplicate and unknown responses rejected.')
Ten cases, nine passes, fraction 0.9; reordering preserves the score. Missing, duplicate and unknown response identities are rejected.
The case inventory defines the denominator. In particular, losing the unsupported case must not convert a critical failure into a perfect answerable-only score. This checks evaluation bookkeeping on replayed data, not live generation quality.
Your exercise
Add a response with an invented citation and require the evaluator to fail it.
Attempt this before consulting the separate solutions appendix.
Check abstention structure
transfer
Try a response that claims to abstain but still returns an unsupported answer.
Hint
The fixture contract requires both empty answer text and no citations.
Keep failed work in the evaluation inventory
Transfer
Replace the answer for the first answerable case with an empty abstention. Keep the case ID and show how the complete-suite score changes.
Hint
Use the contract-aware replies as the starting point. An empty abstention is correct for the unsupported case but wrong for the selected answerable case.
Checkpoint
The controlled replay suite passes every case. What is established?
	The live LLM is safe and accurate for arbitrary requests.
	The evaluator accepts these fixtures; live model and held-out application evaluation remain separate.
	Prompt versions no longer need recording.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
When quality changes, compare prompt/model/retrieval/tool versions and case-level traces before tuning weights. A high average can hide an unsupported-case regression. Do not call a synthetic replay a measured LLM response.
Carry forward
	Version the application boundary
	Trace enough to diagnose, without retaining everything
	Measure serving work in the right units

Your evidence
Keep all case IDs and per-slice replay scores, missing/duplicate-response rejections, the retained failed case, trace identities and application-version fields. Explain what requires separate live-model evaluation.
Primary references
	MLflow tracing quickstart
	MLflow prompt registry

ModelOps: own, approve, roll back and retire a model
Bind a release decision to immutable evidence, reject changed or expired approvals and preserve active selection after failure.
What you will be able to do
	Inventory the complete release
	Bind review to immutable evidence
	Make failed transitions leave no side effects
	Separate selection, rollout and monitoring

The problem
A model passed evaluation last week. Someone changed its preprocessing or image today and reused the old approval. Let’s bind a review to the exact release bundle, reject stale decisions and preserve the current version when a gate fails.
The idea
Model governance connects ownership, evaluation, approval and lifecycle transitions. An approval should identify exactly what was reviewed, where it may be used and when it remains valid. A label saying approved is not enough.
Approval applies to a specific release
Suppose a model passes review, then its tokenizer or weights change. Reusing the old approval would apply a decision to an object that was never evaluated under that identity. Bind approvals to the relevant model, processor, configuration and evaluation records.
Specify transitions for activation, expiration, rejection and retirement. Invalid transitions should leave the active state unchanged rather than partially applying a release. A retired artifact may remain archived for reproducibility while no longer being eligible for new use.
The acceptance bars are summaries of discrete policy decisions. Read the underlying state and reason for each result. The fixture demonstrates decision logic, not completion of an organization's actual review process.
Pause and reason
Does changing a display name require the same response as changing weights?
Compare your reasoningNot necessarily. Define which identities and semantics the policy binds. A cosmetic label and a changed numerical artifact are different events, and the policy should distinguish them explicitly.
Scos(q,di)=⟨E(q),E(di)⟩∥E(q)∥2 ∥E(di)∥2S_{\text{cos}}(q, d_i) = \frac{\langle E(q), E(d_i) \rangle}{\|E(q)\|_2 \, \|E(d_i)\|_2}Inventory the complete release
Record the model artifact, data/evaluation identity, image digest, preprocessing/signature, precision, intended target and responsible owner. The fixture compresses that into a small bundle with model, data and evaluation hashes, image digest, owner, target and passing result. Real release records should also identify training/code versions, documented limitations, dependency/license obligations where applicable, and how to reach the owner. Registry tags help discovery but are not access control.
Bind review to immutable evidence
Hash the whole release bundle, then record who reviewed that hash and when the approval expires. If the model, evaluation, image, target or owner changes, the hash changes and the old approval must not authorize the new bundle. The local function receives a reviewer string as a fixture: it does not authenticate that person. A production workflow needs trusted identity, authorization, protected evidence and an audit log. A checksum proves equality of bytes, not authority or model quality.
Make failed transitions leave no side effects
The example validates the bundle and approval before writing the active pointer. It uses an atomic rename for a single local writer. A failed validation must leave the previous selection byte-for-byte unchanged. With multiple deployment controllers, use a transactional compare-and-swap or a deployment system with concurrency control; atomic file replacement alone does not prevent competing writers from losing updates.
Separate selection, rollout and monitoring
A registry alias chooses a version. A rollout changes serving processes and traffic. Monitor the loaded model/image identity as well as quality and service signals to detect disagreement. Canary and shadow releases answer different questions: a canary serves a limited live population, while shadow traffic runs a candidate without using its answer. Define stop conditions, traffic assignment and comparable metrics before observing a favorable curve.
Rollback needs its own valid target
Keeping a previous pointer is useful but does not guarantee the old artifact still loads, remains approved or matches the current input contract. Revalidate compatibility, artifact availability and approval before rolling back. Practice a rejected rollout and a successful rollback using a known previous bundle. Retire a model by stopping new traffic, removing inappropriate aliases/access and applying the organization’s retention rules to evidence; do not silently delete the only audit trail.
Work through the four decisions
The fixture accepts the original bundle at time 150150, then rejects changed model bytes, an approval expiring at 200200, and a different target. The valid interval is [100,200)[100,200): expiration is exclusive. The image digest in this companion is explicitly a format-valid test value. Replace it with the observed container image identity in the connected project before treating the record as deployment evidence.
Run changed-bundle and expiry checks
# Run run changed-bundle and expiry checks using the course Python environment
python projects/engineering-release/tests/check.py --implementation solution --stage 3
Expected:
The gate accepts only the matching, current bundle and every failure preserves the active pointer.
Only the reviewed release passes
Predict: Should changing only the target preserve the approval?
[image: One matching bundle is accepted and three changed or stale release attempts are rejected.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal categories are four attempted transitions. Height 11 means the local contract accepted the transition; height 00 means it rejected it. Only the original reviewed bundle passes. Changed model content, expiration and target mismatch fail, and the program verifies that none changed the active pointer. Zero bars are observed rejections, not missing measurements.
Connect it to the computation
This is a deterministic policy test, not a model-performance comparison or proof of authenticated approval. Use the real model/image identities and a trusted review process when transferring it to deployment.
Prepare the explicit contract
Create main.py and add this setup block. Continue with the next block in the same file.
# Step 1 — Prepare the explicit contract: Record the model artifact, data/evaluation identity, image digest,...
import hashlib, json, math, tempfile
from pathlib import Path
Record the model artifact, data/evaluation identity, image digest, preprocessing/signature, precision, intended target and responsible owner. The fixture compresses that into a small bundle with model, data and evaluation hashes, image digest, owner, target and passing result. Real release records should also identify training/code versions, documented limitations, dependency/license obligations where applicable, and how to reach the owner. Registry tags help discovery but are not access control.
Run and inspect the controlled experiment
Append this block, run main.py in the course environment, and retain the actual output.
# Step 2 — Run and inspect the controlled experiment: A registry alias chooses a version.
def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()

def approval_for(bundle, actor, now, expires):
    # Guard input contract (`not actor or expires <= now`) and fail fast if violated.
    if not actor or expires <= now:
        raise ValueError('invalid reviewer or expiry')
    return {'bundle_hash': digest(bundle), 'reviewer': actor, 'approved_at': now, 'expires_at': expires}

def verify_release(bundle, approval, now, target):
    required = {'model_hash', 'data_hash', 'evaluation_hash', 'image_digest', 'owner', 'target', 'passed'}
    # Guard input contract (`set(bundle) != required or bundle['passed'] is not True or (not bundle['owner']) or (bundle['target'] != target)`) and fail fast if violated.
    if set(bundle) != required or bundle['passed'] is not True or not bundle['owner'] or bundle['target'] != target:
        raise ValueError('release contract rejected')
    for key in ['model_hash', 'data_hash', 'evaluation_hash']:
        value = bundle[key]
        # Guard input contract (`not isinstance(value, str) or len(value) != 64 or any((c not in '0123456789abcdef' for c in value))`) and fail fast if violated.
        if not isinstance(value, str) or len(value) != 64 or any(c not in '0123456789abcdef' for c in value):
            raise ValueError('invalid content digest')
    image = bundle['image_digest']
    # Guard input contract (`not isinstance(image, str) or not image.startswith('sha256:') or len(image) != 71 or any((c not in '0123456789abcdef' for c in image[7:]))`) and fail fast if violated.
    if not isinstance(image, str) or not image.startswith('sha256:') or len(image) != 71 or any(c not in '0123456789abcdef' for c in image[7:]):
        raise ValueError('resolve a real container digest before approval')
    # Guard input contract (`approval.get('bundle_hash') != digest(bundle) or not approval.get('reviewer')`) and fail fast if violated.
    if approval.get('bundle_hash') != digest(bundle) or not approval.get('reviewer'):
        raise ValueError('approval belongs to another release')
    # Guard input contract (`not approval['approved_at'] <= now < approval['expires_at']`) and fail fast if violated.
    if not approval['approved_at'] <= now < approval['expires_at']:
        raise ValueError('approval is not currently valid')
    return True

def activate(store, version, bundle, approval, now, target):
    """A single-writer local fixture; a deployed service needs concurrency control and auth."""
    verify_release(bundle, approval, now, target)
    store = Path(store)
    store.mkdir(parents=True, exist_ok=True)
    pointer = store / 'active.json'
    previous = json.loads(pointer.read_text())['current'] if pointer.exists() else None
    selected = {'current': version, 'previous': previous, 'bundle_hash': digest(bundle)}
    temporary = store / 'active.tmp'
    temporary.write_text(json.dumps(selected))
    temporary.replace(pointer)
    return selected

# Compute deterministic cryptographic digest `bundle` for provenance verification.
bundle = dict(model_hash=digest({'weight':2,'bias':1}), data_hash=digest(['fixture-v1']), evaluation_hash=digest({'high_slice_mse':.01}), image_digest='sha256:'+'1'*64, owner='course-team', target='cpu-demo', passed=True)
# This image digest is a format-valid fixture. Real releases must use the observed build digest.
approval = approval_for(bundle,'reviewer-fixture',now=100,expires=200)
checks = [True]
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='modelops-') as folder:
    active = activate(folder,'model-v1',bundle,approval,150,'cpu-demo')
    pointer = Path(folder)/'active.json'
    before = pointer.read_bytes()
    for candidate,at,target in [(dict(bundle,model_hash=digest({'weight':3})),150,'cpu-demo'), (bundle,200,'cpu-demo'), (bundle,150,'edge-device')]:
        # Run the boundary check and catch the expected exception:
        try:
            activate(folder,'rejected-v2',candidate,approval,at,target)
        except ValueError:
            checks.append(False)
        else:
            raise AssertionError('invalid release activated')
        assert pointer.read_bytes() == before
assert checks == [True,False,False,False]
print('Accepted original / changed artifact / expired approval / wrong target:',checks)
print('All failed gates preserved the selected version. This fixture does not authenticate reviewers.')
A registry alias chooses a version. A rollout changes serving processes and traffic. Monitor the loaded model/image identity as well as quality and service signals to detect disagreement. Canary and shadow releases answer different questions: a canary serves a limited live population, while shadow traffic runs a candidate without using its answer. Define stop conditions, traffic assignment and comparable metrics before observing a favorable curve.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
# Verify that only the reviewed release passed and all rejected transitions preserved active.json:
assert checks == [True, False, False, False]
print("Accepted original / changed artifact / expired approval / wrong target:", checks)
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
Accepted original / changed artifact / expired approval / wrong target: [True, False, False, False]
All failed gates preserved the selected version. This fixture does not authenticate reviewers.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Test the exact expiry boundary
Predict before running: Is an approval still valid at its expiration timestamp?
# Experiment — Test the exact expiry boundary: Boundary conventions must be explicit.
assert verify_release(bundle,approval,199,'cpu-demo')
# Run the boundary check and catch the expected exception:
try:
    verify_release(bundle,approval,200,'cpu-demo')
except ValueError:
    print('Expiry is exclusive: 199 accepted, 200 rejected.')
else:
    raise AssertionError('expired approval accepted')
Time 199 is accepted; 200 is rejected.
Boundary conventions must be explicit. Production clocks and identity systems need their own operational guarantees.
Your exercise
Change the evaluation hash while keeping the model unchanged, and prove the old approval no longer applies.
Attempt this before consulting the separate solutions appendix.
Review a changed owner
transfer
Change the responsible owner and check whether the old bundle approval can be reused.
Hint
The owner is part of the reviewed release identity.
Checkpoint
An approval record contains a reviewer name and a matching hash. Does that authenticate the reviewer?
	Yes, a hash verifies the reviewer identity.
	No. The fixture checks binding and expiry; trusted identity and authorization are separate requirements.
	Only if the model has low validation loss.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
Compare the whole bundle hash and target first, then time boundaries and reviewer authority. Never bypass a rejected rollout by editing a passed flag or pointing the alias manually. Keep the rejected transition in the incident record.
Carry forward
	Inventory the complete release
	Separate selection, rollout and monitoring
	Work through the four decisions

Your evidence
Keep the reviewed bundle hash, owner and target, expiry boundary, failed-transition pointer equality and changed-owner rejection. Explain why the local reviewer field is not authenticated approval.
Primary references
	MLflow experiment tracking
	MLflow model registry workflows
	Kubernetes deployment rollout and rollback

Phase 17: Self-supervised pretraining: masked and contrastive learning
What learning signal can unlabelled data provide?
Train small masked-token, hidden-patch and paired-view models. Audit information leakage, reduction counts and pair identity before interpreting a falling objective.
Prepare and work through the phase
	Masked language modeling: predict hidden tokens
Trace clean targets, corrupted IDs, attention axes and selected counts. Reproduce unequal-mask loss with a host calculation, derive the full logit gradient, and explain the final probability matrix.

	Masked image modeling: reconstruct missing patches
Verify every patch on a rectangular RGB input, intervene on hidden pixels, and explain an ambiguous target that no deterministic decoder can reconstruct perfectly. Compare actual hidden targets with predictions.

	Contrastive learning: views, positives and negatives
Derive a two-pair loss, change temperature without changing ranking, compare encoder gradients with finite differences, and diagnose broken identity or duplicate false negatives from the similarity matrix.


Readiness check
If an image reconstruction is perfect before training, what boundary should you inspect?
Answer: Check whether hidden pixels entered the encoder or were copied into the prediction. A valid objective can still be defeated by leaked inputs.
Transfer question
A batch contains duplicate semantic pairs. Should each duplicate automatically be a negative?
Approach: No. Decide positives by source or semantic identity and use a compatible objective; the duplicate-pair exercise shows how a diagonal-only loss penalizes duplicates.
Common pitfall
A low masked loss does not transfer to the downstream task. Check target leakage, mask distribution, encoder-versus-projection features and a held-out downstream protocol.
Phase artifact
Complete stages 1–3 of training-methods with independent loss references, real training curves, changed masks or pairs and explicit synthetic-data limits. Add the new lesson evidence: unequal-count gradient oracle, rectangular patch/intervention checks, irreducible ambiguity example and temperature/ranking comparison. Explain each saved figure without copying its caption.
Full BERT/ViT masked autoencoders, natural corpora, augmentation studies and downstream probe benchmarks remain extensions. The current labs execute small attention, linear reconstruction and embedding models.
Phase project: An audited pretraining and adaptation objective toolkit. Complete stages 1–3 of training-methods with independent loss references, real training curves, changed masks or pairs and explicit synthetic-data limits. Start with project stages 1, 2, 3.
	training-methods · online workspace · project guide
	embedding-lineage · online workspace · project guide

Masked language modeling: predict hidden tokens
Separate the clean targets from the corrupted input. Normalize over selected target positions.
What you will be able to do
	Separate the clean targets from the corrupted input
	Normalize over selected target positions
	Verify the changed-condition exercise and explain the limits of this fixture.

The problem
A text model can see a sentence but one word is hidden. What prevents it from copying the answer, and which positions should contribute to its loss? We will train a small bidirectional attention model and audit those two boundaries.
The idea
Masked language modeling removes selected token information from the model's input and asks it to predict the original tokens. The clean targets remain available to the loss, while the encoder receives only the corrupted sequence.
Hide the input without hiding the teaching target
Draw a clean sequence splitting into two paths. One supplies labels; the other is corrupted before entering the encoder. Selected-position logits meet the clean labels only at the loss. An arrow from a hidden clean target directly into encoder input would leak the answer.
Bidirectional context means an unmasked token on either side can help prediction. It is separate from the loss-selection mask, which decides which outputs are scored. The current fixture masks selected positions; it is not an implementation of every corruption choice used in BERT.
The loss curve shows learning on the small repeated-token fixture. The probability panel shows which target receives mass at the selected positions. A low fixture loss is separate from robust embeddings or language understanding; changed masks and held-out data test different capabilities.
Keep clean targets out of encoder inputs
Predict: If all visible tokens reveal the same class, what limit does that place on the experiment?
[image: Clean tokens fork into labels and a corrupted-input path. Only corrupted inputs enter the encoder. Selected logits meet clean targets at the loss. This makes supervision available without leaking the hidden answer directly into the input.]Architecture and dataflow mechanism diagram.Clean tokens fork into labels and a corrupted-input path. Only corrupted inputs enter the encoder. Selected logits meet clean targets at the loss. This makes supervision available without leaking the hidden answer directly into the input.
Pause and reason
If all visible tokens reveal the same class, what limit does that place on the experiment?
Compare your reasoningIt makes the objective easy and inspectable, but does not test rich contextual language understanding. Preserve the mechanism check while acknowledging that dataset limitation.
Before coding: follow one hidden token
You should be able to turn logits into probabilities and differentiate a scalar loss. Begin with the first clean sequence, [0,0,0,0][0,0,0,0]. Selecting its second position produces input [0,3,0,0][0,3,0,0], while the target remains 00. The mask ID 33 is an input symbol, not a fourth output class. The other visible zeros supply evidence about the missing token. Write down these three objects separately: clean targets, corrupted inputs and the Boolean selection mask. If you cannot say which one enters the encoder, stop before training.
The fixture repeats each token so you can inspect information flow without needing a tokenizer or a large corpus. This simplicity is also its main limitation: a model can solve repetition without learning syntax, word order or meaning.
Separate the clean targets from the corrupted input
Keep an immutable copy of the original token IDs. The selection mask identifies positions to predict; corruption changes the input tokens, not the targets. Here the extra token ID 33 means hidden, while output classes are 0,1,20,1,2. Passing clean targets into the encoder would leak the answer. Check the corrupted arrays before the first update.
Normalize over selected target positions
Compute log-softmax over vocabulary, gather the log probability of each original target, then average only selected positions. For uniform predictions over three classes, the initial loss is log⁡3\log 3, regardless of how many valid positions are selected. Reject an empty mask before entering the jitted step; silently dividing by zero creates an undefined objective.
L=−∑b,tmbtlog⁡pθ(xbt∣x~b)∑b,tmbtL=-\frac{\sum_{b,t}m_{bt}\log p_\theta(x_{bt}\mid\widetilde x_b)}{\sum_{b,t}m_{bt}}Trace the axes and the gradient
The input IDs have shape (3,4)(3,4). Looking them up in an embedding table with shape (4,6)(4,6) produces (3,4,6)(3,4,6). Attention scores have shape (3,4,4)(3,4,4): the last two axes are query and key positions, not vocabulary classes. The head maps the contextual vectors to logits with shape (3,4,3)(3,4,3). Softmax over the final axis now means vocabulary probability. Mixing these two softmax axes gives plausible shapes with the wrong meaning.
Let MM be the selected-token count, pbtvp_{btv} the vocabulary probability and xbtx_{bt} the original target ID. The derivative below is zero at an unselected output position. It does not say the visible input embeddings have zero gradient: they help predict selected positions through attention.
∂L∂zbtv=mbtM(pbtv−1[v=xbt])\frac{\partial L}{\partial z_{btv}}=\frac{m_{bt}}{M}\left(p_{btv}-\mathbf{1}[v=x_{bt}]\right)Work out unequal masks before batching
Imagine one sequence contributes one selected token with loss 22, and another contributes three selected tokens with losses 1,1,11,1,1. The selected-token mean is (2+3)/4=1.25(2+3)/4=1.25. Averaging the two sequence means gives (2+1)/2=1.5(2+1)/2=1.5. Both are well-defined objectives, but they assign different influence to the sequences. Accumulating microbatch losses requires sums and selected counts if you intend to reproduce the token-weighted objective.
Predict which answer appears before running the unequal-mask experiment. Then perturb only unselected target IDs. A correctly reduced objective stays fixed. Next perturb one selected target; the loss should respond unless the competing classes happen to have equal probability.
Use both sides without using the hidden value
The encoder forms attention scores across every input position. There is no causal triangle: a later visible token is useful evidence here. This tiny model has one attention head, no positional encoding and a linear vocabulary head. Repeated token sequences deliberately avoid word-order ambiguity; a realistic encoder also needs positions, padding handling, residual blocks and a tokenizer.
Distinguish selection from replacement policy
This lab always replaces selected tokens with the mask ID so information flow is easy to inspect. BERT-style training can mix mask replacement, random replacement and unchanged selected tokens; selection still determines the supervised positions. Keep special/padding tokens ineligible. Track a masking key and regenerate masks under a stated schedule rather than accidentally fixing one easy corruption forever.
Test a different corruption before claiming progress
The training curve uses one selected position. The code evaluates a second position without additional updates and checks that changing target labels changes the loss. This supports the bounded repeated-token task, not language understanding. A real corpus needs document-separated splits, a frozen tokenizer, mask provenance and downstream evaluation against random initialization.
Move from this fixture to a corpus deliberately
Keep the objective checker when replacing repeated IDs with tokenized documents. Split by document/source, freeze tokenizer and special-token IDs, exclude padding from selection, and keep an explicit random key for corruption. A full encoder also needs positional information and a tested padding mask. Do not infer these capabilities from this one-head model.
Evaluate a fixed held-out corpus with a documented mask schedule and an aggregate numerator/count. Compare random initialization and a trained checkpoint on the same downstream task. Save one failure case showing a missing dependency, not just an average loss. Moving a mask inside the same three sequences tests corruption transfer; it is not a held-out-language evaluation.
Masked language modeling: predict hidden tokens — recorded experiment
Predict: Which cell should dominate each row of final masked-token probabilities, and what would a bright wrong cell tell you?
[image: Masked language modeling: predict hidden tokens — recorded experiment. A measured training curve is accompanied by an audit of masked-token class probabilities.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis is the number of updates already applied; the vertical axis is selected-token cross-entropy in nats. The first value is about 1.099=log⁡31.099=\log 3. It falls to about 0.0110.011 on the fixed synthetic sequences. This is training loss, not masked-token accuracy on natural text.
The second panel shows final class probabilities at the hidden position: rows are the three examples and columns are vocabulary classes. Read each row as a distribution that sums to one. The largest cell should lie at that row’s target class. This panel uses the parameters after the last update; the loss curve ends just before that update. Confident diagonal predictions establish this repetition task, not general language understanding.
Connect it to the computation
The zero vocabulary head makes initial predictions uniform. Falling loss shows the trained attention/embedding/head system can use the remaining repeated tokens. A held mask position is checked separately; the plot does not show a held-out corpus or establish transfer quality.
1. Define corruption and the selected-token objective
Create main.py in your activated course environment. Paste this block, then run python main.py; function definitions alone print nothing.
# Step 1 — 1. Define corruption and the selected-token objective: The functions separate the input boundary from the differentiable...
import jax
import jax.numpy as jnp
import numpy as np

def masked_ce(logits, targets, selected):
    # Caller validates a nonempty mask before a transformed training step.
    logp = jax.nn.log_softmax(logits, axis=-1)
    nll = -jnp.take_along_axis(logp, targets[..., None], axis=-1)[..., 0]
    return jnp.sum(jnp.where(selected, nll, 0.0)) / jnp.sum(selected)

def validate_mask(selected, shape):
    # Convert `a` to a host NumPy array for inspection or verification.
    a = np.asarray(selected)
    # Guard input contract (`a.shape != shape or a.dtype != np.bool_ or (not a.any())`) and fail fast if violated.
    if a.shape != shape or a.dtype != np.bool_ or not a.any():
        raise ValueError('a nonempty Boolean mask of the target shape is required')

def corrupt_tokens(tokens, selected, mask_id):
    validate_mask(selected, tokens.shape)
    return jnp.where(selected, mask_id, tokens)

def mlm_logits(p, corrupted):
    h = p['embedding'][corrupted]
    # Bidirectional single-head attention, deliberately no causal mask.
    scores = h @ jnp.swapaxes(h, -1, -2) / jnp.sqrt(h.shape[-1])
    # Perform matrix / vector contraction (`@`) to compute `context`.
    context = jax.nn.softmax(scores, axis=-1) @ h
    return context @ p['head']
The functions separate the input boundary from the differentiable objective. Read masked_ce from vocabulary normalization to target gather to selected-count reduction.
2. Construct a batch whose answers you can inspect
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 2 — 2. Construct a batch whose answers you can inspect: Before continuing, inspect corrupted: each row must contain mask...
tokens = jnp.array([[0, 0, 0, 0], [1, 1, 1, 1], [2, 2, 2, 2]], jnp.int32)
selected = jnp.array([[False, True, False, False]] * 3)
corrupted = corrupt_tokens(tokens, selected, 3)
# Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
key = jax.random.key(7)
# Sample deterministic random values into `p` using an explicit PRNG key.
p = {
    'embedding': jax.random.normal(key, (4, 6)) * 0.2,
    'head': jnp.zeros((6, 3)),
}
loss = lambda p: masked_ce(mlm_logits(p, corrupted), tokens, selected)
# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(jax.value_and_grad(loss))
history = []
Before continuing, inspect corrupted: each row must contain mask ID 33 at the second position. The zero head makes the initial vocabulary distribution uniform.
3. Train, then change the corruption
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 3 — 3. Train, then change the corruption: The loop measures loss before each update.
for _ in range(100):
    value, g = step(p)
    history.append(float(value))
    # Transform every leaf of the parameter PyTree (`p`).
    p = jax.tree.map(lambda a, b: a - 0.4 * b, p, g)

assert history[-1] < history[0] * 0.15
np.testing.assert_allclose(history[0], np.log(3), atol=1e-6)
# Changing the clean target after constructing corrupted input cannot change the forward pass.
changed_targets = tokens.at[:, 1].set((tokens[:, 1] + 1) % 3)
assert not np.isclose(
    float(masked_ce(mlm_logits(p, corrupted), changed_targets, selected)),
    history[-1],
)
held_mask = jnp.array([[False, False, True, False]] * 3)
held_loss = float(
    masked_ce(mlm_logits(p, corrupt_tokens(tokens, held_mask, 3)), tokens, held_mask)
)
assert held_loss < 0.2
print('MLM initial/final/changed-mask:', history[0], history[-1], held_loss)
The loop measures loss before each update. The final held-mask test uses the updated parameters; do not compare it as if it were the final recorded pre-update point.
Run the example
The assembled script is in the separate solutions and code appendix.
Loss starts near 1.099 and ends below 0.02; an unseen mask position remains below 0.2.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Show that unsupervised positions have no direct loss gradient
Predict before running: If we change logits only where the selection mask is false, does this masked objective change?
# Experiment — Show that unsupervised positions have no direct loss gradient: Visible input tokens can still influence selected predictions...
logits = mlm_logits(p, corrupted)
changed_logits = jnp.where(
    selected[..., None], logits, logits + jnp.array([100.0, -50.0, 7.0])
)
# Execute `np.testing.assert_allclose(`
np.testing.assert_allclose(
    masked_ce(changed_logits, tokens, selected),
    masked_ce(logits, tokens, selected),
    atol=1e-6,
)
# Differentiate the objective to obtain `grad_logits` via automatic differentiation.
grad_logits = jax.grad(masked_ce)(logits, tokens, selected)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(np.asarray(grad_logits)[~np.asarray(selected)], 0.0)
print('Unselected output logits have zero direct loss gradient.')
Unselected logits do not affect the masked loss and have zero direct gradient.
Visible input tokens can still influence selected predictions through attention. Zero direct gradient at an unselected output is not a claim that visible-token embeddings never learn. The perturbation changes class differences; adding one common scalar to every class would leave softmax unchanged even at supervised positions and would be a weak masking check.
Use unequal selection counts and a host probability calculation
Predict before running: Will token-weighted aggregation equal an unweighted average of sequence losses?
# Experiment — Use unequal selection counts and a host probability calculation: The second sequence supplies three of four selected tokens.
audit_probs = jnp.array([
    [[0.8, 0.1, 0.1], [0.2, 0.7, 0.1], [0.2, 0.3, 0.5]],
    [[0.1, 0.6, 0.3], [0.5, 0.2, 0.3], [0.3, 0.4, 0.3]],
])
audit_targets = jnp.array([[0, 1, 2], [1, 0, 2]])
audit_mask = jnp.array([[True, False, False], [True, True, True]])
audit_logits = jnp.log(audit_probs)
host_losses = -np.log(
    np.asarray(audit_probs)[
        np.arange(2)[:, None], np.arange(3)[None, :], np.asarray(audit_targets)
    ]
)
# Aggregate array values to compute `expected`.
expected = host_losses[np.asarray(audit_mask)].mean()
observed = float(masked_ce(audit_logits, audit_targets, audit_mask))
np.testing.assert_allclose(observed, expected, atol=1e-6)
# Aggregate array values to compute `sequence_mean`.
sequence_mean = np.mean(
    [host_losses[i][np.asarray(audit_mask[i])].mean() for i in range(2)]
)
assert not np.isclose(observed, sequence_mean)
print('Token-weighted / sequence-weighted:', observed, sequence_mean)
The independent selected-token mean agrees; the sequence-weighted mean differs.
The second sequence supplies three of four selected tokens. Equal sequence weighting gives the first sequence half of the influence instead of one quarter.
Your exercise
Select the first position instead of the second and evaluate the trained model without updating it.
Attempt this before consulting the separate solutions appendix.
Reject a missing learning signal
Transfer
Pass an empty selection mask through the public corruption boundary and require a clear failure.
Hint
Validate outside the transformed objective before dividing by a count.
Derive the output gradient without autodiff
Challenge
Implement the probability-minus-one-hot formula for the unequal-mask fixture and compare every element with autodiff. Explain where visible context can still receive gradient.
Hint
Broadcast the mask over vocabulary and divide by the selected count, not the batch size.
Checkpoint
Why are visible input tokens useful even when their output positions are excluded from the loss?
	They supply context to predictions at selected positions through the encoder.
	Unselected output logits still receive a nonzero direct cross-entropy gradient.
	Excluding a position from the loss also masks its key and value vectors out of attention.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If loss is suspiciously perfect at initialization, inspect target leakage and the selection count. If loss becomes NaN, reject empty masks and inspect vocabulary indices before changing the optimizer.
Carry forward
	Keep the input-corruption boundary separate from the loss mask: corrupted inputs with shape (3,4)(3,4) enter the encoder, while clean targets meet vocabulary logits of shape (3,4,3)(3,4,3) only inside the selected-token cross-entropy.
	Normalize masked loss by the count of selected tokens ∑b,tmbt\sum_{b,t} m_{bt}, reject empty masks before entering a jitted step, and carry numerator and selected-token counts explicitly when accumulating across unequal batches.

Your evidence
Keep corrupted inputs, selected-target counts, the log-vocabulary baseline, independent masked-loss checks, trained parameters and changed-mask results.
Primary references
	BERT: masked language pretraining

Masked image modeling: reconstruct missing patches
Preserve patch order and pixel order. Keep hidden pixels out of the encoder.
What you will be able to do
	Preserve patch order and pixel order
	Keep hidden pixels out of the encoder
	Verify the changed-condition exercise and explain the limits of this fixture.

The problem
If part of an image is hidden, can the model infer it from visible patches? The important question is whether hidden pixels are truly absent from the encoder, not whether the reconstruction looks attractive.
The idea
Masked image modeling learns from visible image content to predict missing content. To understand the objective, distinguish observed patches, hidden targets and predicted values in the original image coordinates.
Keep hidden patches in their spatial positions
The fixture splits a four-by-four image into four two-by-two patches in row-major order. Patches 00 and 33 are visible; 11 and 22 are hidden. Show hidden regions with hatching so they cannot be mistaken for observed black pixels.
The implemented reconstructor is linear: eight visible pixel values plus a constant feature map through a nine-by-sixteen weight matrix. It is a deliberately small mechanism example, not a masked autoencoder Transformer.
Compare target and predicted hidden patches at the same spatial coordinates and on a shared intensity scale. A separate error map reveals remaining mistakes that a small average loss can hide. Changing a hidden target without changing visible input must not change the model's forward input.
Visible patches and hidden targets
Predict: Why should original and reconstructed images share a color scale?
[image: The sixteen cells preserve the four-by-four image layout. Green patches 0 and 3 provide visible values. Hatched patches 1 and 2 are hidden targets for reconstruction loss. Hatching means missing input, not observed black pixels. This maps the actual mask without inventing a reconstructed image or error measurement.]Architecture and dataflow mechanism diagram.The sixteen cells preserve the four-by-four image layout. Green patches 0 and 3 provide visible values. Hatched patches 1 and 2 are hidden targets for reconstruction loss. Hatching means missing input, not observed black pixels. This maps the actual mask without inventing a reconstructed image or error measurement.
Pause and reason
Why should original and reconstructed images share a color scale?
Compare your reasoningIndependent scaling can make different intensities look equal. A shared scale preserves visual comparison; the error map should have its own clearly labeled scale.
Before coding: what information can the model use?
Imagine covering the top-right and bottom-left quarters of a small image. The model is allowed to see the other two quarters and must infer the covered pixels. Keep two separate paths on your sketch: visible patches go into features, while the untouched image supplies targets. A zero loss is suspicious if the target image is also an encoder input.
This dataset varies a single brightness amplitude on top of a fixed spatial pattern. Visible pixels reveal that amplitude, so a linear map can succeed. That makes the example suitable for auditing masking and patch order, but it cannot teach natural-image representation quality on its own.
Preserve patch order and pixel order
Images use batch, height, width, channel axes. A 4×44\times4 single-channel image becomes four 2×22\times2 patches with four scalars each. Reshape alone does not generally produce row-major patch order; transpose the grid and within-patch axes deliberately. The first patch is checked against an independently sliced image region.
Keep hidden pixels out of the encoder
Gather visible patches before constructing features. The clean full image belongs only to the reconstruction target. In a masked autoencoder, a visible-only encoder can reduce encoder work while a decoder uses position information and mask tokens to restore the complete patch ordering. Our linear decoder has an explicit output coordinate for each patch/pixel, so it has a fixed positional contract without a Transformer.
Work through a patch rather than memorizing reshape
Number a single-channel image row by row from 00 through 1515. Its top-left patch is [0,1,4,5][0,1,4,5], not [0,1,2,3][0,1,2,3]. The latter is a horizontal strip caused by flattening without the grid-axis transpose. For general image shape (B,H,W,C)(B,H,W,C) and patch width pp, the output shape is (B,HW/p2,p2C)(B,HW/p^2,p^2C). The channel coordinate remains inside each pixel.
In our fixture, two visible patches each contribute four pixels; appending a bias gives nine features. The decoder has sixteen outputs because it predicts every patch coordinate. Its visible outputs are unconstrained by the hidden-only objective. A whole-image picture should therefore show a composite that preserves visible input pixels and inserts predictions only where hidden.
Understand which uncertainty the objective can solve
If two examples have exactly the same visible pixels but different hidden targets, no deterministic model can reconstruct both perfectly. For a scalar target equally likely to be 00 or 22, the mean-squared-error optimum is 11, with average squared error 11. The result looks like neither original target. More capacity cannot recover information absent from the inputs.
This explains why blurry reconstructions need not mean an implementation bug. First check information flow, patch layout and the irreducible ambiguity of the data; then investigate capacity or optimization. A useful downstream representation must be tested separately from pixel reconstruction.
Reduce over the hidden reconstruction targets
First average squared pixel error within each patch, then sum the hidden-patch errors and divide by the hidden count. This definition gives equal weight to every hidden pixel because all patches have equal size. Errors on visible outputs are excluded. Mixing visible and hidden pixels can flatter the score when copying visible inputs is easy.
L=∑b,kmbk 1P∑j=1P(x^bkj−xbkj)2∑b,kmbkL=\frac{\sum_{b,k}m_{bk}\,\frac1P\sum_{j=1}^{P}(\widehat x_{bkj}-x_{bkj})^2}{\sum_{b,k}m_{bk}}Interpret normalization and reconstruction
Raw-pixel reconstruction and per-patch normalized reconstruction are different objectives. Normalization can remove a patch’s brightness/contrast information and requires a clear inverse or evaluation convention. This lesson uses raw synthetic values and records MSE in squared input units. Do not compare that number directly with a differently normalized experiment.
Evaluate beyond the training mask
The reference checks intermediate amplitudes that were not training examples. That is a small interpolation test, not semantic recognition. For transfer, freeze the encoder and train a probe on separate labels, or fine-tune under a held-out protocol. Compare mask ratios with fixed compute/data budgets and keep all-hidden or all-visible policies explicit.
Make a transfer test that can falsify your explanation
Our held-out amplitudes test interpolation under the same fixed spatial pattern. They do not test new mask layouts. Changing the visible positions while keeping the same feature coordinate meanings silently changes the model contract. A variable-mask encoder needs positions and a visible-token gathering/restoration scheme.
Before claiming a transferable image encoder, test new source images, compare a frozen probe and fine-tuning with a matched baseline, and inspect class-specific failures. In this lesson, keep a simpler evidence packet: a numbered patch oracle, a hidden-pixel intervention, an ambiguity example, a composite reconstruction, and a written explanation of which of these tests would catch leakage.
Masked image modeling: reconstruct missing patches — recorded experiment
Predict: Will every predicted pixel match its target exactly? Which output patches were never trained?
[image: Masked image modeling: reconstruct missing patches — recorded experiment. A measured training curve is accompanied by an audit of hidden targets and reconstructed pixels.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The line shows hidden-patch training MSE before each update, falling from about 0.5540.554 to 0.001690.00169. The vertical units are squared raw pixel units. The line excludes visible-patch reconstruction errors; it cannot be read as full-image MSE.
The second panel inspects the first image only. Its first two rows are clean hidden-patch targets; the last two are final predictions in the same within-patch order. Compare row one with row three and row two with row four, rather than looking for a diagonal. Residual brightness differences explain why the training MSE is small but nonzero. Visible outputs are omitted because this loss never trains them; displaying them as a full reconstructed image would be misleading.
Connect it to the computation
Each image contains an amplitude and a fixed spatial pattern. Visible patches reveal the amplitude, so a linear decoder can infer hidden pixels on this deliberately learnable task. Separate held-amplitude MSE is approximately 0.00118. Natural-image semantics and a visible-token Transformer remain different experiments.
1. Define patch layout and masked error
Create main.py in your activated course environment. Paste this block, then run python main.py; function definitions alone print nothing.
# Step 1 — 1. Define patch layout and masked error: Trace the transpose against the numbered top-left patch.
import jax
import jax.numpy as jnp
import numpy as np

def patchify(images, patch=2):
    b, h, w, c = images.shape
    # Guard input contract (`h % patch or w % patch`) and fail fast if violated.
    if h % patch or w % patch:
        raise ValueError('image dimensions must be divisible by patch size')
    return (
        images.reshape(b, h // patch, patch, w // patch, patch, c)
        .transpose(0, 1, 3, 2, 4, 5)
        .reshape(b, (h // patch) * (w // patch), patch * patch * c)
    )

def masked_mse(prediction, target, hidden):
    # Reduce along axis=-1 to compute `per_patch`.
    per_patch = jnp.mean((prediction - target) ** 2, axis=-1)
    return jnp.sum(jnp.where(hidden, per_patch, 0.0)) / jnp.sum(hidden)

def validate_mask(selected, shape):
    # Convert `a` to a host NumPy array for inspection or verification.
    a = np.asarray(selected)
    # Guard input contract (`a.shape != shape or a.dtype != np.bool_ or (not a.any())`) and fail fast if violated.
    if a.shape != shape or a.dtype != np.bool_ or not a.any():
        raise ValueError('a nonempty Boolean mask of the target shape is required')
Trace the transpose against the numbered top-left patch. masked_mse gives equal weight to each hidden pixel only because every patch has equal size.
2. Separate visible features from full targets
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Four patches share an amplitude plus a fixed spatial offset; no real photographs.
amplitude = jnp.array([0.1, 0.3, 0.6, 0.8])
# Construct and reshape `base_image` into the target tensor dimensions.
base_image = jnp.arange(16, dtype=jnp.float32).reshape(4, 4, 1) / 32
images = amplitude[:, None, None, None] + base_image[None]
patches = patchify(images)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(patches[0, 0], np.asarray(images[0, :2, :2, :]).reshape(-1))
hidden = jnp.array([[False, True, True, False]] * 4)
validate_mask(hidden, patches.shape[:2])
# The encoder receives only visible patches; original hidden pixels are targets only.
visible = patches[:, [0, 3], :]
# Construct and reshape `features` into the target tensor dimensions.
features = jnp.concatenate([visible.reshape(4, -1), jnp.ones((4, 1))], axis=1)
w = jnp.zeros((9, 16))
history = []
# Construct and reshape `loss` into the target tensor dimensions.
loss = lambda w: masked_mse((features @ w).reshape(4, 4, 4), patches, hidden)
# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(jax.value_and_grad(loss))
Only patches 00 and 33 enter features. The bias permits a spatial offset; hidden pixels remain solely in patches, the target array.
3. Fit the decoder and audit the reconstruction
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 3 — 3. Fit the decoder and audit the reconstruction: The host loop checks the reduction independently.
for _ in range(100):
    value, g = step(w)
    history.append(float(value))
    w = w - 0.15 * g

# Construct and reshape `prediction` into the target tensor dimensions.
prediction = (features @ w).reshape(4, 4, 4)
assert history[-1] < history[0] * 0.02
# A scalar host loop is independent of the vectorized reduction.
expected = np.mean(
    [
        float(np.mean((np.asarray(prediction[b, k]) - np.asarray(patches[b, k])) ** 2))
        for b in range(4)
        for k in [1, 2]
    ]
)
np.testing.assert_allclose(loss(w), expected, rtol=1e-5)
visible_changed = prediction.at[:, [0, 3], :].set(999.0)
# Execute `np.testing.assert_allclose(`
np.testing.assert_allclose(
    masked_mse(visible_changed, patches, hidden), loss(w), atol=1e-7
)
held_images = jnp.array([0.2, 0.5])[:, None, None, None] + base_image[None]
held_patches = patchify(held_images)
# Construct and reshape `held_features` into the target tensor dimensions.
held_features = jnp.concatenate(
    [held_patches[:, [0, 3], :].reshape(2, -1), jnp.ones((2, 1))], axis=1
)
# Construct and reshape `held_loss` into the target tensor dimensions.
held_loss = float(
    masked_mse((held_features @ w).reshape(2, 4, 4), held_patches, hidden[:2])
)
assert held_loss < 0.02
print(
    'Masked pixel MSE initial/final/held amplitudes:',
    history[0],
    history[-1],
    held_loss,
)
The host loop checks the reduction independently. Corrupting visible outputs checks the loss boundary; held amplitudes check a narrow interpolation claim.
Run the example
The assembled script is in the separate solutions and code appendix.
Hidden-patch training MSE falls below 0.002 and held-amplitude MSE stays below 0.02.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Make visible-output errors arbitrarily large
Predict before running: Will visible-output corruption raise the hidden-patch objective?
# Experiment — Make visible-output errors arbitrarily large: The disagreement identifies the reduction contract.
bad_visible = prediction.at[:, [0, 3], :].set(-1000.0)
# Execute `np.testing.assert_allclose(`
np.testing.assert_allclose(
    masked_mse(bad_visible, patches, hidden),
    masked_mse(prediction, patches, hidden),
)
assert float(jnp.mean((bad_visible - patches) ** 2)) > 1000
print('Hidden MSE unchanged; full-image MSE is large.')
Hidden MSE stays unchanged while full-image MSE grows dramatically.
The disagreement identifies the reduction contract. Neither metric is universally correct; label which region and preprocessing it measures.
Make hidden information impossible to recover
Predict before running: Can any deterministic prediction have zero MSE for two identical inputs with hidden targets zero and two?
# Experiment — Make hidden information impossible to recover: The experiment isolates missing information.
ambiguous_targets = jnp.array([[[0.0]], [[2.0]]])
ambiguous_mask = jnp.ones((2, 1), dtype=bool)

def ambiguity_loss(value):
    return masked_mse(
        jnp.full_like(ambiguous_targets, value), ambiguous_targets, ambiguous_mask
    )

# Execute `np.testing.assert_allclose(`
np.testing.assert_allclose(
    [ambiguity_loss(0.0), ambiguity_loss(1.0), ambiguity_loss(2.0)], [2.0, 1.0, 2.0]
)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(ambiguity_loss)(1.0), 0.0, atol=1e-7)
print('Ambiguous target MSE at predictions 0, 1, 2: 2, 1, 2')
Predicting the mean is optimal but still leaves MSE of one.
The experiment isolates missing information. A loss plateau can be caused by ambiguity even when gradients and optimization are correct.
Your exercise
Verify the bottom-right patch against a direct slice and explain why a whole-array reshape can hide a spatial permutation.
Attempt this before consulting the separate solutions appendix.
Expose the leakage shortcut
Transfer
Compare a decoder that returns the clean target with the visible-only model. Explain why zero reconstruction loss is not sufficient evidence.
Hint
Measure the shortcut, then inspect which function inputs contain hidden pixels.
Audit every patch of a rectangular color image
Challenge
Construct two 4-by-6 RGB images with numbered entries. Compare patchify with an independent nested slicing oracle for every patch, then change hidden pixels and prove visible features stay fixed.
Hint
Use explicit image slices inside the oracle; do not copy the reshape/transpose implementation.
Checkpoint
Why must the encoder input be inspected separately from reconstruction loss?
	A leaked target can produce a perfect loss without learning to infer missing content.
	Averaging squared error over only hidden patches automatically prevents hidden pixels from entering the encoder.
	Flattening an image without transposing grid and patch axes changes the shape of the patch tensor.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If reconstruction is excellent before learning, inspect target leakage. If patches look shuffled, verify the patch transpose and decoder restoration order. If metrics differ, compare the mask count and normalization.
Carry forward
	Verify patch extraction against an explicit spatial slice: converting (B,H,W,C)(B,H,W,C) into (B,HW/p2,p2C)(B,HW/p^2,p^2C) requires transposing the grid and within-patch axes before flattening.
	Keep hidden patches out of the encoder feature tensor and reduce reconstruction MSE over the hidden mask only; changing hidden target values must never alter the encoder forward input.

Your evidence
Keep patch-order slices, visible-only feature shapes, hidden-patch counts, independent MSE and held-amplitude reconstruction results.
Primary references
	Masked Autoencoders

Contrastive learning: views, positives and negatives
Define the positive pair before augmenting. Normalize embeddings and introduce temperature.
What you will be able to do
	Define the positive pair before augmenting
	Normalize embeddings and introduce temperature
	Verify the changed-condition exercise and explain the limits of this fixture.

The problem
Two transformed views belong to the same source example. Can an encoder place them close together without mapping every input to the same point? We will inspect exactly which pairs the objective treats as positives.
The idea
Contrastive learning compares representations using declared positive and negative relationships. Encoders and normalization produce comparable vectors, but the pairing rule decides which similarities the objective rewards.
Define positive pairs before building the score matrix
Place one view on each score-matrix axis and mark the intended positive pairs. A diagonal positive mask assumes one matching pair per aligned index. If several examples share the same valid meaning, treating every off-diagonal entry as negative can create false negatives.
Temperature scales logits and changes concentration and gradient behavior; it does not change the underlying cosine values before scaling. Keep those two quantities on distinct labels.
Read both query directions when the objective trains both directions. A strong diagonal on a tiny fixture is separate from broad semantic retrieval. Inspect changed pairings and ambiguous cases, and avoid inventing a faithful two-dimensional picture of a higher-dimensional representation.
Pause and reason
Can a high off-diagonal similarity always be called an error?
Compare your reasoningNo. It may be a false negative or another valid positive. Interpret scores using the declared semantic pairing contract, not index position alone.
Before coding: make the retrieval problem explicit
Write four source IDs on cards and create two views of each. A row of the similarity matrix asks which right-hand card matches one left-hand card. A column asks the reverse. The diagonal is correct only while both lists have the same order. Source IDs, not array positions, define the positive relationship.
Our left and right views are short numeric vectors, and both pass through one shared linear encoder. CLIP uses separate image and text towers. The bookkeeping lesson transfers, but this four-pair exercise is not an image–text model. First learn how a correct pair competes with alternatives; only then replace the encoders and data.
Define the positive pair before augmenting
Keep stable source IDs through both view pipelines. The positive for row i must still be the matching source in the other view. Augmentations encode an invariance assumption: a transformation that changes the label can create a false positive. Here small fixed perturbations preserve four explicitly defined directions.
Normalize embeddings and introduce temperature
Unit-normalize embeddings, compute dot products, and divide by a positive temperature τ\tau. Lower temperature sharpens the categorical comparison. It does not change which pair is correct, and it is not automatically better. A norm floor defines numerical behavior near zero, but zero embeddings are still a collapsed representation.
L=−12N∑i[log⁡esii/τ∑jesij/τ+log⁡esii/τ∑jesji/τ]L=-\frac{1}{2N}\sum_i\left[\log\frac{e^{s_{ii}/\tau}}{\sum_j e^{s_{ij}/\tau}}+\log\frac{e^{s_{ii}/\tau}}{\sum_j e^{s_{ji}/\tau}}\right]Calculate a two-pair objective by hand
For two orthogonal unit vectors paired with themselves, the cosine matrix has ones on the diagonal and zeros elsewhere. At temperature τ\tau, the correct candidate receives probability e1/τ/(e1/τ+1)e^{1/\tau}/(e^{1/\tau}+1). Both retrieval directions are identical, so the symmetric loss reduces to the expression below. A smaller temperature lowers this particular loss without changing which candidate ranks first.
Now swap only the right-hand order while retaining diagonal labels. The correct semantic match is off diagonal, but training is told to prefer the wrong card. Confident mistakes are penalized more strongly at low temperature. Lower training loss and better ranking are therefore related, but not interchangeable measurements.
L=log⁡(1+e−1/τ)L=\log\left(1+e^{-1/\tau}\right)Follow one row of the derivative
For logits zijz_{ij}, row cross-entropy contributes derivative (pij−1[j=i])/N(p_{ij}-\mathbf{1}[j=i])/N before the symmetric half weight. The target logit is pushed up; competing logits are pushed down. The column objective adds another contribution. Unit normalization means the underlying encoder gradients also pass through the normalization Jacobian. A finite-difference check on an encoder weight tests that whole chain.
A collapsed representation has equal probabilities, but avoiding collapse on four training pairs does not prove semantics. Duplicate sources are especially revealing: they are indistinguishable candidates that diagonal-only supervision still treats as competitors.
Check both directions independently
A row asks which right-hand view belongs to a left-hand example; a column asks the reverse question. The code calculates both with a stable host log-sum-exp reference. Check that jointly permuting both views preserves the objective. Permuting only one view without remapping targets should change the task.
Understand collapse and false negatives
If every embedding is the same, every candidate has equal probability and the loss is log⁡N\log N. That is a useful baseline, not a proof that every gradient path can escape collapse. Distinct source examples may share semantics; treating duplicates as negatives can penalize useful similarity. The cross-modal harness adds a multi-positive objective for that case.
Separate pretraining evidence from downstream quality
The line records the four-pair training objective, and retrieval is checked on those same pairs. Neither is a linear-probe evaluation. A full representation study freezes the encoder, fits a small supervised probe using training labels and evaluates a held-out split; alternatively compare fine-tuning with random initialization under the same budget. Keep projection-head and encoder outputs distinct.
Design an evaluation that is not just training-pair lookup
Freeze source-group splits before augmentation. Fit any probe on the training split only; evaluate on unseen source groups. Keep a fixed candidate pool for retrieval and define multiple-positive judgments and ties. Enlarging the pool makes the ranking task harder and changes the loss baseline, even if encoder weights remain unchanged.
Retain both the encoder representation and projection-head choice when reporting results. A representation useful to a linear probe can differ from the vector used by the training objective. For the next project, compare random, frozen pretrained and adapted encoders under one evaluation protocol, then inspect at least one correctly retrieved example and one plausible false negative.
Contrastive learning: views, positives and negatives — recorded experiment
Predict: Predict where the largest similarity should appear in each row. What would a one-sided permutation do?
[image: Contrastive learning: views, positives and negatives — recorded experiment. A measured training curve is accompanied by an audit of paired-view similarities.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The line is symmetric cross-view training loss in nats before each update. It falls from about 0.5640.564 to 0.0140.014. Lower values mean that the diagonal pair receives more probability among these four candidates, not that semantic accuracy is that number.
The second panel shows cosine similarity before division by temperature. A row is one left-view source and a column one right-view source. The row’s largest value lies at its matching ID on the diagonal; opposite directions can have negative similarity. Color encodes similarity, not a probability. Read both rows and columns because the loss trains both retrieval directions. A joint reorder moves the visible pattern without changing pair quality; an untracked one-sided reorder changes the labels.
Connect it to the computation
The shared encoder starts with poorly separated directions and learns an embedding where each view retrieves its paired source. The duplicate-pair exercise changes the denominator and reveals why a loss cannot be compared blindly across batch construction policies.
1. Define both retrieval directions
Create main.py in your activated course environment. Paste this block, then run python main.py; function definitions alone print nothing.
# Step 1 — 1. Define both retrieval directions: Row and column log-softmax share scores but normalize different...
import jax
import jax.numpy as jnp
import numpy as np

def paired_contrastive(left, right, temperature=0.2):
    left = left / jnp.maximum(jnp.linalg.norm(left, axis=-1, keepdims=True), 1e-6)
    right = right / jnp.maximum(jnp.linalg.norm(right, axis=-1, keepdims=True), 1e-6)
    scores = left @ right.T / temperature
    return -0.5 * (
        jnp.mean(jnp.diag(jax.nn.log_softmax(scores, axis=1)))
        + jnp.mean(jnp.diag(jax.nn.log_softmax(scores, axis=0)))
    )
Row and column log-softmax share scores but normalize different candidate axes. Draw which source each diagonal entry represents.
2. Construct paired views and an encoder
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 2 — 2. Construct paired views and an encoder: The fixed perturbations preserve source identity.
left = jnp.array(
    [[1.0, 0.0, 0.2], [0.0, 1.0, -0.2], [-1.0, 0.0, 0.1], [0.0, -1.0, -0.1]]
)
right = left + jnp.array(
    [[0.02, -0.01, 0.0], [-0.01, 0.02, 0.0], [0.01, 0.01, 0.0], [-0.02, -0.01, 0.0]]
)
w = jnp.array([[0.2, 0.1], [0.1, 0.1], [0.02, -0.01]])
history = []
# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(
    jax.value_and_grad(lambda w: paired_contrastive(left @ w, right @ w, 0.2))
)
The fixed perturbations preserve source identity. Before training, list the four target column indices and predict the consequence of a one-sided permutation.
3. Train, then inspect identity and symmetry
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 3 — 3. Train, then inspect identity and symmetry: The host calculation checks both denominators.
for _ in range(60):
    value, g = step(w)
    history.append(float(value))
    w = w - 0.03 * g

assert history[-1] < history[0]
# Perform matrix / vector contraction (`@`) to compute `zi`.
zi = left @ w
# Perform matrix / vector contraction (`@`) to compute `zt`.
zt = right @ w
zi = zi / jnp.linalg.norm(zi, axis=1, keepdims=True)
zt = zt / jnp.linalg.norm(zt, axis=1, keepdims=True)
scores = zi @ zt.T / 0.2
# Convert `host` to a host NumPy array for inspection or verification.
host = np.asarray(scores, dtype=np.float64)

def host_ce(a):
    return np.mean(
        np.log(np.exp(a - a.max(1, keepdims=True)).sum(1)) + a.max(1) - np.diag(a)
    )

np.testing.assert_allclose(
    paired_contrastive(left @ w, right @ w, 0.2),
    0.5 * (host_ce(host) + host_ce(host.T)),
    atol=1e-6,
)
assert np.array_equal(np.argmax(host, axis=1), np.arange(4))
# Create device-backed JAX array `permutation`.
permutation = jnp.array([2, 0, 3, 1])
np.testing.assert_allclose(
    paired_contrastive(left @ w, right @ w),
    paired_contrastive((left @ w)[permutation], (right @ w)[permutation]),
    atol=1e-6,
)
print(
    'Paired contrastive initial/final:',
    history[0],
    history[-1],
    '; all four nearest pairs correct',
)
The host calculation checks both denominators. Joint permutation preserves the problem; the later one-sided permutation deliberately changes it.
Run the example
The assembled script is in the separate solutions and code appendix.
Training loss decreases and all four paired views are nearest neighbors.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Measure the collapsed baseline
Predict before running: What loss should identical embeddings achieve for four candidate pairs?
# Experiment — Measure the collapsed baseline: Equal similarity gives each candidate probability one quarter.
collapsed = jnp.ones((4, 2))
collapse_loss = float(paired_contrastive(collapsed, collapsed))
np.testing.assert_allclose(collapse_loss, np.log(4), atol=1e-6)
print('Collapsed baseline:', collapse_loss)
The collapsed loss is log(4), approximately 1.386.
Equal similarity gives each candidate probability one quarter. This baseline catches objectives that reward only attraction and forget competing candidates.
Separate temperature from ranking
Predict before running: For two orthogonal matched pairs, does lowering temperature change top-1 retrieval or only confidence?
# Experiment — Separate temperature from ranking: The independent binary-softmax expression checks scale handling...
orthogonal = jnp.eye(2)
for tau in [0.2, 1.0, 2.0]:
    observed = float(paired_contrastive(orthogonal, orthogonal, tau))
    np.testing.assert_allclose(observed, np.logaddexp(0.0, -1.0 / tau), atol=1e-6)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_array_equal(
        np.argmax(np.asarray(orthogonal @ orthogonal.T) / tau, axis=1), [0, 1]
    )
    print('Temperature/loss:', tau, observed)
All three temperatures keep the same ranking while their losses differ.
The independent binary-softmax expression checks scale handling and demonstrates why loss comparisons require a fixed temperature and pool.
Your exercise
Permute only the right-hand embeddings after training and demonstrate the effect of broken pair identity.
Attempt this before consulting the separate solutions appendix.
Duplicate a source and inspect the objective
Transfer
Duplicate all four pairs while keeping diagonal-only positives. Calculate the change in loss and explain the false-negative effect.
Hint
Each original candidate appears twice, but only one copy is labeled positive.
Check the encoder gradient through normalization
Challenge
Perturb one encoder weight at the initial, noncollapsed matrix and compare centered differences with autodiff. Repeat with a second finite-difference step.
Hint
Use a fresh matrix; a gradient near a trained optimum may be too small to diagnose accurately.
Checkpoint
What does successful retrieval on the training pairs establish?
	The encoder solves those pairs under that pairing and augmentation contract.
	Lowering the temperature parameter τ\tau improves the nearest-neighbor ranking order of the cosine matrix.
	Diagonal-only supervision automatically merges duplicate semantic examples into a single positive target.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If training stalls near the collapsed baseline, inspect norms and pairing before reducing temperature. Unexpected loss jumps after batching changes can reflect false negatives or a different candidate set.
Carry forward
	Track source identity explicitly across both view pipelines: symmetric contrastive loss normalizes row and column retrieval probabilities over the candidate pool, and a collapsed representation sits at log⁡N\log N.
	Keep temperature τ\tau and candidate-pool size fixed when comparing contrastive losses, and evaluate frozen representations on held-out source groups rather than training-pair lookup.

Your evidence
Keep source pairing, temperature, stable two-direction loss checks, collapse and duplicate baselines, training outputs and broken-pair diagnosis.
Primary references
	SimCLR: views and representations
	CLIP: symmetric paired contrastive training

Phase 18: Post-training: SFT, LoRA, reward models and RLHF
Which parameters and signals change during adaptation?
Connect supervised demonstrations, frozen-base LoRA, reward modeling, sampled PPO and direct preference optimization. Keep the reference, behavior policy, reward model and dataset identities separate.
Prepare and work through the phase
	Supervised fine-tuning with response-only token loss
Write an input/next-target/role table, audit ragged likelihood sums, identify supervised positions in the gradient map, and demonstrate a context distinction the transition model cannot represent.

	LoRA: adapt, save and merge low-rank updates
Derive and check both adapter-factor gradients, explain asymmetric initialization, verify nonunit merge scaling, and calculate a rank-one capacity limit before interpreting the adaptation curve.

	Learn a reward model from pairwise preferences
Derive preference likelihood and its linear gradient, inspect contradictory labels, distinguish offsets from scale, and explain the measured comparison margins before handing off a reward model.

	RLHF mechanics: a frozen reward and PPO policy updates
Identify current, behavior, reference and reward states; work both clipping signs; verify baseline cancellation by enumeration; and compare the trained bandit with its regularized optimum and probability plot.

	Direct preference optimization and reference-corrected margins
Work through reference correction and its gradient, reproduce a falling chosen-probability counterexample, and explain why positive margins do not by themselves prove improved response behavior.


Readiness check
Should response-only loss remove prompt tokens from the model context?
Answer: No. Prompt inputs remain visible under the causal attention contract; the shifted response mask controls which targets receive loss.
Transfer question
Reward rises, but independently reviewed outputs get worse. What has been established?
Approach: Only improvement against the learned reward. Investigate reward exploitation, preference coverage and independent task metrics; do not label the result human alignment.
Common pitfall
A PPO ratio is always one during multiple optimizer epochs. Check whether old log probabilities are incorrectly recomputed from the changing policy.
Phase artifact
Complete stages 4–8 of training-methods. Retain shifted token-mask checks, frozen-base/merge evidence, preference oracles, signed PPO clipping and fixed-reference DPO comparisons. Add the new lesson evidence: ragged likelihood oracle, rank-capacity counterexample, conflicting preferences, exact bandit optimum and a DPO ratio improvement with lower chosen probability. State which model integrations remain absent.
The PPO lab is a terminal synthetic preference bandit, not full language-model RLHF. Human preference collection, sequence PPO/value models, large-model PEFT and held-out human evaluation remain separate work. For the learned-reward PPO lesson, complete rl-01 through rl-04 first. Response-only SFT and dense LoRA do not require the RL phase.
Phase project: Audit response-token SFT masking and preference-pair loss. Complete stages 4–8 of training-methods. Retain shifted token-mask checks, frozen-base/merge evidence, preference oracles, signed PPO clipping and fixed-reference DPO comparisons. Start with project stages 1, 2, 3, 4.
	posttraining-audit · online workspace · project guide
	training-methods · online workspace · project guide

Supervised fine-tuning with response-only token loss
Align predictions with their target tokens. Separate the attention mask from the loss mask.
What you will be able to do
	Align predictions with their target tokens
	Separate the attention mask from the loss mask
	Verify the changed-condition exercise and explain the limits of this fixture.

The problem
A conversation contains instructions and an answer. If we want to teach answer behavior, which tokens should receive loss? We will shift targets explicitly and exclude prompt tokens without hiding the prompt from the model.
The idea
Supervised fine-tuning teaches desired responses under a causal prediction objective. Response-only training scores selected target tokens while retaining prompt context. Correct token/role alignment determines which behavior the loss actually rewards.
Shift the supervision with the target
Input position tt predicts target t+1t+1. Therefore the response flag used for that loss must describe the target token. At a prompt/response boundary, using the input's flag instead can omit the first response target or score the wrong position.
A prompt position with no direct loss can still influence scored responses through causal attention. Its representations can participate in gradients. “Unscored” is not the same as “absent from computation.”
Aggregate by valid target tokens rather than averaging sequence or batch means blindly. The training plot demonstrates the fixture's masked objective; it is separate from instruction-following across unseen natural-language tasks.
Pause and reason
Why can prompt-related parameters change during response-only training?
Compare your reasoningThe prompt influences scored response predictions through the computation. Removing direct loss at prompt positions does not remove all gradient paths through prompt context.
Before coding: write the target table
For input tokens [0,2,4][0,2,4], the model at the first position predicts 22, and at the second predicts 44. The last position has no target in this sequence. Mark the two targets as answer and end-of-answer, even though the first supervised prediction is made from a prompt token. Write input, next target and target-role mask as three aligned rows before touching the loss.
The model here is a transition table: each current token selects a row of vocabulary logits. It has no long-range attention and cannot distinguish two histories ending in the same token. This makes the shift easy to inspect while keeping the boundary between objective practice and instruction-following explicit.
Align predictions with their target tokens
Logits at position tt predict token t+1t+1. Therefore shift the role mask with the target IDs. A prompt position can produce a supervised logit when its next token begins the answer. Masking logits according to the input role instead would drop that first answer token.
Separate the attention mask from the loss mask
The attention mask controls what the model sees; the response mask controls which predictions are scored. Prompt tokens must remain available as causal context even when predicting them is not the objective. Keep padding and packed-document boundaries out of valid targets. The final input position in this fixture has no next token and contributes no loss.
Work through sums, counts and unequal answer lengths
Uniform probabilities over five tokens give negative log probability log⁡5\log 5 at each supervised target. One supervised target contributes that amount; three targets contribute 3log⁡53\log 5. Dividing total negative log likelihood by total valid targets returns log⁡5\log5 for either batch. The sum returned by response_logps is intentionally not already a mean.
Once probabilities differ, sequence weighting matters. If one answer has token loss 22 and another has three losses of 11, a token mean is 1.251.25 while a sequence mean is 1.51.5. During gradient accumulation, carry numerator and count. Averaging unequal microbatch means changes the training objective.
Follow the first gradient to the prompt row
For a uniform five-class prediction with correct class 22, softmax cross-entropy has derivative −0.8-0.8 for class 22 and 0.20.2 for each other class, before averaging across targets. The negative gradient increases the correct logit. The lookup row for prompt ID 00 receives this signal because it predicts the first answer token. Excluding all prompt input positions would incorrectly discard that learning signal.
Do not confuse this with permission to inspect future answer tokens. A real causal Transformer must restrict attention independently of which targets count toward the loss. Changing the loss mask cannot repair a noncausal attention mask.
Choose a reduction and keep its denominator
This lab sums negative log probabilities of response and end tokens, then divides by the total supervised token count. That is a token-weighted loss: longer answers have greater total influence. Equal weighting per sequence is a different objective. Decide deliberately and retain both sequence and token counts.
LSFT=−∑b,tmb,t+1log⁡pθ(xb,t+1∣xb,≤t)∑b,tmb,t+1L_{\mathrm{SFT}}=-\frac{\sum_{b,t}m_{b,t+1}\log p_\theta(x_{b,t+1}\mid x_{b,\le t})}{\sum_{b,t}m_{b,t+1}}Fine-tune an identified base model
In a real run record the base checkpoint, tokenizer, chat template, data revision and special-token configuration. Demonstrations may contain personal or sensitive text; use data with appropriate permission and review. Split by source or conversation identity before formatting. This executable table starts from uniform logits to isolate the objective; the LoRA lesson separately trains and freezes a base model before adaptation.
Check behavior and forgetting separately
A falling demonstration loss is not an instruction-following benchmark. Freeze a validation prompt set, compare answer quality under fixed decoding, and retain a base-task evaluation to detect forgetting. Do not tune prompt formatting or training duration against final test prompts.
Why the tiny table is not enough for instruction following
Two sequences ending in the same prompt token select exactly the same table row, so they must receive the same next-token distribution. If their intended answers differ because of earlier context, this model cannot represent the task. Demonstrate that collision before replacing the table with a Transformer.
For a real SFT experiment, retain a base checkpoint, tokenizer, chat template and source-group split. Test the exact formatted strings and role spans, compare fixed decoding on held-out prompts, and measure a retained base task for forgetting. Packed sequences require document attention boundaries as well as masks; padding must never become a target merely because it shares an end-token ID.
Supervised fine-tuning with response-only token loss — recorded experiment
Predict: Predict the zero-gradient column before looking at the heatmap. Does a prompt input position necessarily have zero gradient?
[image: Supervised fine-tuning with response-only token loss — recorded experiment. A measured training curve is accompanied by an audit of supervised gradient positions.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The curve shows response-token mean negative log likelihood before each update. Uniform predictions start at log⁡5≈1.609\log 5\approx1.609, then fall to about 0.0800.080. It is the training loss of a five-token table, not a natural-language quality score.
The second panel is an initial-gradient audit, not another training curve. Rows are the two sequences and columns are positions producing logits. The first two columns have equal nonzero gradient norm because they predict answer and end tokens from uniform probabilities. The last column is zero because it has no next-token target. The first column belongs to a prompt input: its nonzero gradient is the evidence that the response mask was shifted with targets. This shows output-logit gradients, not all internal parameter gradients.
Connect it to the computation
The table learns prompt-to-answer and answer-to-end transitions. The independent gradient check confirms the intended target shift, and the mask exercise changes which target positions count without removing prompt context.
1. Define sequence log-probability sums
Create main.py in your activated course environment. Paste this block, then run python main.py; function definitions alone print nothing.
# Step 1 — 1. Define sequence log-probability sums: The slice removes the final logit and first token.
import jax
import jax.numpy as jnp
import numpy as np

def response_logps(logits, tokens, response_mask):
    # logits at t predict token t+1; the role mask belongs to the target token.
    logp = jax.nn.log_softmax(logits[:, :-1, :], axis=-1)
    selected = jnp.take_along_axis(logp, tokens[:, 1:, None], axis=-1)[..., 0]
    return jnp.sum(jnp.where(response_mask[:, 1:], selected, 0.0), axis=-1)

def validate_mask(selected, shape):
    # Convert `a` to a host NumPy array for inspection or verification.
    a = np.asarray(selected)
    # Guard input contract (`a.shape != shape or a.dtype != np.bool_ or (not a.any())`) and fail fast if violated.
    if a.shape != shape or a.dtype != np.bool_ or not a.any():
        raise ValueError('a nonempty Boolean mask of the target shape is required')
The slice removes the final logit and first token. The role mask is shifted with targets, preserving supervision of the first answer token.
2. Align prompt, response and target masks
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Token 0/1 is a prompt; 2/3 is its response; 4 marks the end.
tokens = jnp.array([[0, 2, 4], [1, 3, 4]], jnp.int32)
roles = jnp.array([[False, True, True]] * 2)
validate_mask(roles[:, 1:], tokens[:, 1:].shape)
p = jnp.zeros((5, 5))
history = []

def sft_objective(p):
    return -jnp.sum(response_logps(p[tokens], tokens, roles)) / jnp.sum(roles[:, 1:])

# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(jax.value_and_grad(sft_objective))
Inspect tokens and roles together. Every row has two valid next-token targets, so the loss denominator is four.
3. Fit the transition table and check the final position
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 3 — 3. Fit the transition table and check the final position: The table learns only local transitions.
for _ in range(100):
    value, g = step(p)
    history.append(float(value))
    p = p - 0.5 * g

np.testing.assert_allclose(history[0], np.log(5), atol=1e-6)
assert history[-1] < 0.15
assert np.array_equal(np.argmax(np.asarray(p)[[0, 1]], axis=1), [2, 3])
# The final position predicts nothing and has no contribution.
base_logits = p[tokens]
changed = base_logits.at[:, -1, :].set(100.0)
# Execute `np.testing.assert_allclose(`
np.testing.assert_allclose(
    response_logps(changed, tokens, roles),
    response_logps(base_logits, tokens, roles),
)
print('Response-only token NLL initial/final:', history[0], history[-1])
The table learns only local transitions. Its falling loss verifies these examples; the context-collision exercise exposes its architectural limit.
Run the example
The assembled script is in the separate solutions and code appendix.
Response-only loss decreases from log(5) to below 0.15.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Prove the target-mask shift
Predict before running: Which table rows should get gradients when only answer and end tokens are supervised?
# Experiment — Prove the target-mask shift: The prediction made at the prompt position is supervised because...
# Differentiate the objective to obtain `g` via automatic differentiation.
g = jax.grad(sft_objective)(jnp.zeros((5, 5)))
assert np.linalg.norm(np.asarray(g)[0]) > 0 and np.linalg.norm(np.asarray(g)[1]) > 0
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(np.asarray(g)[4], 0.0)
print('Prompt rows learn to predict first answers; the final end-token row has no target.')
Rows for prompt IDs have nonzero gradients; the unused final-token row has zero gradient.
The prediction made at the prompt position is supervised because its target is an answer. Input-role masking would confuse context with target eligibility.
Check a ragged batch against a scalar loop
Predict before running: Will independent token sums recover the response objective when answers have unequal lengths?
# Experiment — Check a ragged batch against a scalar loop: Padding and role masks affect the target after shifting.
ragged_tokens = jnp.array([[0, 2, 4, 4], [1, 3, 2, 4]])
ragged_roles = jnp.array([[False, True, True, False], [False, True, True, True]])
# Construct and reshape `ragged_logits` into the target tensor dimensions.
ragged_logits = jnp.arange(2 * 4 * 5, dtype=jnp.float32).reshape(2, 4, 5) / 19
observed = response_logps(ragged_logits, ragged_tokens, ragged_roles)
# Convert `arr` to a host NumPy array for inspection or verification.
arr = np.asarray(ragged_logits, dtype=np.float64)
expected = []
for row in range(2):
    total = 0.0
    for position in range(3):
        if ragged_roles[row, position + 1]:
            values = arr[row, position]
            log_normalizer = values.max() + np.log(np.exp(values - values.max()).sum())
            total += values[int(ragged_tokens[row, position + 1])] - log_normalizer
    expected.append(total)
np.testing.assert_allclose(observed, expected, atol=1e-6)
print('Supervised targets per sequence:', np.asarray(ragged_roles[:, 1:].sum(1)))
The target counts are two and three; scalar sequence sums match the vectorized implementation.
Padding and role masks affect the target after shifting. The host loop makes every included prediction explicit.
Your exercise
Score only the first response token in each sequence and compare the resulting count and objective.
Attempt this before consulting the separate solutions appendix.
Reject a batch with no answer targets
Transfer
Validate an all-prompt batch before computing the token average.
Hint
Use the shifted target mask, not the unshifted input mask.
Create a failure this model cannot fix
Challenge
Build two contexts ending in token zero but requiring different next tokens. Prove that the transition table gives identical distributions. Name the model capability needed to resolve the conflict.
Hint
Keep the final input token equal and change an earlier token.
Checkpoint
Should prompt inputs disappear when using response-only loss?
	No. They remain context; only their target eligibility changes.
	Yes. Masking a prompt token out of the loss also removes it from causal attention.
	No, but the logit produced at the final prompt position must be excluded because its input role is prompt.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
When the first answer token fails to learn, inspect the shifted mask. When answer length changes the metric, compare token versus sequence weighting and retain valid target counts.
Carry forward
	Shift the role mask with target tokens t+1t+1 so the prediction made at the last prompt position still supervises the first response token.
	Keep causal attention visibility separate from the response loss mask, and carry numerator and valid-target counts explicitly when answers have unequal lengths.

Your evidence
Keep shifted target/role masks, valid response-token counts, gradient support and the changed target-selection result.
Primary references
	InstructGPT: supervised demonstrations and preference training

LoRA: adapt, save and merge low-rank updates
Separate the frozen base from trainable adapters. Understand initialization and the first gradient.
What you will be able to do
	Separate the frozen base from trainable adapters
	Understand initialization and the first gradient
	Verify the changed-condition exercise and explain the limits of this fixture.

The problem
A trained dense layer already works, but the task changes. Can we fit the change while leaving the original weights untouched? We will first train a base, then learn and audit a low-rank update.
The idea
LoRA adds a trainable low-rank correction to a frozen weight map. The base still participates in the forward pass while a smaller set of factors adapts the output. Shape convention and scaling determine how those paths combine.
Separate the frozen path from the low-rank correction
Here the base matrix has shape (6,4)(6,4). With rank rr, factors have shapes (6,r)(6,r) and (r,4)(r,4), so their product has the same shape as the base. The correction is scaled by α/r\alpha/r before addition.
In the fixture, the second factor starts at zero. The correction is initially zero; the first factor's initial gradient is also zero, while the second factor can receive a nonzero gradient. This is an informative initialization check rather than evidence that training is broken.
After training, compare separate-branch inference with merged weights using the same scaling. Freezing parameters does not mean their computation vanishes. The plot of factor gradients explains which path learns first; it does not imply every full-model adapter behaves identically.
Frozen base plus a low-rank correction
Predict: If rank changes while alpha stays fixed, can you omit the scaling when merging?
[image: Input enters both branches. The base weight is frozen; A and B are trainable. Both paths return four features before addition. Include \(\alpha/r\) when merging. These are forward-data arrows: gradients update adapter factors but not frozen base parameters.]Architecture and dataflow mechanism diagram.Input enters both branches. The base weight is frozen; A and B are trainable. Both paths return four features before addition. Include α/r\alpha/r when merging. These are forward-data arrows: gradients update adapter factors but not frozen base parameters.
Pause and reason
If rank changes while alpha stays fixed, can you omit the scaling when merging?
Compare your reasoningNo. Merge the exact scaled correction used in forward computation. Otherwise the merged model computes a different function.
Before coding: adapt a change, not an entire matrix
Begin with a base mapping that already works on a source task. The new task changes the output in a small number of directions. LoRA represents an added matrix through two smaller factors while preserving the base weights. Freezing the base protects those stored weights; it does not guarantee the adapted outputs retain the old behavior. That is why adaptation and retention need separate evaluation.
Trace dimensions for input width dd, output width kk, and rank rr. The first factor compresses inputs into rr coordinates, and the second expands them into the output coordinates. The update matrix can have rank at most rr, regardless of training time.
Separate the frozen base from trainable adapters
For input-by-output weights W0W_0, let AA have shape (d,r)(d,r) and BB shape (r,k)(r,k). Compute the base output plus the scaled adapter output. Only the adapter tuple is passed to the gradient function. Keep a copy of W0W_0 and compare it exactly after training.
Y=XW0+αrXABY=XW_0+\frac{\alpha}{r}XABUnderstand initialization and the first gradient
Initialize AA randomly and BB to zero. The initial adapter output is zero, so predictions match the base. At this first step the gradient with respect to AA is zero because it multiplies BB; the gradient for BB can be nonzero. Initializing both factors to zero would block both gradients for this bilinear update.
Derive the first-step asymmetry
Write the dense-layer output gradient as GG, with the same batch-by-output shape as the prediction. Let s=α/rs=\alpha/r. The two derivatives below explain initialization. When B=0B=0, the first derivative vanishes, while the second can be nonzero if AA is random. After one update to BB, both factors may learn. If both factors start at zero, both gradients vanish and training stalls.
This is a property of the bilinear parameterization, not a JAX bug. Inspect factor norms and individual gradients before changing the learning rate.
∇AL=sX⊤GB⊤,∇BL=sA⊤X⊤G\nabla_A L=sX^\top GB^\top,\qquad \nabla_B L=sA^\top X^\top GUse rank to predict a failure before training
A rank-one update can represent one independent output-change direction. Consider an ideal update with singular values 33 and 11. Any rank-one approximation leaves at least squared Frobenius error 11; increasing optimization steps cannot remove that rank constraint. This matrix-space statement translates into prediction error only under assumptions about the input distribution. The exercise uses identity inputs so that distinction is visible.
Our main target was constructed as a rank-one update, so near-zero training error is expected. A convincing study compares several ranks on a harder held-out task and reports trainable parameters, optimizer memory, activation memory and measured runtime separately.
Count the right kind of savings
The fixture has 6×4=246\times4=24 base weights and rank 11, giving 6+4=106+4=10 trainable adapter scalars. The base remains resident. Real memory includes gradients, optimizer state, activations and runtime buffers. A low-bit frozen base plus adapters also needs a quantization policy and supported kernels; this lab does not implement QLoRA.
Merge only under an explicit serving contract
Without adapter dropout, an inference merge computes Wmerged=W0+(α/r)ABW_{\mathrm{merged}}=W_0+(\alpha/r)AB. Check outputs on changed inputs before deleting or replacing anything. Keep the unmerged base, adapter and scaling metadata; a second accidental merge adds the update twice. Packed or quantized bases require dequantization/requantization rules rather than a blind in-place add.
Save the adaptation identity
An adapter artifact needs the base checkpoint hash, target module names, rank, alpha, dtype and exact factor arrays. Match all of these on load. Compare the adapted task and original task separately; low rank does not prevent forgetting, and this rank-one teacher does not predict the rank required by a real task.
Make an adapter artifact reproducible
Save the exact base identity, target layer names, tensor orientation, rank, scaling, factor dtype and adapter weights. Reconstruct the unmerged computation before testing a merge. A rank-two adapter with α=3\alpha=3 requires scale 1.51.5; forgetting that scale may go unnoticed in rank-one examples where it equals one.
Merging is exact algebraically for this dense layer, subject to floating-point rounding. Quantized bases, packed layouts and adapter dropout need additional contracts. Retain original artifacts, compare changed inputs after reload, and reject applying the same update twice. Keep a source-task metric alongside the new task before claiming that adaptation preserved useful behavior.
LoRA: adapt, save and merge low-rank updates — recorded experiment
Predict: Which initial adapter-gradient bar is zero, and why can training still begin?
[image: LoRA: adapt, save and merge low-rank updates — recorded experiment. A measured training curve is accompanied by an audit of initial adapter gradients.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The plot is adaptation MSE before each update, falling from about 0.0440.044 to below 10−610^{-6}. It does not include the preceding base-training run. The target update was constructed to have rank one, so this is an achievable representation test rather than a universal LoRA performance claim.
The second panel compares the two initial factor-gradient norms. The zero-height A bar is expected because B starts at zero; the positive B bar shows the update has a route to begin learning. After B changes, A can receive gradient. These are initial gradients while the first panel spans the full adaptation run. The all-zero initialization experiment predicts two zero bars and nonzero loss, exposing a stalled parameterization.
Connect it to the computation
The first adapter update affects B; later updates can train both factors. The unchanged-base assertion, reloaded adapter and new-input merge comparison are separate evidence from the falling training line.
1. Define the frozen-plus-adapter forward pass
Create main.py in your activated course environment. Paste this block, then run python main.py; function definitions alone print nothing.
# Step 1 — 1. Define the frozen-plus-adapter forward pass: The base is an input to the forward pass but is not in the adapter...
import jax
import jax.numpy as jnp
import numpy as np

def lora_forward(x, base, a, b, alpha=1.0):
    rank = a.shape[1]
    return x @ base + (alpha / rank) * (x @ a @ b)
The base is an input to the forward pass but is not in the adapter tuple differentiated by loss.
2. Train a base, freeze it and initialize the adapter
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 2 — 2. Train a base, freeze it and initialize the adapter: This step includes the source-task training.
x = jnp.asarray(np.random.default_rng(4).normal(size=(24, 6)), jnp.float32)
# Construct and reshape `source_w` into the target tensor dimensions.
source_w = jnp.arange(24, dtype=jnp.float32).reshape(6, 4) / 40
base = jnp.zeros_like(source_w)
# Differentiate the objective to obtain `base_step` via automatic differentiation.
base_step = jax.jit(jax.grad(lambda w: jnp.mean((x @ w - x @ source_w) ** 2)))
for _ in range(150):
    base = base - 0.15 * base_step(base)
assert float(jnp.mean((x @ base - x @ source_w) ** 2)) < 1e-4
# Convert `frozen` to a host NumPy array for inspection or verification.
frozen = np.asarray(base).copy()
u = jnp.array([[0.2], [-0.3], [0.1], [0.2], [-0.1], [0.4]])
v = jnp.array([[0.5, -0.2, 0.3, 0.1]])
# Perform matrix / vector contraction (`@`) to compute `target`.
target = x @ (base + u @ v)
# Initialize explicit deterministic PRNG key `a`.
a = jax.random.normal(jax.random.key(4), (6, 1)) * 0.1
# Allocate initialized array `b` with the specified shape and dtype.
b = jnp.zeros((1, 4))
params = (a, b)
loss = lambda ab: jnp.mean((lora_forward(x, base, *ab, alpha=1.0) - target) ** 2)
# Evaluate both scalar loss and parameter gradients in one pass (`step`).
step = jax.jit(jax.value_and_grad(loss))
history = []
initial_grads = step(params)[1]
# Allocate initialized array `` with the specified shape and dtype.
np.testing.assert_array_equal(initial_grads[0], np.zeros((6, 1)))
assert np.linalg.norm(initial_grads[1]) > 0
This step includes the source-task training. Inspect the initial factor gradients: A has zero gradient and B has a nonzero one.
3. Adapt and verify the serving merge
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 3 — 3. Adapt and verify the serving merge: The reference target has rank one by construction.
for _ in range(250):
    value, g = step(params)
    history.append(float(value))
    # Transform every leaf of the parameter PyTree (`params`).
    params = jax.tree.map(lambda a, b: a - 0.4 * b, params, g)

a, b = params
assert history[-1] < history[0] * 0.02
# Execute `np.testing.assert_array_equal(base, frozen)`
np.testing.assert_array_equal(base, frozen)
merged = base + a @ b
np.testing.assert_allclose(
    lora_forward(x, base, a, b), x @ merged, rtol=1e-5, atol=1e-6
)
print(
    'LoRA initial/final:',
    history[0],
    history[-1],
    '; trainable:',
    a.size + b.size,
    'base:',
    base.size,
)
The reference target has rank one by construction. Exact base equality and changed-input merge checks answer different questions from adaptation loss.
Run the example
The assembled script is in the separate solutions and code appendix.
The trained base stays unchanged; 10 adapter scalars fit the rank-one change and merge equivalently.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Show why two zero factors cannot start learning
Predict before running: If both factors start at zero, can this first-order update move either one?
# Experiment — Show why two zero factors cannot start learning: Each factor’s derivative contains the other factor.
zero = (jnp.zeros_like(a), jnp.zeros_like(b))
# Differentiate the objective to obtain `zero_grad` via automatic differentiation.
zero_grad = jax.grad(loss)(zero)
assert all(
    np.array_equal(np.asarray(g), np.zeros(g.shape)) for g in zero_grad
)
print('Both zero factors produce zero first gradients.')
Both factor gradients are exactly zero.
Each factor’s derivative contains the other factor. Randomizing one and zeroing the other preserves the initial base output without blocking the whole update.
Check both factor gradients with matrix calculus
Predict before running: At nonzero factors, will the two matrix-gradient formulas agree with autodiff including nonunit alpha?
# Experiment — Check both factor gradients with matrix calculus: Nonzero factors exercise both gradient paths, while nonunit...
rng = np.random.default_rng(14)
# Create device-backed JAX array `a_probe`.
a_probe = jnp.asarray(rng.normal(size=(6, 2)) * 0.1, jnp.float32)
# Create device-backed JAX array `b_probe`.
b_probe = jnp.asarray(rng.normal(size=(2, 4)) * 0.1, jnp.float32)
scale = 3.0 / 2
# Evaluate the compound expression for `output_gradient`.
output_gradient = (
    2 * (lora_forward(x, base, a_probe, b_probe, 3.0) - target) / target.size
)
# Perform matrix / vector contraction (`@`) to compute `expected_a`.
expected_a = scale * x.T @ output_gradient @ b_probe.T
# Perform matrix / vector contraction (`@`) to compute `expected_b`.
expected_b = scale * a_probe.T @ x.T @ output_gradient
# Differentiate the objective to obtain `(actual_a, actual_b)` via automatic differentiation.
actual_a, actual_b = jax.grad(
    lambda aa, bb: jnp.mean(
        (lora_forward(x, base, aa, bb, 3.0) - target) ** 2
    ),
    argnums=(0, 1),
)(a_probe, b_probe)
np.testing.assert_allclose(actual_a, expected_a, atol=1e-6)
np.testing.assert_allclose(actual_b, expected_b, atol=1e-6)
print('Both LoRA factor gradients match the matrix-calculus oracle at alpha/r = 1.5.')
Both factor derivatives match the independent output-gradient calculation.
Nonzero factors exercise both gradient paths, while nonunit scaling catches a factor missing from the derivative. The separate all-zero experiment demonstrates the initialization failure.
Your exercise
Save both adapter factors and their rank/scaling metadata, reload them and check merged versus unmerged predictions.
Attempt this before consulting the separate solutions appendix.
Check the merge on new inputs
Transfer
Draw a new input batch and compare the merged layer with the adapter path.
Hint
The equivalence is algebraic, so a new input should still agree.
Test nonunit scaling and an impossible rank-one target
Challenge
Check merge equivalence at rank two with alpha three. Then use identity inputs and a diagonal target with singular values three and one to calculate the best rank-one residual.
Hint
Use an independent singular-value decomposition for the rank bound, and divide alpha by rank in both serving paths.
Checkpoint
Does LoRA require updating the base weights during adapter training?
	No. The base is frozen; the selected adapter parameters receive updates.
	Yes, because initializing factor B=0B=0 blocks all gradients until the base matrix moves.
	No, and freezing the base weights guarantees that adapted outputs cannot forget the source task.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If neither factor moves, inspect initialization. If merged predictions drift, check factor orientation, rank scaling, dropout, base identity and accidental repeated merges.
Carry forward
	Initialize one LoRA factor randomly and the other to zero so the initial correction is zero while the zero-initialized factor still receives a nonzero first gradient.
	Preserve the base checkpoint identity, rank rr, and scale α/r\alpha/r in saved adapter artifacts, and verify merged weights W0+(α/r)ABW_0 + (\alpha/r)AB against unmerged inference on new inputs.

Your evidence
Keep base-training evidence, unchanged base arrays, adapter factors/rank/alpha, initial-gradient checks and reloaded/new-input merge parity.
Primary references
	LoRA

Learn a reward model from pairwise preferences
Represent a preference as a comparison. Fit score differences with a stable likelihood.
What you will be able to do
	Represent a preference as a comparison
	Fit score differences with a stable likelihood
	Verify the changed-condition exercise and explain the limits of this fixture.

The problem
You know which of two responses is preferred, but you do not have an absolute score for either. How can a model learn from that comparison, and what does its score mean?
The idea
A pairwise reward model learns to give a preferred item a higher score than its alternative. The loss uses a score difference. That relative objective does not automatically calibrate absolute quality or make preference labels infallible.
A preference compares scores rather than calibrating utility
If chosen and rejected scores are 33 and 11, their margin is 22. Adding 1010 to both scores leaves the margin unchanged and therefore leaves a difference-based preference loss unchanged. The absolute offset is not identified by those comparisons.
Conflicting labels can make an intermediate preference probability more appropriate than an extreme one. Inspect disagreement and source quality rather than assuming the model should confidently fit every pair.
The margin plot shows separation on the fixture. To support downstream policy optimization, evaluate generalization and possible exploitation separately. A reward that ranks a few training pairs correctly can still be unreliable on policy-generated outputs.
Pause and reason
Why is a raw reward score of 100 not automatically better calibrated than 1?
Compare your reasoningA relative training objective can permit score offsets and depends on the model's conventions. Compare under a shared evaluation contract; raw magnitudes alone are not universal utility units.
Before coding: a preference is a comparison
A training example says that one response was preferred to another for the same prompt and rubric. It does not assign a universally meaningful numeric score to either response. Begin by subtracting the rejected score from the chosen score. A positive margin supports the label; a negative margin contradicts it.
The fixture uses three synthetic response feature vectors and three ordered pairs. It teaches comparison likelihood and score identifiability, not human judgment. Keep the prompt/group identity when replacing these vectors with real response representations; comparing unrelated prompts can teach a meaningless ranking.
Represent a preference as a comparison
Keep the prompt identity, chosen/rejected response identities, label source and split. Pairwise ratings are conditional on a shared prompt and rubric; comparing unrelated prompts can teach a spurious score offset. The fixture has three response feature vectors with an explicit ordering.
Fit score differences with a stable likelihood
The probability of preferring a chosen response is the sigmoid of its reward difference. The negative log likelihood is softplus of the negative margin. A tied pair starts at log⁡2\log 2. A common offset to all rewards cancels, so comparisons alone do not identify an absolute reward origin.
LRM=E[softplus⁡ ⁣(−(rw(x,y+)−rw(x,y−)))]L_{\mathrm{RM}}=\mathbb E\left[\operatorname{softplus}\!\left(-(r_w(x,y^+)-r_w(x,y^-))\right)\right]Calculate likelihood and its derivative
Let m=rθ(x,y+)−rθ(x,y−)m=r_\theta(x,y^+)-r_\theta(x,y^-). The probability of the observed preference is σ(m)\sigma(m), and its negative log likelihood is log⁡(1+e−m)\log(1+e^{-m}). At margin zero, probability is one half and loss is log⁡2\log2. At margin log⁡3\log3, probability is three quarters and loss is −log⁡(3/4)-\log(3/4). The margin derivative is σ(m)−1\sigma(m)-1: confident correct pairs receive a smaller update than uncertain or wrong pairs.
For a linear score, multiply this derivative by the chosen-minus-rejected feature vector and average pairs. That supplies an independent gradient oracle without differentiating the library softplus implementation.
∇wL=1N∑i(σ(mi)−1)(fi+−fi−)\nabla_w L=\frac1N\sum_i\left(\sigma(m_i)-1\right)(f_i^+-f_i^-)Disagreement changes the optimum
If the same two responses appear once with each preference direction, the average loss is minimized at a tied score, not at infinite confidence in either label. With unequal vote frequencies, the optimum reflects those frequencies under this likelihood model. Collapsing disputed examples into one apparently certain label discards information.
Group train and evaluation splits by prompt/source. Report agreement, likelihood and calibration under the labeling protocol, and inspect disagreements. A scalar metric can hide systematic preferences that conflict between raters or domains. The next policy optimizer will amplify the score signal, so keep a separate evaluator for qualities the reward model may have missed.
Separate ranking from calibration
Check ordering, held-out pair likelihood and agreement by prompt/source slice. A large positive margin means the model is confident under its likelihood, not that a response is universally good. Separable preferences can drive growing margins; regularization, validation and stopping rules matter even when every training comparison is correct.
Preserve disagreement and data provenance
Real raters may disagree for legitimate reasons. Retain the rating rubric, task, annotator process and uncertainty instead of converting every disagreement into a perfect label. Split prompts and near-duplicate responses by source so a held-out score does not reward memorization. This lab does not collect personal data or human ratings.
Keep the reward model fixed during policy evaluation
The next lesson freezes the learned reward while optimizing a policy. If reward changes mid-comparison, observed improvement may reflect a moving evaluator. Retain a reference policy, independent task metrics and adversarial examples to detect reward exploitation.
Audit both what scores identify and what they do not
Adding one common offset leaves every preference margin unchanged, so pair comparisons cannot identify an absolute zero of reward. Positive scaling preserves ranking but changes probabilities and confidence. The scale also changes the reward-versus-KL tradeoff in policy optimization. Save normalization and model identity when handing scores to the next phase.
A perfectly fitted training ranking can coexist with overconfidence or poor held-out ranking. On separable data the model can keep increasing margins without learning a new ordering. Track weight norms, held-out likelihood and error slices; choose regularization and stopping on development data rather than demanding the smallest possible training loss.
Learn a reward model from pairwise preferences — recorded experiment
Predict: Which final comparison margin should be the largest given the ordering zero above one above two?
[image: Learn a reward model from pairwise preferences — recorded experiment. A measured training curve is accompanied by an audit of preference margins.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The vertical axis is pairwise negative log likelihood in nats. It starts near 0.693=log⁡20.693=\log2, then falls to about 0.0870.087. Each point is before an update on the same three synthetic comparisons; it is not a human agreement rate.
The second panel reports final chosen-minus-rejected score margins for the three training comparisons. All are positive, so each ordering agrees with its synthetic label. The zero-versus-two comparison spans the other two and has the largest margin. A common reward offset would leave every bar unchanged; multiplying weights by two would double them without changing ordering. Neither operation is visible in a ranking-only accuracy number.
Connect it to the computation
The initial zero weights tie all response scores. Training increases the chosen-minus-rejected margins. The offset and scaling exercises explain why reward values must be interpreted relative to their model and downstream objective.
1. Define chosen-minus-rejected likelihood
Create main.py in your activated course environment. Paste this block, then run python main.py; function definitions alone print nothing.
# Step 1 — 1. Define chosen-minus-rejected likelihood: The loss sees feature differences.
import jax
import jax.numpy as jnp
import numpy as np

def preference_loss(w, chosen, rejected):
    # Perform matrix / vector contraction (`@`) to compute `margin`.
    margin = (chosen - rejected) @ w
    return jnp.mean(jax.nn.softplus(-margin))
The loss sees feature differences. Predict why adding a common score offset later cannot change it.
2. Construct and inspect the three comparisons
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 2 — 2. Construct and inspect the three comparisons: Write the desired order before fitting: response zero above one,...
features = jnp.array([[1.0, 0.0], [0.0, 1.0], [-1.0, -1.0]])
chosen = features[jnp.array([0, 0, 1])]
rejected = features[jnp.array([1, 2, 2])]
w = jnp.zeros(2)
history = []
# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(
    jax.value_and_grad(lambda w: preference_loss(w, chosen, rejected))
)
Write the desired order before fitting: response zero above one, and one above two. These labels are synthetic.
3. Fit rewards and check their invariances
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 3 — 3. Fit rewards and check their invariances: The host logaddexp oracle checks stable likelihood values.
for _ in range(100):
    value, g = step(w)
    history.append(float(value))
    w = w - 0.1 * g

# Perform matrix / vector contraction (`@`) to compute `rewards`.
rewards = features @ w
assert rewards[0] > rewards[1] > rewards[2]
np.testing.assert_allclose(history[0], np.log(2), atol=1e-6)
assert history[-1] < 0.1
# Convert `margins` to a host NumPy array for inspection or verification.
margins = np.asarray((chosen - rejected) @ w, dtype=np.float64)
# Execute `np.testing.assert_allclose(`.
np.testing.assert_allclose(
    preference_loss(w, chosen, rejected),
    np.mean(np.logaddexp(0, -margins)),
    atol=1e-6,
)
# Only differences are identified: a common score offset leaves preference probabilities unchanged.
np.testing.assert_allclose(
    jax.nn.sigmoid((chosen @ w + 9) - (rejected @ w + 9)),
    jax.nn.sigmoid((chosen - rejected) @ w),
    atol=1e-6,
)
print(
    'Synthetic preference NLL initial/final:',
    history[0],
    history[-1],
    '; rewards:',
    np.asarray(rewards),
)
The host logaddexp oracle checks stable likelihood values. The score-offset test establishes non-identifiability, not calibration.
Run the example
The assembled script is in the separate solutions and code appendix.
The model learns all three declared preferences; common reward offsets preserve probabilities.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Reverse the comparison
Predict before running: How should a positive margin change when chosen and rejected responses swap?
# Experiment — Reverse the comparison: This checks label direction.
forward = float(preference_loss(w, chosen, rejected))
reverse = float(preference_loss(w, rejected, chosen))
assert reverse > forward
print('Forward/reversed preference NLL:', forward, reverse)
The reversed-label loss is larger.
This checks label direction. A decreasing incorrectly signed loss can train a consistent but reversed preference model.
Fit conflicting labels conceptually
Predict before running: If a pair is labeled both ways equally often, should the best margin be positive, negative or zero?
# Experiment — Fit conflicting labels conceptually: Disagreement is not fixed by flipping labels until training...
conflict = lambda margin: 0.5 * (
    jax.nn.softplus(-margin) + jax.nn.softplus(margin)
)
np.testing.assert_allclose(conflict(0.0), np.log(2), atol=1e-6)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(conflict)(0.0), 0.0, atol=1e-7)
assert float(conflict(2.0)) > float(conflict(0.0))
# Execute `np.testing.assert_allclose(conflict(2.0), conflict(-2.0))`
np.testing.assert_allclose(conflict(2.0), conflict(-2.0))
print('Balanced conflicting labels prefer a zero margin.')
Zero margin minimizes the balanced contradictory-pair objective.
Disagreement is not fixed by flipping labels until training accuracy is high. The likelihood must represent the information actually present.
Your exercise
Calculate the initial loss for tied reward scores independently and verify the trained ordering.
Attempt this before consulting the separate solutions appendix.
Show that feature scale can change scores without changing ranking
Transfer
Multiply the trained reward weights by two and compare ordering and preference probabilities.
Hint
Positive scaling preserves ordering but sharpens probabilities.
Derive the linear reward gradient
Challenge
At a fresh weight vector, calculate the mean feature difference weighted by probability-minus-one and compare with autodiff. Repeat after reversing labels.
Hint
Use NumPy sigmoid values for the independent calculation; reversing both feature order and probabilities is necessary.
Checkpoint
What do pairwise preferences identify directly?
	Reward differences under the chosen comparison model, not an absolute universal utility.
	A unique zero point for individual response rewards across unrelated prompts.
	A scale-invariant objective whose positive rescaling leaves downstream KL regularization unchanged.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If margins have the wrong sign, inspect chosen/rejected order. If training ranking is perfect but held-out agreement fails, inspect prompt leakage, rubric consistency and reward-model overfitting.
Carry forward
	Pairwise preference loss depends only on score margins rθ(x,y+)−rθ(x,y−)r_\theta(x,y^+)-r_\theta(x,y^-), starting at log⁡2\log 2 for tied scores and weighting feature differences by σ(m)−1\sigma(m)-1.
	Common additive reward offsets cancel in pairwise comparisons while positive weight rescaling sharpens confidence and alters the downstream reward-versus-KL balance.

Your evidence
Keep synthetic label provenance, stable preference-loss and gradient references, offset/scale tests and the learned ordering.
Primary references
	InstructGPT: reward modeling from preferences

RLHF mechanics: a frozen reward and PPO policy updates
Keep three identities separate. Collect actions before optimizing them.
What you will be able to do
	Keep three identities separate
	Collect actions before optimizing them
	Verify the changed-condition exercise and explain the limits of this fixture.

The problem
After fitting a reward model, how do its scores change a policy? We will collect actual sampled actions, freeze the behavior probabilities for each rollout batch and inspect improvement together with drift from a fixed reference.
The idea
This lesson isolates RLHF mechanics in a small categorical bandit. A trainable policy is compared with rollout-time probabilities and a fixed reference, while a previously fitted reward model supplies frozen scores. Each role has a different update lifetime.
Keep the four policy-and-reward roles distinct
Before this lesson, complete rl-01 through rl-04: functional environments, rollout masks, behavior-policy identity, signed PPO clipping and held-out evaluation. This is an additional prerequisite for learned-reward policy optimization, not for response-only SFT or LoRA.
The old policy probabilities stay fixed during the inner PPO updates for one rollout batch. They refresh when a new rollout is collected. The reference policy remains fixed across those rollouts and defines the KL comparison. The reward model is frozen during policy optimization.
Advantages and old probabilities should not quietly become new optimization targets during the inner update. This fixture uses an exact baseline and categorical KL; it does not contain a learned language-model critic or human-feedback collection pipeline.
Read reward, KL and action-probability panels together. Higher reward accompanied by a larger reference deviation is a tradeoff, not an unqualified success. Keep each plotted quantity tied to the actual policy state at measurement.
Different objects have different update lifetimes
Predict: Which frozen object refreshes between rollout batches: old policy probabilities or the reference policy?
[image: Current parameters change within PPO updates. Old probabilities stay fixed for that rollout batch and refresh next rollout. The reference and reward remain fixed during policy training. This categorical fixture has an exact baseline, so no learned critic is shown.]Architecture and dataflow mechanism diagram.Current parameters change within PPO updates. Old probabilities stay fixed for that rollout batch and refresh next rollout. The reference and reward remain fixed during policy training. This categorical fixture has an exact baseline, so no learned critic is shown.
Pause and reason
Which frozen object refreshes between rollout batches: old policy probabilities or the reference policy?
Compare your reasoningOld rollout-time probabilities refresh. The reference remains fixed under this lesson's contract. Confusing them changes the optimization objective.
Before coding: identify four different objects
Keep a notebook table with current policy, old behavior policy, reference policy and reward model. The current policy changes on optimizer steps. The old policy is a snapshot taken before collecting the batch; its sampled-action log probabilities stay fixed while reusing that batch. The reference and reward model stay fixed for the whole experiment. Confusing old and reference makes even a numerically stable loop implement the wrong objective.
This lab is a bandit: one prompt, three terminal actions and no sequence credit assignment. It lets us calculate expectations exactly. Language PPO additionally needs token masks, rollout termination, value/advantage estimation and a generation pipeline; none of those can be inferred from this loop.
Keep three identities separate
The reward model scores outputs. The reference policy anchors the desired deviation penalty and stays fixed. The old behavior policy generated the current batch and remains fixed only while that batch is reused. At the next rollout, old behavior updates to the new policy; the reference does not.
Collect actions before optimizing them
The code samples terminal response actions from the current categorical policy. It stores their old log probabilities and computes an advantage using the frozen reward minus that policy’s exact expected reward. This exact baseline is available only because the action space is tiny; a general language system needs a suitable baseline or value estimator.
Work a signed clipping example
For advantage A=2A=2, ratio ρ=1.5\rho=1.5, and clip interval [0.8,1.2][0.8,1.2], the products are 33 and 2.42.4, so the minimum is 2.42.4. Further increasing this ratio no longer improves that positive-advantage surrogate term. For A=−2A=-2 and ρ=0.5\rho=0.5, the products are −1-1 and −1.6-1.6, so the minimum is −1.6-1.6.
Clipping limits the reward for moving in the advantageous direction too far on these samples. It does not freeze all probability changes or prove a global trust region. The explicit KL term can still contribute gradients when a surrogate term is clipped. Read the negative sign in the minimized loss carefully: we minimize negative surrogate plus a penalty.
Why a baseline can help without changing the expected gradient
For sampled action aa, the advantage here is reward minus the old policy’s exact expected reward. The baseline is independent of which action was sampled and is frozen for the update. Its expected contribution to the unclipped score-function gradient is zero because policy probabilities sum to one. Subtracting it can reduce sampling variance without changing that expected gradient.
Our three-action environment lets you enumerate this identity instead of trusting a noisy Monte Carlo comparison. The identity alone does not prove that arbitrary baselines, clipped multi-epoch surrogates or learned value estimators are unbiased. Preserve which estimator is being checked.
∑aπ(a)∇θlog⁡π(a) [r(a)−c]=∇θ∑aπ(a)r(a)\sum_a\pi(a)\nabla_\theta\log\pi(a)\,[r(a)-c]=\nabla_\theta\sum_a\pi(a)r(a)Clip the surrogate with the advantage sign intact
Form a probability ratio from current and old log probabilities. Take the minimum of unclipped and clipped advantage products. Negative advantages reverse which bound matters; clipping only the ratio and maximizing it indiscriminately changes the algorithm. Advantages and behavior probabilities are detached.
L=−E[min⁡(ρA,clip⁡(ρ,1−ϵ,1+ϵ)A)]+βDKL(πθ∥πref)L=-\mathbb E\left[\min(\rho A,\operatorname{clip}(\rho,1-\epsilon,1+\epsilon)A)\right]+\beta D_{\mathrm{KL}}(\pi_\theta\Vert\pi_{\mathrm{ref}})Measure reward and reference drift together
For this categorical bandit, compute the KL and expected learned reward exactly by summing over every action. The trainer includes this exact KL directly in the objective; it is not an implementation of every token-level reward-shaping variant. A higher reward with greater KL may be expected, and clipping does not guarantee a global trust region.
Do not confuse reward optimization with alignment
The model can exploit a weak reward model. Keep independent evaluations, inspect unfavorable cases and fix reward/reference versions during a comparison. Actual human-feedback systems need human data provenance and held-out human judgments. This exercise demonstrates sampled policy optimization against a learned synthetic preference reward only.
Use the exact solution as a bounded optimization reference
For a finite action space with positive reference probabilities, maximizing expected fixed reward minus β\beta times forward KL has optimum proportional to reference probability times exp⁡(r/β)\exp(r/\beta). This is a reference for the regularized bandit problem, not a statement that forty sampled PPO iterations must reach it. Compute it with log-softmax for numerical stability.
Evaluate the regularized objective of your trained policy and this optimum. A gap can reflect finite optimization, clipping and sampled rollouts. A higher learned reward alone can come from excessive drift. Keep an independent task score and adversarial cases before carrying this pattern to a real reward model.
π∗(a)=πref(a)er(a)/β∑bπref(b)er(b)/β\pi^*(a)=\frac{\pi_{\mathrm{ref}}(a)e^{r(a)/\beta}}{\sum_b\pi_{\mathrm{ref}}(b)e^{r(b)/\beta}}RLHF mechanics: a frozen reward and PPO policy updates — recorded experiment
Predict: Which action gains probability as reward rises, and why does that also change reference KL?
[image: RLHF mechanics: a frozen reward and PPO policy updates — recorded experiment. A measured training curve is accompanied by an audit of reference and final action probabilities.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The top panel shows exact expected learned reward after each rollout batch, rising toward the highest-scored action. The bottom panel shows exact KL in nats to the fixed reference. The final reward is about 1.921.92, with KL about 0.780.78. The axes are different quantities and must not be added as if they shared units.
The third panel compares reference and final action probabilities; each series sums to one. Probability moves toward action zero, the response favored by the learned reward. The other actions lose probability, explaining the rising expected reward and KL in the first two panels. Reward is measured in the learned score scale, KL in nats and these bars in probability: do not combine their heights. This is a finite synthetic policy distribution, not a measure of human approval.
Connect it to the computation
The policy concentrates on the action favored by the learned reward, which also moves it away from the reference. These deterministic expectation measurements evaluate a policy trained from random rollouts; they are not sampled human preference scores or a safety assessment.
1. Define the reward likelihood and signed PPO loss
Create main.py in your activated course environment. Paste this block, then run python main.py; function definitions alone print nothing.
# Step 1 — 1. Define the reward likelihood and signed PPO loss: Keep reward fitting and policy loss separate.
import jax
import jax.numpy as jnp
import numpy as np

def preference_loss(w, chosen, rejected):
    # Perform matrix / vector contraction (`@`) to compute `margin`.
    margin = (chosen - rejected) @ w
    return jnp.mean(jax.nn.softplus(-margin))

# Define `ppo_loss(logits, old_logps, actions, advantages...)` to evaluate the objective and its automatic derivatives:
def ppo_loss(
    logits, old_logps, actions, advantages, reference_logps, beta=0.1, clip=0.2
):
    # Evaluate numerically stable log-space cross-entropy/likelihood (`logp`).
    logp = jax.nn.log_softmax(logits)
    ratios = jnp.exp(logp[actions] - jax.lax.stop_gradient(old_logps))
    advantages = jax.lax.stop_gradient(advantages)
    # Combine or mask array elements to form `clipped`.
    clipped = jnp.clip(ratios, 1.0 - clip, 1.0 + clip)
    surrogate = jnp.mean(jnp.minimum(ratios * advantages, clipped * advantages))
    # Exact categorical KL in this one-prompt, one-action teaching environment.
    kl = jnp.sum(
        jnp.exp(logp) * (logp - jax.lax.stop_gradient(reference_logps))
    )
    return -surrogate + beta * kl
Keep reward fitting and policy loss separate. Inside policy loss, old probabilities and advantages are constants for differentiation.
2. Fit and freeze reward, then identify reference state
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 2 — 2. Fit and freeze reward, then identify reference state: The reference is stored before policy updates.
features = jnp.array([[1.0, 0.0], [0.0, 1.0], [-1.0, -1.0]])
chosen = features[jnp.array([0, 0, 1])]
rejected = features[jnp.array([1, 2, 2])]
reward_w = jnp.zeros(2)
# Differentiate the objective to obtain `reward_step` via automatic differentiation.
reward_step = jax.jit(jax.grad(lambda w: preference_loss(w, chosen, rejected)))
for _ in range(100):
    reward_w = reward_w - 0.1 * reward_step(reward_w)
rewards = jax.lax.stop_gradient(features @ reward_w)
# A fixed reference policy and a learned reward, with one terminal response action.
reference = jax.nn.log_softmax(jnp.array([0.2, 0.0, -0.2]))
theta = jnp.array([0.2, 0.0, -0.2])
# Convert `reference_copy` to a host NumPy array for inspection or verification.
reference_copy = np.asarray(reference).copy()
# Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
key = jax.random.key(11)
history = []
kl_history = []
# Evaluate both scalar loss and parameter gradients in one pass (`step`).
step = jax.jit(jax.value_and_grad(ppo_loss))
The reference is stored before policy updates. This step also creates the sampling key and independent reward model.
3. Collect rollouts and reuse each batch correctly
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 3 — 3. Collect rollouts and reuse each batch correctly: Each outer iteration collects a fresh batch; each inner step...
for iteration in range(40):
    # Evaluate numerically stable log-space cross-entropy/likelihood (`old`).
    old = jax.nn.log_softmax(theta)
    probs = jnp.exp(old)
    # Create or split explicit PRNG key(s) (`(key, draw)`) for reproducible randomness.
    key, draw = jax.random.split(key)
    # Draw pseudorandom samples for `actions` using the explicit RNG state.
    actions = jax.random.categorical(draw, old, shape=(128,))
    old_selected = jax.lax.stop_gradient(old[actions])
    advantage = jax.lax.stop_gradient(
        rewards[actions] - jnp.sum(probs * rewards)
    )
    for _ in range(3):
        _, g = step(
            theta, old_selected, actions, advantage, reference, 0.2, 0.2
        )
        theta = theta - 0.15 * g
    # Evaluate numerically stable log-space cross-entropy/likelihood (`logp`).
    logp = jax.nn.log_softmax(theta)
    history.append(float(jnp.sum(jnp.exp(logp) * rewards)))
    kl_history.append(float(jnp.sum(jnp.exp(logp) * (logp - reference))))

# Execute `np.testing.assert_array_equal(reference, reference_copy)`
np.testing.assert_array_equal(reference, reference_copy)
# Aggregate array values to compute `initial_reward`.
initial_reward = float(jnp.sum(jnp.exp(reference) * rewards))
assert history[-1] > initial_reward and kl_history[-1] > 0
# Independent finite-action expectation: no evaluation sampling error here.
np.testing.assert_allclose(
    history[-1],
    sum(float(a) * float(b) for a, b in zip(jnp.exp(logp), rewards)),
    rtol=1e-6,
)
print(
    'Reward initial/final and final KL:',
    initial_reward,
    history[-1],
    kl_history[-1],
)
print(
    'Synthetic preference bandit with actual sampled PPO updates; synthetic preference target or language-generation claim.'
)
Each outer iteration collects a fresh batch; each inner step reuses its saved behavior probabilities. Plot points occur after a rollout batch, unlike pre-update loss curves in other lessons.
Run the example
The assembled script is in the separate solutions and code appendix.
Sampled PPO updates increase exact expected learned reward while the reference stays unchanged.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Inspect both clipping directions
Predict before running: For a positive advantage with ratio above the upper bound, and a negative advantage below the lower bound, which product is retained?
# Experiment — Inspect both clipping directions: The negative-advantage case selects the more negative product.
ratios = np.array([1.5, 0.5])
advantages = np.array([2.0, -2.0])
terms = np.minimum(
    ratios * advantages, np.clip(ratios, 0.8, 1.2) * advantages
)
# Execute `np.testing.assert_allclose(terms, [2.4, -1.6])`
np.testing.assert_allclose(terms, [2.4, -1.6])
print('Clipped surrogate terms:', terms)
The terms are [2.4, -1.6].
The negative-advantage case selects the more negative product. This is why clipping must be applied inside the signed surrogate.
Enumerate the baseline cancellation
Predict before running: Does subtracting a fixed baseline change the exact policy gradient before clipping?
# Experiment — Enumerate the baseline cancellation: Enumeration removes sampling error.
probe = jnp.array([0.3, -0.2, 0.1])
# Apply nonlinear activation or probability normalization to compute `probe_probs`.
probe_probs = jax.nn.softmax(probe)
# Aggregate array values to compute `constant`.
constant = float(jnp.sum(probe_probs * rewards))
# Compute exact directional derivative / Jacobian / Hessian (`score_jacobian`).
score_jacobian = jax.jacrev(jax.nn.log_softmax)(probe)
# Reduce along axis=0 to compute `enumerated`.
enumerated = jnp.sum(
    probe_probs[:, None] * (rewards - constant)[:, None] * score_jacobian,
    axis=0,
)
# Differentiate the objective to obtain `exact` via automatic differentiation.
exact = jax.grad(lambda logits: jnp.sum(jax.nn.softmax(logits) * rewards))(
    probe
)
np.testing.assert_allclose(enumerated, exact, atol=1e-6)
print('Enumerated baseline score gradient matches exact expected-reward gradient.')
The two gradients agree up to float32 rounding.
Enumeration removes sampling error. This tests the unclipped estimator identity; it does not assert that every clipped update equals exact gradient ascent.
Your exercise
Check the KL at the fixed reference and compare it with the final policy’s exact KL.
Attempt this before consulting the separate solutions appendix.
Verify detached behavior information
Transfer
Differentiate the objective with respect to supplied old log probabilities and advantages; both must be fixed within this update.
Hint
Use argnums to inspect only those two inputs.
Compare with the finite-action regularized optimum
Challenge
Compute the analytic optimum for beta 0.2, then compare its regularized objective with the trained policy and the reference.
Hint
Evaluate expected reward minus beta times KL for all three policies, and compute the optimum in log space.
Checkpoint
Which policy is refreshed for the next rollout batch?
	The behavior policy follows the current policy; the reference policy remains frozen.
	Both the behavior policy and the reference policy update after every inner PPO gradient step.
	The reference policy refreshes each rollout while old behavior probabilities remain fixed for the entire run.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If ratios always equal one during repeated updates, inspect whether old log probabilities are being recomputed. If reward grows while external quality falls, investigate reward exploitation instead of declaring alignment.
Carry forward
	Keep four update lifetimes distinct: the current policy updates each inner PPO step, behavior log probabilities and advantages stay fixed across epochs on a rollout batch, and the reference policy and reward model stay frozen across the run.
	Apply ratio clipping inside the signed product min⁡(ρA,clip⁡(ρ,1−ϵ,1+ϵ)A)\min(\rho A, \operatorname{clip}(\rho, 1-\epsilon, 1+\epsilon)A) and track expected reward alongside reference KL DKL(πθ∥πref)D_{\mathrm{KL}}(\pi_\theta\Vert\pi_{\mathrm{ref}}).

Your evidence
Keep reward/reference identity, collected old probabilities, signed clipping checks, exact reward/KL history and detached behavior information.
Primary references
	InstructGPT and RLHF
	PPO

Direct preference optimization and reference-corrected margins
Compare chosen and rejected response log probabilities. Subtract the reference preference.
What you will be able to do
	Compare chosen and rejected response log probabilities
	Subtract the reference preference
	Verify the changed-condition exercise and explain the limits of this fixture.

The problem
Can we train on chosen/rejected responses without collecting fresh reward-model rollouts? DPO provides a different training objective. We will work through the reference correction and compare its bookkeeping with the preceding RLHF loop.
The idea
DPO uses chosen/rejected preferences and a fixed reference to optimize a policy directly. It compares policy log-probability differences with reference differences. This training step does not require an explicit reward-model call or on-policy rollout.
A better relative margin need not raise chosen probability
Suppose chosen probability falls from 0.40.4 to 0.30.3 while rejected probability falls from 0.20.2 to 0.10.1. The chosen-to-rejected ratio rises from 22 to 33, even though the chosen probability decreased. Relative preference improvement and absolute likelihood improvement are different claims.
The reference corrects that log-ratio margin, and beta scales it in the loss. Keep the reference checkpoint and any cached reference probabilities bound to the same examples and preprocessing.
Read the margin plot alongside individual probabilities when diagnosing behavior. A growing training margin is separate from held-out preference quality or generation quality. The categorical fixture teaches the objective; sequence integration also needs token masking and log-probability aggregation checks.
DPO corrects a policy margin with a reference
Predict: What extra evidence would you inspect before claiming a DPO update makes chosen responses more likely?
[image: Both models score the same chosen/rejected pair. Their log-probability differences form a reference-corrected margin, which beta scales before the stable preference loss. The reference is frozen. There is no reward-model call or on-policy rollout in this step.]Architecture and dataflow mechanism diagram.Both models score the same chosen/rejected pair. Their log-probability differences form a reference-corrected margin, which beta scales before the stable preference loss. The reference is frozen. There is no reward-model call or on-policy rollout in this step.
Pause and reason
What extra evidence would you inspect before claiming a DPO update makes chosen responses more likely?
Compare your reasoningInspect chosen probabilities or sequence log probabilities directly under a fixed measurement contract. A relative margin alone is distinct from that absolute change.
Before coding: compare changes in preference, not raw scores
Consider a prompt with one chosen and one rejected response. The reference already prefers one of them to some degree. DPO asks how the current policy changes that relative preference. Write four log probabilities: current chosen, current rejected, reference chosen and reference rejected. Take a within-model difference first, then subtract the reference difference.
When current and reference models are identical, both differences cancel even if neither response has high probability. The loss starts at log⁡2\log2. This cancellation is a precise implementation check, not evidence that the initial model is indifferent between the two responses.
Compare chosen and rejected response log probabilities
Both responses belong to the same prompt. Compute their sequence log probabilities under current and reference policies. Exclude prompt and padding tokens consistently. Keep lengths, tokenization and special-token rules visible because they determine the probability of the represented response.
Subtract the reference preference
The reference-corrected margin subtracts what the reference already preferred. At initialization when current policy equals reference, the corrected margin is zero and the loss is log⁡2\log2, even if the reference assigns unequal response probabilities.
LDPO=E[softplus⁡ ⁣(−β[log⁡πθ(y+∣x)πθ(y−∣x)−log⁡πref(y+∣x)πref(y−∣x)])]L_{\mathrm{DPO}}=\mathbb E\left[\operatorname{softplus}\!\left(-\beta\left[\log\frac{\pi_\theta(y^+|x)}{\pi_\theta(y^-|x)}-\log\frac{\pi_{\mathrm{ref}}(y^+|x)}{\pi_{\mathrm{ref}}(y^-|x)}\right]\right)\right]Work through a numeric margin and its gradient
Suppose current chosen/rejected log probabilities are −2-2 and −4-4, while reference values are −3-3 and −4-4. The current gap is 22, the reference gap is 11, and the corrected margin is 11. With β=0.3\beta=0.3, the loss is log⁡(1+e−0.3)\log(1+e^{-0.3}), about 0.5540.554. Reversing chosen and rejected flips the corrected margin.
Let mm denote the corrected margin. Its derivative below is negative for finite mm, so gradient descent increases the chosen-versus-rejected gap on this pair. The underlying model shares parameters across many responses, so this local pressure does not guarantee every chosen response’s absolute probability rises.
∂L∂m=−β σ(−βm)\frac{\partial L}{\partial m}=-\beta\,\sigma(-\beta m)A rising preference ratio can hide falling chosen probability
Imagine reference probabilities [0.4,0.4,0.2][0.4,0.4,0.2] for chosen, rejected and another response. A new policy [0.3,0.1,0.6][0.3,0.1,0.6] lowers the chosen probability but lowers the rejected probability even more. The chosen/rejected ratio grows from one to three, so the DPO loss improves for this comparison.
Track chosen and rejected sequence log probabilities separately, not only the margin. Also evaluate useful task behavior, response length and diversity on held-out prompts. Pairwise training is a relative objective; it does not directly specify the probability allocated to every unpaired response.
Keep the algorithm distinction visible
This loop updates from fixed preference pairs; it has no separately trained reward model or on-policy rollout stage. That does not make it PPO with a different optimizer. Both methods need a base/reference identity and reliable preference data, but their estimators, data freshness and failure modes differ.
Treat beta and length as part of the objective
Beta scales the corrected margin and changes update behavior; it is not interchangeable with every explicit KL coefficient in a PPO implementation. Response sums and response means also differ. Make comparisons under a declared objective and evaluation protocol instead of selecting hyperparameters from a training-loss curve alone.
Evaluate beyond chosen-pair fit
Frozen-pair optimization can overfit or reduce useful response diversity. Retain held-out prompts, independent task metrics and reviewed outputs; inspect slices rather than only average preference accuracy. Synthetic action preferences establish an objective implementation test, not an aligned language model.
Carry sequence bookkeeping and reference identity into a real model
For language responses, add log probabilities over valid answer and end tokens while conditioning on the prompt. Exclude padding and prompt targets consistently. A mean over response length changes the objective: two equally likely tokens have twice the negative log probability of one. Decide which objective you intend rather than introducing normalization as an innocent convenience.
Reference caches must bind prompt text, chosen/rejected ordering, tokenizer, chat template, mask and checkpoint revision. A frozen array can still be wrong if its examples were reordered. Split prompt groups before fitting, compare fixed decoding on held-out tasks, and retain the actual reference artifact so a later run can reproduce the correction. This categorical lab supplies objective checks, not the sequence trainer.
Direct preference optimization and reference-corrected margins — recorded experiment
Predict: What does a positive corrected margin establish, and what does it leave unknown about absolute probabilities?
[image: Direct preference optimization and reference-corrected margins — recorded experiment. A measured training curve is accompanied by an audit of reference-corrected preference margins.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The line records preference loss before each update, starting at 0.6930.693 and falling to about 0.2720.272. It measures fit to the same three synthetic action comparisons. Its numerical scale depends on beta and does not directly compare with reward-model NLL or PPO reward.
The second panel shows final reference-corrected margins for each comparison. All positive bars mean those pairwise ratios improved relative to the reference. The zero-versus-two margin combines the other two gaps. A positive bar does not by itself prove the absolute probability of the chosen response increased; the separate three-action counterexample demonstrates why. Read these as log-ratio differences, not probabilities or human preference scores.
Connect it to the computation
Positive final corrected margins mean the policy favors each chosen action more strongly relative to the reference. The independent host softplus calculation and reference-gradient check establish objective behavior; separate generation and human review would be needed for a language application.
1. Define the reference-corrected pair objective
Create main.py in your activated course environment. Paste this block, then run python main.py; function definitions alone print nothing.
# Step 1 — 1. Define the reference-corrected pair objective: The reference correction is detached, while current policy log...
import jax
import jax.numpy as jnp
import numpy as np

# Define `dpo_loss(policy_logps, reference_logps, chosen, rejected...)` to evaluate the objective and its automatic derivatives:
def dpo_loss(policy_logps, reference_logps, chosen, rejected, beta=0.2):
    margin = (policy_logps[chosen] - policy_logps[rejected]) - jax.lax.stop_gradient(
        reference_logps[chosen] - reference_logps[rejected]
    )
    return jnp.mean(jax.nn.softplus(-beta * margin))
The reference correction is detached, while current policy log probabilities remain differentiable.
2. Freeze reference probabilities and comparison IDs
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 2 — 2. Freeze reference probabilities and comparison IDs: The initial policy equals a nonuniform reference.
reference = jax.nn.log_softmax(jnp.array([0.2, 0.0, -0.2]))
chosen = jnp.array([0, 0, 1])
rejected = jnp.array([1, 2, 2])
theta = jnp.array([0.2, 0.0, -0.2])
history = []
# Evaluate numerically stable log-space cross-entropy/likelihood (`loss`).
loss = lambda theta: dpo_loss(
    jax.nn.log_softmax(theta), reference, chosen, rejected, 0.3
)
# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(jax.value_and_grad(loss))
np.testing.assert_allclose(loss(theta), np.log(2), atol=1e-6)
The initial policy equals a nonuniform reference. Predict the corrected margin and initial loss before continuing.
3. Fit the policy and test cancellation
Append this block to main.py and run python main.py again. Keep the earlier blocks above it.
# Step 3 — 3. Fit the policy and test cancellation: The host stable-softplus calculation checks final margins.
for _ in range(120):
    value, g = step(theta)
    history.append(float(value))
    theta = theta - 0.4 * g

assert history[-1] < history[0] * 0.5
# Evaluate numerically stable log-space cross-entropy/likelihood (`policy`).
policy = jax.nn.log_softmax(theta)
# Convert `margin` to a host NumPy array for inspection or verification.
margin = np.asarray(
    (policy[chosen] - policy[rejected]) - (reference[chosen] - reference[rejected]),
    np.float64,
)
# Execute `np.testing.assert_allclose(`.
np.testing.assert_allclose(
    loss(theta), np.mean(np.logaddexp(0, -0.3 * margin)), atol=1e-6
)
assert np.all(margin > 0)
np.testing.assert_allclose(loss(theta + 50), loss(theta), atol=1e-6)
print(
    'DPO initial/final:',
    history[0],
    history[-1],
    '; reference-corrected margins:',
    margin,
)
The host stable-softplus calculation checks final margins. Adding a common logit offset preserves the probability distribution and therefore the objective.
Run the example
The assembled script is in the separate solutions and code appendix.
Reference-corrected margins become positive and the initial equal-policy loss is log(2).
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Verify the reference cancellation
Predict before running: Can a nonuniform reference still start at log(2)?
# Experiment — Verify the reference cancellation: The initial policy is not uniform.
initial = dpo_loss(reference, reference, chosen, rejected, 0.3)
np.testing.assert_allclose(initial, np.log(2), atol=1e-6)
# Aggregate array values to compute `uncorrected`.
uncorrected = jnp.mean(
    jax.nn.softplus(-0.3 * (reference[chosen] - reference[rejected]))
)
assert not np.isclose(float(initial), float(uncorrected))
print('Corrected/unadjusted initial loss:', float(initial), float(uncorrected))
The corrected initial loss is log(2); omitting the reference correction changes it.
The initial policy is not uniform. Cancellation, rather than equal response probabilities, makes the corrected margin zero.
Improve the ratio while lowering the chosen probability
Predict before running: Can the preference loss fall even if the chosen response becomes less likely?
# Experiment — Improve the ratio while lowering the chosen probability: The rejected probability falls further.
example_ref = jnp.log(jnp.array([0.4, 0.4, 0.2]))
example_policy = jnp.log(jnp.array([0.3, 0.1, 0.6]))
choice = jnp.array([0])
reject = jnp.array([1])
before = float(dpo_loss(example_ref, example_ref, choice, reject, 0.3))
after = float(dpo_loss(example_policy, example_ref, choice, reject, 0.3))
assert after < before and float(jnp.exp(example_policy[0])) < float(
    jnp.exp(example_ref[0])
)
np.testing.assert_allclose(after, np.logaddexp(0.0, -0.3 * np.log(3)), atol=1e-6)
print('Loss before/after:', before, after, '; chosen probability: 0.4 -> 0.3')
The DPO loss decreases while the chosen probability falls from 0.4 to 0.3.
The rejected probability falls further. Monitoring only the margin would miss the shift toward an unpaired response.
Your exercise
Swap chosen and rejected IDs after training and verify that the loss rises.
Attempt this before consulting the separate solutions appendix.
Freeze the reference numerically and in autodiff
Transfer
Differentiate with respect to reference log probabilities and verify that their gradient is zero.
Hint
The reference is an input to the objective but not an optimization variable.
Derive a one-pair categorical gradient
Challenge
At a fresh three-action policy, compute the corrected margin and derive the logit gradient for one chosen/rejected pair. Why does the third action have zero direct logit gradient here?
Hint
The log-softmax normalizer cancels in a log-probability difference. Shared model parameters make real sequence updates less isolated.
Checkpoint
Does this DPO loop require a separately trained reward model and fresh policy rollouts?
	No. It optimizes reference-corrected preferences from the supplied pairs.
	No, and a positive reference-corrected margin guarantees that the absolute chosen probability increased.
	Yes, because the reference log-probability difference must be re-estimated from on-policy rollouts each step.

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If initial loss is not log(2) when current equals reference, inspect the subtraction and masks. If reversed preferences still improve the reported score, inspect label direction and cached-reference alignment.
Carry forward
	Subtract the frozen reference log-probability gap from the policy gap so the corrected margin is zero and the initial DPO loss equals log⁡2\log 2 whenever πθ=πref\pi_\theta = \pi_{\mathrm{ref}}.
	Monitor chosen and rejected sequence log probabilities alongside the reference-corrected margin, because improving the relative ratio does not guarantee that absolute chosen probability increases.

Your evidence
Keep reference identity, response log-probability conventions, log(2) initialization, independent margin loss, reversed labels and frozen-reference checks.
Primary references
	Direct Preference Optimization

Phase 19: TPU Setup: Provisioning & Runtime Verification
Can you provision a Cloud TPU VM, verify that JAX actually executes on its chips, and prove clean teardown?
Every accelerator experiment starts with knowing how many hosts and GiB of HBM your slice provides, verifying that libtpu is active inside an isolated .venv, and deleting billable VMs when finished.
Prepare and work through the phase
	Select a single-host TPU topology and provision the VM
Compare v5litepod-1, v5litepod-4, v5litepod-8, and v6e-4 HBM totals, distinguish single-host VMs from multi-host Pod slices, and run gcloud create/describe/delete.

	Bootstrap .venv and verify the runtime contract receipt
Install jax[tpu] in ~/jax-tpu-lab/.venv, run verify_runtime_contract with a synchronized pmap sum of squares, and copy back the SHA-256 receipt.


Readiness check
You created a Cloud TPU VM and gcloud says READY. What still has to happen before you trust a JAX run on it?
Answer: Bootstrap ~/jax-tpu-lab/.venv with jax[tpu], verify inside Python that jax.default_backend() == 'tpu' and jax.device_count() matches your slice, and run a synchronized pmap reduction receipt.
Transfer question
A script runs on a Cloud TPU VM without raising an error, but throughput is identical to a laptop CPU. What should your receipt check first?
Approach: Inspect observed_backend and device_count in the JSON receipt; if libtpu was missing or JAX_PLATFORMS=tpu was not set, JAX silently fell back to CPU.
Common pitfall
You closed your SSH terminal after finishing a run, assuming the Cloud TPU VM stopped billing. Run gcloud compute tpus tpu-vm delete and confirm gcloud compute tpus tpu-vm list returns 0 items.
Phase artifact
Retain the slice HBM table from tpu-01, the verified JSON runtime receipt from tpu-04, and the empty gcloud compute tpus tpu-vm list confirmation.
Continue immediately to Phase 20 (TPU Workflows: Launching Jobs & Checkpointed Experiments) to stage code and run resumable training loops.
Phase project: Inspect CPU device inventory, BF16 storage, and collective participant arithmetic. Select a single-host TPU topology, provision a Cloud TPU VM (or Colab TPU), bootstrap jax[tpu] in an isolated .venv, verify pmap execution, and confirm clean VM deletion. Start with project stages 1, 2, 3, 4.
	tpu-runtime-audit · online workspace · project guide
	workload-operations · online workspace · project guide

Select a TPU slice and provision your Cloud TPU VM
Choose a single-host TPU topology, create a Cloud TPU VM with gcloud (or connect to a Colab TPU), verify SSH access, and rehearse clean VM deletion.
What you will be able to do
	Choose between a free notebook TPU (Colab/Kaggle) and a single-host Google Cloud TPU VM (v5litepod-4 or v6e-4).
	Provision a Cloud TPU VM using gcloud compute tpus tpu-vm create or a Flex-start instance group, then connect over SSH.
	Create an isolated .venv on the TPU VM, install jax[tpu], and validate jax.default_backend(), jax.device_count(), and a synchronized jax.pmap computation.
	Delete the Cloud TPU VM and confirm with gcloud compute tpus tpu-vm list that zero active TPU nodes remain.

The problem
Before you run a Transformer, sharded step, Pallas kernel, or distributed workload on a TPU, you need a working TPU runtime and a repeatable receipt that proves JAX actually discovered TPU chips—and you need a teardown habit so an idle Cloud TPU VM never keeps billing.
The idea
Getting a TPU running separates into four explicit boundaries: choosing an access route (free Colab/Kaggle TPU vs single-host Google Cloud TPU VM via on-demand or Flex-start), creating the TPU VM in a supported zone, installing jax[tpu] inside an isolated .venv on the TPU VM host, and recording a machine-checkable runtime receipt before deleting the VM.
Why a TPU VM is a host computer attached to accelerator chips
When you create a Cloud TPU VM, Google Cloud allocates a Linux host machine directly attached over PCIe/ICI to the TPU chips on that board—for example, a v5litepod-4 VM is one Linux host attached to 44 TPU v5e chips (16 GiB HBM each). Your SSH session lands on that Linux host, not inside a chip.
Because your commands run on the TPU VM's Linux host, standard Linux environment rules still apply: you create a Python virtual environment (.venv), install jax[tpu] from the libtpu wheel index, and run Python scripts there. When Python imports jax, libtpu initializes the attached TPU chips and jax.default_backend() reports 'tpu'.
Every Cloud TPU VM bills while it exists (READY or STOPPED), even if no Python process is running. Therefore, a complete TPU workflow always pairs creation (tpu-vm create) and verification with artifact retrieval (tpu-vm scp) and verified deletion (tpu-vm delete followed by tpu-vm list).
End-to-end Cloud TPU VM lifecycle from create to verified teardown
Predict: Where does Python execute when you SSH into a Cloud TPU VM, and when does billing stop?
[image: Read top to bottom: workstation gcloud create allocates the TPU VM, SSH launches Python inside .venv on the TPU VM host, libtpu runs XLA on attached TPU chips, scp copies the receipt back, and tpu-vm delete stops billing.]Architecture and dataflow mechanism diagram.Read top to bottom: your workstation runs gcloud to allocate the Cloud TPU VM, SSH starts Python inside ~/jax-tpu-lab/.venv on the TPU VM host, libtpu dispatches XLA programs to the attached TPU chips, scp retrieves the runtime receipt, and tpu-vm delete releases the resource.
Pause and reason
Why does creating a Cloud TPU VM and seeing STATUS: READY in gcloud not prove that your JAX experiment can run on TPU?
Compare your reasoningSTATUS: READY only confirms that the Linux VM and attached TPU hardware were allocated. You still must verify inside Python on that VM that libtpu loads, jax.default_backend() == 'tpu', jax.device_count() matches the topology, and a synchronized computation completes.
Nchips=device_count(’tpu’),HBMtotal=Nchips×HBMchipN_{\text{chips}} = \text{device\_count}(\texttt{'tpu'}), \qquad \text{HBM}_{\text{total}} = N_{\text{chips}} \times \text{HBM}_{\text{chip}}1. Choose how to get a TPU: Colab/Kaggle vs Google Cloud TPU VM
You can complete every TPU verification in this course using either a hosted notebook TPU or a Google Cloud TPU VM:
- Route 1 — Hosted Notebook TPU (Google Colab or Kaggle): Fastest zero-CLI start. In Google Colab, open Runtime → Change runtime type → Hardware accelerator → TPU (such as TPU v5e-1 or TPU v2-8). Skip gcloud provisioning and run the Python runtime-receipt verifier directly inside a notebook cell.
- Route 2A — Direct Cloud TPU VM (gcloud compute tpus tpu-vm create): Best when you want direct SSH and scp access to a single-host v5litepod-4 (4 chips) or v6e-4 (4 chips) VM in your own GCP project.
- Route 2B — Flex-start Queued Provisioning (gcloud beta compute instance-groups managed create): Recommended when on-demand TPU capacity in a zone is busy or you want a bounded --max-run-duration that automatically terminates the instance when the lease expires.
2. Authenticate `gcloud`, enable the TPU API, and check quota
On your local workstation (or inside Google Cloud Shell), set your project ID, zone, and TPU name, enable tpu.googleapis.com, and inspect the available accelerator types in your chosen zone before requesting hardware. Using a single-host slice such as v5litepod-4 (4 chips on 1 host) avoids multi-host coordination while still letting you run real jax.pmap and mesh sharding across 44 TPU devices.
Configure project, zone, and enable the Cloud TPU API
# Configure project, zone, and enable the Cloud TPU API
export PROJECT_ID="your-gcp-project-id"
export ZONE="us-west1-c"
export TPU_NAME="jax-tpu-course"
export ACCELERATOR_TYPE="v5litepod-4"
export RUNTIME_VERSION="v2-alpha-tpuv5-lite"

gcloud auth login
gcloud config set project "$PROJECT_ID"
gcloud services enable tpu.googleapis.com
gcloud compute tpus accelerator-types list --zone="$ZONE"
Expected:
Lists the TPU accelerator types supported in $ZONE, including v5litepod-1, v5litepod-4, and v5litepod-8.
3. Create the Cloud TPU VM (Direct or Flex-start) and verify READY state
Run either the direct tpu-vm create command (add --spot if you are using Spot quota) or the Flex-start template + managed instance group commands below. Wait until describe reports state: READY.
Route 2A: Create a single-host Cloud TPU v5e-4 VM directly
# Route 2A: Create a single-host Cloud TPU v5e-4 VM directly
gcloud compute tpus tpu-vm create "$TPU_NAME" \
  --zone="$ZONE" \
  --accelerator-type="$ACCELERATOR_TYPE" \
  --version="$RUNTIME_VERSION"

gcloud compute tpus tpu-vm describe "$TPU_NAME" \
  --zone="$ZONE" \
  --format="value(state,acceleratorType,networkEndpoints[0].ipAddress)"
Expected:
Outputs READY, v5litepod-4, and the internal IP address of the newly provisioned TPU VM.
Route 2B: Alternative Flex-start queued provisioning with automatic 4-hour termination
# Route 2B: Alternative Flex-start queued provisioning with automatic 4-hour termination
gcloud beta compute instance-templates create tpu-course-flex-tmpl \
  --machine-type=ct5lp-hightpu-4t \
  --provisioning-model=FLEX_START \
  --max-run-duration=4h \
  --instance-termination-action=DELETE \
  --reservation-affinity=none

gcloud beta compute instance-groups managed create tpu-course-mig \
  --zone="$ZONE" --template=tpu-course-flex-tmpl --size=0

gcloud beta compute instance-groups managed resize-requests create tpu-course-mig \
  --zone="$ZONE" --resize-request=req-tpu-1 --resize-by=1
Expected:
Creates a Flex-start request for a 4-chip TPU v5e instance that automatically deletes after 4 hours.
4. SSH into the TPU VM, create `.venv`, and install `jax[tpu]`
Once the TPU VM is READY, bootstrap a clean virtual environment on the remote host and install jax[tpu] from the official libtpu wheel index. Keeping this .venv at ~/jax-tpu-lab/.venv gives every subsequent lesson in the course a known interpreter path.
Bootstrap ~/jax-tpu-lab/.venv with jax[tpu] on the TPU VM
# Bootstrap ~/jax-tpu-lab/.venv with jax[tpu] on the TPU VM
gcloud compute tpus tpu-vm ssh "$TPU_NAME" --zone="$ZONE" --command="
  set -euo pipefail
  mkdir -p ~/jax-tpu-lab
  python3 -m venv ~/jax-tpu-lab/.venv
  source ~/jax-tpu-lab/.venv/bin/activate
  pip install -U pip
  pip install 'jax[tpu]' -f https://storage.googleapis.com/jax-releases/libtpu_releases.html
  pip install flax optax orbax-checkpoint numpy matplotlib
  python -c 'import jax; print(\"BACKEND:\", jax.default_backend(), \"COUNT:\", jax.device_count(), \"DEVICES:\", jax.devices())'
"
Expected:
Prints BACKEND: tpu COUNT: 4 and lists 4 TpuDevice objects (for v5litepod-4).
5. Run the runtime contract check and always delete the TPU VM when finished
Before claiming a TPU runtime is ready—or before starting a long run—execute a script that checks both the requested backend/device count and a synchronized computation across all local devices, writes a JSON receipt, copies the receipt back to your laptop, and deletes the TPU VM when your session is finished.
Copy back any receipts and delete the Cloud TPU VM to stop billing
# Copy back any receipts and delete the Cloud TPU VM to stop billing
gcloud compute tpus tpu-vm delete "$TPU_NAME" --zone="$ZONE" --quiet
gcloud compute tpus tpu-vm list --zone="$ZONE"
Expected:
Deletes the TPU VM and confirms Listed 0 items so no idle TPU resource remains.
Single-host Cloud TPU slice chip counts and total HBM capacity
Predict: How does total HBM scale across v5litepod-1, v5litepod-4, v5litepod-8, and v6e-4 single-host TPU VMs?
[image: Single-host Cloud TPU slice chip counts and total HBM capacity. Bar chart comparing chips per host and total HBM in GiB across v5litepod-1, v5litepod-4, v5litepod-8, and v6e-4.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis lists four single-host Cloud TPU VM slice types. The two bars per slice show the number of attached TPU chips on that single Linux host and the total High Bandwidth Memory (HBM in GiB) across those chips.
Connect it to the computation
Moving from v5litepod-1 (16 GiB) to v5litepod-4 (64 GiB) or v6e-4 (128 GiB) multiplies HBM capacity while keeping a single VM host, so you can test jax.pmap and NamedSharding across 4 or 8 chips from one SSH command.
Write the runtime contract and synchronized pmap verifier
Create main.py with verify_runtime_contract so the same function validates CPU locally and TPU on your Cloud TPU VM.
# Step 1 — Write the runtime contract and synchronized pmap verifier: The verifier checks both device discovery and a synchronized pmap...
# Import hashlib for this computation.
import hashlib
import json
import os
import platform
import jax
import jax.numpy as jnp
import numpy as np


# Function `verify_runtime_contract(expected_backend, min_devices)` implementing this stage's computation:
def verify_runtime_contract(expected_backend=None, min_devices=1):
    # Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for `backend`.
    backend = jax.default_backend()
    # Query the active JAX devices into `devices`.
    devices = jax.devices()
    # Query the active JAX devices into `local_devices`.
    local_devices = jax.local_devices()
    # Compute `target` from `expected_backend or backend`
    target = expected_backend or backend
    # Create evenly spaced index values in `x`.
    x = jnp.arange(len(local_devices) * 8, dtype=jnp.float32).reshape(len(local_devices), 8)
    # Reduce across the target axis to summarize `per_device`.
    per_device = jax.pmap(lambda row: jnp.sum(row * row))(x)
    # Synchronize host execution until asynchronous device computation completes.
    total = float(jax.block_until_ready(jnp.sum(per_device)))
    # Create evenly spaced index values in `expected_total`.
    expected_total = float(np.sum(np.arange(len(local_devices) * 8, dtype=np.float64) ** 2))
    # Evaluate the compound expression for `contract_ok`.
    contract_ok = (
        backend == target
        and len(devices) >= min_devices
        and np.isclose(total, expected_total)
    )
    # Construct dictionary `receipt` with the structured fields for this stage.
    receipt = {
        "python": platform.python_version(),
        "jax": jax.__version__,
        "expected_backend": target,
        "observed_backend": backend,
        "device_count": len(devices),
        "local_device_count": len(local_devices),
        "device_kinds": [str(d.device_kind) for d in devices],
        "pmap_sum_of_squares": total,
        "expected_sum_of_squares": expected_total,
        "contract_ok": bool(contract_ok),
    }
    # Read or serialize artifact data on disk (`receipt['receipt_sha256']`).
    receipt["receipt_sha256"] = hashlib.sha256(
        json.dumps(receipt, sort_keys=True, separators=(",", ":")).encode()
    ).hexdigest()[:16]
    # Return `receipt` to the caller.
    return receipt
The verifier checks both device discovery and a synchronized pmap reduction across all local devices, then hashes the receipt.
Compare single-host TPU slice topologies and emit the receipt
Append the slice topology table and runtime receipt check to main.py.
# Step 2 — Compare single-host TPU slice topologies and emit the receipt: Calculating total chips and HBM per slice makes the hardware...
topologies = [
    {"slice": "v5litepod-1", "hosts": 1, "chips_per_host": 1, "hbm_gib_per_chip": 16},
    {"slice": "v5litepod-4", "hosts": 1, "chips_per_host": 4, "hbm_gib_per_chip": 16},
    {"slice": "v5litepod-8", "hosts": 1, "chips_per_host": 8, "hbm_gib_per_chip": 16},
    {"slice": "v6e-4", "hosts": 1, "chips_per_host": 4, "hbm_gib_per_chip": 32},
]
# Iterate over `spec` to step through the computation:
for spec in topologies:
    # Compute `spec["total_chips"]` from `spec["hosts"] * spec["chips_per_host"]`
    spec["total_chips"] = spec["hosts"] * spec["chips_per_host"]
    # Compute `spec["total_hbm_gib"]` from `spec["total_chips"] * spec["hbm_gib_per_chip"]`
    spec["total_hbm_gib"] = spec["total_chips"] * spec["hbm_gib_per_chip"]

# Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for `receipt`.
receipt = verify_runtime_contract(expected_backend=jax.default_backend(), min_devices=1)
# Assert invariant `receipt["contract_ok"] is True` holds
assert receipt["contract_ok"] is True
# Print the observed values to compare against the expected result.
print("Verified runtime receipt:", json.dumps(receipt, sort_keys=True))
# Print diagnostic summary of the computed outputs.
print("Single-host TPU slice HBM totals (GiB):", {t["slice"]: t["total_hbm_gib"] for t in topologies})
Calculating total chips and HBM per slice makes the hardware capacity concrete before you provision a Cloud TPU VM.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
receipt = verify_runtime_contract(expected_backend=jax.default_backend(), min_devices=1)
assert receipt["contract_ok"] is True
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
Prints a JSON runtime receipt with contract_ok: true, observed_backend, device_count, pmap_sum_of_squares: 140.0 (on 1 local device), and the single-host TPU slice HBM totals.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Reject a mismatched backend or missing TPU devices immediately
Predict before running: What should verify_runtime_contract return if you require 4 TPU devices on a single-CPU host?
# Experiment — Reject a mismatched backend or missing TPU devices immediately: Failing the contract check explicitly prevents a script from...
mismatch = verify_runtime_contract(expected_backend="tpu", min_devices=4)
# Print the observed values to compare against the expected result.
print("Mismatch contract_ok:", mismatch["contract_ok"], "observed:", mismatch["observed_backend"], "devices:", mismatch["device_count"])
# Assert that `mismatch["contract_ok"] == (jax.default_backend() == "tpu" and jax.device_count() >= 4)`.
assert mismatch["contract_ok"] == (jax.default_backend() == "tpu" and jax.device_count() >= 4)
On CPU, mismatch['contract_ok'] is False while still recording the observed backend and device count.
Failing the contract check explicitly prevents a script from silently running on CPU when you intended to benchmark or train on a TPU VM.
Verify single-host vs multi-host process counts
Predict before running: Why does v5litepod-4 need only one SSH command while v5litepod-16 requires --worker=all?
# Experiment — Verify single-host vs multi-host process counts: Single-host TPU VMs attach all chips to one Linux VM; multi-host...
slice_hosts = {"v5litepod-1": 1, "v5litepod-4": 1, "v5litepod-8": 1, "v5litepod-16": 4}
# Compute `needs_multi_host` from `{k: (v > 1) for k, v in slice_hosts.items()}`
needs_multi_host = {k: (v > 1) for k, v in slice_hosts.items()}
# Print the observed values to compare against the expected result.
print("Requires --worker=all and jax.distributed.initialize():", needs_multi_host)
# Assert that `needs_multi_host["v5litepod-4"] is False and needs_multi_host["v5litepod-16"] is True`.
assert needs_multi_host["v5litepod-4"] is False and needs_multi_host["v5litepod-16"] is True
v5litepod-1, v5litepod-4, and v5litepod-8 run on 1 host (False); v5litepod-16 spans 4 hosts (True).
Single-host TPU VMs attach all chips to one Linux VM; multi-host slices attach chips across multiple Linux VMs that must all launch the Python process.
Your exercise
Call verify_runtime_contract for the active backend with min_devices=1, then compute how many v5litepod-4 chips and total GiB of HBM are available on that single-host slice and assert both values.
Attempt this before consulting the separate solutions appendix.
Check whether a model state fits on a single-host TPU slice
Foundations
Given a training state requiring 4848 GiB of HBM, determine which slices in topologies have at least 4848 GiB of total HBM.
Hint
Filter topologies by t['total_hbm_gib'] >= 48.
Verify the pmap sum-of-squares formula for 4 TPU devices
Transfer / diagnosis
Compute the exact sum of squares that verify_runtime_contract expects when len(local_devices) == 4 (32 elements 0..31).
Hint
Sum np.arange(32, dtype=np.float64) ** 2.
Checkpoint
Which command sequence proves that your Cloud TPU VM is both usable by JAX and no longer billing when you finish?
	Running gcloud compute tpus tpu-vm create and closing your laptop lid when done
	Running a Python check on the TPU VM that verifies jax.default_backend() == 'tpu' and a synchronized computation, copying receipts back, running gcloud compute tpus tpu-vm delete, and confirming list is empty
	Checking pip list on your local laptop

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If gcloud compute tpus tpu-vm create fails with RESOURCE_EXHAUSTED, switch zones or use Flex-start (Route 2B). If jax.default_backend() prints cpu on the TPU VM, confirm that jax[tpu] was installed from libtpu_releases.html inside the active .venv and that no other process holds /dev/accel* or /dev/vfio/*.
Carry forward
	A Cloud TPU VM is a Linux host directly attached to TPU chips; you SSH into the host and run Python inside a .venv with jax[tpu].
	Single-host slices (v5litepod-1, v5litepod-4, v5litepod-8, v6e-4) let you run 1 to 8 TPU chips from a single SSH command without multi-host coordination.
	Always pair tpu-vm create with a saved runtime receipt and tpu-vm delete verified by tpu-vm list.

Your evidence
Keep the slice HBM capacity table, single-host vs Pod classification, and gcloud create/describe/delete command log.
Primary references
	Google Cloud TPU VM user guide and architecture
	Manage TPU VMs with gcloud
	JAX installation for Cloud TPU

Bootstrap .venv and verify a TPU runtime receipt
Create ~/jax-tpu-lab/.venv on the TPU VM, install jax[tpu], run a synchronized pmap runtime contract check, and download the signed JSON receipt before deleting the VM.
What you will be able to do
	Bootstrap ~/jax-tpu-lab/.venv on a Cloud TPU VM and install jax[tpu] from the official libtpu wheel index.
	Verify jax.default_backend(), jax.device_count(), and a synchronized jax.pmap reduction across 1, 4, or 8 chips.
	Copy the JSON runtime receipt back to your workstation with gcloud compute tpus tpu-vm scp.
	Delete the Cloud TPU VM and confirm with gcloud compute tpus tpu-vm list that zero billable TPU nodes remain.

The problem
After gcloud compute tpus tpu-vm create reports READY, you still cannot trust a benchmark or training job until Python inside your TPU VM's .venv proves it can load libtpu, see all attached TPU chips, execute a synchronized collective across them, and tear down cleanly so nothing keeps billing.
The idea
Bootstrap an isolated ~/jax-tpu-lab/.venv on the TPU VM Linux host with jax[tpu], run a deterministic jax.pmap runtime receipt across all local chips, copy the receipt back to your laptop with gcloud compute tpus tpu-vm scp, and delete the TPU VM (tpu-vm delete + tpu-vm list) whenever your session ends.
Why a synchronized `pmap` receipt is stronger than `import jax`
Importing jax on a Cloud TPU VM only proves that the Python package is installed on the Linux host. To prove that libtpu can initialize the attached TPU chips, allocate High Bandwidth Memory (HBM), compile an XLA HLO computation, and synchronize results back to the host, you should run a small jax.pmap reduction across jax.local_devices() and call jax.block_until_ready.
If each device d∈{0,…,D−1}d \in \{0, \dots, D-1\} receives a slice of 88 consecutive integers starting at 8d8d, then across DD devices the global vector contains 0,1,…,8D−10, 1, \dots, 8D - 1, and the exact sum of squares is:
S(D)=∑k=08D−1k2=(8D−1)(8D)(16D−1)6
S(D) = \sum_{k=0}^{8D - 1} k^2 = \frac{(8D - 1)(8D)(16D - 1)}{6}

The formula gives an expected value for a chosen device count. Only a receipt that records observed_backend, device_count, and the synchronized result can support a runtime claim. The four-row figure below is a NumPy calculation, not evidence that four TPU devices ran.
Pause and reason
What happens if you close your SSH terminal without running gcloud compute tpus tpu-vm delete?
Compare your reasoningThe Cloud TPU VM stays allocated in the READY state and continues billing every hour even when no Python process or SSH session is active. Always delete the TPU VM and verify with gcloud compute tpus tpu-vm list.
Mstate=Nparams×(bytesparam+bytesgrad+2⋅bytesmoment)M_{\text{state}} = N_{\text{params}} \times (\text{bytes}_{\text{param}} + \text{bytes}_{\text{grad}} + 2 \cdot \text{bytes}_{\text{moment}})1. Bootstrap `~/jax-tpu-lab/.venv` and install `jax[tpu]` over SSH
Use gcloud compute tpus tpu-vm ssh to create a dedicated virtual environment on the TPU VM host and install jax[tpu] plus the course libraries (flax, optax, orbax-checkpoint, numpy, matplotlib).
Create ~/jax-tpu-lab/.venv and install jax[tpu] on the Cloud TPU VM
# Create ~/jax-tpu-lab/.venv and install jax[tpu] on the Cloud TPU VM
gcloud compute tpus tpu-vm ssh "$TPU_NAME" --zone="$ZONE" --command="
  set -euo pipefail
  mkdir -p ~/jax-tpu-lab
  python3 -m venv ~/jax-tpu-lab/.venv
  source ~/jax-tpu-lab/.venv/bin/activate
  pip install -U pip
  pip install 'jax[tpu]' -f https://storage.googleapis.com/jax-releases/libtpu_releases.html
  pip install flax optax orbax-checkpoint numpy matplotlib
"
Expected:
Installs jax[tpu], libtpu, and the course dependencies inside ~/jax-tpu-lab/.venv on the TPU VM.
2. Run the runtime receipt script, copy the JSON receipt back, and delete the TPU VM
Stage public/exercises/tpu-04.py to the TPU VM, run it inside ~/jax-tpu-lab/.venv, copy the saved receipt back to your workstation, and delete the TPU VM when finished.
Run the runtime receipt verifier on the TPU VM and copy the receipt home
# Run the runtime receipt verifier on the TPU VM and copy the receipt home
gcloud compute tpus tpu-vm scp public/exercises/tpu-04.py "$TPU_NAME":~/jax-tpu-lab/ --zone="$ZONE"
gcloud compute tpus tpu-vm ssh "$TPU_NAME" --zone="$ZONE" \
  --command="JAX_PLATFORMS=tpu ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/tpu-04.py | tee ~/jax-tpu-lab/tpu-receipt.txt"
gcloud compute tpus tpu-vm scp "$TPU_NAME":~/jax-tpu-lab/tpu-receipt.txt ./ --zone="$ZONE"
Expected:
Runs tpu-04.py on the TPU VM, writes tpu-receipt.txt, and downloads it to your current directory.
Delete the Cloud TPU VM and verify zero active TPU resources remain
# Delete the Cloud TPU VM and verify zero active TPU resources remain
gcloud compute tpus tpu-vm delete "$TPU_NAME" --zone="$ZONE" --quiet
gcloud compute tpus tpu-vm list --zone="$ZONE"
Expected:
Deletes the TPU VM and prints Listed 0 items.
Calculated expectation for four devices (not an observed runtime receipt)
Predict: If four devices each sum a distinct block of eight integers, what cumulative sum of squares should the verifier report?
[image: Analytic four-device expectation, not an execution plot: calculated row sums 140, 1100, 3084, and 6092, cumulative total 10416.]Calculated scenario; no device execution was performedRead the figure
This analytic illustration computes four eight-value row sums with NumPy. It does not read a TPU execution receipt and does not show observed device participation.
Connect it to the computation
The calculated total is 10416. A runtime claim must instead use the device count and per-device values in a saved receipt; the current local receipt records one CPU device.
Define the closed-form sum-of-squares oracle and pmap receipt builder
Create main.py with closed_form_sum_of_squares and build_runtime_receipt.
# Step 1 — Define the closed-form sum-of-squares oracle and pmap receipt builder: Each local device computes the sum of squares of its 8-element row...
# Import hashlib for this computation.
import hashlib
import json
import platform
import jax
import jax.numpy as jnp
import numpy as np


# Function `closed_form_sum_of_squares(num_devices, width)` implementing this stage's computation:
def closed_form_sum_of_squares(num_devices, width=8):
    # Evaluate `num_devices) * int(width` and convert the result into Python scalar/collection `n`.
    n = int(num_devices) * int(width)
    # Return `float((n - 1) * n * (2 * n - 1) // 6)` to the caller.
    return float((n - 1) * n * (2 * n - 1) // 6)


# Function `build_runtime_receipt()` implementing this stage's computation:
def build_runtime_receipt():
    # Query the active JAX devices into `devices`.
    devices = jax.local_devices()
    # Run `len` to compute `n_dev`.
    n_dev = len(devices)
    # Construct and reshape `x` into the target tensor dimensions.
    x = jnp.arange(n_dev * 8, dtype=jnp.float32).reshape(n_dev, 8)
    # Reduce across the target axis to summarize `per_device`.
    per_device = jax.pmap(lambda row: jnp.sum(row * row))(x)
    # Synchronize host execution until asynchronous device computation completes.
    observed_total = float(jax.block_until_ready(jnp.sum(per_device)))
    # Run `closed_form_sum_of_squares` to compute `expected_total`.
    expected_total = closed_form_sum_of_squares(n_dev, 8)
    # Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for `payload`.
    payload = {
        "python": platform.python_version(),
        "jax": jax.__version__,
        "backend": jax.default_backend(),
        "local_device_count": n_dev,
        "per_device_sums": [float(v) for v in np.asarray(per_device)],
        "observed_total": observed_total,
        "expected_total": expected_total,
        "verified": bool(np.isclose(observed_total, expected_total)),
    }
    # Read or serialize artifact data on disk (`payload['receipt_sha256']`).
    payload["receipt_sha256"] = hashlib.sha256(
        json.dumps(payload, sort_keys=True, separators=(",", ":")).encode()
    ).hexdigest()[:16]
    # Return `payload` to the caller.
    return payload
Each local device computes the sum of squares of its 8-element row via jax.pmap, and the host verifies the synchronized total against the exact polynomial identity.
Verify the active runtime receipt and tabulate multi-chip expectations
Append slice_expectations and the receipt verification assertions to main.py.
# Step 2 — Verify the active runtime receipt and tabulate multi-chip expectations: Knowing the exact expected sum for 1, 4, and 8 devices lets you...
slice_expectations = [
    {"slice": "1-device (CPU / v5e-1)", "devices": 1, "expected_sum": closed_form_sum_of_squares(1)},
    {"slice": "4-device (v5litepod-4 / v6e-4)", "devices": 4, "expected_sum": closed_form_sum_of_squares(4)},
    {"slice": "8-device (v5litepod-8 / v6e-8)", "devices": 8, "expected_sum": closed_form_sum_of_squares(8)},
]
# Run `build_runtime_receipt` to compute `receipt`.
receipt = build_runtime_receipt()
# Assert invariant `receipt["verified"] is True` holds
assert receipt["verified"] is True
# Print the observed values to compare against the expected result.
print("Runtime receipt:", json.dumps(receipt, sort_keys=True))
# Print diagnostic summary of the computed outputs.
print("Expected pmap sums by slice:", {s["slice"]: s["expected_sum"] for s in slice_expectations})
Knowing the exact expected sum for 1, 4, and 8 devices lets you immediately spot if a 4-chip or 8-chip TPU VM only initialized a single device.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
receipt = build_runtime_receipt()
assert receipt["verified"] is True
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
Prints the verified JSON runtime receipt (observed_total: 140.0 on 1 device) and the expected pmap sums for 1-device (140.0), 4-device (10416.0), and 8-device (85344.0) slices.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare per-device row sums on a 4-chip TPU slice
Predict before running: On a 4-chip TPU VM (v5litepod-4), why does chip 3 produce a much larger row sum than chip 0?
# Experiment — Compare per-device row sums on a 4-chip TPU slice: Inspecting per_device_sums confirms that distinct shards of x...
# Construct and reshape `x4` into the target tensor dimensions.
x4 = jnp.arange(4 * 8, dtype=jnp.float32).reshape(4, 8)
# Reduce along axis=1 to compute `row_sums_4`.
row_sums_4 = [float(v) for v in jnp.sum(x4 * x4, axis=1)]
# Print the observed values to compare against the expected result.
print("Per-chip sums on a 4-chip slice:", row_sums_4, "Total:", sum(row_sums_4))
# Assert that `row_sums_4 == [140.0, 1100.0, 3084.0, 6092.0] and sum(row_sums_4) == 10416.0`.
assert row_sums_4 == [140.0, 1100.0, 3084.0, 6092.0] and sum(row_sums_4) == 10416.0
Chip 0 sums 0^2..7^2 = 140.0, chip 1 sums 8^2..15^2 = 1100.0, chip 2 sums 16^2..23^2 = 3084.0, and chip 3 sums 24^2..31^2 = 6092.0 (total 10416.0).
Inspecting per_device_sums confirms that distinct shards of x were placed and squared on each of the 4 chips.
Verify teardown confirmation logic
Predict before running: How can a helper script check that gcloud compute tpus tpu-vm list returned zero active VMs?
# Experiment — Verify teardown confirmation logic: Checking gcloud compute tpus tpu-vm list --zone=$ZONE...
def is_tpu_zone_clean(gcloud_list_json):
    # Read or serialize artifact data on disk (`items`).
    items = json.loads(gcloud_list_json)
    # Return `len(items) == 0` to the caller.
    return len(items) == 0

# Assert invariant `is_tpu_zone_clean("[]") is True` holds
assert is_tpu_zone_clean("[]") is True
# Assert invariant `is_tpu_zone_clean('[{"name": "jax-tpu-course"` holds
assert is_tpu_zone_clean('[{"name": "jax-tpu-course", "state": "READY"}]') is False
# Print the observed values to compare against the expected result.
print("Teardown verifier passed for empty and non-empty gcloud list outputs.")
Returns True only when the JSON array from gcloud compute tpus tpu-vm list --format=json is empty ([]).
Checking gcloud compute tpus tpu-vm list --zone=$ZONE --format=json makes teardown verification machine-checkable.
Your exercise
Compute closed_form_sum_of_squares(4) and closed_form_sum_of_squares(8), verify that closed_form_sum_of_squares(4) == 10416.0, and assert that receipt['verified'] is True.
Attempt this before consulting the separate solutions appendix.
Detect a silent fallback from 4 TPU chips to 1 CPU device
Foundations
Write a check is_four_chip_tpu_receipt(r) that returns True only when r['backend'] == 'tpu', r['local_device_count'] == 4, and r['observed_total'] == 10416.0.
Hint
Check all three fields in the receipt dictionary.
Estimate hourly billing savings from immediate teardown
Transfer / diagnosis
If a 4-chip TPU slice costs 4.804.80 USD/hour and your verification + experiment takes 0.50.5 hours, compute how many USD you save by deleting the VM immediately instead of leaving it idle overnight for 1616 hours.
Hint
Compare 16.0 * 4.80 against 0.5 * 4.80.
Checkpoint
Why does build_runtime_receipt() run jax.pmap across jax.local_devices() and call jax.block_until_ready instead of only checking jax.default_backend()?
	Because jax.default_backend() deletes the virtual environment
	Because jax.pmap + jax.block_until_ready proves that libtpu compiled and executed a multi-device XLA computation across every local chip and returned the expected numerical result
	Because jax.pmap automatically deletes the Cloud TPU VM

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If pip install 'jax[tpu]' fails to find libtpu, verify that -f https://storage.googleapis.com/jax-releases/libtpu_releases.html was passed to pip install inside the activated ~/jax-tpu-lab/.venv on the Linux TPU VM.
Carry forward
	Always install jax[tpu] inside an isolated ~/jax-tpu-lab/.venv on the TPU VM host.
	Verify backend, local_device_count, and a synchronized jax.pmap sum-of-squares receipt before starting longer experiments.
	Copy your receipt back with gcloud compute tpus tpu-vm scp, run tpu-vm delete, and confirm tpu-vm list is empty.

Your evidence
Keep the JSON runtime receipt (observed_backend, device_count, pmap_sum_of_squares, receipt_sha256) and the 1-chip vs 4-chip vs 8-chip pmap reference values.
Primary references
	JAX installation for Cloud TPU
	Manage Cloud TPU VMs with gcloud

Phase 20: TPU Workflows: Launching Jobs & Checkpointed Experiments
Can you launch a JAX job over SSH, separate XLA warmup from steady-state timing, and resume cleanly after interruption?
Cloud TPU VMs can be preempted and multi-host Pod slices require lockstep execution across all workers. A reliable workflow saves atomic checkpoints, logs JSONL events, and copies artifacts back before teardown.
Prepare and work through the phase
	Launch resumable TPU jobs with warmup separation
Run run_tpu_ready_job, log warmup separately from timed steps, and verify that a checkpoint-resumed run matches an uninterrupted control run bit-for-bit.

	Stage course scripts and launch multi-host Pod slices
Build scp-in, ssh-run, and scp-out commands for any course script, use --worker=all on multi-host slices, and gate host artifact writes on jax.process_index() == 0.


Readiness check
Step 1 of your TPU job takes 14 seconds while steps 2–50 take 11 milliseconds each. How should your launcher record timing?
Answer: Run and synchronize one warmup call before the timed loop and log it as a separate warmup event so XLA compilation does not pollute steady-state step latency.
Transfer question
You move a script from a single-host v5litepod-4 VM to a 4-host v5litepod-16 Pod slice, and it hangs at startup. What is the first thing to check?
Approach: Check that you launched the script across all hosts simultaneously using gcloud compute tpus tpu-vm ssh --worker=all and called jax.distributed.initialize() before querying jax.devices().
Common pitfall
A resumed run loads the saved model weights w, but its next loss diverges from the uninterrupted control run. Verify that the checkpoint also restored optimizer momentum v and step counter step so the deterministic batch schedule continues at the exact next step.
Phase artifact
Retain the resumed vs control events.jsonl and state hashes from tpu-02, plus the single-host and --worker=all command workflows from tpu-05.
Continue to Phase 21 (TPU Systems: Generations, Memory, Precision & XProf) to budget HBM, test BF16/INT8 precision, and capture XProf traces.
Phase project: Gate simulated multi-worker checkpoint publication on complete receipts. Stage scripts with gcloud compute tpus tpu-vm scp, separate XLA warmup from timed step loops, verify zero-drift checkpoint resume, and build single-host and --worker=all Pod launch commands. Start with project stages 1, 2, 3, 4.
	tpu-workflow-audit · online workspace · project guide
	workload-operations · online workspace · project guide

Stage and launch checkpointed TPU jobs
Stage launch.py to a TPU VM, separate first-step XLA compilation warmup from steady-state step timing, and verify that resuming from an atomic checkpoint matches an uninterrupted run.
What you will be able to do
	Stage the TPU launcher (resources/tpu-gcp/launch.py) to a Cloud TPU VM with gcloud compute tpus tpu-vm scp.
	Separate XLA compile warmup time from steady-state step time in structured events.jsonl logs.
	Write atomic checkpoints using temp + os.fsync + os.replace so preemption never corrupts the latest checkpoint.
	Interrupt, resume from an atomic checkpoint, and verify zero drift against an uninterrupted control run.

The problem
Once a Cloud TPU VM is running, typing ad-hoc interactive commands in an SSH shell is fragile: if the connection drops or a Spot TPU is preempted, you lose progress and cannot tell compilation time from step time. You need a repeatable way to stage code, launch TPU jobs, log structured JSONL events, and checkpoint atomically.
The idea
The launcher records warmup and synchronized updates separately, then checkpoints the complete deterministic state with an integrity hash and a run-configuration identity. A requested resume must find a checkpoint, validate its contents and configuration, and define completed-run behavior explicitly.
Why launching a TPU experiment is different from running a notebook cell
When you launch a JAX script on a TPU VM, the first call to a @jax.jit step traces Python and compiles an XLA HLO program for the attached TPU chips. If you time step 11 together with steps 2…N2\dots N, your step-time measurement is dominated by XLA compilation rather than TPU execution.
A production-grade TPU launcher runs one synchronized warmup call before the training loop and logs compile_warmup_s in a dedicated warmup event. Subsequent step events measure synchronized steady-state updates (jax.block_until_ready).
Whenever a checkpoint step arrives, writing directly to checkpoint-latest.json risks leaving a half-written file if a Spot TPU VM is preempted mid-write. Writing to a temporary sibling file (checkpoint-latest.json.tmp), flushing with os.fsync, and atomically renaming with os.replace makes the visible checkpoint path switch atomically on supported local filesystems. This does not by itself promise survival across power loss or distributed publication. A checkpoint hash detects changed serialized state; a separately hashed configuration binds data identity, seed, learning rate, batch schedule, and optimizer rule.
Checkpointed TPU job launcher lifecycle from warmup to zero-drift resume
Predict: Why must the warmup compilation step run before the timed step loop without overwriting the restored checkpoint state?
[image: Read top to bottom: initialize or restore checkpoint state, run synchronized warmup compilation without mutating state, execute timed steps logging events.jsonl, and atomically replace checkpoint-latest.json.]Architecture and dataflow mechanism diagram.Read top to bottom: the launcher loads either the initial state or checkpoint-latest.json, runs one synchronized @jax.jit warmup call to compile XLA HLO without mutating state, executes timed steady-state steps while appending to events.jsonl, and writes checkpoint-latest.json atomically via .tmp + fsync + os.replace.
Pause and reason
Why does restoring model weights alone after a Spot TPU preemption cause the resumed training curve to diverge from an uninterrupted run?
Compare your reasoningWithout restoring the optimizer momentum/variance buffers (m_w, m_b) and the PRNG key (key) alongside the step counter and weights, the next update uses zeroed momentum and a repeated or mismatched random batch.
Tstep=Ttotal(S)−Tcompile(1)S−1T_{\text{step}} = \frac{T_{\text{total}}(S) - T_{\text{compile}}(1)}{S - 1}1. Stage the launcher and run a checkpoint-resumed TPU experiment
Use the local CPU exercise first to test the resume contract: a missing requested checkpoint raises an error; modified state or changed configuration is rejected; resuming an already completed run returns its saved final state without executing another update. Only after these checks should you run the same launcher on a TPU VM.
Stage launch.py and verify checkpoint resume on the Cloud TPU VM
# Stage launch.py and verify checkpoint resume on the Cloud TPU VM
gcloud compute tpus tpu-vm scp resources/tpu-gcp/launch.py "$TPU_NAME":~/jax-tpu-lab/ --zone="$ZONE"

gcloud compute tpus tpu-vm ssh "$TPU_NAME" --zone="$ZONE" --command="
  set -euo pipefail
  source ~/jax-tpu-lab/.venv/bin/activate
  python ~/jax-tpu-lab/launch.py --platform tpu --run-dir ~/jax-tpu-lab/run-resumed --steps 4 --save-every 2
  python ~/jax-tpu-lab/launch.py --platform tpu --run-dir ~/jax-tpu-lab/run-resumed --steps 8 --save-every 2 --resume
  python ~/jax-tpu-lab/launch.py --platform tpu --run-dir ~/jax-tpu-lab/run-control --steps 8 --save-every 2
"
Expected:
Both runs emit started, warmup, step, checkpoint, and completed JSONL events with backend: tpu, and their step-8 state hashes match.
Interrupted-and-resumed trajectory vs uninterrupted 6-step control run
Predict: Does stopping after step 3 and resuming in a fresh call change the loss trajectory on steps 4 through 6?
[image: Interrupted-and-resumed trajectory vs uninterrupted 6-step control run. Line chart across steps 1 to 6 showing identical loss curves for the uninterrupted control run and the run resumed from step 3.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis shows training steps 1 through 6, with a vertical dotted boundary at step 3 where the first run stopped and wrote its checkpoint. The solid line is the uninterrupted 6-step control run; the dashed line is the run that stopped at step 3 and resumed for steps 4–6.
Connect it to the computation
Because the checkpoint at step 3 saved (w, b, m_w, m_b, key) atomically and the warmup call did not consume the restored state, the two loss trajectories lie directly on top of each other (max_abs_diff == 0).
Define deterministic hashing and atomic checkpoint writes
Create main.py with digest_obj and atomic_write_json so interrupted writes never corrupt the latest checkpoint.
# Step 1 — Define deterministic hashing and atomic checkpoint writes: Writing to a temporary sibling file, flushing with fsync, and...
# Import hashlib for this computation.
import hashlib
import json
import os
from pathlib import Path
import tempfile
import time
import jax
import jax.numpy as jnp
import numpy as np


# Function `digest_obj(value)` implementing this stage's computation:
def digest_obj(value):
    # Return `hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':')).encode()).hexdigest()[:16]` to the caller.
    return hashlib.sha256(
        json.dumps(value, sort_keys=True, separators=(",", ":")).encode()
    ).hexdigest()



# Function `atomic_write_json(path, payload)` implementing this stage's computation:
def atomic_write_json(path, payload):
    # Read or serialize artifact data on disk (`path`).
    path = Path(path)
    # Run `path.parent.mkdir` to perform the next check or state transition.
    path.parent.mkdir(parents=True, exist_ok=True)
    # Run `path.with_suffix` to compute `tmp`.
    tmp = path.with_suffix(path.suffix + ".tmp")
    # Enter managed runtime/context scope for this block:
    with tmp.open("w", encoding="utf-8") as f:
        # Run `json.dump` to perform the next check or state transition.
        json.dump(payload, f, sort_keys=True)
        # Run `f.flush` to perform the next check or state transition.
        f.flush()
        # Run `os.fsync` to perform the next check or state transition.
        os.fsync(f.fileno())
    # Run `os.replace` to perform the next check or state transition.
    os.replace(tmp, path)
Writing to a temporary sibling file, flushing with fsync, and calling os.replace guarantees that checkpoint-latest.json is always complete.
Implement the TPU-ready job runner with warmup separation and resume
Append run_tpu_ready_job to main.py.
# Step 2 — Implement the TPU-ready job runner with warmup separation and resume: Warmup compiles the JIT function without mutating w, b, m_w, m_b,...
# Define `run_tpu_ready_job(run_dir, steps, save_every, resume...)` to evaluate the objective and its automatic derivatives:
def run_tpu_ready_job(run_dir, steps=6, save_every=2, resume=False, seed=0, lr=0.05):
    # Read or serialize artifact data on disk (`run_dir`).
    run_dir = Path(run_dir)
    # Run `run_dir.mkdir` to perform the next check or state transition.
    run_dir.mkdir(parents=True, exist_ok=True)
    # Compute `events_path` from `run_dir / "events.jsonl"`
    events_path = run_dir / "events.jsonl"
    # Compute `ckpt_path` from `run_dir / "checkpoint-latest.json"`
    ckpt_path = run_dir / "checkpoint-latest.json"

    # Function `emit(event)` implementing this stage's computation:
    def emit(event, **fields):
        # Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for `record`.
        record = {"event": event, "backend": jax.default_backend(), "devices": jax.device_count(), **fields}
        # Enter managed runtime/context scope for this block:
        with events_path.open("a", encoding="utf-8") as f:
            # Compute `f.write(json.dumps(record, sort_keys` as `True) + "\n")`.
            f.write(json.dumps(record, sort_keys=True) + "\n")
        # Return `record` to the caller.
        return record

    # Generate a uniform grid of points in `x`.
    x = jnp.linspace(-1.0, 1.0, 64, dtype=jnp.float32).reshape(64, 1)
    # Compute `target_y` from `3.0 * x - 0.5`
    target_y = 3.0 * x - 0.5

    config = {"schema": 1, "seed": int(seed), "lr": float(lr), "data": "linspace64-target-3x-minus-0.5-v1", "batch_size": 16, "optimizer": "momentum-0.8-noise-key-v1"}
    config_hash = digest_obj(config)
    # A requested resume requires an existing, compatible, intact checkpoint.
    if resume:
        if not ckpt_path.exists():
            raise FileNotFoundError(f"resume requested but checkpoint is missing: {ckpt_path}")
        saved = json.loads(ckpt_path.read_text(encoding="utf-8"))
        supplied_hash = saved.pop("state_hash", None)
        if supplied_hash != digest_obj(saved):
            raise ValueError("checkpoint state hash mismatch")
        if saved.get("config_hash") != config_hash or saved.get("config") != config:
            raise ValueError("checkpoint run configuration mismatch")
        step = int(saved["step"])
        w = jnp.array(saved["w"], dtype=jnp.float32)
        b = jnp.array(saved["b"], dtype=jnp.float32)
        m_w = jnp.array(saved["m_w"], dtype=jnp.float32)
        m_b = jnp.array(saved["m_b"], dtype=jnp.float32)
        key = jnp.array(saved["key"], dtype=jnp.uint32)
        state_payload = dict(saved)
        state_payload["state_hash"] = supplied_hash
        emit("restored", step=step, state_hash=supplied_hash)
    else:
        step = 0
        w = jnp.zeros((1, 1), dtype=jnp.float32)
        b = jnp.zeros((1,), dtype=jnp.float32)
        m_w = jnp.zeros_like(w)
        m_b = jnp.zeros_like(b)
        key = jax.random.PRNGKey(seed)
        emit("started", step=step)
        state_payload = {"step": 0, "w": np.asarray(w).tolist(), "b": np.asarray(b).tolist(), "m_w": np.asarray(m_w).tolist(), "m_b": np.asarray(m_b).tolist(), "key": np.asarray(key).tolist(), "config": config, "config_hash": config_hash}
        state_payload["state_hash"] = digest_obj(state_payload)
        atomic_write_json(ckpt_path, state_payload)
    if step > steps:
        raise ValueError(f"checkpoint step {step} exceeds requested final step {steps}")

    @jax.jit
    # Function `train_step(w, b, m_w, m_b, ...)` implementing this stage's computation:
    def train_step(w, b, m_w, m_b, key):
        # Split the PRNG key deterministically into independent subkeys (`(key, subkey)`).
        key, subkey = jax.random.split(key)
        # Draw pseudorandom samples for `idx` using the explicit RNG state.
        idx = jax.random.choice(subkey, 64, shape=(16,), replace=False)
        # Compute `xb, yb` from `x[idx], target_y[idx]`
        xb, yb = x[idx], target_y[idx]

        # Function `loss_fn(w_in, b_in)` implementing this stage's computation:
        def loss_fn(w_in, b_in):
            # Perform matrix contraction / projection to compute `pred`.
            pred = xb @ w_in + b_in
            # Return `jnp.mean((pred - yb) ** 2)` to the caller.
            return jnp.mean((pred - yb) ** 2)

        # Evaluate both scalar loss and parameter gradients in one pass (`(loss, (gw, gb))`).
        loss, (gw, gb) = jax.value_and_grad(loss_fn, argnums=(0, 1))(w, b)
        # Compute `m_w` from `0.8 * m_w + gw`
        m_w = 0.8 * m_w + gw
        # Compute `m_b` from `0.8 * m_b + gb`
        m_b = 0.8 * m_b + gb
        # Compute `w` from `w - lr * m_w`
        w = w - lr * m_w
        # Compute `b` from `b - lr * m_b`
        b = b - lr * m_b
        # Return `(w, b, m_w, m_b, key, loss)` to the caller.
        return w, b, m_w, m_b, key, loss

    if step == steps:
        emit("completed", step=step, state_hash=state_payload["state_hash"])
        return {"final_step": step, "state_hash": state_payload["state_hash"], "w": float(np.asarray(w).squeeze()), "b": float(np.asarray(b).squeeze()), "warmup_ms": 0.0, "step_losses": [], "step_times_ms": []}

    # Record execution timing or profiler trace in `t0`.
    t0 = time.perf_counter()
    # Run `train_step` to compute `warm`.
    warm = train_step(w, b, m_w, m_b, key)
    # Synchronize host execution until asynchronous device computation completes.
    jax.block_until_ready(warm)
    # Record execution timing or profiler trace in `warmup_ms`.
    warmup_ms = (time.perf_counter() - t0) * 1000.0
    # Run `emit` to perform the next check or state transition.
    emit("warmup", warmup_ms=warmup_ms, step=step)

    # Compute `step_losses` from `[]`
    step_losses = []
    # Compute `step_times_ms` from `[]`
    step_times_ms = []
    while step < steps:
        t_step = time.perf_counter()
        w, b, m_w, m_b, key, loss = train_step(w, b, m_w, m_b, key)
        jax.block_until_ready((w, b, m_w, m_b, key, loss))
        elapsed_ms = (time.perf_counter() - t_step) * 1000.0
        step += 1
        state_payload = {
            "step": step,
            "w": np.asarray(w).tolist(),
            "b": np.asarray(b).tolist(),
            "m_w": np.asarray(m_w).tolist(),
            "m_b": np.asarray(m_b).tolist(),
            "key": np.asarray(key).tolist(),
            "config": config,
            "config_hash": config_hash,
        }
        state_payload["state_hash"] = digest_obj(state_payload)
        step_losses.append(float(loss))
        step_times_ms.append(float(elapsed_ms))
        emit("step", step=step, loss=float(loss), step_ms=elapsed_ms, state_hash=state_payload["state_hash"])
        if step % save_every == 0 or step == steps:
            atomic_write_json(ckpt_path, state_payload)
            emit("checkpoint", step=step, state_hash=state_payload["state_hash"])

    # Run `emit` to perform the next check or state transition.
    emit("completed", step=step, state_hash=state_payload["state_hash"])
    # Return `{'final_step': step, 'state_hash': state_payload['state_hash'], 'w': float(np.asarray(w).squeeze()), 'b': float(np.asarray(b).squeeze()), 'warmup_ms': warmup_ms, 'step_losses': step_losses, 'step_times_ms': step_times_ms}` to the caller.
    return {
        "final_step": step,
        "state_hash": state_payload["state_hash"],
        "w": float(np.asarray(w).squeeze()),
        "b": float(np.asarray(b).squeeze()),
        "warmup_ms": warmup_ms,
        "step_losses": step_losses,
        "step_times_ms": step_times_ms,
    }


Warmup compiles the JIT function without mutating w, b, m_w, m_b, or key, so step 1 starts from the exact initial or restored state.
Compare a checkpoint-resumed run against an uninterrupted control run
Append the 3-step + 3-step resumed run and 6-step uninterrupted control comparison to main.py.
# Step 3 — Compare a checkpoint-resumed run against an uninterrupted control run: Because parameters, momentum buffers, and PRNG keys are all...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix="tpu-launch-") as tmp:
    # Read or serialize artifact data on disk (`root`).
    root = Path(tmp)
    # Run `run_tpu_ready_job` to compute `part1`.
    part1 = run_tpu_ready_job(root / "resumed", steps=3, save_every=3, resume=False)
    # Run `run_tpu_ready_job` to compute `part2`.
    part2 = run_tpu_ready_job(root / "resumed", steps=6, save_every=3, resume=True)
    # Run `run_tpu_ready_job` to compute `control`.
    control = run_tpu_ready_job(root / "control", steps=6, save_every=3, resume=False)
    # Compute `resumed_losses` from `part1["step_losses"] + part2["step_losses"]`
    resumed_losses = part1["step_losses"] + part2["step_losses"]

# Assert invariant `part2["state_hash"] == control["state_hash"]` holds
assert part2["state_hash"] == control["state_hash"]
# Assert that `np.allclose(resumed_losses, control["step_losses"])`.
assert np.allclose(resumed_losses, control["step_losses"])
# Print the observed values to compare against the expected result.
print("Resumed state_hash matches uninterrupted control:", part2["state_hash"])
# Print diagnostic summary of the computed outputs.
print("Losses across 6 steps:", [round(v, 5) for v in control["step_losses"]])
Because parameters, momentum buffers, and PRNG keys are all restored, the resumed trajectory matches the uninterrupted trajectory bit-for-bit.
Run the example
The assembled script is in the separate solutions and code appendix.
Prints the matching 64-character state_hash for the resumed and control runs and the monotonically decreasing 6-step loss trajectory.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare JIT warmup latency against steady-state step latency
Predict before running: How does the warmup call duration compare to the median steady-state step duration?
# Experiment — Compare JIT warmup latency against steady-state step latency: Logging warmup separately in events.jsonl prevents compilation...
median_step_ms = float(np.median(control["step_times_ms"]))
# Print the observed values to compare against the expected result.
print("Warmup ms:", round(control["warmup_ms"], 3), "Median steady step ms:", round(median_step_ms, 4))
# Assert invariant `control["warmup_ms"] > median_step_ms` holds
assert control["warmup_ms"] > median_step_ms
Warmup takes significantly longer than a steady-state compiled step because it includes tracing and XLA compilation.
Logging warmup separately in events.jsonl prevents compilation overhead from distorting per-step throughput numbers on CPU or TPU.
Verify checkpoint integrity rejects omitted momentum
Predict before running: If the momentum buffers are changed in a saved checkpoint without updating its state hash, will resume continue with the altered state?
# Verify checkpoint integrity rejects a modified momentum buffer
with tempfile.TemporaryDirectory(prefix="tpu-bad-resume-") as tmp:
    bad_dir = Path(tmp) / "bad"
    run_tpu_ready_job(bad_dir, steps=3, save_every=3, resume=False)
    ckpt_path = bad_dir / "checkpoint-latest.json"
    ckpt = json.loads(ckpt_path.read_text(encoding="utf-8"))
    ckpt["m_w"] = [[0.0]]
    ckpt["m_b"] = [0.0]
    ckpt_path.write_text(json.dumps(ckpt), encoding="utf-8")
    try:
        run_tpu_ready_job(bad_dir, steps=6, save_every=3, resume=True)
    except ValueError as exc:
        message = str(exc)
    else:
        raise AssertionError("modified checkpoint was accepted")
print("Resume rejection:", message)
assert message == "checkpoint state hash mismatch"
Resume raises ValueError with checkpoint state hash mismatch before loading or training from the modified state.
The state hash covers the serialized step, parameters, optimizer moments, PRNG key, and run configuration. A changed momentum buffer is corruption and must be rejected. To study the trajectory of a buggy weight-only resume, use a separate intentionally weakened loader that recomputes a valid hash after omitting momentum; that demonstrates the modeling error but is not an acceptable checkpoint path.
Your exercise
Run run_tpu_ready_job for 44 steps (save_every=2), resume to 88 steps, and verify that the final state_hash at step 88 equals an uninterrupted 88-step run.
Attempt this before consulting the separate solutions appendix.
Inspect the JSONL event sequence from a resumed run
Foundations
Run a 22-step job followed by a --resume to step 44 and list the ordered event names recorded in events.jsonl.
Hint
Read events.jsonl line by line with json.loads.
Verify atomic checkpoint file replacement
Transfer / diagnosis
Write a small test that calls atomic_write_json twice on the same path and confirms that no .tmp file remains alongside the final JSON file.
Hint
Check list(Path(tmp).glob('*.tmp')) == [].
Checkpoint
Why does run_tpu_ready_job execute train_step once and discard its outputs before starting the timed while step < steps loop?
	To mutate the parameters one extra time before step 1
	To trigger XLA compilation and synchronize the warmup result without altering the initial or restored training state, keeping compilation latency out of steady-state step measurements
	Because JAX cannot save checkpoints without a warmup call

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If a resumed TPU run diverges from an uninterrupted run, check whether optimizer moments (m_w, m_b), PRNG key, or dataset position were omitted from the checkpoint.
Carry forward
	Always separate @jax.jit warmup compilation from steady-state step timing and call jax.block_until_ready.
	Atomic checkpoints (temp + fsync + os.replace) containing parameters, optimizer state, and PRNG keys allow interrupted or Spot TPU runs to resume without numerical drift.

Your evidence
Keep events.jsonl (started, warmup, step, checkpoint, restored, completed), checkpoint-latest.json, and matching resumed vs control state hashes.
Primary references
	Run JAX code on Cloud TPU VMs
	Orbax checkpointing guide

Run course scripts and multi-host TPU Pod slices
Stage any course script in public/exercises/ to a TPU VM, construct single-host and --worker=all multi-host SSH launch commands, and verify jax.distributed.initialize() requirements.
What you will be able to do
	Classify course scripts using a CPU-only / single-host-compatible / multi-host-qualified execution matrix before staging.
	Distinguish single-host TPU slices (1 host, 1–8 chips) from multi-host TPU Pod slices (2+ hosts, --worker=all).
	Generate exact gcloud compute tpus tpu-vm scp and ssh command pipelines for single-host and multi-host runs.
	Retrieve events.jsonl, stdout logs, and checkpoints via scp --recurse before deleting the TPU VM.

The problem
A course script may contain CPU-specific device selection or assumptions that do not transfer to TPU. Before staging, classify the exact script as CPU-only, single-host accelerator-compatible, multi-host-qualified, or not yet reviewed. Multi-host discovery is a topology receipt; it is not evidence of distributed training.
The idea
Use a per-script execution matrix. distributed-02 is CPU-only because it explicitly selects CPU devices; route it to CPU. Treat other scripts as unreviewed until their source is checked. A TPU-compatible single-host script may run on one TPU VM after its backend contract is verified. Multi-host requires simultaneous worker launch and distributed initialization, followed by a program that assigns each process data and uses the intended collective. Keep discovery receipts separate from training receipts.
Why multi-host TPU Pod slices require `--worker=all` and `jax.distributed.initialize()`
--worker=all starts a process on each host, and jax.distributed.initialize() lets those processes discover the global topology. These steps establish process and device discovery only. They do not create a training mesh, distribute data, perform a collective update, or prove checkpoint recovery. A multi-host training receipt must separately record each process identity, its owned input range, collective result, synchronized update, and per-process logs.
Execution matrix: distributed-02 → CPU-only (its source requests jax.devices("cpu")); do not set JAX_PLATFORMS=tpu. Other lesson scripts → inspect-required until a source review identifies device selection and assumptions. Single-host TPU-compatible → allowed only after that review and a backend assertion. Multi-host-qualified → allowed only after the program explicitly initializes all hosts, assigns distinct process-local inputs, and checks a global result. No generic “run any script” command is valid.
Pause and reason
If a TPU slice has hosts = 4 and chips_per_host = 4 (v5litepod-16), what are jax.local_device_count() and jax.device_count() on each host after jax.distributed.initialize()?
Compare your reasoningjax.local_device_count() is 4 (the chips attached to that host VM), while jax.device_count() is 16 (all chips across all 4 hosts in the Pod slice).
gglobal=1P∑p=0P−1g(p)=psum⁡(g(p),’data’)/Pg_{\text{global}} = \frac{1}{P}\sum_{p=0}^{P-1} g^{(p)} = \operatorname{psum}(g^{(p)}, \texttt{'data'}) / P1. Route a script using the execution matrix
For distributed-02, use its CPU mode and retain its CPU receipt. For a script reviewed as single-host TPU-compatible, set LESSON_ID to that reviewed ID and run on one TPU VM. Use set -o pipefail so tee cannot hide a failed Python process. Do not infer TPU compatibility from a successful import or from JAX_PLATFORMS=tpu.
Run the known CPU-only distributed lesson in CPU mode
LESSON_ID="distributed-02"
set -o pipefail
python "public/exercises/${LESSON_ID}.py" | tee "${LESSON_ID}-cpu.txt"
Expected:
Executes the source-selected CPU path and saves its output. pipefail preserves a failed lesson exit status through tee; this receipt makes no TPU execution claim.
2. Separate multi-host discovery from a qualified training run
Launching with --worker=all and calling jax.distributed.initialize() verifies that processes can discover the global device topology. The command below is a discovery check only. A training claim additionally requires distinct per-process data, an explicit global reduction/update, and synchronized output/checkpoint evidence; no TPU training has been qualified by this lesson.
The following one-step example performs an actual global reduction and parameter update: every process contributes a distinct scalar input, lax.psum computes a global mean gradient, each replica applies the same update, and process 0 publishes a checkpoint after a global barrier. It is executable code, not a claimed result. Qualify it on a named TPU slice and retain all per-worker receipts before describing it as verified.
Record multi-host process and device discovery only
gcloud compute tpus tpu-vm ssh "$TPU_NAME" --zone="$ZONE" --worker=all --command="set -euo pipefail; JAX_PLATFORMS=tpu ~/jax-tpu-lab/.venv/bin/python -c 'import jax; jax.distributed.initialize(); print(dict(process=jax.process_index(), process_count=jax.process_count(), global_devices=jax.device_count(), local_devices=jax.local_device_count()))'"
Expected:
Each worker reports process and device counts. This verifies topology discovery only; it does not establish data ownership, a collective training update, or checkpoint recovery.
Run a one-step multi-host collective update after discovery
cat > ./multihost_collective.py <<'PY'
import json
import os
from pathlib import Path
from functools import partial
import jax
import jax.numpy as jnp
import numpy as np
from jax.experimental import multihost_utils

jax.distributed.initialize()
process_index = jax.process_index()
process_count = jax.process_count()
local_devices = jax.local_device_count()
# Each process owns a distinct local batch value. pmap distributes each local value to one local device.
x_local = jnp.full((local_devices,), float(process_index + 1), dtype=jnp.float32)
@partial(jax.pmap, axis_name="devices")
def update(theta, x):
    local_grad = 2.0 * (theta - x)
    global_mean_grad = jax.lax.psum(local_grad, "devices") / jax.device_count()
    return theta - 0.1 * global_mean_grad, global_mean_grad

theta0 = jnp.zeros((local_devices,), dtype=jnp.float32)
theta1, grad = update(theta0, x_local)
jax.block_until_ready((theta1, grad))
expected_mean_gradient = -float(process_count + 1)
expected_theta = 0.1 * float(process_count + 1)
if not np.allclose(np.asarray(grad), expected_mean_gradient):
    raise RuntimeError("global reduction does not match the independently derived mean gradient")
if not np.allclose(np.asarray(theta1), expected_theta):
    raise RuntimeError("updated parameter does not match the expected global update")
if not np.allclose(np.asarray(theta1), np.asarray(theta1)[0]):
    raise RuntimeError("replicas produced different parameter updates")

out_dir = Path(os.environ.get("TPU_RUN_DIR", "~/jax-tpu-lab/multihost-run")).expanduser()
out_dir.mkdir(parents=True, exist_ok=True)
receipt = {"process_index": process_index, "process_count": process_count,
           "local_devices": local_devices, "global_devices": jax.device_count(),
           "owned_input": float(process_index + 1),
           "global_mean_gradient": float(np.asarray(grad)[0]),
           "updated_theta": float(np.asarray(theta1)[0]),
           "backend": jax.default_backend()}
(out_dir / f"worker-{process_index}.json").write_text(json.dumps(receipt, sort_keys=True) + "\n")
# Publish a single checkpoint only after all workers finish the same collective update.
multihost_utils.sync_global_devices("after-global-update")
if process_index == 0:
    tmp = out_dir / "checkpoint.json.tmp"
    tmp.write_text(json.dumps({"theta": receipt["updated_theta"], "global_devices": jax.device_count()}, sort_keys=True) + "\n")
    os.replace(tmp, out_dir / "checkpoint.json")
print(json.dumps(receipt, sort_keys=True))
PY
gcloud compute tpus tpu-vm scp ./multihost_collective.py "$TPU_NAME":~/jax-tpu-lab/ --zone="$ZONE" --worker=all
gcloud compute tpus tpu-vm ssh "$TPU_NAME" --zone="$ZONE" --worker=all --command="set -euo pipefail; mkdir -p ~/jax-tpu-lab/multihost-run; export TPU_RUN_DIR=~/jax-tpu-lab/multihost-run; JAX_PLATFORMS=tpu ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/multihost_collective.py | tee ~/jax-tpu-lab/multihost-run/stdout-\$(hostname).jsonl"
Expected:
Each process writes a worker-indexed receipt with its distinct input, global gradient, updated parameter, and observed backend. The independent expected values are mean gradient = -(process_count + 1) and updated theta = 0.1 * (process_count + 1); these checks reject a local-only reduction. Process 0 publishes checkpoint.json after the global barrier. Treat these as TPU results only after running on and naming a multi-host slice.
Copy each worker receipt and the process-0 checkpoint back before teardown
mkdir -p ./tpu-runs
gcloud compute tpus tpu-vm scp --recurse "$TPU_NAME":~/jax-tpu-lab/multihost-run ./tpu-runs/ --zone="$ZONE" --worker=all
Expected:
Copies each host-local multihost-run directory before TPU deletion. Verify one worker-N.json receipt per process, process-0 checkpoint.json, and one stdout log per host.
Host count, per-host local chips, and global TPU chips across single-host and Pod slices
Predict: How do hosts, chips_per_host, and global_chips change when moving from v5litepod-4 and v5litepod-8 to v5litepod-16 and v6e-16?
[image: Host count, per-host local chips, and global TPU chips across single-host and Pod slices. Bar chart comparing hosts, chips per host, and global chips for v5litepod-4, v5litepod-8, v5litepod-16, and v6e-16.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
The horizontal axis compares four Cloud TPU slices (v5litepod-4, v5litepod-8, v5litepod-16, v6e-16). For each slice, the three bars show the number of Linux VM hosts, the number of local TPU chips per host, and the total global TPU chips.
Connect it to the computation
v5litepod-4 and v5litepod-8 keep hosts = 1, whereas v5litepod-16 and v6e-16 use 4 hosts with 4 local chips each (16 global chips), visually showing why --worker=all becomes mandatory at 16 chips.
Tabulate single-host and multi-host TPU slice topologies
Create main.py with SLICE_CATALOG and compute global_chips, total_hbm_gib, and multi_host.
# Step 1 — Tabulate single-host and multi-host TPU slice topologies: Separating hosts from chips_per_host shows immediately when a...
# Import json for this computation.
import json
import jax
import numpy as np

# Initialize list `SLICE_CATALOG` for the stage values.
SLICE_CATALOG = [
    {"slice": "v5litepod-4", "hosts": 1, "chips_per_host": 4, "hbm_per_chip_gib": 16},
    {"slice": "v5litepod-8", "hosts": 1, "chips_per_host": 8, "hbm_per_chip_gib": 16},
    {"slice": "v5litepod-16", "hosts": 4, "chips_per_host": 4, "hbm_per_chip_gib": 16},
    {"slice": "v6e-16", "hosts": 4, "chips_per_host": 4, "hbm_per_chip_gib": 32},
]
# Iterate over `entry` to step through the computation:
for entry in SLICE_CATALOG:
    # Compute `entry["global_chips"]` from `entry["hosts"] * entry["chips_per_host"]`
    entry["global_chips"] = entry["hosts"] * entry["chips_per_host"]
    # Compute `entry["total_hbm_gib"]` from `entry["global_chips"] * entry["hbm_per_chip_gib"]`
    entry["total_hbm_gib"] = entry["global_chips"] * entry["hbm_per_chip_gib"]
    # Compute `entry["multi_host"]` from `entry["hosts"] > 1`
    entry["multi_host"] = entry["hosts"] > 1
Separating hosts from chips_per_host shows immediately when a slice crosses the single-host boundary into multi-host execution.
Generate single-host and multi-host gcloud command pipelines
Use an explicit reviewed execution class; this fixture authorizes only the CPU route for distributed-02.
def build_tpu_experiment_commands(tpu_name, zone, lesson_id, hosts=1, execution_class="review-required"):
    if execution_class == "review-required":
        raise ValueError("classify and review the script before generating a TPU launch command")
    if execution_class == "cpu-only":
        if hosts != 1:
            raise ValueError("CPU-only scripts must use the CPU route")
        return {"run": f"python public/exercises/{lesson_id}.py", "multi_host": False}
    if execution_class not in {"single-host-compatible", "multi-host-qualified"}:
        raise ValueError("unknown execution class")
    if execution_class == "single-host-compatible" and hosts != 1:
        raise ValueError("single-host scripts cannot run across a TPU Pod")
    if hosts > 1 and execution_class != "multi-host-qualified":
        raise ValueError("multi-host launch requires a qualified training program")
    if hosts < 1:
        raise ValueError("hosts must be positive")
    worker_flag = " --worker=all" if hosts > 1 else ""
    scp_stage = f"gcloud compute tpus tpu-vm scp public/exercises/{lesson_id}.py {tpu_name}:~/jax-tpu-lab/ --zone={zone}{worker_flag}"
    ssh_run = f"gcloud compute tpus tpu-vm ssh {tpu_name} --zone={zone}{worker_flag} --command='set -o pipefail; JAX_PLATFORMS=tpu ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/{lesson_id}.py | tee ~/jax-tpu-lab/{lesson_id}-tpu.txt'"
    scp_fetch = f"gcloud compute tpus tpu-vm scp {tpu_name}:~/jax-tpu-lab/{lesson_id}-tpu.txt ./ --zone={zone}"
    return {"scp_stage": scp_stage, "ssh_run": ssh_run, "scp_fetch": scp_fetch, "multi_host": hosts > 1}

single_cmds = build_tpu_experiment_commands("jax-tpu-course", "us-west1-c", "distributed-02", hosts=1, execution_class="cpu-only")
assert single_cmds["run"] == "python public/exercises/distributed-02.py"
for kwargs in ({}, {"hosts": 4, "execution_class": "cpu-only"}):
    try:
        build_tpu_experiment_commands("jax-tpu-pod", "us-west1-c", "distributed-02", **kwargs)
    except ValueError:
        pass
    else:
        raise AssertionError("unreviewed or CPU-only work must not be routed to a TPU Pod")
print("CPU route:", single_cmds["run"])
The helper requires an explicit reviewed execution class. The only named course script in this example is CPU-only, so it has no TPU or Pod command.
Step 3: Verify invariants on the completed state
Verify that the CPU route is preserved and unsafe TPU or Pod routes remain rejected.
assert single_cmds["run"] == "python public/exercises/distributed-02.py"
assert single_cmds["multi_host"] is False
try:
    build_tpu_experiment_commands("jax-tpu-pod", "us-west1-c", "distributed-02", hosts=4, execution_class="cpu-only")
except ValueError:
    print("CPU-only route remains excluded from TPU Pod execution")
else:
    raise AssertionError("CPU-only work must not be routed to a TPU Pod")
The completed checks retain the CPU route and reject a Pod launch for this CPU-only source.
Run the example
The assembled script is in the separate solutions and code appendix.
Prints the global chip counts across v5litepod-4 (4), v5litepod-8 (8), v5litepod-16 (16), and v6e-16 (16) and the verified multi-host Pod SSH command.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare local vs global device counts across slices
Predict before running: How many global chips are left idle if you launch a script without --worker=all on v5litepod-16?
# Experiment — Compare local vs global device counts across slices: Worker 0 only controls its own 4 local chips; the other 3 hosts...
v5e16 = next(s for s in SLICE_CATALOG if s["slice"] == "v5litepod-16")
# Compute `idle_without_worker_all` from `v5e16["global_chips"] - v5e16["chips_per_host"]`
idle_without_worker_all = v5e16["global_chips"] - v5e16["chips_per_host"]
# Print the observed values to compare against the expected result.
print("v5litepod-16 global chips:", v5e16["global_chips"], "Idle chips without --worker=all:", idle_without_worker_all)
# Assert invariant `idle_without_worker_all == 12` holds
assert idle_without_worker_all == 12
Without --worker=all, 12 of the 16 TPU chips on v5litepod-16 never receive a process.
Worker 0 only controls its own 4 local chips; the other 3 hosts (3 * 4 = 12 chips) require --worker=all.
Verify total HBM scaling from v5litepod-16 to v6e-16
Predict before running: How much total HBM is available across a 16-chip v6e-16 Pod slice compared to v5litepod-16?
# Experiment — Verify total HBM scaling from v5litepod-16 to v6e-16: Doubling per-chip HBM on Trillium (v6e) doubles the total...
hbm_by_slice = {s["slice"]: s["total_hbm_gib"] for s in SLICE_CATALOG}
# Print the observed values to compare against the expected result.
print("Total HBM GiB by slice:", hbm_by_slice)
# Assert that `hbm_by_slice["v6e-16"] == 512 and hbm_by_slice["v5litepod-16"] == 256`.
assert hbm_by_slice["v6e-16"] == 512 and hbm_by_slice["v5litepod-16"] == 256
v6e-16 provides 512 GiB of total HBM across 4 hosts (32 GiB/chip), double v5litepod-16's 256 GiB (16 GiB/chip).
Doubling per-chip HBM on Trillium (v6e) doubles the total sharded model state capacity for the same 4-host Pod topology.
Your exercise
Use build_tpu_experiment_commands for the reviewed CPU-only distributed-02 route. Then verify that its default unreviewed class and a four-host CPU-only request both raise ValueError.
Attempt this before consulting the separate solutions appendix.
Filter multi-host slices from the catalog
Foundations
List the slice names in SLICE_CATALOG that require --worker=all (multi_host == True).
Hint
Filter by s['multi_host'].
Compute per-host vs global batch size on a 4-host Pod slice
Transfer / diagnosis
If each TPU chip processes a microbatch of 88 sequences on v5litepod-16 (4 hosts, 4 chips/host), compute the per-host batch size and the global batch size per step.
Hint
Multiply 8 * chips_per_host and 8 * global_chips.
Checkpoint
What happens if you launch a distributed JAX script on a 4-host v5litepod-16 slice without --worker=all?
	Google Cloud automatically merges the 4 Linux hosts into 1 host
	Only worker 0 starts Python, so jax.distributed.initialize() hangs waiting for the other 3 hosts (or 12 of the 16 TPU chips sit idle)
	The script runs four times faster

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If gcloud compute tpus tpu-vm ssh --worker=all fails on one worker because .venv is missing, run your .venv bootstrap command with --worker=all as well so every host has ~/jax-tpu-lab/.venv installed.
Carry forward
	Stage any public/exercises/<lesson-id>.py script with gcloud compute tpus tpu-vm scp to run course experiments on TPU in parallel.
	Use single-host commands for 1–8 chip slices (v5litepod-4, v5litepod-8, v6e-4) and add --worker=all + jax.distributed.initialize() for multi-host slices (v5litepod-16, v6e-16).

Your evidence
Keep the generated scp_in_cmd, ssh_run_cmd, and scp_out_cmd workflow for single-host and multi-host slices plus the process-0 checkpoint writer check.
Primary references
	Multi-host and distributed JAX on TPU Pods
	Run JAX code on Cloud TPU Pod slices

Phase 21: TPU Systems: Generations, Memory, Precision & XProf
How do you size TPU HBM capacity, bound BF16/INT8 precision error, and capture a clean XProf trace?
Provisioning a TPU slice without budgeting HBM wastes time on out-of-memory crashes, and profiling without warming up measures compiler overhead instead of MXU execution.
Prepare and work through the phase
	Compare TPU generations and budget HBM capacity
Compute TPU v5e, v5p, and v6e ridge points, calculate FP32 vs mixed-BF16 training state and KV-cache GiB, and determine the minimum chip count at an 80% HBM budget.

	Audit BF16/INT8 precision and capture a warmed XProf trace
Compare BF16 and symmetric INT8 matmul errors against FP32, verify FP32 accumulation inside jax.lax.dot_general, and capture a warmed *.xplane.pb trace.


Readiness check
A matrix multiplication has arithmetic intensity 170 FLOP/byte on TPU v5e (ridge point 240.5 FLOP/byte). Is it compute-bound or HBM bandwidth-bound?
Answer: HBM bandwidth-bound, because its arithmetic intensity (170 FLOP/byte) is below the TPU v5e ridge point (240.5 FLOP/byte). Increasing batch size or sequence length raises operational intensity toward the MXU ceiling.
Transfer question
An XProf trace on your TPU VM shows a 12-second host compile block followed by five 9-millisecond step blocks. How do you get a clean steady-state profile?
Approach: Run at least one warmup call and call jax.block_until_ready() before entering with jax.profiler.trace(trace_dir): so only steady-state execution is recorded.
Common pitfall
Accumulating a long bfloat16 dot product directly in bfloat16 produces much larger drift than expected. Pass preferred_element_type=jnp.float32 to jax.lax.dot_general so the TPU MXU accumulates products in FP32 before any output cast.
Phase artifact
Retain the TPU ridge-point and HBM budget tables from tpu-03, plus the BF16/INT8 error summary and *.xplane.pb trace receipt from tpu-06.
Apply the 3-part Cloud TPU mini-course across Phases 07, 08, 09, 13, 15, 16, 17, and 18 by staging each lesson script in exercises/ to your TPU VM.
Phase project: Estimate optimizer-state bytes and calculate supplied-rate scaling efficiency. Compare TPU v5e, v5p, and v6e ridge points, budget training and KV-cache HBM, measure BF16/INT8 matmul error with FP32 accumulation, and capture a warmed XProf trace. Start with project stages 1, 2, 3, 4.
	tpu-systems-audit · online workspace · project guide
	workload-operations · online workspace · project guide

TPU generations and HBM memory budgeting
Compare TPU v5e, v5p, and v6e specifications and roofline ridge points, budget FP32 vs mixed-BF16 training state and KV-cache HBM, and size the minimum chip count for a model.
What you will be able to do
	Compare Google Cloud TPU generations (v5e, v5p, v6e Trillium, and Ironwood) by HBM capacity, HBM bandwidth, and MXU BF16 throughput.
	Calculate the Roofline ridge point (bf16_tflops / bw_gbs) in FLOPs per byte for each TPU generation.
	Compute training-state and KV-cache HBM from explicit tensor byte counts, including master weights, compute weights, gradients, and Adam moments.
	Select the minimum single-host or Pod TPU slice that fits a given model's training state with activation headroom.

The problem
Provisioning and launching a TPU VM is only half the engineering job: if you pick the wrong TPU generation or miscalculate parameter + optimizer + KV-cache HBM bytes, your TPU experiment will either fail with RESOURCE_EXHAUSTED: Out of memory or under-utilize the Matrix Multiply Unit (MXU).
The idea
Budget capacity with a byte ledger before selecting a TPU slice, and treat the roofline ridge point as a theoretical screening estimate. GiB capacity and FLOP/byte ridge points are different quantities and must be read in separate panels. The worked training-state estimates state their tensor dtypes and exclusions; they are not observed runtime memory.
Connect MXU arithmetic intensity and HBM capacity to TPU slice sizing
The ridge point is peak BF16 FLOP/s divided by HBM bandwidth. It is a theoretical balance point for a roofline model, not a measured bottleneck; use a target workload profile to investigate utilization. HBM capacity is a separate quantity.
For this lesson, the full-FP32 training-state ledger is 4 bytes/parameter for weights + 4 for gradients + 4 each for Adam first and second moments = 16 bytes/parameter. The mixed-BF16 ledger assumes an FP32 master weight (4), a BF16 compute copy (2), an FP32 gradient buffer (4), and two FP32 moments (8), totaling 18 bytes/parameter. This deliberately conservative case includes the compute copy and does not include activations, communication buffers, allocator overhead, or temporary copies. If gradients are kept in BF16, subtract 2 bytes/parameter and state that assumption.
TPU HBM-to-MXU dataflow and mixed-precision state budget
Predict: Which tensors stay in float32 in HBM and which operands stream as bfloat16 into the MXU?
[image: Read top to bottom: HBM holds fp32 master weights and Adam moments plus bf16/int8 caches, streams bf16 operands into the MXU, accumulates dot products in fp32, and updates sharded HBM state.]Architecture and dataflow mechanism diagram.Read top to bottom: HBM stores master fp32 parameters and Adam moments (m, v) alongside bf16 activations and KV cache; operands are cast to bf16 (or int8) to stream across the HBM bandwidth bottleneck into the MXU, which accumulates dot products in fp32 before writing updated state back.
Pause and reason
For 7 billion parameters, how many GiB does the stated 18-byte mixed-BF16 ledger require before activations, and why is a ridge point not a measured bottleneck?
Compare your reasoningThe estimate is 7e9 × 18 / 2^30 ≈ 117.4 GiB. It excludes activations, communication buffers, allocator overhead and temporary copies, so it is only a capacity lower bound. The ridge point compares published peak compute and bandwidth; only a workload measurement and profile can identify an observed bottleneck.
Throughputtok/s=Bglobal×LseqTstep\text{Throughput}_{\text{tok/s}} = \frac{B_{\text{global}} \times L_{\text{seq}}}{T_{\text{step}}}1. Compare TPU generations (`v5e`, `v5p`, `v6e`, Ironwood) and calculate HBM budgets
Published per-chip TPU specifications determine which slice fits your model:
- TPU v5e (v5litepod): 1616 GiB HBM per chip, 819819 GB/s HBM bandwidth, 197197 BF16 TFLOP/s (240.5 FLOP/byte ridge point). Single-host slices: 1, 4 (64 GiB), or 8 (128 GiB) chips.
- TPU v5p: 9595 GiB HBM per chip, 27652765 GB/s HBM bandwidth, 459459 BF16 TFLOP/s (166.0 FLOP/byte ridge point).
- TPU v6e (Trillium): 3232 GiB HBM per chip, 16001600 GB/s HBM bandwidth, 918918 BF16 TFLOP/s (573.8 FLOP/byte ridge point). Single-host slices: 1, 4 (128 GiB), or 8 (256 GiB) chips.
- TPU Ironwood (7th-gen scale): 192192 GiB HBM per chip, 73707370 GB/s HBM bandwidth.
Run the TPU generation & HBM budgeting verifier on your TPU VM or workstation
# Run the TPU generation & HBM budgeting verifier on your TPU VM or workstation
gcloud compute tpus tpu-vm scp public/exercises/tpu-03.py "$TPU_NAME":~/jax-tpu-lab/ --zone="$ZONE"
gcloud compute tpus tpu-vm ssh "$TPU_NAME" --zone="$ZONE" \
  --command="JAX_PLATFORMS=tpu ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/tpu-03.py"
Expected:
Prints the TPU ridge points (FLOP/byte) and the 7B and 1.5B training + KV-cache HBM budgets in GiB.
Calculated TPU memory capacity and theoretical ridge point
Predict: How do per-chip HBM capacity (GiB) and the compute-to-memory ridge point (FLOP/byte) change across TPU v5e, v5p, and v6e?
[image: Two-panel chart: HBM capacity per chip in GiB and theoretical BF16 ridge point in FLOP/byte, shown on separate axes for v5e, v5p, and v6e.]Calculated scenario; no device execution was performedRead the figure
Two panels show per-chip HBM capacity in GiB and theoretical BF16 ridge point in FLOP/byte for the same TPU generations. Read the panels independently; their heights are not comparable.
Connect it to the computation
These bars are calculations from published specifications and stated tensor byte assumptions. They are not device measurements or a workload profile.
Define TPU generation specs and compute Roofline ridge points
Create main.py with TPU_SPECS and calculate ridge_flops_per_byte for v5e, v5p, and v6e.
# Step 1 — Define TPU generation specs and compute Roofline ridge points: Dividing peak BF16 FLOP/s by HBM bandwidth (B/s) gives the minimum...
# Import jax for this computation.
import jax
import jax.numpy as jnp
import numpy as np

# Initialize list `TPU_SPECS` for the stage values.
TPU_SPECS = [
    {"gen": "v5e", "hbm_gib": 16.0, "bw_gbs": 819.0, "bf16_tflops": 197.0},
    {"gen": "v5p", "hbm_gib": 95.0, "bw_gbs": 2765.0, "bf16_tflops": 459.0},
    {"gen": "v6e", "hbm_gib": 32.0, "bw_gbs": 1600.0, "bf16_tflops": 918.0},
]
# Iterate over `s` to step through the computation:
for s in TPU_SPECS:
    # Run `round` to compute `s['ridge_flops_per_byte']`.
    s["ridge_flops_per_byte"] = round((s["bf16_tflops"] * 1e12) / (s["bw_gbs"] * 1e9), 1)
Dividing peak BF16 FLOP/s by HBM bandwidth (B/s) gives the minimum FLOPs per byte needed to saturate the MXU.
Estimate training-state and KV-cache HBM budgets across precisions
Append estimate_memory_gib and compare 7B vs 1.5B model memory footprints.
# Step 2 — Estimate training-state and KV-cache HBM budgets across precisions: Computing both training state and KV-cache GiB upfront prevents...
def estimate_memory_gib(params_billions, kv_tokens, layers=32, kv_heads=8, head_dim=128):
    # Compute `n_params` from `params_billions * 1e9`
    n_params = params_billions * 1e9
    # Compute `kv_elements` from `2.0 * layers * kv_tokens * kv_heads * head_dim`
    kv_elements = 2.0 * layers * kv_tokens * kv_heads * head_dim
    # Evaluate `1024 ** 3` and convert the result into Python scalar/collection `gib`.
    gib = float(1024 ** 3)
    # Return `{'fp32_train_state_gib': round(n_params * 16.0 / gib, 3), 'mixed_bf16_train_state_gib': round(n_params * 18.0 / gib, 3), 'kv_fp32_gib': round(kv_elements * 4.0 / gib, 3), 'kv_bf16_gib': round(kv_elements * 2.0 / gib, 3), 'kv_int8_gib': round(kv_elements * 1.0 / gib, 3)}` to the caller.
    return {
        "fp32_train_state_gib": round((n_params * 16.0) / gib, 3),
        "mixed_bf16_train_state_gib": round((n_params * 18.0) / gib, 3),
        "kv_fp32_gib": round((kv_elements * 4.0) / gib, 3),
        "kv_bf16_gib": round((kv_elements * 2.0) / gib, 3),
        "kv_int8_gib": round((kv_elements * 1.0) / gib, 3),
    }



# Run `estimate_memory_gib` to compute `budget_7b`.
budget_7b = estimate_memory_gib(params_billions=7.0, kv_tokens=8192)
# Run `estimate_memory_gib` to compute `budget_1p5b`.
budget_1p5b = estimate_memory_gib(params_billions=1.5, kv_tokens=4096)
# Assert that `budget_7b["mixed_bf16_train_state_gib"] > 64.0 and budget_7b["mixed_bf16_train_state_gib"] <`.
assert budget_7b["mixed_bf16_train_state_gib"] > 64.0 and budget_7b["mixed_bf16_train_state_gib"] < 128.0
# Assert invariant `budget_1p5b["mixed_bf16_train_state_gib"] < 64.0` holds
assert budget_1p5b["mixed_bf16_train_state_gib"] < 64.0
# Print the observed values to compare against the expected result.
print("TPU ridge points (FLOP/byte):", {s["gen"]: s["ridge_flops_per_byte"] for s in TPU_SPECS})
# Print diagnostic summary of the computed outputs.
print("7B memory budget (GiB):", budget_7b)
# Print diagnostic summary of the computed outputs.
print("1.5B memory budget (GiB):", budget_1p5b)
Computing the named-tensor ledger identifies whether a topology has enough total HBM, but usable capacity must also reserve room for activations, communication buffers, temporary copies and allocator overhead. The 7B estimate exceeds the 80%-usable budget of a 4-chip v6e slice; it is an estimate, not a fit guarantee.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
assert budget_7b["mixed_bf16_train_state_gib"] > 64.0 and budget_7b["mixed_bf16_train_state_gib"] < 128.0
assert budget_1p5b["mixed_bf16_train_state_gib"] < 64.0
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
Prints the ridge-point FLOP/byte ratios for v5e (240.5), v5p (166.0), and v6e (573.8) along with the 7B and 1.5B memory budgets in GiB.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare KV-cache memory across FP32, BF16, and INT8
Predict before running: By what factor does KV-cache memory drop when moving from FP32 to BF16 and INT8?
# Experiment — Compare KV-cache memory across FP32, BF16, and INT8: Halving bytes per element halves both the HBM capacity consumed...
# Assert that `np.isclose(budget_7b["kv_fp32_gib"], 2.0 * budget_7b["kv_bf16_gib"])`.
assert np.isclose(budget_7b["kv_fp32_gib"], 2.0 * budget_7b["kv_bf16_gib"])
# Assert that `np.isclose(budget_7b["kv_bf16_gib"], 2.0 * budget_7b["kv_int8_gib"])`.
assert np.isclose(budget_7b["kv_bf16_gib"], 2.0 * budget_7b["kv_int8_gib"])
# Print the observed values to compare against the expected result.
print("KV cache GiB (FP32 / BF16 / INT8):", budget_7b["kv_fp32_gib"], budget_7b["kv_bf16_gib"], budget_7b["kv_int8_gib"])
For 8192 tokens, KV cache drops from 2.0 GiB (FP32) to 1.0 GiB (BF16) and 0.5 GiB (INT8).
Halving bytes per element halves both the HBM capacity consumed by the KV cache and the HBM bytes read on every decode step.
Verify how many v5e chips are needed to hold a 7B mixed-precision training state
Predict before running: How many v5e chips are needed for the 7B mixed-precision training-state estimate if only 80% of HBM is available for that state?
v5e_chip_gib = 16.0
usable_fraction = 0.8
min_v5e_chips = int(np.ceil(budget_7b["mixed_bf16_train_state_gib"] / (v5e_chip_gib * usable_fraction)))
print("7B mixed train state GiB:", budget_7b["mixed_bf16_train_state_gib"], "Minimum chips at 80% usable HBM:", min_v5e_chips)
assert min_v5e_chips == 10
assert min_v5e_chips > 8 and min_v5e_chips <= 16
The 18-byte-per-parameter ledger estimates 117.347 GiB. At 16 GiB per chip and 80% usable HBM, at least 10 chips are needed; the listed 16-chip v5litepod-16 is the first listed topology large enough.
The estimate includes 2-byte BF16 weights, 4-byte FP32 master weights, 4-byte gradients and two 4-byte FP32 Adam moments, for 18 bytes per parameter. This is a named-tensor ledger, not a complete fit guarantee: activations, communication buffers, temporary copies and allocator overhead need additional headroom.
Your exercise
Compute estimate_memory_gib for a 1.5B parameter model with 4096 KV tokens and verify that its mixed-precision training-state estimate is below 30 GiB and that state plus BF16 KV cache is below 80% of a single-host v5litepod-4 (64 GiB total HBM).
Attempt this before consulting the separate solutions appendix.
Compare arithmetic intensity against the TPU v5e and v6e ridge points
Foundations
Compute the arithmetic intensity (FLOPs/byte) of a bfloat16 square matrix multiply of size N=1024N = 1024 (2 * N^3 FLOPs divided by 3 * 2 * N^2 bytes) and check whether it exceeds the v5e ridge point.
Hint
For two N x N BF16 inputs and one BF16 output, arithmetic intensity simplifies to N / 3.0 FLOPs/byte.
Size a Trillium v6e-4 slice for a 7B training state
Transfer / diagnosis
Compute the total HBM (in GiB) of a 4-chip v6e-4 slice (32 GiB/chip) and check whether budget_7b['mixed_bf16_train_state_gib'] fits inside 80% of that slice's HBM.
Hint
Compare budget_7b['mixed_bf16_train_state_gib'] with 4 * 32.0 * 0.8.
Checkpoint
What does a TPU generation's Roofline ridge point (bf16_tflops / bw_gbs in FLOPs/byte) tell you about a kernel?
	How many SSH keys can connect to the TPU VM
	The minimum FLOPs performed per byte transferred from HBM required to become MXU compute-bound rather than HBM bandwidth-bound
	How long gcloud compute tpus tpu-vm create takes to provision

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If your TPU job fails with RESOURCE_EXHAUSTED: Out of memory while trying to allocate..., compare your parameter + optimizer + activation + KV-cache byte estimate against per-chip HBM (16 GiB on v5e, 32 GiB on v6e) and shard the state across chips (NamedSharding / FSDP) or reduce microbatch size.
Carry forward
	Size your TPU slice (v5e, v5p, v6e) from explicit HBM byte budgets for training state and KV caches before launching.
	Compare your workload's FLOPs/byte against the chip's ridge point to know whether fusion/quantization (bandwidth) or MXU tiling (compute) will speed it up.

Your evidence
Keep the TPU ridge-point table, 7B and 1.5B training/KV-cache HBM budgets, and minimum chip count calculation at an 80% HBM ceiling.
Primary references
	Cloud TPU v5e, v5p, and v6e (Trillium) specifications
	Cloud TPU performance guide

bfloat16, int8 precision, and XProf profiling on TPU
Measure bfloat16 and symmetric int8 matrix multiplication error against float32, verify float32 accumulator precision, and capture a warmed XProf (*.xplane.pb) trace.
What you will be able to do
	Measure numerical error for bfloat16 matmuls with float32 accumulation versus bfloat16 accumulation.
	Implement per-column INT8 weight quantization and an FP32 dequantization reference; account for scales and test a zero-valued channel.
	Capture a warmed jax.profiler.trace (*.xplane.pb) on a Cloud TPU VM (or local CPU rehearsal) after synchronizing warmup.
	Download the trace directory with gcloud compute tpus tpu-vm scp --recurse and inspect it in TensorBoard / XProf.

The problem
Compare BF16 operand rounding and a per-column INT8 weight-quantization reference on CPU, while distinguishing stored values, dequantized operands, accumulation type, and device-kernel execution. Retain a trace of the actual worked workload in a user-selected directory so its events can be inspected.
The idea
This lesson measures numerical error for a BF16 matmul and an FP32 dequantization reference for INT8 weights. The INT8 path stores quantized weights plus scale metadata, then casts and rescales them to FP32 before the dot; it does not demonstrate a native INT8 kernel, packed runtime storage, or reduced device-memory traffic. The FP32 result is a finite-precision reference, not exact arithmetic. Keep the generated XProf directory after the example returns.
Why TPU matmuls use `bfloat16` operands with `float32` accumulation
BF16 has the same exponent width as FP32, but its shorter significand still rounds values; this does not eliminate all underflow, overflow, or accuracy problems. preferred_element_type=jnp.float32 requests a FP32 result/accumulation type through the JAX dot API, but a CPU run does not establish a TPU kernel’s internal implementation.
The INT8 example quantizes each output column using scale = max(abs(W[:, j])) / 127, stores one signed byte per weight plus one FP32 scale per column, and then dequantizes to FP32 before the dot. A zero column uses scale zero and must produce a zero quantized column without division by zero. This is a numerical reference only: it does not show a native INT8 dot, packed storage, activation quantization, or reduced device memory traffic. Compare against the FP32 JAX computation, which is finite precision. The measured error is specific to the fixed input and weight arrays.
Pause and reason
Why does accumulating a dot product in bfloat16 (preferred_element_type=jnp.bfloat16) have higher error than preferred_element_type=jnp.float32 even when both inputs are bfloat16?
Compare your reasoningWhen accumulating in bfloat16, every partial sum across the inner dimension K is rounded to 7 mantissa bits, whereas float32 accumulation retains 23 mantissa bits for the entire reduction.
Cost per 106 tokens=Cchip_hour×Nchips×(Trun/3600)Tokensprocessed/106\text{Cost per } 10^6 \text{ tokens} = \frac{C_{\text{chip\_hour}} \times N_{\text{chips}} \times (T_{\text{run}} / 3600)}{\text{Tokens}_{\text{processed}} / 10^6}1. Capture a warmed XProf trace on your Cloud TPU VM and inspect in TensorBoard
The worked CPU example warms the exact function it profiles and writes its trace under TPU_TRACE_DIR (default ./tpu-xprof-trace). The directory remains after the function returns. Open that directory in TensorBoard/XProf and inspect the actual event names, timestamp units, host dispatch, compilation boundary, device work, synchronization, and input stalls that are present in your trace. A CPU trace teaches event reading; it does not establish TPU performance. For timing comparisons, measure synchronized steps outside the profiler.
Run tpu-06.py and capture a 5-step warmed XProf trace on the Cloud TPU VM
gcloud compute tpus tpu-vm scp public/exercises/tpu-06.py "$TPU_NAME":~/jax-tpu-lab/ --zone="$ZONE"
gcloud compute tpus tpu-vm ssh "$TPU_NAME" --zone="$ZONE" --command="set -euo pipefail; source ~/jax-tpu-lab/.venv/bin/activate; export TPU_TRACE_DIR=~/jax-tpu-lab/tpu-xprof-trace; JAX_PLATFORMS=tpu python ~/jax-tpu-lab/tpu-06.py"
mkdir -p ./tpu-xprof-trace
gcloud compute tpus tpu-vm scp --recurse "$TPU_NAME":~/jax-tpu-lab/tpu-xprof-trace ./ --zone="$ZONE"
Expected:
Runs the lesson workload, captures that workload in the persistent TPU_TRACE_DIR, then copies the retained trace directory back. Inspect actual events in XProf; CPU and TPU traces remain separately identified.
Launch TensorBoard with the XProf profile plugin on your workstation
# Launch TensorBoard with the XProf profile plugin on your workstation
pip install tensorboard tensorboard-plugin-profile xprof
tensorboard --logdir ./tpu-xprof-trace --port 6006
Expected:
Serves the XProf Trace Viewer, Overview Page, and Memory Viewer at http://localhost:6006.
Measured numerical error for BF16 and an FP32 INT8 dequantization reference
Predict: How do bf16 (fp32 accum), bf16 (bf16 accum), and int8 per-col (fp32 accum) compare in maximum and mean absolute error against an fp32 reference?
[image: Maximum and mean absolute error for BF16 matmuls and a per-column INT8 weight quantization followed by FP32 dequantization; comparison uses a finite-precision FP32 JAX reference.]Plot from a recorded CPU computation · JAX 0.9.2 · 1 CPU deviceRead the figure
Errors are measured against the finite-precision FP32 JAX dot for this seeded input. The INT8 row quantizes weights, then dequantizes to FP32 before the dot; it is not a native INT8 kernel result.
Connect it to the computation
The measured INT8 error belongs to this fixed example. Its storage estimate must include one FP32 scale per output column, and this code does not demonstrate runtime memory traffic savings.
Compare BF16 (FP32 vs BF16 accumulation) and per-channel INT8 matmul errors
Create main.py with evaluate_precision_policies.
# Step 1 — Compare BF16 (FP32 vs BF16 accumulation) and per-channel INT8 matmul errors: Measuring both max and mean absolute error across accumulation...
# Import pathlib (Path) for this computation.
from pathlib import Path
import os
import tempfile
import time
import jax
import jax.numpy as jnp
import numpy as np


# Function `evaluate_precision_policies(seed)` implementing this stage's computation:
def evaluate_precision_policies(seed=0):
    # Create or split explicit PRNG key(s) (`(k1, k2)`) for reproducible randomness.
    k1, k2 = jax.random.split(jax.random.PRNGKey(seed))
    # Sample deterministic random values into `x` using an explicit PRNG key.
    x = jax.random.normal(k1, (64, 256), dtype=jnp.float32)
    # Sample deterministic random values into `w` using an explicit PRNG key.
    w = jax.random.normal(k2, (256, 64), dtype=jnp.float32) * 0.25
    # Cast or evaluate `ref_fp32` in explicit floating-point precision.
    ref_fp32 = jnp.dot(x, w, preferred_element_type=jnp.float32)
    # Cast or evaluate `out_bf16_fp32acc` in explicit floating-point precision.
    out_bf16_fp32acc = jnp.dot(
        x.astype(jnp.bfloat16), w.astype(jnp.bfloat16), preferred_element_type=jnp.float32
    )
    # Cast or evaluate `out_bf16_bf16acc` in explicit floating-point precision.
    out_bf16_bf16acc = jnp.dot(
        x.astype(jnp.bfloat16), w.astype(jnp.bfloat16), preferred_element_type=jnp.bfloat16
    ).astype(jnp.float32)
    # Reduce across the target axis to summarize `scale`.
    column_max = jnp.max(jnp.abs(w), axis=0, keepdims=True)
    scale = jnp.where(column_max == 0, 1.0, column_max / 127.0)
    # The scale of 1 for a zero column avoids division by zero; its quantized values remain zero.
    w_int8 = jnp.clip(jnp.round(w / scale), -127, 127).astype(jnp.int8)
    # Cast or evaluate `out_int8_fp32acc` in explicit floating-point precision.
    out_int8_fp32acc = jnp.dot(x, w_int8.astype(jnp.float32) * scale, preferred_element_type=jnp.float32)
    # Initialize list `policies` for the stage values.
    policies = [
        ("bf16 (fp32 accum)", out_bf16_fp32acc),
        ("bf16 (bf16 accum)", out_bf16_bf16acc),
        ("int8 per-col (fp32 accum)", out_int8_fp32acc),
    ]
    # Compute `results` from `[]`
    results = []
    # Loop over `(label, tensor)` in `policies`:
    for label, tensor in policies:
        # Run `jnp.abs` to compute `diff`.
        diff = jnp.abs(tensor - ref_fp32)
        # Append the computed value via `results.append({`.
        results.append({
            "policy": label,
            "max_abs_err": round(float(jnp.max(diff)), 5),
            "mean_abs_err": round(float(jnp.mean(diff)), 5),
            "weight_bytes": int(w_int8.size),
            "scale_bytes": int(scale.size * 4),
        })
    # Return `results` to the caller.
    return results


Measuring both max and mean absolute error across accumulation dtypes quantifies why FP32 accumulation is standard on TPU MXUs.
Capture a warmed XProf trace and verify *.xplane.pb output
Append capture_warmed_trace and the verification assertions to main.py.
# Step 2 — Capture a warmed XProf trace and verify *.xplane.pb output: Warming up before entering jax.profiler.trace ensures the captured...
def capture_warmed_trace(steps=4, trace_dir=None):
    # Construct `x` via `jnp.ones((256, 256), dtype=jnp.bfloat16)`
    x = jnp.ones((256, 256), dtype=jnp.bfloat16)
    # Wrap with `jax.jit` (`step_fn`) so XLA traces and compiles the function.
    step_fn = jax.jit(lambda a: jnp.dot(a, a, preferred_element_type=jnp.float32).astype(jnp.bfloat16))
    # Record execution timing or profiler trace in `t0`.
    t0 = time.perf_counter()
    # Synchronize host execution until asynchronous device computation completes.
    jax.block_until_ready(step_fn(x))
    # Record execution timing or profiler trace in `warmup_ms`.
    warmup_ms = (time.perf_counter() - t0) * 1000.0
    # Enter managed runtime/context scope for this block:
    trace_dir = Path(trace_dir or os.environ.get("TPU_TRACE_DIR", "./tpu-xprof-trace")).expanduser().resolve()
    trace_dir.mkdir(parents=True, exist_ok=True)
    with jax.profiler.trace(str(trace_dir)):
        # Record execution timing or profiler trace in `t1`.
        t1 = time.perf_counter()
        # Repeat the update loop over `range(steps)` steps:
        for _ in range(steps):
            # Run `step_fn` to compute `x`.
            x = step_fn(x)
        # Synchronize host execution until asynchronous device computation completes.
        jax.block_until_ready(x)
        # Record execution timing or profiler trace in `steady_ms`.
        steady_ms = (time.perf_counter() - t1) * 1000.0 / steps
    # Collect files from the retained trace directory.
    xplane_files = list(trace_dir.rglob("*.xplane.pb"))
    # Return `{'warmup_ms': warmup_ms, 'steady_ms': steady_ms, 'xplane_count': len(xplane_files)}` to the caller.
    return {"warmup_ms": warmup_ms, "steady_ms": steady_ms, "xplane_count": len(xplane_files), "trace_dir": str(trace_dir)}



# Run `evaluate_precision_policies` to compute `prec_table`.
prec_table = evaluate_precision_policies()
# Run `capture_warmed_trace` to compute `trace_info`.
trace_info = capture_warmed_trace()
# Assert invariant `trace_info["xplane_count"] >= 1` holds
assert trace_info["xplane_count"] >= 1
# Assert invariant `prec_table[0]["max_abs_err"] < prec_table[1]["max_abs_err"]` holds
assert prec_table[0]["max_abs_err"] < prec_table[1]["max_abs_err"]
# Print the observed values to compare against the expected result.
print("Precision comparison:", prec_table)
# Print diagnostic summary of the computed outputs.
print("Captured *.xplane.pb trace count:", trace_info["xplane_count"], "steady_ms:", round(trace_info["steady_ms"], 4))
Warming up before entering jax.profiler.trace ensures the captured *.xplane.pb file records steady-state execution rather than first-call compilation.
Step 3: Verify invariants on the completed state
Run the final shape and numerical assertions to confirm the state built in Steps 1 and 2.
assert trace_info["xplane_count"] >= 1
assert prec_table[0]["max_abs_err"] < prec_table[1]["max_abs_err"]
Checking these invariants confirms the computation is ready for the full worked experiment.
Run the example
The assembled script is in the separate solutions and code appendix.
Prints the precision error table (showing lower error for fp32 accumulation than bf16 accumulation) and confirms that at least one *.xplane.pb trace file was captured.
Recorded reference execution
The saved instructor run is in the separate solutions and execution appendix.
Compare FP32 accumulation vs BF16 accumulation error ratio
Predict before running: How much larger is the maximum absolute error when accumulating BF16 matmuls in BF16 instead of FP32?
# Experiment — Compare FP32 accumulation vs BF16 accumulation error ratio: Passing preferred_element_type=jnp.float32 to jnp.dot or...
fp32_acc_err = prec_table[0]["max_abs_err"]
# Compute `bf16_acc_err` from `prec_table[1]["max_abs_err"]`
bf16_acc_err = prec_table[1]["max_abs_err"]
# Run `round` to compute `ratio`.
ratio = round(bf16_acc_err / fp32_acc_err, 2)
# Print the observed values to compare against the expected result.
print("BF16-accum / FP32-accum max error ratio:", ratio)
# Assert invariant `ratio > 1.3` holds
assert ratio > 1.3
Accumulating in BF16 increases maximum absolute error by roughly 1.5×1.5\times compared to FP32 accumulation.
Passing preferred_element_type=jnp.float32 to jnp.dot or lax.dot_general preserves FP32 accumulation on TPU.
Compare warmup duration vs traced steady-state step duration
Predict before running: Does the warmup step outside the profiler take longer than the traced steady-state steps?
# Experiment — Compare warmup duration vs traced steady-state step duration: Keeping warmup outside jax.profiler.trace prevents XLA...
# Print the observed values to compare against the expected result.
print("Warmup ms:", round(trace_info["warmup_ms"], 3), "Traced steady step ms:", round(trace_info["steady_ms"], 4))
# Assert invariant `trace_info["warmup_ms"] > trace_info["steady_ms"]` holds
assert trace_info["warmup_ms"] > trace_info["steady_ms"]
Warmup takes significantly longer than a single steady-state step inside the profiler block.
Keeping warmup outside jax.profiler.trace prevents XLA compilation from dominating the captured XProf timeline.
Your exercise
Run evaluate_precision_policies(seed=42) and capture_warmed_trace(steps=3), then verify that bf16 (fp32 accum) has strictly lower mean_abs_err than bf16 (bf16 accum) and that xplane_count >= 1.
Attempt this before consulting the separate solutions appendix.
Compare per-channel vs per-tensor INT8 quantization error
Foundations
Quantize w with a single global scalar scale_global = jnp.max(jnp.abs(w)) / 127.0 and compare its max error against per-channel quantization when one column of w is scaled by 10.0.
Hint
Multiply w[:, :1] by 10.0 and compare per-column axis=0 scale vs global scalar scale.
Verify non-empty XProf *.xplane.pb byte size
Transfer / diagnosis
Capture a trace in a temporary directory and verify that the generated *.xplane.pb file has stat().st_size > 0.
Hint
Check xplane_files[0].stat().st_size > 0.
Checkpoint
Why should you run and synchronize at least one warmup step before entering with jax.profiler.trace(trace_dir): on a TPU VM?
	Because jax.profiler.trace deletes all model weights if warmup is skipped
	So the captured *.xplane.pb trace measures steady-state TPU execution and collective communication rather than one-time Python tracing and XLA HLO compilation
	Because bfloat16 only works inside a profiler context

Answer and explanation are in the separate solutions appendix.
Diagnose the result
If XProf shows large gaps between device steps on your TPU VM, check for un-jitted Python work, host-side NumPy conversions, or synchronous print(array) calls inside the training step.
Carry forward
	Use bfloat16 matmul operands with preferred_element_type=jnp.float32 accumulation, and use per-channel scales when quantizing weights to int8.
	Capture warmed jax.profiler.trace (*.xplane.pb) artifacts on the TPU VM and copy them back with gcloud compute tpus tpu-vm scp --recurse before deleting the VM.

Your evidence
Keep the BF16 vs INT8 error summary, FP32-vs-BF16 accumulator drift comparison, and captured *.xplane.pb trace receipt.
Primary references
	Profile JAX programs with XProf and TensorBoard
	Cloud TPU performance guide

Appendix: project structure and evidence
Tools, project structure, and experiments
You have a notebook that works. A week later, you change the data and cannot explain which version produced your best result. The next skill is making the experiment inspectable: someone should be able to find its inputs, run it, and understand what changed.

Before you start: complete workspace setup. Basic Python and a terminal are enough. This guide is shared preparation for every project, then a reference during training, recovery, and deployment.

Your result: a small project with two separate run directories, saved input snapshots, a tested command-line interface (CLI), and a written comparison. The included CLI prepares experiments; training and accelerator execution come from the linked course lessons.

Continue into the reproducible JAX/Flax experiments workshop when you are ready to connect this preparation to real training, CSV and tracker logging, paired comparisons and a generated research notebook.

1. Give each file a clear responsibility
Begin with the downloadable workspace. Extract it and open the jax-project-workspace folder in your editor. It contains this layout:

jax-project-workspace/
├── README.md                 how to start and verify
├── GUIDE.md                  this guide, for offline use
├── run.py                    small CLI entry point
├── src/jax_lab/
│   ├── __init__.py
│   └── cli.py                argument validation and run preparation
├── configs/baseline.json     choices for one experiment
├── data/tiny.csv             small, versionable teaching fixture
├── tests/test_workspace.py   provenance and overwrite checks
├── .gitignore
└── runs/                    created by the CLI; ignored by Git
    └── baseline-01/
        ├── config.json      resolved choices used for this run
        ├── manifest.json    input hashes, environment, time and command
        ├── source/          snapshot of this exercise's Python source
        ├── data.snapshot    exact tiny input used for this run
        └── notes.md         hypothesis, observations and decision
Read the tree from top to bottom: source describes how, configuration describes which choices, data supplies the inputs, and a run preserves one attempt. A new attempt gets a new directory. Changing configs/baseline.json later must not rewrite history inside runs/baseline-01/.

When the project grows, add model.py for the model, data.py for loading and splitting, train.py for training, and evaluate.py for evaluation inside src/jax_lab/. Keep notebooks/ for exploration and explanation; import these functions instead of maintaining a second training loop in notebook cells. Add reports/ for selected figures and conclusions, and a checkpoints/ subdirectory within each run for recoverable training state. These are growth steps, not empty folders you need on day one.

What belongs in Git? Commit source, small fixtures, configs, tests, dependency declarations/lockfiles, and written decisions. Ignore environments, caches, credentials, large data, and generated runs. Ignored files still need a backup plan: preserve selected evidence in durable artifact storage. .gitignore neither backs up files nor removes already tracked files.

2. Separate a notebook from a reproducible entry point
A notebook can accidentally depend on a cell executed yesterday. Restart its kernel and run every cell in order. If it fails, identify the missing dependency before exporting the code.

Move reusable functions into the package. Let a thin CLI parse choices and call those functions. The training function should receive its data, configuration and random state explicitly. It should not read arguments or start a tracker when the module is imported. In JAX, keep file writes and logging outside transformed functions; Python side effects inside jit can happen at tracing rather than at every update.

The workspace uses Python's built-in argparse. Open src/jax_lab/cli.py and follow main() into prepare(): parsing supplies a config path and run ID; validation rejects invalid choices; only then is a new run directory created. run.py locates the package relative to its own file, so the command does not depend on a notebook's current directory.

A future training CLI should have explicit train, evaluate, and resume actions. Require the selected checkpoint and evaluation split, and explain invalid arguments. This starter implements only prepare; do not mistake a prepared manifest for a completed training result.

3. Prepare an experiment you can inspect
Open a terminal in the extracted workspace. On macOS/Linux use the commands below; on Windows PowerShell replace python3 with py. Python 3.10 or later is required. This exercise uses only the standard library, so it needs no package installation, account or accelerator.

# Run run command in terminal using the course Python environment
python3 --version
python3 run.py --help
python3 run.py prepare --config configs/baseline.json --run-id baseline-01
python3 -m unittest discover -s tests -v
Expected result: the prepare command prints Prepared runs/baseline-01; no training has run. The test command finishes with OK. Open the created config.json, manifest.json and notes.md in your editor. Hashes and timestamps vary with your files and machine; compare identities, not an example timestamp.

The config contains seed, learning_rate, steps, and data. The CLI checks their types, bounds and file availability, then saves the actual config. It snapshots the tiny dataset and Python source and records their SHA-256 hashes. A hash is a fingerprint for detecting changes; it does not preserve a missing file, which is why this small exercise also keeps snapshots. Git commit and dirty state are recorded when the extracted folder has its own Git repository. A ZIP without Git history legitimately records null.

Predict: if you run the prepare command twice with baseline-01, should it overwrite, append, or fail? It fails. Open the original manifest afterward: it must be unchanged. That refusal protects the first attempt's evidence.

The starter records Python and operating-system information, not a complete ML environment. Before running JAX, also retain your dependency lock or package inventory, JAX/jaxlib versions, accelerator runtime and device information. A seed alone does not promise bitwise agreement across different backends or precision policies.

4. Change one choice and keep the comparison honest
Copy configs/baseline.json to configs/lower-rate.json in your editor. Change only learning_rate from 0.01 to 0.005. Leave the seed, steps and dataset unchanged.

# Run run command in terminal using the course Python environment
python3 run.py prepare --config configs/lower-rate.json --run-id lower-rate-01
Compare the two manifests. The saved config hashes should differ; the source and data hashes should match. Both runs are still prepared. There is no loss curve yet and no evidence that the smaller learning rate is better.

Write your hypothesis in each run's notes before connecting the training loop lesson. For an actual comparison, make training consume the saved configuration and identified data, record metrics with step numbers, and retain the final checkpoint. Do not save one config and quietly train with defaults from another file.

This diagram is a conceptual workflow, not a measured training result:

versioned source + data + resolved configuration
                        |
                 prepare a new run
                        |
          saved inputs + environment + command
                        |
             execute training and save state
                        |
         held-out evaluation + metrics + report
                        |
             decision with stated limitations
The first arrow preserves the question you intended to test. Training creates observations. Evaluation makes those observations comparable. A report records why you accepted or rejected the change. Skipping the input snapshot means a good-looking final chart may have no traceable explanation.

For real runs, distinguish metrics from artifacts. A metric is a named value with a step, split and definition; an artifact is a file such as a checkpoint, plot or evaluation table. State whether loss is per token, example or batch; log the learning rate, gradient norm, non-finite counts and precision. For throughput, record the measured interval and synchronize device work. Keep validation for model selection and reserve the test split for the stated final evaluation. Repeat across training seeds when your conclusion concerns training variability.

5. Add tools when they solve a problem
Use the table as a decision guide. The starter above does not require these optional tools. Examples below assume each tool has been installed using its official instructions; check its --help if your installed version differs.




	Need
	Tool and first action
	What to retain




	Recreate a Python environment
	uv: manage pyproject.toml, generate a lock, then uv sync --locked
	Dependency declaration, uv.lock, Python version and device setup



	Inspect changes
	Git: git status --short and git diff from your project root
	Reviewed changes and a commit; uncommitted changes also affect results



	Catch code mistakes
	Ruff: uv run ruff check src tests in a uv project with Ruff installed
	Lint results; formatting is not a numerical correctness check



	Check behavior
	Starter: python3 -m unittest discover -s tests -v; later add model/input/recovery tests
	Passing checks for changed inputs and expected failures



	Compare local training histories
	MLflow: follow the linked course lesson for local tracking
	Run ID, params, step metrics, data identity, artifacts and selection criteria



	Share dashboards or run sweeps
	W&B: wandb offline for local recording with instrumented training
	Run ID, logged history, artifact versions and sweep configuration



	Package the runtime
	Docker: inspect docker run --help, then follow the container lesson
	Dockerfile, dependency lock, image digest and execution command



	Retrieve or publish model artifacts
	Hugging Face CLI: hf --help
	Model revision, model card, tokenizer and evaluation report



	Inspect existing TPU resources
	gcloud: gcloud compute tpus tpu-vm list --project PROJECT_ID --zone ZONE
	Actual project, zone, resource and runtime identity




Run the gcloud command with your configured account and replace both PROJECT_ID and ZONE placeholders.

For a new, separate ML repository with uv already installed, this is an optional environment workflow. Do not run it inside the course checkout to replace its tested environment:

# Run command in terminal
uv init --lib my-jax-project
cd my-jax-project
uv add jax flax optax
uv add --dev ruff pytest
uv sync --locked
uv run python -c "import jax; print(jax.devices())"
These commands resolve current packages, create a lockfile, and print the active JAX device list. Keep uv.lock in version control and consult the uv project guide and JAX installation guide when configuring GPU or TPU wheels.

MLflow and W&B require instrumentation in your training program. Installing a CLI cannot infer the scientific meaning of a run. Start with one tracker and map its run ID to the local run directory. wandb offline keeps SDK logs local; a later wandb sync uploads them. Choose what to publish deliberately, keeping credentials and restricted datasets out of artifacts.

To navigate the course itself, use its CLI from the full course workspace or checkout, not from the small project-organizing download above:

# Run run command in terminal using the course Python environment
python3 scripts/course.py list --available
python3 scripts/course.py show recovery-06
python3 scripts/course.py plan training-engineer
These commands list available lessons, display the MLflow lesson, and print a proposed career route. See terminal help for running lesson scripts and notebooks.

6. Grow toward a training harness
A harness connects data, a model, training, evaluation and state recovery through repeatable interfaces. Use the same separation for text, images, audio and cross-modal work. The shared run manifest stays stable; each modality supplies its own preprocessing contract, data revisions, objective and evaluation protocol.

A config is a record of intent, not a checkpoint. Exact continuation can require model and optimizer state, random keys, scheduler step, data iterator position and precision settings. Save these together and test an interrupted run against uninterrupted work. A weights-only export is appropriate for some inference uses but requires separate verification to establish training continuation.

Keep deployment artifacts separate from training checkpoints. An inference bundle needs the expected input/output contract, preprocessing/tokenizer, weights, precision, runtime dependencies and validation evidence. A container packages software; it does not automatically include your data or prove compatible accelerator drivers.

Continue with MLflow lineage, the recovery phase guide, and the operations phase guide. Use the modality projects to apply the same structure to different model families.

7. Diagnose the failure before adding another tool



	Symptom
	Evidence to inspect
	Repair




	run.py not found
	Current folder and extracted directory
	Open the terminal in jax-project-workspace, or use the full path to run.py



	Run ID already exists
	Existing manifest and notes
	Keep the old run; choose a new descriptive ID



	Invalid config or missing data
	Error message, key names, value types and relative path
	Repair the config before preparing a run



	Same run label, different results
	Source/data hashes, resolved config, runtime, precision and random state
	Compare identities; a human-readable label is not proof of equivalence



	Notebook works, script fails
	Restarted notebook, interpreter and import paths
	Move hidden state into explicit inputs and use the same environment



	Tracker shows a curve but no reproducible run
	Saved input identities and artifact locations
	Log or archive the missing provenance; a dashboard is not a backup



	Resume changes the next update
	Optimizer, random state, step and data position
	Restore full training state and compare the next update




8. Verify your understanding and keep evidence
Try these without changing the reference CLI first:


	Prepare two runs whose only intended difference is the learning rate. Explain which manifest fields should match and which should differ.

	Change one row of data/tiny.csv, then prepare a third run. Confirm that its data hash changes while the earlier data snapshot stays unchanged.

	Set steps to zero in a new config. The command should reject it without creating that run directory. Explain why failing before execution is useful.

	Rerun the tests. Inspect the test that launches the CLI from a different working folder: why does locating files relative to the workspace matter?



Reference reasoning: learning-rate changes alter the config identity, not source or data; changing data alters its fingerprint; invalid steps cannot describe this exercise's valid run; a package's location is more reliable than an accidental notebook working directory. Timestamps, run IDs and commands naturally differ between attempts.

Keep both original run directories, the changed-data run, test output and your completed notes. Your explanation should identify the controlled variable, the limits of the environment record, and the difference between prepared, executed, and evaluated. These checks establish experiment organization. The linked numerical lessons establish whether the model itself works.

Online guide and linked resources
Appendix: reproducible experiments workshop
Reproducible JAX/Flax experiments workshop
You have a promising training curve. Can you explain which data, model, seed and settings produced it, repeat the run, and decide whether your change helped? In this workshop you will turn one idea into a small, inspectable experiment rather than a collection of unnamed notebooks.

Your artifact: a six-run experiment with saved inputs, real CSV histories, optional TensorBoard/W&B/MLflow records, paired comparisons, explained figures and a Markdown research notebook. Three learner-owned functions enforce the scientific contracts; supplied Flax and process code connects them into a working system. CPU reference execution and public checks are practice evidence. GPU/TPU performance and independent learner review require separate qualification.

Before starting: understand Flax NNX model/state, compiled training and evaluation, and random keys. Read project structure and CLI preparation if these folders are unfamiliar. The MLflow lesson supplies the tracking and lineage bridge. You can complete the required workshop locally without an account or accelerator.

1. Open the workspace and find the responsibilities
Download this project's ZIP from its project page and extract it. Open a terminal in the extracted root, the folder containing projects/, not inside solution/. The commands below use a Bash-compatible shell on macOS/Linux; Windows learners can use WSL. A full repository checkout has the same relative paths.

projects/reproducible-experiments/
  README.md                      this workshop
  requirements.txt               minimal pinned CPU environment
  requirements-loggers.txt       optional local tracker dependencies
  configs/workshop.json          hypothesis, decision rule and run matrix
  experiment.py                  plan, run, job and analyze entry points
  model.py                       supplied Flax NNX model and update
  loggers.py                     CSV and optional tracker adapters
  analysis.py                    evidence checks, plots and notebook generation
  starter/workflow.py            three functions for you to implement
  solution/workflow.py           instructor reference
  my_workflow.py                 your copy, created below
  tests/check.py                 cumulative contracts and real CPU workflow
  tests/loggers_check.py          read actual optional tracker histories back
  reference/suite/                recorded instructor CPU experiment
runs/                             your experiments, created outside source
Source explains how a computation works. Configurations record the choices for a question. A suite is a declared collection of runs. An attempt is one process execution of a run; a retry preserves the earlier attempt. Reports interpret evidence without replacing it.

Create an isolated environment and your editable file:

python3 -m venv .venv
.venv/bin/python -m pip install -r projects/reproducible-experiments/requirements.txt
cp projects/reproducible-experiments/starter/workflow.py projects/reproducible-experiments/my_workflow.py
.venv/bin/python projects/reproducible-experiments/experiment.py --help
Expected: CLI help lists plan, run, job and analyze. The underlying worker is an implementation detail. Install failures should be repaired in the selected environment before running experiments. The pins above describe the CPU reference environment, not a GPU/TPU installer. Add your run directory to .gitignore and preserve selected evidence separately; ignoring a file does not back it up.

2. Write the question before executing it
Open configs/workshop.json. Our question is narrow: does learning rate 0.04 beat 0.01 after 40 full-batch updates, with the same architecture, fixed split and paired initialization seeds 11, 23 and 37? The declared decision rule requires a negative candidate-minus-baseline validation error for every pair. This is a teaching rule, not a universal significance test.

The two-feature fixture follows a noisy sine-plus-linear relationship. There are 64 training examples and 32 validation examples, drawn once using data_seed. The model has two inputs, eight tanh hidden units and one scalar output. We use FP32 and SGD without momentum. Training seeds change initialization only; there is no dropout or minibatch sampling in this recipe. The data seed is separate so a model seed cannot quietly change the evaluation set.

For predictions y^i\widehat y_i and targets yiy_i, the metric is:

MSE⁡=1N∑i=1N(y^i−yi)2.\operatorname{MSE} = \frac{1}{N}\sum_{i=1}^{N}(\widehat y_i-y_i)^2.Here NN counts examples in the selected split. If two validation squared errors are 1 and 9, MSE is 5. A logged sum of 10 is a different metric even if both dashboards call it “loss.” Our histories contain the full-split MSE after the completed update, plus an initial observation at step zero.

Stage 1 implementation: in my_workflow.py, complete resolve_config(value). Require the exact schema shown in the starter contract, return a copy, reject nonfinite rates and bool-as-integer values, and sort the selected logger names. A missing backend must not mean “use whichever device is available.” This bounded lab accepts FP32; precision experiments belong in the existing precision lessons.

.venv/bin/python projects/reproducible-experiments/tests/check.py \
  --implementation projects/reproducible-experiments/my_workflow.py --stage 1
Expected: PASS stage 1. If steps=true passes, remember that Python treats booleans as integers unless you explicitly distinguish them. If a new undocumented key passes, a misspelled hyperparameter may go unnoticed.

3. See one complete reference, then implement logging contracts
The instructor implementation lets you inspect the finished artifact before completing your own functions. From the workspace root:

.venv/bin/python projects/reproducible-experiments/experiment.py plan \
  --config projects/reproducible-experiments/configs/workshop.json \
  --suite runs/reference-first
.venv/bin/python projects/reproducible-experiments/experiment.py run \
  --suite runs/reference-first --workers 1 --timeout 120
.venv/bin/python projects/reproducible-experiments/experiment.py analyze \
  --suite runs/reference-first --output runs/reference-first/report
The default implementation for this reference walk-through is solution. Planning prints Prepared 6 runs ...; no training has run. Running should finish with 6/6 jobs completed. Analysis saves RESEARCH_NOTEBOOK.md, comparison.json, comparison.csv and two figures. Inspect each stage before moving on. Existing suites, jobs and report folders are protected against accidental replacement.

Planning freezes the numerical worker, adapters, analysis and selected workflow implementation into source/, saves resolved per-run JSON configurations, and snapshots the fixture as data.npz. Jobs execute the frozen worker, and analysis executes the frozen analyzer. Editing the original model afterward therefore cannot silently alter an existing suite. Make a new plan for the change. Hashes detect accidental edits; they are not authenticated provenance or proof of when an idea was invented.

Each run has one directory per attempt:

runs/reference-first/
  manifest.json                  question, seeds, split/metric identity and hashes
  source/                        frozen Python files actually used
  configs/baseline-s11.json       resolved choices, including backend and loggers
  data.npz                       exact training and validation arrays
  jobs.sh                        inspectable per-run launch commands
  runs/baseline-s11/
    job.json                     statuses, commands, exit codes and attempts
    attempt-01/
      config.json
      environment.json           resolved packages and actual JAX backend/device
      metrics.csv
      checkpoint.npz             final model weights and validation predictions
      summary.json               identities, metric and artifact hashes
      stdout.txt
      stderr.txt
  report/RESEARCH_NOTEBOOK.md
CSV is mandatory. Open metrics.csv: expect steps 0, 5, 10, through 40, with a final observation even if your cadence does not divide the step count. gradient_norm describes the gradient used for the preceding update. At step zero there is no preceding gradient or update duration, so these cells are empty, not invented zeros.

Stage 2 implementation: complete validate_history(rows, config). Derive expected steps from the configuration, require exact column names, unique ordered observations, finite nonnegative metrics and the documented initial-row boundary. Try steps 3 and cadence 2: the expected list is 0, 2, 3, not just 0 and 2.

.venv/bin/python projects/reproducible-experiments/tests/check.py \
  --implementation projects/reproducible-experiments/my_workflow.py --stage 2
Logging happens on the Python side after synchronized device results return. File writes inside jit could happen during tracing rather than once per update. The warmup uses a cloned model; a check confirms that it did not train the real initial state. Update timings exclude validation and tracker writes but include the update and post-update training loss. Training wall time also includes validation and logging. Neither is a cold-start or request-latency measurement. Connect this distinction to honest benchmarking.

4. Log the same observations to real tools
CSV and the research report are sufficient for the required workflow. Optional adapters are implemented, not just suggested. Install the extra dependencies in the same environment:

.venv/bin/python -m pip install -r projects/reproducible-experiments/requirements-loggers.txt
.venv/bin/python projects/reproducible-experiments/experiment.py plan \
  --config projects/reproducible-experiments/configs/workshop.json \
  --suite runs/tracked --loggers csv,tensorboard,wandb,mlflow
.venv/bin/python projects/reproducible-experiments/experiment.py run \
  --suite runs/tracked --timeout 120
.venv/bin/python projects/reproducible-experiments/tests/loggers_check.py
The optional verifier runs actual small Flax training, then reads the CSV, TensorBoard scalar events, offline W&B event history and SQLite MLflow metric history back and compares the completed steps and values. A successful file creation alone would not establish correct logging.




	Tool
	What the adapter writes
	How to inspect it




	CSV
	Named post-update observations with step numbers
	Open metrics.csv; analysis uses and verifies these records



	TensorBoard
	Real scalar event files under each attempt's tensorboard/
	Run .venv/bin/tensorboard --logdir runs/tracked/runs --port 6006, then open localhost port 6006



	W&B
	An explicitly offline run with config, identities and metric history
	Inspect the saved offline directory and verifier result; a hosted dashboard would require a separate deliberate upload



	MLflow
	A local SQLite database, parameters, identity tags, metrics and model/config/environment artifacts
	Inspect the run ID in summary.json; open the local UI using the command below




From the workspace root, inspect one MLflow attempt with:

.venv/bin/mlflow ui \
  --backend-store-uri sqlite:///runs/tracked/runs/baseline-s11/attempt-01/mlflow.db \
  --host 127.0.0.1 --port 5000
Open localhost port 5000. Each attempt deliberately owns its database and artifact directory. The workshop's comparison report joins runs; this is not a shared MLflow server or registry. W&B is forced offline, does not require login, and the workshop never calls wandb sync. Its SDK still needs a local background service and IPC permissions. A sandbox that blocks that service can reject the adapter even without internet access; use CSV or an environment permitting local IPC. Missing SDKs or logger failures produce failed attempts, not a claimed successful tracking run. See the existing MLflow integration project when you need registry and release workflows.

Predict and compare: keep all training choices fixed but change log_every from 5 to 1 in a new plan. Metric density and wall time can change, while the actual SGD update sequence should remain the same on the same tested runtime. Compare only matching step numbers. A smaller logging interval is not a model improvement.

5. Run a matrix, retain failures and distinguish device parallelism
A suite contains independent experimental runs. Within each run, this workshop uses one process and the first local device. Two CPU workers can run independent jobs concurrently:

.venv/bin/python projects/reproducible-experiments/experiment.py plan \
  --config projects/reproducible-experiments/configs/workshop.json --suite runs/retry-practice
.venv/bin/python projects/reproducible-experiments/experiment.py run \
  --suite runs/retry-practice --workers 2 --timeout 120 \
  --retries 1 --fail-first baseline-s11
Expected: the first baseline-s11 attempt fails intentionally after one update. attempt-01/failure.json and its logs remain; attempt-02 starts again from initialization and completes. job.json records both statuses and the failure injection. This is a fresh retry, not checkpoint continuation. Learn numerical continuation in complete-state recovery. The final weight artifact here supports inference reload, not arbitrary optimizer/data-iterator resumption.

Try a tiny timeout in a new suite. The launcher terminates the process group on POSIX, reaps the process and retains timeout diagnostics. It does not delete a cloud VM. An analysis of an incomplete suite writes an inventory and notebook explaining why comparison was withheld, then exits nonzero. It must not rank the surviving seeds as if the matrix were complete.

For missing jobs, launch only the declared run ID into its unused directory:

.venv/bin/python projects/reproducible-experiments/experiment.py job \
  --suite runs/YOUR_SUITE --run-id candidate-s37 --timeout 120
Replace YOUR_SUITE with your prepared suite. Completed or failed job directories are never overwritten; start a new suite if you need a new attempt after the declared retry budget is exhausted. jobs.sh records all per-run job commands for review and external scheduling. The script locates its own suite and uses the frozen worker, so it survives moving the whole suite. On macOS/Linux, set PYTHON to the selected environment interpreter and run sh runs/YOUR_SUITE/jobs.sh from any working folder. It launches the matrix sequentially; external scheduling requires assigning one declared job to each approved allocation.

On an approved GPU or TPU allocation with the supported JAX runtime installed, make a separate plan using --backend gpu or --backend tpu, then run with --workers 1. The worker checks the actual backend and records the device kind. If unavailable, it fails instead of substituting CPU. CPU qualification does not establish accelerator correctness, speed or availability.

For several GPUs, use your scheduler or separate allocations to assign one independent job command to each allocation; for a GPU process, CUDA visibility must be set before JAX imports. For TPUs, use the existing TPU workflow lessons to stage the workspace, launch the commands and retrieve evidence. Do not launch competing processes over an entire shared TPU slice by copying the CPU --workers 2 command. The workshop deliberately rejects concurrent accelerator runs in its local runner.

Distributing one model's arrays and gradients across devices is another task. Continue into sharded training and communication checks. pmap or shard_map does not schedule a learning-rate sweep; it parallelizes work within a computation. Current JAX documentation recommends shard_map for new manual parallelism.

6. Compare matched pairs, then explain the figures
Stage 3 implementation: complete paired_summary(records, expected_seeds). Require one baseline and one candidate for every declared seed. Reject duplicates, unexpected seeds, nonfinite errors and missing pairs. For each seed ss, define:

Δs=MSEcandidate,s−MSEbaseline,s.\Delta_s = \mathrm{MSE}_{\mathrm{candidate},s} - \mathrm{MSE}_{\mathrm{baseline},s}.Negative differences favor the candidate. For three differences −0.25,−0.5,−0.75-0.25,-0.5,-0.75, the mean is −0.5-0.5 and sample standard deviation is 0.250.25. Sample SD divides squared deviations by n−1n-1; it is not a confidence interval and is not the standard error of the mean. Pairing reduces one source of comparison noise by matching initialization, while the nonlinear trajectories can still diverge.

.venv/bin/python projects/reproducible-experiments/tests/check.py \
  --implementation projects/reproducible-experiments/my_workflow.py --stage 3
The recorded instructor reference uses the default six-run plan and includes one retained intentional failure/retry. The plots below come from actual saved CSV histories.

[image: Two panels of recorded train and validation MSE versus completed updates. Blue represents baseline and orange candidate; lines are seed means and bands span the seed range.]

Read the curves: the horizontal axis counts completed updates, beginning with initialization at zero. The upper panel uses the 64 training examples; the lower panel uses the fixed 32 validation examples. Blue is learning rate 0.01, orange 0.04. Lines average the three initialization seeds, while shaded bands span their minimum and maximum at each step. These bands describe this small seed set, not confidence in a population mean. Both colors start at the same mean and range because the paired seeds initialize identical weights before the different learning rates take effect. In this reference, the orange mean drops faster, becomes nearly flat after about 15 updates, and finishes lower in both panels. Blue continues decreasing over the remaining budget. A faster decrease per update is not a measured wall-clock speedup. Lower training error alone would not establish a better validation result; inspect the lower panel separately.

[image: Three paired final validation differences, each below zero, with the paired mean shown as a dashed line.]

Read the paired plot: the horizontal categories are initialization seeds. The vertical axis subtracts baseline MSE from candidate MSE on the same validation set. All three points lie below zero in this reference. The mean is approximately minus 0.0514, with sample SD about 0.00613. The spread shows that the improvement size depends on initialization even though its direction agrees across these pairs. This supports the declared rule on this fixture; it does not show that 0.04 is universally preferable or that a real dataset will behave similarly.

The analyzer verifies source, data, config, environment, metric and artifact identities before computing a summary. It refuses to pool incompatible widths, update counts, precision policies, loggers, package versions or device kinds. It includes missing, timed-out and invalid runs in its inventory. The recorded research notebook, instructor interpretation and the ZIP's reference/suite/ preserve the underlying observations and links.

Changed-condition exercise: use two new seeds and a different width in a new plan, changing the hypothesis to match that question before training. Keep the fixed data seed. Do all paired differences retain their sign? Compare within the new suite, and explain why automatically pooling the two architectures would obscure the experimental question. A stronger claim about data variation requires repeating over data splits or independent datasets too, not just adding initialization seeds.

7. Produce your own research notebook and decision
Stage 4: run the complete checker with your implementation, then prepare a new suite using your file:

.venv/bin/python projects/reproducible-experiments/tests/check.py \
  --implementation projects/reproducible-experiments/my_workflow.py --stage all
.venv/bin/python projects/reproducible-experiments/experiment.py plan \
  --config projects/reproducible-experiments/configs/workshop.json --suite runs/my-study \
  --implementation projects/reproducible-experiments/my_workflow.py
.venv/bin/python projects/reproducible-experiments/experiment.py run \
  --suite runs/my-study --workers 2 --timeout 120
.venv/bin/python projects/reproducible-experiments/experiment.py analyze \
  --suite runs/my-study --output runs/my-study/report
Expected: four cumulative stages pass, with independent NumPy gradient/update checks, exact integer-step histories, saved-weight reload, fresh-process replay, retained retries, timeout and corruption rejection. The new suite uses your copied contract functions. A prepared suite or a good-looking plot alone does not pass this stage.

Open runs/my-study/report/RESEARCH_NOTEBOOK.md in your editor. The notebook is Markdown, not an interactive Python kernel. It contains the predeclared question, decision rule, complete run inventory, identities, figures, descriptive paired statistics and relative links to metrics, configs, environments and checkpoints. Move the whole suite to preserve those links. Reports do not overwrite older notebooks: analyze into a new output folder when evidence changes.

The generated “Your interpretation” section is intentionally yours to write. Explain one seed pair and one visible feature of the learning curves, decide against the original rule, and state the next experiment before running it. A generator can assemble evidence; it cannot supply an honest scientific judgment for you. There is no final held-out test evaluation in this workshop, so label the conclusion as validation-based model selection.

Failure to diagnose: someone edits a CSV to remove the worst run or lowers one final error by hand. Analysis should mark invalid evidence or withhold comparison, rather than produce an improved average. Inspect checksums and missing-run rows. Start a new experiment to test an idea; do not rewrite the observations from the old one.

Keep the full suite, your implementation, checker output and a completed interpretation. Explain the difference between a fresh retry and numerical resume, a seed range and a confidence interval, a tracker and an evaluator, and independent jobs and distributed computation. Those distinctions are the reusable research process this workshop is designed to teach.

Primary references

	Flax NNX basics and training transforms.

	JAX asynchronous dispatch and synchronization.

	JAX manual parallelism and pmap guidance.

	TensorBoard event writer source.

	W&B SDK and offline logging.

	MLflow experiment tracking.



Online workshop and workspace
Solutions
Attempt each exercise and checkpoint before reading this appendix.
Set up your learning workspace
Assembled example code
# Set up your learning workspace: Your first goal is a small, repeatable result: save a Python...
import os
# Choose CPU before importing JAX for this first experiment.
os.environ["JAX_PLATFORMS"] = "cpu"
# Import required JAX, NumPy, and standard-library modules.
import platform
import jax
import numpy as np
print("Python:", platform.python_version())
print("JAX:", jax.__version__)
print("NumPy:", np.__version__)
print("Backend:", jax.default_backend())
print("Devices:", jax.devices())
x = jax.numpy.arange(4, dtype=jax.numpy.float32)
print("Sum:", float(x.sum()))
assert float(x.sum()) == 6.0
Exercise solution
# Exercise solution: Edit the starter as shown in Step 6: change the array length from 4 to...
x = jax.numpy.arange(6, dtype=jax.numpy.float32)
print("Changed experiment sum:", float(x.sum()))
assert float(x.sum()) == 15.0
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:05.346444+00:00
Python: 3.14.3
JAX: 0.9.2
NumPy: 2.4.4
Backend: cpu
Devices: [CpuDevice(id=0)]
Sum: 6.0
Changed experiment sum: 15.0
PASS: welcome-01

Checkpoint
Answer: Python/package versions, device information, and the script. The script records what ran; versions and device information record where it ran. CPU success is separate from TPU compatibility.
Meet your arrays and devices
Assembled example code
# Step 1 — Prepare the inputs: These explicit inputs define the case that the later checks will...
import jax
import jax.numpy as jnp
# Step 2 — Build the computation: x has two observations and three features.
# Construct and reshape `x` into the target tensor dimensions.
x = jnp.arange(6, dtype=jnp.float32).reshape(2, 3)
# Step 3 — Run and check the result: Compare the output to the expected result below before making the...
print("Shape:", x.shape)
print("Dtype:", x.dtype)
print("Devices:", x.devices())
print("Row sums:", x.sum(axis=1))
# Check tensor shape invariant: `x.shape == (2, 3)`
assert x.shape == (2, 3)
assert jnp.allclose(x.sum(axis=1), jnp.array([3., 12.]))
Exercise solution
# Exercise solution: Compute column sums instead.
# Reduce along axis=0 to compute `column_sums`.
column_sums = x.sum(axis=0)
# Check tensor shape invariant: `column_sums.shape == (3,)`
assert column_sums.shape == (3,)
assert jnp.allclose(column_sums, jnp.array([3., 5., 7.]))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:06.782121+00:00
Shape: (2, 3)
Dtype: float32
Devices: {CpuDevice(id=0)}
Row sums: [ 3. 12.]
Shape: (2, 3)
Dtype: float32
Devices: {CpuDevice(id=0)}
Row sums: [ 3. 12.]
Means: [[1.5 2.5 3.5]]
Centered: [[-1.5 -1.5 -1.5]
 [ 1.5  1.5  1.5]]
Host dtype: float32
Expected element-count mismatch
PASS: welcome-02

Add a new observation
# Add a new observation (Practice): Changing the observation count changes axis 0, while the...
# Construct and reshape `table` into the target tensor dimensions.
table=jnp.arange(9,dtype=jnp.float32).reshape(3,3)
assert jnp.allclose(table.sum(axis=1),jnp.array([3.,12.,21.]))
assert jnp.allclose(table.mean(axis=0),jnp.array([3.,4.,5.]))
Changing the observation count changes axis 00, while the measurement count stays three.
Diagnose an impossible reshape
# Diagnose an impossible reshape (Challenge): An incompatible reshape is an element-count error.
# Run the boundary check and catch the expected exception:
try:
    x.reshape(2,4)
except TypeError:
    print("Expected element-count mismatch")
else:
    raise AssertionError("Expected reshape to fail")
assert x.reshape(2,3).size==6
An incompatible reshape is an element-count error. Changing a dtype or moving devices cannot fix it. Choose a shape whose product matches six.
Checkpoint
Answer: (3,)(3,). Axis 00 is reduced. The three columns remain, so the result has shape (3,)(3,).
Practice with four virtual CPU devices
Assembled example code
# Step 1 — Start a fresh CPU runtime: Configuration happens before devices() or array creation...
import jax
# Run this file in a fresh process; in a notebook restart the kernel first.
jax.config.update("jax_platforms", "cpu")
# Update state in place with the new values.
jax.config.update("jax_num_cpu_devices", 4)
import jax.numpy as jnp
import numpy as np
from jax.sharding import Mesh, NamedSharding, PartitionSpec as P
# Query the active JAX devices into `devices`.
devices = jax.devices("cpu")
# Guard input contract (`len(devices) != 4`) and fail fast if violated.
if len(devices) != 4:
    raise RuntimeError("Expected four CPU devices. Restart the notebook kernel, then Run all; do not run an earlier JAX cell first.")
# Configure multi-device placement / sharding specification (`mesh`).
mesh = Mesh(np.array(devices), ("data",))
# Configure multi-device placement / sharding specification (`rows`).
rows = NamedSharding(mesh, P("data", None))
# Configure multi-device placement / sharding specification (`replicated`).
replicated = NamedSharding(mesh, P())

# Step 2 — Place and compute: Mesh axis names describe placement.
# Construct and reshape `host` into the target tensor dimensions.
host = np.arange(8, dtype=np.float32).reshape(4, 2)
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(host, rows)
# Wrap with `jax.jit` (`y`) so XLA traces and compiles the function.
y = jax.jit(lambda a: 2 * a + 1, in_shardings=rows, out_shardings=rows)(x)
# Synchronize host execution until asynchronous device computation completes.
y.block_until_ready()

# Step 3 — Inspect and verify: Assertions compare against host calculations or hand-derived...
print("JAX version:", jax.__version__)
print("CPU devices:", len(devices))
for shard in x.addressable_shards:
    print("Device", shard.device.id, "index", shard.index, "values", np.asarray(shard.data))
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(np.asarray(y), 2 * host + 1)
assert len(x.addressable_shards) == 4
# Check tensor shape invariant: `all(shard.data.shape == (1, 2) for shard in x.addressable_shards)`
assert all(shard.data.shape == (1, 2) for shard in x.addressable_shards)
print("Global shape:", x.shape, "result:", np.asarray(y).tolist())
Exercise solution
# Exercise solution: Predict and verify the per-device shapes for twelve rows, then...
# Construct and reshape `twelve` into the target tensor dimensions.
twelve = np.arange(24,dtype=np.float32).reshape(12,2)
# Place `z` explicitly onto the target JAX device.
z = jax.device_put(twelve, rows)
# Wrap with `jax.jit` (`z2`) so XLA traces and compiles the function.
z2 = jax.jit(lambda a:a*a, in_shardings=rows, out_shardings=rows)(z)
# Check tensor shape invariant: `all(s.data.shape == (3,2) for s in z2.addressable_shards)`
assert all(s.data.shape == (3,2) for s in z2.addressable_shards)
for shard in z2.addressable_shards:
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_array_equal(np.asarray(shard.data), (twelve*twelve)[shard.index])

# Construct and reshape `uneven` into the target tensor dimensions.
uneven = np.arange(10,dtype=np.float32).reshape(5,2)
# Run the boundary check and catch the expected exception:
try:
    jax.device_put(uneven, rows)
except ValueError:
    print("Expected indivisible row dimension")
else:
    raise AssertionError("Expected divisibility failure")
# Place `fixed` explicitly onto the target JAX device.
fixed = jax.device_put(uneven, replicated)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(np.asarray(fixed), uneven)
assert fixed.is_fully_replicated
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:07.979734+00:00
JAX version: 0.9.2
CPU devices: 4
Device 0 index (slice(0, 1, None), slice(None, None, None)) values [[0. 1.]]
Device 1 index (slice(1, 2, None), slice(None, None, None)) values [[2. 3.]]
Device 2 index (slice(2, 3, None), slice(None, None, None)) values [[4. 5.]]
Device 3 index (slice(3, 4, None), slice(None, None, None)) values [[6. 7.]]
Global shape: (4, 2) result: [[1.0, 3.0], [5.0, 7.0], [9.0, 11.0], [13.0, 15.0]]
JAX version: 0.9.2
CPU devices: 4
Device 0 index (slice(0, 1, None), slice(None, None, None)) values [[0. 1.]]
Device 1 index (slice(1, 2, None), slice(None, None, None)) values [[2. 3.]]
Device 2 index (slice(2, 3, None), slice(None, None, None)) values [[4. 5.]]
Device 3 index (slice(3, 4, None), slice(None, None, None)) values [[6. 7.]]
Global shape: (4, 2) result: [[1.0, 3.0], [5.0, 7.0], [9.0, 11.0], [13.0, 15.0]]
Negative input result: [[-3.0, -5.0], [-7.0, -9.0], [-11.0, -13.0], [-15.0, -17.0]]
Replicated local shapes: [(4, 2), (4, 2), (4, 2), (4, 2)]
Expected indivisible row dimension
Expected indivisible row dimension
PASS: welcome-cpu

Move from four rows to twelve
# Move from four rows to twelve (Challenge): The twelve rows split into four groups of three.
# Construct and reshape `twelve` into the target tensor dimensions.
twelve = np.arange(24,dtype=np.float32).reshape(12,2)
# Place `z` explicitly onto the target JAX device.
z = jax.device_put(twelve, rows)
# Wrap with `jax.jit` (`z2`) so XLA traces and compiles the function.
z2 = jax.jit(lambda a:a*a, in_shardings=rows, out_shardings=rows)(z)
# Check tensor shape invariant: `all(s.data.shape == (3,2) for s in z2.addressable_shards)`
assert all(s.data.shape == (3,2) for s in z2.addressable_shards)
for shard in z2.addressable_shards:
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_array_equal(np.asarray(shard.data), (twelve*twelve)[shard.index])
The twelve rows split into four groups of three. Index-based comparisons establish that the right values occupy each piece, rather than checking only a total.
Repair a batch that does not divide evenly
# Repair a batch that does not divide evenly (Challenge): Five rows cannot be evenly split across the four-way data axis.
# Construct and reshape `uneven` into the target tensor dimensions.
uneven = np.arange(10,dtype=np.float32).reshape(5,2)
# Run the boundary check and catch the expected exception:
try:
    jax.device_put(uneven, rows)
except ValueError:
    print("Expected indivisible row dimension")
else:
    raise AssertionError("Expected divisibility failure")
# Place `fixed` explicitly onto the target JAX device.
fixed = jax.device_put(uneven, replicated)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(np.asarray(fixed), uneven)
assert fixed.is_fully_replicated
Five rows cannot be evenly split across the four-way data axis. Replication preserves all observations but changes the memory/communication plan; padding requires a mask when computing means.
Checkpoint
Answer: Each device holds a (3,2)(3,2) slice and the global array remains (12,2)(12,2).. Partitioning divides the mapped dimension; it does not change the global shape or create accelerator hardware.
Move your experiment to a TPU
Assembled example code
# Step 1 — Choose the requested platform: Keep the requested backend, observed output placement and...
import os
import json
import platform
import numpy as np
import jax
import jax.numpy as jnp

# Step 2 — Place inputs and compare a completed prediction: Keep the requested backend, observed output placement and...
expected = os.environ.get('COURSE_EXPECT_PLATFORM', 'cpu')
# Guard input contract (`expected not in {'cpu', 'tpu'}`) and fail fast if violated.
if expected not in {'cpu', 'tpu'}:
    raise ValueError('COURSE_EXPECT_PLATFORM must be cpu or tpu')
# Selecting a requested backend must fail when it is unavailable.
devices = jax.devices(expected)
assert devices and all(d.platform == expected for d in devices)
# Construct and reshape `x_host` into the target tensor dimensions.
x_host = np.arange(24, dtype=np.float32).reshape(8, 3) / 8
w_host = np.array([0.5, -0.25, 1.0], dtype=np.float32)
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(x_host, devices[0])
# Place `w` explicitly onto the target JAX device.
w = jax.device_put(w_host, devices[0])
# Wrap with `jax.jit` (`predict`) so XLA traces and compiles the function.
predict = jax.jit(lambda a, b: a @ b + jnp.float32(0.125))
y = predict(x, w)
# Synchronize host execution until asynchronous device computation completes.
y.block_until_ready()
reference = x_host @ w_host + np.float32(0.125)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(y), reference, rtol=1e-5, atol=1e-5)
assert {d.platform for d in y.devices()} == {expected}
# Convert `report` to a host NumPy array for inspection or verification.
report = dict(expected=expected, output_devices=[str(d) for d in y.devices()],
              platform=next(iter(y.devices())).platform, jax=jax.__version__,
              python=platform.python_version(), shape=list(y.shape), dtype=str(y.dtype),
              max_absolute_error=float(np.max(np.abs(np.asarray(y)-reference))),
              process_index=jax.process_index(), process_count=jax.process_count())
print(json.dumps(report, indent=2))
print('Completed prediction:', np.asarray(y).tolist())
Exercise solution
# Exercise solution: Predict the effect of replacing the bias by minus one quarter.
# Wrap with `jax.jit` (`changed_predict`) so XLA traces and compiles the function.
changed_predict = jax.jit(lambda a, b: a @ b - jnp.float32(0.25))
changed = changed_predict(x, w)
# Synchronize host execution until asynchronous device computation completes.
changed.block_until_ready()
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(changed), reference - 0.375, atol=1e-5, rtol=1e-5)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(changed), x_host @ w_host - 0.25, atol=1e-5, rtol=1e-5)
assert {d.platform for d in changed.devices()} == {expected}
print('Changed bias, first prediction:', float(changed[0]))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:09.080862+00:00
{
  "expected": "cpu",
  "output_devices": [
    "TFRT_CPU_0"
  ],
  "platform": "cpu",
  "jax": "0.9.2",
  "python": "3.14.3",
  "shape": [
    8
  ],
  "dtype": "float32",
  "max_absolute_error": 0.0,
  "process_index": 0,
  "process_count": 1
}
Completed prediction: [0.34375, 0.8125, 1.28125, 1.75, 2.21875, 2.6875, 3.15625, 3.625]
{
  "expected": "cpu",
  "output_devices": [
    "TFRT_CPU_0"
  ],
  "platform": "cpu",
  "jax": "0.9.2",
  "python": "3.14.3",
  "shape": [
    8
  ],
  "dtype": "float32",
  "max_absolute_error": 0.0,
  "process_index": 0,
  "process_count": 1
}
Completed prediction: [0.34375, 0.8125, 1.28125, 1.75, 2.21875, 2.6875, 3.15625, 3.625]
{
  "expected": "cpu",
  "output_devices": [
    "TFRT_CPU_0"
  ],
  "platform": "cpu",
  "jax": "0.9.2",
  "python": "3.14.3",
  "shape": [
    8
  ],
  "dtype": "float32",
  "max_absolute_error": 0.0,
  "process_index": 0,
  "process_count": 1
}
Completed prediction: [0.34375, 0.8125, 1.28125, 1.75, 2.21875, 2.6875, 3.15625, 3.625]
Mismatched platform report rejected.
Changed bias, first prediction: -0.03125
Row reversal preserved values and requested placement.
PASS: welcome-03

Test row order without changing the model
# Test row order without changing the model (Transfer): Reversing rows should reverse predictions because each...
reversed_x = jax.device_put(x_host[::-1].copy(), devices[0])
reversed_y = predict(reversed_x, w)
# Synchronize host execution until asynchronous device computation completes.
reversed_y.block_until_ready()
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(reversed_y), reference[::-1], atol=1e-5, rtol=1e-5)
assert {d.platform for d in reversed_y.devices()} == {expected}
assert np.isclose(float(reversed_y[0]), 3.625)
assert np.isclose(float(reversed_y[-1]), 0.34375)
print('Row reversal preserved values and requested placement.')
Reversing rows should reverse predictions because each observation is evaluated independently. Matching a sum would not reveal a misplaced or reordered prediction.
Checkpoint
Answer: The arithmetic matches the reference on the fallback CPU backend, so the requested TPU backend was not active.. A correct value can be produced on the wrong device. Require both reference agreement and the output placement before recording a successful target run.
From NumPy to jax.numpy
Assembled example code
# From NumPy to jax.numpy: Feature preprocessing answers a specific question: how does each...
import jax.numpy as jnp
x = jnp.array([[1., 10.], [3., 14.], [5., 18.]])
# Reduce along axis=0 to compute `mean`.
mean = x.mean(axis=0)
centered = x - mean
print("Mean:", mean)
print("Centered:\n", centered)
assert jnp.allclose(mean, jnp.array([3., 14.]))
assert jnp.allclose(centered.mean(axis=0), jnp.zeros(2))
Exercise solution
# Exercise solution: Foundation · Standardize the original data using its standard...
# Reduce along axis=0 to compute `standardized`.
standardized = centered / (x.std(axis=0) + 1e-6)
assert jnp.allclose(standardized.mean(axis=0), 0., atol=1e-6)
assert jnp.allclose(standardized.std(axis=0), 1., atol=1e-5)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:10.892111+00:00
Mean: [ 3. 14.]
Centered:
 [[-2. -4.]
 [ 0.  0.]
 [ 2.  4.]]
new batch transformed: [[2.4494896 2.4494896]]
PASS: arrays-01

Test the constant-feature policy
# Test the constant-feature policy (Practice): The training feature is constant but the new value differs...
constant_data = jnp.array([[1., 5.], [3., 5.], [5., 5.]])
constant_statistics = fit_standardizer(constant_data)
constant_transformed = apply_standardizer(constant_data, constant_statistics)
# Confirm that all computed values remain finite (no NaN or Inf).
assert jnp.all(jnp.isfinite(constant_transformed))
assert jnp.allclose(constant_transformed[:, 1], 0.)
assert jnp.allclose(apply_standardizer(jnp.array([[7., 6.]]), constant_statistics)[0, 1], 1.)
The training feature is constant but the new value differs from its fitted mean. The transformation retains that difference under the documented policy.
Detect accidental batch-dependent preprocessing
# Detect accidental batch-dependent preprocessing (Challenge): This consistency test expresses an inference boundary: a...
new_rows = jnp.array([[7., 22.], [9., 26.]])
together = apply_standardizer(new_rows, statistics)
# Combine or mask array elements to form `separately`.
separately = jnp.concatenate([apply_standardizer(new_rows[i:i+1], statistics) for i in range(2)])
assert jnp.allclose(together, separately)
refitted = apply_standardizer(new_rows, fit_standardizer(new_rows))
assert not jnp.allclose(together, refitted)
This consistency test expresses an inference boundary: a fixed preprocessing transform should not change a row because a different neighbor was batched with it.
Checkpoint
Answer: It preserves the two feature columns while reducing observations. Axis 00 is the observation axis. Reducing it leaves one statistic for each feature column.
Shapes, broadcasting, and dtypes
Assembled example code
# Shapes, broadcasting, and dtypes: Before adding or subtracting arrays, name what each axis represents.
import jax.numpy as jnp
batch = jnp.array([[1., 2., 3.], [4., 5., 6.]], dtype=jnp.float32)
bias = jnp.array([10., 20., 30.], dtype=jnp.float32)
y = batch + bias
print(y)
print("Shape:", y.shape, "dtype:", y.dtype)
# Check tensor shape invariant: `y.shape == (2, 3)`
assert y.shape == (2, 3)
assert jnp.allclose(y[1], jnp.array([14., 25., 36.]))
Exercise solution
# Exercise solution: Add a different scalar offset to each row using offsets [100., 200.].
offsets = jnp.array([100., 200.])[:, None]
z = batch + offsets
# Check tensor shape invariant: `offsets.shape == (2, 1)`
assert offsets.shape == (2, 1)
assert jnp.allclose(z, jnp.array([[101.,102.,103.],[204.,205.,206.]]))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:12.332982+00:00
[[11. 22. 33.]
 [14. 25. 36.]]
Shape: (2, 3) dtype: float32
aligned residuals: [0. 0. 0.]
pairwise residuals: [[ 0.  2.  4.]
 [-2.  0.  2.]
 [-4. -2.  0.]]
float32 large + 1 − large: 0.0
PASS: arrays-02

Use both kinds of offsets together
# Use both kinds of offsets together (Practice): The first row receives 100 in every feature and the second...
combined = batch + bias + jnp.array([100., 200.])[:, None]
# Check tensor shape invariant: `combined.shape == (2, 3)`
assert combined.shape == (2, 3)
assert jnp.allclose(combined, jnp.array([[111., 122., 133.], [214., 225., 236.]]))
The first row receives 100100 in every feature and the second receives 200200, while the feature bias differs by column.
Reject an aligned-loss contract violation
# Reject an aligned-loss contract violation (Challenge): Fix shapes at the data/model interface according to the...
def aligned_mse(prediction, target):
    # Guard input contract (`prediction.shape != target.shape`) and fail fast if violated.
    if prediction.shape != target.shape:
        raise ValueError("aligned prediction and target shapes must match")
    return jnp.mean((prediction - target) ** 2)
assert jnp.allclose(aligned_mse(predictions, targets), 0.)
# Run the boundary check and catch the expected exception:
try:
    aligned_mse(predictions, targets[:, None])
except ValueError:
    pass
else:
    raise AssertionError("Column targets must be rejected")
Fix shapes at the data/model interface according to the intended example order. Blindly reshaping inside a loss can conceal mismatched semantics.
Checkpoint
Answer: (2,1)(2, 1). (2,1)(2, 1) broadcasts across the three columns. Shape (2,)(2,) conflicts with the trailing dimension 33.
Pure functions and explicit inputs
Assembled example code
# Pure functions and explicit inputs: A pure function makes its changing inputs visible and returns...
import jax.numpy as jnp
def predict(params, x):
    return params["weight"] * x + params["bias"]
params = {"weight": jnp.array(2.), "bias": jnp.array(1.)}
x = jnp.array([0., 1., 2.])
print(predict(params, x))
assert jnp.allclose(predict(params, x), jnp.array([1., 3., 5.]))
Exercise solution
# Exercise solution: Create new parameters with weight 3 while retaining the original bias.
updated = {**params, "weight": jnp.array(3.)}
assert jnp.allclose(predict(updated, x), jnp.array([1.,4.,7.]))
assert float(params["weight"]) == 2.0
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:13.515971+00:00
[1. 3. 5.]
aliased container weight: 9.0
evaluation losses: 0.0 6.0
PASS: arrays-03

Update the bias without changing either parameter input
# Update the bias without changing either parameter input (Practice): The caller can evaluate both the old and new model without...
def with_bias(parameters, new_bias):
    return {**parameters, "bias": jnp.asarray(new_bias)}
changed_bias = with_bias(params, -2.)
assert changed_bias is not params
assert jnp.allclose(predict(changed_bias, x), jnp.array([-2., 0., 2.]))
assert jnp.allclose(predict(params, x), jnp.array([1., 3., 5.]))
The caller can evaluate both the old and new model without restoring a global value or depending on call order.
Return predictions and metrics together
# Return predictions and metrics together (Challenge): The second model has residuals [3, 0, -3], giving mean...
def evaluate(parameters, inputs, targets):
    predictions = predict(parameters, inputs)
    return predictions, jnp.mean((predictions - targets) ** 2)
labels = jnp.array([1., 3., 5.])
outputs, error = evaluate(first_params, x, labels)
other_outputs, other_error = evaluate(second_params, x, labels)
# Check tensor shape invariant: `error.shape == ()`
assert error.shape == ()
assert jnp.allclose(error, 0.)
assert jnp.allclose(other_error, 6.)
assert jnp.allclose(outputs, first_output)
print("evaluation losses:", float(error), float(other_error))
The second model has residuals [3,0,−3][3, 0, -3], giving mean squared error 66. Known output arithmetic makes the check independent of the implementation.
Checkpoint
Answer: Passing parameters and data explicitly. Explicit inputs expose the computation and let you compare calls with controlled parameter values.
Immutable updates and indexing
Assembled example code
# Immutable updates and indexing: An indexed update in JAX returns an array value.
import jax.numpy as jnp
x = jnp.array([1., 2., 3., 4.])
y = x.at[1].set(20.)
z = x.at[jnp.array([0, 2])].add(5.)
print("Original:", x)
print("Set:", y)
print("Add:", z)
assert jnp.allclose(x, jnp.array([1.,2.,3.,4.]))
assert jnp.allclose(y, jnp.array([1.,20.,3.,4.]))
assert jnp.allclose(z, jnp.array([6.,2.,8.,4.]))
Exercise solution
# Exercise solution: Replace the last two elements with zero in a new array.
masked = x.at[2:].set(0.)
assert jnp.allclose(masked, jnp.array([1.,2.,0.,0.]))
assert jnp.allclose(x, jnp.array([1.,2.,3.,4.]))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:15.394008+00:00
Original: [1. 2. 3. 4.]
Set: [ 1. 20.  3.  4.]
Add: [6. 2. 8. 4.]
PASS: arrays-04

Replace a region of a matrix
# Replace a region of a matrix (Practice): Checking the entire matrix verifies both changed and...
# Construct and reshape `matrix` into the target tensor dimensions.
matrix = jnp.arange(9, dtype=jnp.float32).reshape(3, 3)
updated_matrix = matrix.at[:, -1].set(-1.)
assert jnp.allclose(updated_matrix, jnp.array([[0., 1., -1.], [3., 4., -1.], [6., 7., -1.]]))
assert jnp.allclose(matrix, jnp.arange(9).reshape(3, 3))
Checking the entire matrix verifies both changed and unchanged positions; preserving the original checks the update contract.
Keep shape while masking values
# Keep shape while masking values (Challenge): Both are useful representations, but they are not...
fixed_shape = jnp.where(x > 2., x, 0.)
selected = x[x > 2.]
# Check tensor shape invariant: `fixed_shape.shape == (4,)`
assert fixed_shape.shape == (4,)
# Check tensor shape invariant: `selected.shape == (2,)`
assert selected.shape == (2,)
assert jnp.allclose(fixed_shape, jnp.array([0., 0., 3., 4.]))
assert jnp.allclose(selected, jnp.array([3., 4.]))
Both are useful representations, but they are not interchangeable. The expected downstream shape determines which is appropriate.
Checkpoint
Answer: Its value remains unchanged. The expression returns the updated value. Assign it to a name to keep it; xx retains its original value.
Your first gradient
Assembled example code
# Your first gradient: A derivative tells us how an output changes near a particular input.
import jax
import jax.numpy as jnp
def f(x):
    return x ** 2
# Differentiate the objective to obtain `derivative` via automatic differentiation.
derivative = jax.grad(f)
print(float(derivative(3.0)))
assert jnp.allclose(derivative(3.0), 6.)
assert jnp.allclose(derivative(0.0), 0.)
Exercise solution
# Exercise solution: Foundation · Define f(x)=x^3.
def cubic(x):
    return x ** 3
for point in (-2., 0., 3.):
    assert jnp.allclose(jax.grad(cubic)(point), 3. * point ** 2)
assert cubic(-0.1) < cubic(0.) < cubic(0.1)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:17.292166+00:00
Finite-difference estimate: 5.999999999999339
6.0
chain rule: -1.0 -12.0
chain rule: 0.0 6.0
chain rule: 2.0 42.0
h / estimate / error: 0.1 27.009973526000977 0.009973526000976562
h / estimate / error: 0.01 27.000045776367188 4.57763671875e-05
h / estimate / error: 0.001 26.9975643157959 0.0024356842041015625
h / estimate / error: 1e-05 27.0843505859375 0.0843505859375
h / estimate / error: 1e-07 0.0 27.0
PASS: first-gradient

Differentiate the parameter you intended
# Differentiate the parameter you intended (Practice): A parameter gradient and an input sensitivity answer...
def scalar_prediction(weight, x):
    return weight * x
assert jnp.allclose(jax.grad(scalar_prediction, argnums=0)(2., 3.), 3.)
assert jnp.allclose(jax.grad(scalar_prediction, argnums=1)(2., 3.), 2.)
A parameter gradient and an input sensitivity answer different questions even when they originate from the same function.
Repair an objective without hiding its meaning
# Repair an objective without hiding its meaning (Challenge): Mean and sum agree on the minimizer here but differ by a...
def two_costs(x):
    return jnp.array([x ** 2, (x - 2.) ** 2])
def mean_cost(x):
    return jnp.mean(two_costs(x))
for point in (0., 1., 2.):
    assert jnp.allclose(jax.grad(mean_cost)(point), 2. * point - 2.)
    assert jnp.allclose(jax.grad(lambda z: jnp.sum(two_costs(z)))(point), 2. * jax.grad(mean_cost)(point))
Mean and sum agree on the minimizer here but differ by a factor of two in gradient magnitude. Reducing output is a modeling choice, not just a syntax repair.
Checkpoint
Answer: The first-order local slope is zero; optimality requires more evidence.. The cubic is stationary at zero but takes smaller values to the left. A zero first derivative alone does not prove a minimum.
Losses and value_and_grad
Assembled example code
# Losses and value_and_grad: A loss value tells us how the current prediction is scored.
import jax
import jax.numpy as jnp
x = jnp.array([1., 2., 3.])
y = 2. * x
def loss(weight):
    return jnp.mean((weight * x - y) ** 2)
# Differentiate the objective to obtain `(value, gradient)` via automatic differentiation.
value, gradient = jax.value_and_grad(loss)(1.0)
print("Loss:", float(value), "gradient:", float(gradient))
assert jnp.allclose(value, 14./3.)
assert jnp.allclose(gradient, -28./3.)
Exercise solution
# Exercise solution: Foundation · Starting from w=1, calculate the next weight and loss for...
small_step = 1. - 0.1 * gradient
large_step = 1. - 0.3 * gradient
assert jnp.allclose(small_step, 29. / 15.)
assert loss(small_step) < value
assert loss(large_step) > value
assert jnp.allclose(loss(2.), 0.)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:19.594199+00:00
Loss: 4.6666669845581055 gradient: -9.333333969116211
weight / loss / gradient: 0.0 18.666667938232422 -18.666667938232422
weight / loss / gradient: 1.0 4.6666669845581055 -9.333333969116211
weight / loss / gradient: 2.0 0.0 0.0
PASS: transforms-02

Make the data boundary explicit
# Make the data boundary explicit (Practice): Keeping data explicit prepares the function for new batches...
def explicit_loss(weight, inputs, targets):
    return jnp.mean((weight * inputs - targets) ** 2)
# Differentiate the objective to obtain `(v_explicit, g_explicit)` via automatic differentiation.
v_explicit, g_explicit = jax.value_and_grad(explicit_loss)(1., x, y)
assert jnp.allclose(v_explicit, 14. / 3.)
assert jnp.allclose(g_explicit, -28. / 3.)
Keeping data explicit prepares the function for new batches and avoids accidentally closing over stale training data.
Audit reduction and batch replication
# Audit reduction and batch replication (Challenge): Mean gradients stay fixed under exact batch replication; sum...
def summed_loss(weight, inputs, targets):
    return jnp.sum((weight * inputs - targets) ** 2)
# Differentiate the objective to obtain `g_mean` via automatic differentiation.
g_mean = jax.grad(explicit_loss)(1., x, y)
# Differentiate the objective to obtain `g_sum` via automatic differentiation.
g_sum = jax.grad(summed_loss)(1., x, y)
x_twice, y_twice = jnp.tile(x, 2), jnp.tile(y, 2)
assert jnp.allclose(g_sum, len(x) * g_mean)
assert jnp.allclose(jax.grad(explicit_loss)(1., x_twice, y_twice), g_mean)
assert jnp.allclose(jax.grad(summed_loss)(1., x_twice, y_twice), 2. * g_sum)
assert jnp.allclose(1. - 0.1 * g_mean, 1. - (0.1 / len(x)) * g_sum)
Mean gradients stay fixed under exact batch replication; sum gradients scale with the count. Compensating the rate by 1/N makes this particular SGD update match.
Checkpoint
Answer: Its gradient and update magnitude double.. A sum counts each replicated contribution again. A mean divides by the new batch size and would preserve the gradient in this example.
Batch a function with vmap
Assembled example code
# Batch a function with vmap: Vectorization lets us describe one example clearly and then...
import jax
import jax.numpy as jnp
def predict(weight, x):
    return jnp.dot(weight, x)
weight = jnp.array([2., -1.])
batch = jnp.array([[1., 1.], [2., 3.], [4., 0.]])
# Vectorize across the batch dimension with `jax.vmap` (`batched`).
batched = jax.vmap(predict, in_axes=(None, 0))
print(batched(weight, batch))
assert jnp.allclose(batched(weight, batch), jnp.array([1.,1.,8.]))
Exercise solution
# Exercise solution: Foundation · Compute each prediction gradient with respect to the...
# Differentiate the objective to obtain `per_example_gradient` via automatic differentiation.
per_example_gradient = jax.vmap(jax.grad(predict), in_axes=(None, 0))(weight, batch)
# Check tensor shape invariant: `per_example_gradient.shape == (3, 2)`
assert per_example_gradient.shape == (3, 2)
assert jnp.allclose(per_example_gradient, batch)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:21.429738+00:00
[1. 1. 8.]
loop / vmap / matmul: [1. 1. 8.] [1. 1. 8.] [1. 1. 8.]
PASS: transforms-03

Turn sensitivities into training gradients
# Turn sensitivities into training gradients (Practice): The first residual is 1, so the first loss gradient is [2, 2].
targets = jnp.array([0., 2., 7.])
def single_loss(parameters, row, target):
    return (predict(parameters, row) - target) ** 2
# Differentiate the objective to obtain `individual_grads` via automatic differentiation.
individual_grads = jax.vmap(jax.grad(single_loss), in_axes=(None, 0, 0))(weight, batch, targets)
manual_grads = 2. * (batch @ weight - targets)[:, None] * batch
# Check tensor shape invariant: `individual_grads.shape == (3, 2)`
assert individual_grads.shape == (3, 2)
assert jnp.allclose(individual_grads, manual_grads)
assert jnp.allclose(individual_grads[0], jnp.array([2., 2.]))
The first residual is 11, so the first loss gradient is [2,2][2, 2]. The batch axis records three separate contributions.
Prove the mean-gradient identity with an experiment
# Prove the mean-gradient identity with an experiment (Challenge): The aggregate has parameter shape, while per-example...
def batch_mean_loss(parameters, rows, labels):
    return jnp.mean(jax.vmap(single_loss, in_axes=(None, 0, 0))(parameters, rows, labels))
for labels in (targets, targets + 0.5):
    # Differentiate the objective to obtain `each` via automatic differentiation.
    each = jax.vmap(jax.grad(single_loss), in_axes=(None, 0, 0))(weight, batch, labels)
    # Differentiate the objective to obtain `aggregate` via automatic differentiation.
    aggregate = jax.grad(batch_mean_loss)(weight, batch, labels)
    # Check tensor shape invariant: `aggregate.shape == weight.shape`
    assert aggregate.shape == weight.shape
    assert jnp.allclose(aggregate, jnp.mean(each, axis=0))
The aggregate has parameter shape, while per-example gradients add an examples axis. This identity relies on the stated independent-example loss and mean reduction, not on every model that has a batch dimension.
Checkpoint
Answer: Per-example: (B,D)(B, D); mean-loss: (D,)(D,).. Mapping collects one parameter gradient per example. Reducing independent losses to a mean produces one gradient matching the shared parameter shape.
Compile a function with jit
Assembled example code
# Compile a function with jit: Compilation prepares a program that can be reused for compatible...
import time
import jax
import jax.numpy as jnp
def loss(w, x, y):
    return jnp.mean((x @ w - y) ** 2)
# Construct and reshape `x` into the target tensor dimensions.
x = jnp.arange(12, dtype=jnp.float32).reshape(4, 3) / 10.
w = jnp.array([1., 2., -1.])
y = jnp.ones(4)
# Wrap with `jax.jit` (`compiled`) so XLA traces and compiles the function.
compiled = jax.jit(loss)
t0 = time.perf_counter()
# Synchronize host execution until asynchronous device computation completes.
first = compiled(w, x, y).block_until_ready()
first_seconds = time.perf_counter() - t0
t0 = time.perf_counter()
# Synchronize host execution until asynchronous device computation completes.
second = compiled(w, x, y).block_until_ready()
repeat_seconds = time.perf_counter() - t0
print("Loss:", float(second))
print("First/repeat seconds:", first_seconds, repeat_seconds)
assert jnp.allclose(first, loss(w, x, y))
assert jnp.allclose(second, first)
Exercise solution
# Exercise solution: Foundation · Compile value_and_grad(loss), check the loss and gradient...
# Differentiate the objective to obtain `compiled_step` via automatic differentiation.
compiled_step = jax.jit(jax.value_and_grad(loss))
v, g = compiled_step(w, x, y)
# Differentiate the objective to obtain `(expected_v, expected_g)` via automatic differentiation.
expected_v, expected_g = jax.value_and_grad(loss)(w, x, y)
assert jnp.allclose(v, expected_v)
assert jnp.allclose(g, expected_g)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:23.194590+00:00
Loss: 0.46000000834465027
First/repeat seconds: 0.013900000136345625 1.920759677886963e-05
eager median / min / max seconds: 2.6375288143754005e-05 2.3334287106990814e-05 7.895799353718758e-05
compiled median / min / max seconds: 4.312489181756973e-06 3.874767571687698e-06 5.416106432676315e-06
backend / shapes / dtype: cpu (4, 3) (3,) (4,) float32
compiled value-and-grad median seconds: 6.770249456167221e-06
PASS: transforms-04

Check that a new value remains runtime data
# Check that a new value remains runtime data (Practice): The same computation accepts different runtime values.
for new_w in (w, w + 0.25):
    # Aggregate array values to compute `expected`.
    expected = jnp.mean((x @ new_w - y) ** 2)
    observed = compiled(new_w, x, y)
    assert jnp.allclose(observed, expected, rtol=1e-5, atol=1e-6)
The same computation accepts different runtime values. The next lesson inspects tracing explicitly rather than inferring it from timing noise.
Build a report whose timing claim can be checked
# Build a report whose timing claim can be checked (Challenge): The measurement excludes input construction and first...
def wait_for_outputs(outputs):
    return jax.tree.map(lambda array: array.block_until_ready(), outputs)
wait_for_outputs(compiled_value_gradient(w, x, y))
gradient_times = []
for _ in range(20):
    started = time.perf_counter()
    wait_for_outputs(compiled_value_gradient(w, x, y))
    gradient_times.append(time.perf_counter() - started)
print("compiled value-and-grad median seconds:", statistics.median(gradient_times))
assert len(gradient_times) == 20
The measurement excludes input construction and first compilation, and includes repeated invocation and completion. It cannot be compared with another report without matching those boundaries.
Checkpoint
Answer: To include completion of device work in elapsed time. Without waiting, elapsed time can primarily measure dispatch rather than the completion of the numerical work.
Tracing, static arguments, and recompilation
Assembled example code
# Tracing, static arguments, and recompilation: Tracing observes how Python builds an array computation from...
import jax
import jax.numpy as jnp
def reduce_values(x, mode):
    if mode == "sum":
        return x.sum()
    if mode == "mean":
        return x.mean()
    raise ValueError("mode must be sum or mean")
# Wrap with `jax.jit` (`compiled`) so XLA traces and compiles the function.
compiled = jax.jit(reduce_values, static_argnames=("mode",))
x = jnp.array([1., 2., 3.])
print("Sum:", float(compiled(x, mode="sum")))
print("Mean:", float(compiled(x, mode="mean")))
assert jnp.allclose(compiled(x, mode="sum"), 6.)
assert jnp.allclose(compiled(x, mode="mean"), 2.)
Exercise solution
# Exercise solution: Foundation · Extend reduce_values with a static max mode while...
def choose_reduction(values, mode):
    if mode == "sum":
        return values.sum()
    if mode == "mean":
        return values.mean()
    if mode == "max":
        return values.max()
    raise ValueError("unknown mode")
# Wrap with `jax.jit` (`choose`) so XLA traces and compiles the function.
choose = jax.jit(choose_reduction, static_argnames=("mode",))
for values in (x, jnp.array([-4., -1., -2.])):
    for mode, reference in (("sum", jnp.sum), ("mean", jnp.mean), ("max", jnp.max)):
        assert jnp.allclose(choose(values, mode=mode), reference(values))
# Run the boundary check and catch the expected exception:
try:
    choose(x, mode="typo")
except ValueError:
    pass
else:
    raise AssertionError("Unknown mode should fail")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:24.879206+00:00
Sum: 6.0
Mean: 2.0
Tracing sum_squares; shape: (3,)
{ lambda ; a:f32[3]. let
    b:f32[3] = mul a a
    c:f32[] = reduce_sum[axes=(0,) out_sharding=None] b
  in (c,) }
Expected dynamic Boolean conversion error
PASS: transforms-05

Keep runtime values dynamic
# Keep runtime values dynamic (Practice): The vector values are runtime data.
def elementwise_absolute(values):
    return jnp.where(values >= 0., values, -values)
# Wrap with `jax.jit` (`compiled_absolute`) so XLA traces and compiles the function.
compiled_absolute = jax.jit(elementwise_absolute)
for values in (jnp.array([-2., 0., 3.]), jnp.array([5., -4., -1.])):
    assert jnp.allclose(compiled_absolute(values), jnp.abs(values))
The vector values are runtime data. Elementwise selection preserves a fixed output shape and does not need a static array.
Audit a shape-dependent specialization
# Audit a shape-dependent specialization (Challenge): Changing the length changes shape metadata and can need a...
def plain_sum_squares(values):
    return jnp.sum(values ** 2)
# Wrap with `jax.jit` (`compiled_squares`) so XLA traces and compiles the function.
compiled_squares = jax.jit(plain_sum_squares)
for length in (3, 5):
    for shift in (0., 1.):
        # Create evenly spaced index values in `values`.
        values = jnp.arange(length, dtype=jnp.float32) + shift
        expected = sum(float(v) ** 2 for v in values)
        assert jnp.allclose(compiled_squares(values), expected)
Changing the length changes shape metadata and can need a new specialization. Changing shift changes element values at the same shape/dtype. The test verifies correctness across both kinds of changes without inventing a guaranteed compilation count.
Checkpoint
Answer: Express the runtime decision with compatible JAX control flow.. A runtime decision belongs in the staged computation. Static configuration is useful for a small program choice, but making changing data static can create unnecessary specializations.
Random keys without surprises
Assembled example code
# Step 1 — Prepare the inputs: These explicit inputs define the case that the later checks will...
import jax
import jax.numpy as jnp
# Step 2 — Build the computation: random.split returns two new keys.
# Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
key = jax.random.key(42)
# Create or split explicit PRNG key(s) (`(key, sample_key)`) for reproducible randomness.
key, sample_key = jax.random.split(key)
# Sample deterministic random values into `a` using an explicit PRNG key.
a = jax.random.normal(sample_key, (3,))
# Sample deterministic random values into `repeated` using an explicit PRNG key.
repeated = jax.random.normal(sample_key, (3,))
# Create or split explicit PRNG key(s) (`(key, next_key)`) for reproducible randomness.
key, next_key = jax.random.split(key)
# Sample deterministic random values into `b` using an explicit PRNG key.
b = jax.random.normal(next_key, (3,))
# Step 3 — Run and check the result: Compare the output to the expected result below before making the...
print("Replay equal:", bool(jnp.array_equal(a, repeated)))
print("Fresh draw equal:", bool(jnp.array_equal(a, b)))
assert jnp.array_equal(a, repeated)
assert not jnp.array_equal(a, b)
Exercise solution
# Exercise solution: Split a fresh seed into four keys, then use vmap to draw two normal...
def draw(seed):
    # Create or split explicit PRNG key(s) (`keys`) for reproducible randomness.
    keys = jax.random.split(jax.random.key(seed), 4)
    return jax.vmap(lambda k: jax.random.normal(k, (2,)))(keys)
# Check tensor shape invariant: `draw(7).shape == (4, 2)`
assert draw(7).shape == (4, 2)
assert jnp.array_equal(draw(7), draw(7))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:26.921075+00:00
Replay equal: True
Fresh draw equal: False
Replay equal: True
Fresh draw equal: False
PASS: state-01

Replay a noisy prediction
# Replay a noisy prediction (Practice): Holding noise fixed isolates the changed numerical input.
def noisy_prediction(seed,x):
    # Create or split explicit PRNG key(s) (`eps`) for reproducible randomness.
    eps=jax.random.normal(jax.random.key(seed),x.shape)
    return 2*x+1+eps
inputs=jnp.array([0.,1.,2.])
assert jnp.array_equal(noisy_prediction(4,inputs),noisy_prediction(4,inputs))
assert jnp.allclose(noisy_prediction(4,inputs+1)-noisy_prediction(4,inputs),2.,atol=1e-6)
Holding noise fixed isolates the changed numerical input. That is a deliberately coupled experiment.
Diagnose key reuse in a loop
# Diagnose key reuse in a loop (Challenge): The repeated-row symptom comes from key allocation.
# Create or split explicit PRNG key(s) (`root`) for reproducible randomness.
root=jax.random.key(5)
# Sample deterministic random values into `broken` using an explicit PRNG key.
broken=jnp.stack([jax.random.normal(root,(2,)) for _ in range(3)])
assert jnp.array_equal(broken[0],broken[1])
current=root
rows=[]
for _ in range(3):
    current,noise=noise_step(current)
    rows.append(noise)
# Combine or mask array elements to form `fixed`.
fixed=jnp.stack(rows)
# Check tensor shape invariant: `fixed.shape==(3,2)`
assert fixed.shape==(3,2)
assert not jnp.array_equal(fixed[0],fixed[1])
The repeated-row symptom comes from key allocation. The last inequality checks this fixed demonstration, not every possible random stream.
Checkpoint
Answer: The same sample is reproduced. Keys are explicit immutable inputs. Identical inputs reproduce the draw; split keys to describe independent randomness.
Pytrees and structured parameters
Assembled example code
# Step 1 — Prepare the inputs: These explicit inputs define the case that the later checks will...
import jax
import jax.numpy as jnp
# Step 2 — Build the computation: loss reads both parameter leaves.
params = {"weight": jnp.array([1., -1.]), "bias": jnp.array(0.)}
x = jnp.array([2., 1.])
def loss(p):
    prediction = jnp.dot(p["weight"], x) + p["bias"]
    return (prediction - 3.) ** 2
# Step 3 — Run and check the result: Compare the output to the expected result below before making the...
# Differentiate the objective to obtain `(value, grads)` via automatic differentiation.
value, grads = jax.value_and_grad(loss)(params)
# Transform every leaf of the parameter PyTree (`updated`).
updated = jax.tree.map(lambda p, g: p - 0.05 * g, params, grads)
print("Before/after:", float(value), float(loss(updated)))
assert grads.keys() == params.keys()
assert loss(updated) < value
Exercise solution
# Exercise solution: Compute the squared norm of all gradient leaves.
# Transform every leaf of the parameter PyTree (`norm_squared`).
norm_squared = sum(jnp.sum(g ** 2) for g in jax.tree.leaves(grads))
# Aggregate array values to compute `manual`.
manual = jnp.sum(grads["weight"] ** 2) + grads["bias"] ** 2
assert jnp.allclose(norm_squared, manual)
assert jnp.allclose(norm_squared, 96.)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:28.661784+00:00
Before/after: 4.0 0.6399999260902405
Before/after: 4.0 0.6399999260902405
Expected tree mismatch
PASS: state-02

Extend to a nested model
# Extend to a nested model (Practice): Nested parameter identity survives differentiation.
nested={"layer":params,"scale":jnp.array(1.)}
def nested_loss(p):
    pred=p["scale"]*(jnp.dot(p["layer"]["weight"],x)+p["layer"]["bias"])
    return (pred-3.)**2
# Differentiate the objective to obtain `g` via automatic differentiation.
g=jax.grad(nested_loss)(nested)
assert jax.tree.structure(g)==jax.tree.structure(nested)
assert jnp.allclose(g["scale"],-4.)
Nested parameter identity survives differentiation. The independent scale calculation checks the new path.
Repair a mismatched update tree
# Repair a mismatched update tree (Challenge): A missing bias gradient is a tree mismatch.
# Run the boundary check and catch the expected exception:
try:
    jax.tree.map(lambda p,g:p-0.05*g,params,{"weight":grads["weight"]})
except ValueError:
    print("Expected tree mismatch")
else:
    raise AssertionError("Expected a missing-key failure")
# Transform every leaf of the parameter PyTree (`fixed`).
fixed=jax.tree.map(lambda p,g:p-0.05*g,params,grads)
assert jnp.allclose(loss(fixed),0.64,atol=1e-6)
A missing bias gradient is a tree mismatch. Broadcasting weights or changing a learning rate cannot supply the missing parameter identity.
Checkpoint
Answer: A pytree corresponding to params. The differentiated input determines the gradient structure. Each floating-point parameter leaf gets a corresponding gradient leaf.
Compiled loops with lax.scan
Assembled example code
# Step 1 — Prepare the inputs: These explicit inputs define the case that the later checks will...
import jax
import jax.numpy as jnp
# Step 2 — Build the computation: step returns the next scalar carry and one recorded scalar.
def step(carry, increment):
    next_value = 0.5 * carry + increment
    return next_value, next_value
increments = jnp.array([1., 1., 1., 1.])
# Step 3 — Run and check the result: Compare the output to the expected result below before making the...
# Run compiled structured control flow via `jax.lax` (`(final, history)`).
final, history = jax.lax.scan(step, jnp.array(0.), increments)
print("History:", history)
print("Final:", float(final))
assert jnp.allclose(history, jnp.array([1.,1.5,1.75,1.875]))
assert jnp.allclose(final, history[-1])
Exercise solution
# Exercise solution: Make the decay an explicit scalar argument.
# Define `simulate(decay)` to carry state across steps with `jax.lax.scan`:
def simulate(decay):
    def transition(carry, increment):
        value = decay * carry + increment
        return value, value
    return jax.lax.scan(transition, jnp.array(0.), increments)[0]
assert jnp.allclose(jax.grad(simulate)(0.5), 2.75)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:30.167199+00:00
History: [1.    1.5   1.75  1.875]
Final: 1.875
History: [1.    1.5   1.75  1.875]
Final: 1.875
Expected carry-shape mismatch
PASS: state-03

Record a different output
# Record a different output (Practice): Carry and history need not have the same interpretation.
# Run compiled structured control flow via `jax.lax` (`(last, energy)`).
last,energy=jax.lax.scan(lambda c,u:(0.5*c+u,(0.5*c+u)**2),jnp.array(0.),increments)
assert jnp.allclose(last,1.875)
assert jnp.allclose(energy,jnp.array([1.,2.25,3.0625,3.515625]))
Carry and history need not have the same interpretation. The state remains unsquared for the next transition.
Diagnose a growing carry
# Diagnose a growing carry (Challenge): The error identifies incompatible carry input/output types.
def growing(c,u):
    return jnp.concatenate([c,u[None]]),u
# Run the boundary check and catch the expected exception:
try:
    jax.lax.scan(growing,jnp.zeros((0,)),increments)
except TypeError:
    print("Expected carry-shape mismatch")
else:
    raise AssertionError("Expected scan type failure")
# Run compiled structured control flow via `jax.lax` (`(_, saved)`).
_,saved=jax.lax.scan(lambda c,u:(c,u),jnp.array(0.),increments)
assert jnp.array_equal(saved,increments)
The error identifies incompatible carry input/output types. Store per-step values in scan outputs instead of growing the carry.
Checkpoint
Answer: The carry structure, shapes, and dtypes. The carry value changes through time, but its structural and array type properties must remain consistent.
Branches with lax.cond
Assembled example code
# Step 1 — Prepare the inputs: These explicit inputs define the case that the later checks will...
import jax
import jax.numpy as jnp
# Step 2 — Build the computation: Both branches return the same scalar type.
# Define and JIT-compile `magnitude(x)` so XLA traces and fuses the operations:
@jax.jit
def magnitude(x):
    return jax.lax.cond(x >= 0., lambda v: v, lambda v: -v, x)
# Step 3 — Run and check the result: Compare the output to the expected result below before making the...
print(float(magnitude(-3.)))
assert jnp.allclose(magnitude(-3.), 3.)
assert jnp.allclose(magnitude(2.), 2.)
Exercise solution
# Exercise solution: Write a compiled function that applies 2x when x is positive and x-2...
# Define and JIT-compile `choose_update(x)` so XLA traces and fuses the operations:
@jax.jit
def choose_update(x):
    return jax.lax.cond(x > 0., lambda v: v * 2., lambda v: v - 2., x)
assert jnp.allclose(choose_update(3.), 6.)
assert jnp.allclose(choose_update(-3.), -5.)
assert jnp.allclose(choose_update(0.), -2.)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:31.964561+00:00
3.0
3.0
Expected traced Python Boolean failure
Expected branch shape mismatch
PASS: state-04

Match a changed piecewise rule
# Match a changed piecewise rule (Practice): The values check the exact boundary and both formulas; the...
def piecewise(v):
    return jax.lax.cond(v>1.,lambda z:z*z,lambda z:2*z,v)
assert jnp.allclose(jax.vmap(piecewise)(jnp.array([-1.,1.,2.])),jnp.array([-2.,2.,4.]))
assert jnp.allclose(jax.grad(piecewise)(-1.),2.)
assert jnp.allclose(jax.grad(piecewise)(2.),4.)
The values check the exact boundary and both formulas; the derivatives are checked only at smooth points.
Repair incompatible branch shapes
# Repair incompatible branch shapes (Challenge): A branch mismatch is a result-contract error even when the...
# Run the boundary check and catch the expected exception:
try:
    jax.lax.cond(True,lambda x:x,lambda x:jnp.stack([x,x]),jnp.array(2.))
except TypeError:
    print("Expected branch shape mismatch")
else:
    raise AssertionError("Expected result type error")
def pair(v):
    return jax.lax.cond(v>=0.,lambda x:jnp.stack([x,x*x]),lambda x:jnp.stack([-x,x*x]),v)
assert jnp.allclose(pair(jnp.array(-2.)),jnp.array([2.,4.]))
A branch mismatch is a result-contract error even when the current predicate is known. Here the repaired output explicitly means [magnitude,square].
Checkpoint
Answer: No, branch result types and shapes must be compatible. Compiled control flow requires compatible output structures and array types across branches.
Vectors, norms, and projections
Assembled example code
# Step 1 — Draw the two vectors: The length is 5; the component along the horizontal unit direction...
import jax.numpy as jnp
u = jnp.array([3.0, 4.0])
a = jnp.array([1.0, 0.0])
assert jnp.allclose(jnp.linalg.norm(u), 5.0)
assert jnp.allclose(jnp.dot(u, a), 3.0)

# Step 2 — Build the projection: The leftover r contains what the chosen direction cannot explain.
def project(u, a):
    denominator = jnp.dot(a, a)
    # Guard input contract (`float(denominator) == 0.0`) and fail fast if violated.
    if float(denominator) == 0.0:
        raise ValueError('Projection needs a nonzero direction')
    return jnp.dot(a, u) / denominator * a
p = project(u, a)
r = u - p

# Step 3 — Check with geometry: You should see [3,0] and [0,4]; the squared lengths sum to 25.
assert jnp.allclose(p, jnp.array([3.0, 0.0]))
assert jnp.allclose(jnp.dot(a, r), 0.0, atol=1e-06)
assert jnp.allclose(jnp.dot(p, p) + jnp.dot(r, r), jnp.dot(u, u))
print('projection / residual:', p, r)
Exercise solution
# Exercise solution: Project u=(2,-1,2) onto a=(1,0,1).
u3 = jnp.array([2.0, -1.0, 2.0])
a3 = jnp.array([1.0, 0.0, 1.0])
p3 = project(u3, a3)
assert jnp.allclose(p3, jnp.array([2.0, 0.0, 2.0]))
assert jnp.allclose(jnp.dot(a3, u3 - p3), 0.0)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:33.435928+00:00
projection / residual: [3. 0.] [0. 4.]
projection / residual: [3. 0.] [0. 4.]
PASS: optimization-05

Handle an undefined direction
# Handle an undefined direction (Transfer / diagnosis): Rejecting an undefined input is part of the function contract.
# Run the boundary check and catch the expected exception:
try:
    project(u, jnp.zeros_like(a))
except ValueError as exc:
    assert 'nonzero' in str(exc)
else:
    raise AssertionError('Zero direction was accepted')
Rejecting an undefined input is part of the function contract.
Use two perpendicular directions
# Use two perpendicular directions (Transfer / diagnosis): Adding separate projections reconstructs a vector in an...
a1 = jnp.array([1.0, 1.0])
a2 = jnp.array([1.0, -1.0])
assert jnp.allclose(project(u, a1) + project(u, a2), u)
assert not jnp.allclose(project(u, a) + project(u, a1), u)
Adding separate projections reconstructs a vector in an orthogonal basis. Correlated feature directions require a joint least-squares solve.
Checkpoint
Answer: No; the coefficient and direction rescale in opposite ways. The line is unchanged, so its closest point is unchanged. The coefficient absorbs the rescaling.
Linear algebra and loss intuition
Assembled example code
# Step 1 — 1. Prepare the inputs: This block establishes the values used by the following steps; run...
import jax
import jax.numpy as jnp
# Step 2 — 2. Define the computation: predict contracts the feature axis through Xw.
X = jnp.array([[1., 0.], [0., 1.], [1., 1.]])
w = jnp.array([2., -1.])
targets = jnp.array([3., 0., 2.])
def predict(w, bias, X):
    return X @ w + bias
def mse(w, bias):
    prediction = predict(w, bias, X)
    # Check tensor shape invariant: `prediction.shape == targets.shape`
    assert prediction.shape == targets.shape
    return jnp.mean((prediction - targets) ** 2)
# Step 3 — 3. Measure and verify: Predictions: [3., 0., 2.]; Loss: 0.0.
print("Predictions:", predict(w, 1., X))
print("Loss:", float(mse(w, 1.)))
assert jnp.allclose(predict(w, 1., X), targets)
assert jnp.allclose(mse(w, 1.), 0.)
Exercise solution
# Exercise solution: Set the bias to zero.
residual = predict(w, 0., X) - targets
assert jnp.allclose(residual, -jnp.ones(3))
assert jnp.allclose(mse(w, 0.), 1.)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:35.408082+00:00
Predictions: [3. 0. 2.]
Loss: 0.0
Predictions: [3. 0. 2.]
Loss: 0.0
Analytic gradients: [-1.3333334 -1.3333334] -2.0
Wrong residual shape: (3, 3)
PASS: optimization-01

Add an unseen observation
# Add an unseen observation (Transfer / diagnosis): The fourth row checks a combination absent from the original...
X_new = jnp.concatenate([X, jnp.array([[2., -1.]])])
y_new = jnp.concatenate([targets, jnp.array([6.])])
assert jnp.allclose(predict(w, 1., X_new), y_new)
The fourth row checks a combination absent from the original three observations.
Reject and repair a column target
# Reject and repair a column target (Transfer / diagnosis): The failure is reproduced at the boundary and the repair is...
def checked_loss(prediction, target):
    # Guard input contract (`prediction.shape != target.shape`) and fail fast if violated.
    if prediction.shape != target.shape:
        raise ValueError("one target required per prediction")
    return jnp.mean((prediction-target)**2)
# Run the boundary check and catch the expected exception:
try:
    checked_loss(predict(w, 1., X), column_targets)
except ValueError:
    pass
else:
    raise AssertionError("bad shape accepted")
assert checked_loss(predict(w, 1., X), column_targets[:, 0]) == 0
The failure is reproduced at the boundary and the repair is verified against zero residuals.
Checkpoint
Answer: (n,)(n,). Use matching (n,)(n,) shapes. A column target can silently broadcast into pairwise residuals.
Least squares, rank, and conditioning
Assembled example code
# Step 1 — Construct an imperfect fit: No weights can match all three targets, so a nonzero residual is...
import jax.numpy as jnp
import numpy as np
X = jnp.array([[1.0, 0.0], [0.0, 1.0], [1.0, 1.0]])
y = jnp.array([1.0, 2.0, 2.0])
expected = jnp.array([2 / 3, 5 / 3])

# Step 2 — Solve and inspect the residual: Perpendicular residuals verify optimality for this unconstrained...
w, _, rank, singular = jnp.linalg.lstsq(X, y, rcond=None)
r = X @ w - y
assert int(rank) == 2
assert jnp.allclose(w, expected, atol=2e-06)
assert jnp.allclose(X.T @ r, jnp.zeros(2), atol=2e-06)

# Step 3 — Compare independent references: The hand result and a separate numerical implementation agree...
assert jnp.allclose(jnp.mean(r * r), 1 / 9, atol=2e-06)
# Convert `np_w` to a host NumPy array for inspection or verification.
np_w = np.linalg.lstsq(np.asarray(X, dtype=np.float64), np.asarray(y, dtype=np.float64), rcond=None)[0]
assert np.allclose(np.asarray(w), np_w, atol=2e-06)
print('weights / rank / MSE:', w, rank, jnp.mean(r * r))
Exercise solution
# Exercise solution: Add a constant bias column to inputs (-1,0,1) and fit targets (-1,1,3).
x = jnp.array([-1.0, 0.0, 1.0])
design = jnp.stack([x, jnp.ones_like(x)], axis=1)
fit = jnp.linalg.lstsq(design, 2 * x + 1, rcond=None)[0]
assert jnp.allclose(fit, jnp.array([2.0, 1.0]), atol=2e-06)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:37.409448+00:00
weights / rank / MSE: [0.6666669 1.6666665] 2 0.11111113
weights / rank / MSE: [0.6666669 1.6666665] 2 0.11111113
condition / target change / weight change: 200.00504 0.0010000002 0.14142144
PASS: optimization-06

Change feature units
# Change feature units (Transfer / diagnosis): Feature units affect coefficients and conditioning.
scaled = X * jnp.array([100.0, 1.0])
ws = jnp.linalg.lstsq(scaled, y, rcond=None)[0]
assert jnp.allclose(ws, expected / jnp.array([100.0, 1.0]), atol=3e-06)
assert jnp.allclose(scaled @ ws, X @ w, atol=3e-06)
Feature units affect coefficients and conditioning. They need not change the fitted prediction space.
Explain the squared conditioning
# Explain the squared conditioning (Transfer / diagnosis): The normal equations can worsen numerical sensitivity.
D = jnp.diag(jnp.array([1.0, 0.1]))
assert jnp.allclose(jnp.linalg.cond(D), 10.0)
assert jnp.allclose(jnp.linalg.cond(D.T @ D), 100.0, rtol=2e-06)
The normal equations can worsen numerical sensitivity. A small residual alone is verified separately from coefficient accuracy.
Checkpoint
Answer: No; dependent columns can produce many equally good weights. Independent feature directions determine uniqueness. Extra precision cannot create information missing from the design matrix.
The chain rule, Jacobians, and directions
Assembled example code
# Step 1 — Write the vector function: The matrix is written from the derivatives, not obtained from an...
import jax
import jax.numpy as jnp

def f(x):
    return jnp.array([x[0] ** 2 + x[1], x[0] * x[1]])
x = jnp.array([2.0, 3.0])
v = jnp.array([1.0, -1.0])
J = jnp.array([[4.0, 1.0], [3.0, 2.0]])
assert jnp.allclose(f(x), jnp.array([7.0, 6.0]))

# Step 2 — Push a direction and pull a sensitivity: Forward mode follows an input direction; reverse mode starts with...
# Compute exact directional derivative / Jacobian / Hessian (`(out, jv)`).
out, jv = jax.jvp(f, (x,), (v,))
# Compute exact directional derivative / Jacobian / Hessian (`(_, pullback)`).
_, pullback = jax.vjp(f, x)
c = out
jt_c = pullback(c)[0]
assert jnp.allclose(jv, jnp.array([3.0, 1.0]))
assert jnp.allclose(jt_c, jnp.array([46.0, 19.0]))

# Step 3 — Connect to a scalar loss: Both routes give directional loss derivative 27.
def loss(x):
    return 0.5 * jnp.sum(f(x) ** 2)
assert jnp.allclose(jax.jacfwd(f)(x), J)
assert jnp.allclose(jax.grad(loss)(x), J.T @ c)
assert jnp.allclose(jnp.dot(c, jv), jnp.dot(v, jt_c))
print('Jv / loss gradient:', jv, jt_c)
Exercise solution
# Exercise solution: Replace the scalar loss by L(x)=f_0(x)+2f_1(x).
def weighted_loss(x):
    return f(x)[0] + 2 * f(x)[1]
assert jnp.allclose(jax.grad(weighted_loss)(x), jnp.array([10.0, 5.0]))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:39.979446+00:00
Jv / loss gradient: [3. 1.] [46. 19.]
Jv / loss gradient: [3. 1.] [46. 19.]
PASS: optimization-07

Find the broken derivative path
# Find the broken derivative path (Transfer / diagnosis): Equal forward values do not imply equal differentiation...
# Define `detached(x)` to evaluate the objective and its automatic derivatives:
def detached(x):
    a = jax.lax.stop_gradient(x[0])
    return jnp.array([a * a + x[1], a * x[1]])
assert jnp.allclose(detached(x), f(x))
assert jnp.allclose(jax.grad(lambda z: jnp.sum(detached(z)))(x), jnp.array([0.0, 3.0]))
assert jnp.allclose(jax.grad(lambda z: jnp.sum(f(z)))(x), jnp.array([7.0, 3.0]))
Equal forward values do not imply equal differentiation behavior when derivative rules are deliberately changed.
Transfer to unequal dimensions
# Transfer to unequal dimensions (Transfer / diagnosis): Unequal input and output dimensions make a mistaken...
A = jnp.array([[1.0, 0.0], [0.0, 2.0], [1.0, 1.0]])
c3 = jnp.array([1.0, -1.0, 2.0])
# Compute exact directional derivative / Jacobian / Hessian (`(_, back)`).
_, back = jax.vjp(lambda z: A @ z, x)
# Check tensor shape invariant: `back(c3)[0].shape == (2,)`
assert back(c3)[0].shape == (2,)
assert jnp.allclose(back(c3)[0], jnp.array([3.0, 0.0]))
Unequal input and output dimensions make a mistaken transpose visible.
Checkpoint
Answer: An output sensitivity vector. A VJP multiplies an output sensitivity by the transposed Jacobian. A JVP instead propagates an input direction forward.
Gradient checking and numerical accuracy
Assembled example code
# Step 1 — 1. Prepare the inputs: This block establishes the values used by the following steps; run...
import jax
import jax.numpy as jnp
# Step 2 — 2. Define the computation: Each row of basis perturbs one coordinate.
def objective(w):
    return jnp.sum((w - jnp.array([2., -1.])) ** 2)
w = jnp.array([0.5, 0.25], dtype=jnp.float32)
h = 1e-2
basis = jnp.eye(2)
# Vectorize across the batch dimension with `jax.vmap` (`finite`).
finite = jax.vmap(lambda e: (objective(w+h*e)-objective(w-h*e))/(2*h))(basis)
# Differentiate the objective to obtain `automatic` via automatic differentiation.
automatic = jax.grad(objective)(w)
analytic = 2 * (w - jnp.array([2., -1.]))
# Step 3 — 3. Measure and verify: Both gradients are approximately [-3., 2.5].
print("Finite difference:", finite)
print("Autodiff:", automatic)
assert jnp.allclose(automatic, analytic)
assert jnp.allclose(finite, automatic, atol=2e-4, rtol=2e-4)
Exercise solution
# Exercise solution: Check the gradient again at w=[2., -1.].
minimum = jnp.array([2., -1.])
assert jnp.allclose(jax.grad(objective)(minimum), jnp.zeros(2))
assert jnp.allclose(objective(minimum), 0.)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:42.659689+00:00
Finite difference: [-2.9999971  2.4999976]
Autodiff: [-3.   2.5]
Finite difference: [-2.9999971  2.4999976]
Autodiff: [-3.   2.5]
h / max error: 0.1 1.9073486328125e-06
h / max error: 0.01 2.86102294921875e-06
h / max error: 0.0001 0.0004978179931640625
h / max error: 1e-08 3.0
PASS: optimization-02

Move to a different smooth objective
# Move to a different smooth objective (Transfer / diagnosis): The analytic reference checks a nonquadratic function at a...
z = jnp.array([0.2, -0.7])
def trig_loss(z):
    return jnp.sum(jnp.sin(z))
# Vectorize across the batch dimension with `jax.vmap` (`fd`).
fd = jax.vmap(lambda e: (trig_loss(z+1e-2*e)-trig_loss(z-1e-2*e))/(2e-2))(jnp.eye(2))
assert jnp.allclose(jax.grad(trig_loss)(z), jnp.cos(z))
assert jnp.allclose(fd, jnp.cos(z), atol=5e-5, rtol=5e-5)
The analytic reference checks a nonquadratic function at a new point.
Catch the wrong objective despite correct gradients
# Catch the wrong objective despite correct gradients (Transfer / diagnosis): The omitted term is a specification error; numerical...
def incomplete(z):
    return (z[0]-2.)**2
# Differentiate the objective to obtain `bad` via automatic differentiation.
bad = jax.grad(incomplete)(w)
assert jnp.allclose(bad, jnp.array([-3., 0.]))
assert not jnp.allclose(bad, analytic)
assert jnp.allclose(jax.grad(objective)(w), analytic)
The omitted term is a specification error; numerical differentiation of the same incomplete loss would not expose it.
Checkpoint
Answer: No; it is evidence at tested inputs and must be combined with shape and objective checks. Independent gradient calculations help expose errors, but finite test cases do not prove all behavior.
Curvature, Hessians, and learning rates
Assembled example code
# Step 1 — Write the bowl: At the starting point the gradient is (1,10).
import jax
import jax.numpy as jnp

def loss(w):
    return 0.5 * (w[0] ** 2 + 10 * w[1] ** 2)
w = jnp.array([1.0, 1.0])
H = jnp.diag(jnp.array([1.0, 10.0]))
assert jnp.allclose(jax.grad(loss)(w), H @ w)

# Step 2 — Check second derivatives: The product agrees with the diagonal matrix without constructing a...
assert jnp.allclose(jax.hessian(loss)(w), H)
v = jnp.array([2.0, -1.0])
# Differentiate the objective to obtain `hv` via automatic differentiation.
hv = jax.jvp(jax.grad(loss), (w,), (v,))[1]
assert jnp.allclose(hv, jnp.array([2.0, -10.0]))

# Step 3 — Run an explicit trajectory: The second coordinate vanishes; the first remains near 0.1216...
# Define `run(rate, steps)` to evaluate the objective and its automatic derivatives:
def run(rate, steps=20):

    # Define `step(w, _)` to evaluate the objective and its automatic derivatives:
    def step(w, _):
        # Differentiate the objective to obtain `w` via automatic differentiation.
        w = w - rate * jax.grad(loss)(w)
        return (w, loss(w))
    return jax.lax.scan(step, jnp.array([1.0, 1.0]), None, length=steps)
final, history = run(0.1)
assert jnp.allclose(final, jnp.array([0.9 ** 20, 0.0]), atol=2e-06)
assert jnp.all(jnp.diff(history) <= 1e-06)
print('final weights / loss:', final, history[-1])
Exercise solution
# Exercise solution: For curvatures (2,8), derive the stable interval and check one step at...
H2 = jnp.diag(jnp.array([2.0, 8.0]))
w_next = w - 0.1 * (H2 @ w)
assert jnp.allclose(w_next, jnp.array([0.8, 0.2]), atol=1e-06)
assert jnp.allclose(2 / jnp.max(jnp.linalg.eigvalsh(H2)), 0.25)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:46.372064+00:00
final weights / loss: [ 0.12157664 -0.        ] 0.0073904395
final weights / loss: [ 0.12157664 -0.        ] 0.0073904395
PASS: optimization-08

Reject the zero-gradient shortcut
# Reject the zero-gradient shortcut (Transfer / diagnosis): Stationarity is a first-order condition, not a proof of a...
saddle = lambda z: z[0] ** 2 - z[1] ** 2
zero = jnp.zeros(2)
assert jnp.allclose(jax.grad(saddle)(zero), zero)
assert saddle(jnp.array([0.0, 0.1])) < saddle(zero)
assert saddle(jnp.array([0.1, 0.0])) > saddle(zero)
assert jnp.allclose(jnp.linalg.eigvalsh(jax.hessian(saddle)(zero)), jnp.array([-2.0, 2.0]))
Stationarity is a first-order condition, not a proof of a minimum.
Transfer to a nonquadratic function
# Transfer to a nonquadratic function (Transfer / diagnosis): For a nonquadratic function the Hessian changes with the...
point = jnp.array([0.0, jnp.log(2.0)])
direction = jnp.array([1.0, 3.0])
# Differentiate the objective to obtain `product` via automatic differentiation.
product = jax.jvp(jax.grad(lambda z: jnp.sum(jnp.exp(z))), (point,), (direction,))[1]
assert jnp.allclose(product, jnp.array([1.0, 6.0]), atol=1e-06)
For a nonquadratic function the Hessian changes with the point; a bound from one location is not a global guarantee.
Checkpoint
Answer: It is stationary; curvature or other evidence is needed. A zero gradient is compatible with a minimum, maximum or saddle. Even second-order information can be inconclusive in flat directions.
Write gradient descent yourself
Assembled example code
# Step 1 — 1. Prepare the inputs: This block establishes the values used by the following steps; run...
import jax
import jax.numpy as jnp
# Step 2 — 2. Define the computation: train defines a state transition that subtracts the derivative.
def loss(w):
    return (w - 2.) ** 2
# Define `train(initial, rate, steps)` to evaluate the objective and its automatic derivatives:
def train(initial, rate, steps):
    # Define `step(w, _)` to evaluate the objective and its automatic derivatives:
    def step(w, _):
        # Differentiate the objective to obtain `next_w` via automatic differentiation.
        next_w = w - rate * jax.grad(loss)(w)
        return next_w, loss(next_w)
    return jax.lax.scan(step, jnp.array(initial), None, length=steps)
# Step 3 — 3. Measure and verify: The weight approaches 2.0 and the final loss is below 10^{-8}.
final, history = train(0., 0.1, 60)
print("Final weight:", float(final))
print("Final loss:", float(history[-1]))
assert jnp.allclose(final, 2., atol=1e-4)
assert history[-1] < 1e-8
assert jnp.all(jnp.diff(history) <= 1e-7)
Exercise solution
# Exercise solution: Run ten steps with learning rate 1.1.
unstable, unstable_history = train(0., 1.1, 10)
assert unstable_history[-1] > loss(0.)
assert abs(1 - 2 * 1.1) > 1
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:48.289484+00:00
Final weight: 1.9999969005584717
Final loss: 9.606537787476555e-12
Final weight: 1.9999969005584717
Final loss: 9.606537787476555e-12
First two post-update losses: [2.5600002 1.6384   ]
PASS: optimization-03

Transfer the stability analysis
# Transfer the stability analysis (Transfer / diagnosis): Changing curvature changes the stability interval to...
def scaled_loss(w):
    return 4*(w-3.)**2
# Define `scaled_step(w, _)` to evaluate the objective and its automatic derivatives:
def scaled_step(w, _):
    # Differentiate the objective to obtain `new` via automatic differentiation.
    new = w-0.1*jax.grad(scaled_loss)(w)
    return new, scaled_loss(new)
# Run compiled structured control flow via `jax.lax` (`(scaled_w, scaled_history)`).
scaled_w, scaled_history = jax.lax.scan(scaled_step, jnp.array(0.), None, length=20)
assert jnp.allclose(scaled_w, 3., atol=1e-5)
assert jnp.all(jnp.diff(scaled_history) <= 1e-6)
Changing curvature changes the stability interval to 0<η<0.250<\eta<0.25.
Reproduce an uphill update and repair it
# Reproduce an uphill update and repair it (Transfer / diagnosis): The sign error is isolated using the same input and rate;...
# Differentiate the objective to obtain `uphill` via automatic differentiation.
uphill = 0. + 0.1*jax.grad(loss)(0.)
# Differentiate the objective to obtain `downhill` via automatic differentiation.
downhill = 0. - 0.1*jax.grad(loss)(0.)
assert loss(uphill) > loss(0.)
assert loss(downhill) < loss(0.)
assert jnp.allclose(downhill, 0.4)
The sign error is isolated using the same input and rate; the repaired first step matches the analytic result.
Checkpoint
Answer: The error multiplier has magnitude greater than one. The recurrence multiplies the error by −1.2-1.2, so its magnitude grows while its sign alternates.
Probability, likelihood, and stable losses
Assembled example code
# Step 1 — Write a loss from logits: A balanced probability assigns loss \log 2 to either outcome.
import jax
import jax.numpy as jnp
import optax

def binary_loss(z, y):
    return jax.nn.softplus(z) - y * z
z = jnp.array(0.0)
y = jnp.array(1.0)
assert jnp.allclose(binary_loss(z, y), jnp.log(2.0))

# Step 2 — Check the derivative independently: The derivative points toward assigning more probability to the...
assert jnp.allclose(jax.grad(binary_loss)(z, y), -0.5)
logits = jnp.array([-2.0, 0.0, 2.0])
labels = jnp.array([0.0, 1.0, 1.0])
analytic = jax.nn.sigmoid(logits) - labels
# Differentiate the objective to obtain `actual` via automatic differentiation.
actual = jax.vmap(jax.grad(binary_loss))(logits, labels)
assert jnp.allclose(actual, analytic, atol=1e-06)
assert jnp.allclose(binary_loss(logits, labels), optax.sigmoid_binary_cross_entropy(logits, labels), atol=1e-06)

# Step 3 — Check a confident mistake: The confident mistake has a large finite loss and derivative near -1.
assert jnp.allclose(binary_loss(jnp.array(-100.0), jnp.array(1.0)), 100.0)
assert jnp.allclose(jax.grad(binary_loss)(jnp.array(-100.0), jnp.array(1.0)), -1.0)
print('uncertain loss / confident-wrong loss:', binary_loss(z, y), binary_loss(-100.0, 1.0))
Exercise solution
# Exercise solution: Compute the binary losses for positive labels at probabilities 0.8 and...
probabilities = jnp.array([0.8, 0.2])
z_from_p = jnp.log(probabilities) - jnp.log1p(-probabilities)
assert jnp.allclose(binary_loss(z_from_p, 1.0), -jnp.log(probabilities), atol=1e-06)
assert binary_loss(z_from_p[0], 1.0) < binary_loss(z_from_p[1], 1.0)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:52.039722+00:00
uncertain loss / confident-wrong loss: 0.6931472 100.0
uncertain loss / confident-wrong loss: 0.6931472 100.0
PASS: optimization-09

Fit a constant probability
# Fit a constant probability (Transfer / diagnosis): The constant model matches the observed class frequency.
ys = jnp.array([1.0, 1.0, 1.0, 0.0])
# Aggregate array values to compute `constant_loss`.
constant_loss = lambda z: jnp.mean(binary_loss(z, ys))
optimum = jnp.log(3.0)
assert jnp.allclose(jax.grad(constant_loss)(optimum), 0.0, atol=1e-06)
assert constant_loss(optimum) < constant_loss(jnp.array(0.0))
The constant model matches the observed class frequency. It has learned no feature-dependent discrimination.
Catch a reduction mistake
# Catch a reduction mistake (Transfer / diagnosis): Reduction conventions affect gradient scale and...
zs = jnp.array([-1.0, 2.0])
ys2 = jnp.array([0.0, 1.0])
original = binary_loss(zs, ys2)
doubled = binary_loss(jnp.tile(zs, 2), jnp.tile(ys2, 2))
assert jnp.allclose(jnp.mean(original), jnp.mean(doubled))
assert jnp.allclose(jnp.sum(doubled), 2 * jnp.sum(original))
# Differentiate the objective to obtain `mean_grad` via automatic differentiation.
mean_grad = lambda z: jax.grad(lambda t: jnp.mean(binary_loss(t * z, ys2)))(1.0)
# Differentiate the objective to obtain `duplicated_grad` via automatic differentiation.
duplicated_grad = jax.grad(lambda t: jnp.mean(binary_loss(t * jnp.tile(zs, 2), jnp.tile(ys2, 2))))(1.0)
assert jnp.allclose(mean_grad(zs), duplicated_grad)
Reduction conventions affect gradient scale and learning-rate interpretation; record them with the objective.
Checkpoint
Answer: It avoids unstable probability and logarithm intermediates. A logits-based implementation can stay finite for confident mistakes even when probabilities round to zero or one. It does not fix a poor model.
Regularization and honest validation
Assembled example code
# Step 1 — Create separate training and validation examples: The helper solves the explicitly stated mean-loss convention.
import jax
import jax.numpy as jnp
X = jnp.array([[-1.0], [1.0]])
y = jnp.array([-3.0, 3.0])
Xv = jnp.array([[-2.0], [2.0]])
yv = jnp.array([-4.0, 4.0])

def ridge(X, y, lam):
    return jnp.linalg.solve(X.T @ X + X.shape[0] * lam * jnp.eye(X.shape[1]), X.T @ y)

def mse(w, X, y):
    return jnp.mean((X @ w - y) ** 2)

# Step 2 — Verify the penalized optimum: The data gradient and penalty gradient cancel at w=2.
lam = 0.5
w = ridge(X, y, lam)
objective = lambda w: mse(w, X, y) + lam * jnp.dot(w, w)
assert jnp.allclose(w, jnp.array([2.0]), atol=1e-06)
assert jnp.allclose(jax.grad(objective)(w), jnp.zeros(1), atol=1e-06)

# Step 3 — Separate the quantities you report: Training prediction loss is 1, validation loss is 0, and the...
train = mse(w, X, y)
validation = mse(w, Xv, yv)
penalized = objective(w)
assert jnp.allclose(jnp.array([train, validation, penalized]), jnp.array([1.0, 0.0, 3.0]))
print('train / validation / objective:', train, validation, penalized)
Exercise solution
# Exercise solution: For a target slope of 4 and penalty \lambda=1, derive the fitted slope...
y4 = jnp.array([-4.0, 4.0])
w4 = ridge(X, y4, 1.0)
assert jnp.allclose(w4, jnp.array([2.0]))
assert jnp.allclose(jax.grad(lambda z: mse(z, X, y4) + jnp.dot(z, z))(w4), jnp.zeros(1), atol=1e-06)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:55.153882+00:00
train / validation / objective: 1.0 0.0 3.0
train / validation / objective: 1.0 0.0 3.0
penalty / train / validation: [0.  0.5 2. ] [0. 1. 4.] [4. 0. 4.]
PASS: optimization-10

Do not accidentally shrink the intercept
# Do not accidentally shrink the intercept (Transfer / diagnosis): The mask expresses a modeling choice: shrink feature effects...
x = jnp.array([-1.0, 0.0, 1.0])
A = jnp.stack([x, jnp.ones_like(x)], axis=1)
target = jnp.full((3,), 5.0)
mask = jnp.diag(jnp.array([1.0, 0.0]))
correct = jnp.linalg.solve(A.T @ A + 3 * mask, A.T @ target)
all_penalized = ridge(A, target, 1.0)
assert jnp.allclose(correct, jnp.array([0.0, 5.0]))
assert jnp.allclose(all_penalized, jnp.array([0.0, 2.5]))
The mask expresses a modeling choice: shrink feature effects while preserving the constant target level.
Catch preprocessing leakage
# Catch preprocessing leakage (Transfer / diagnosis): Validation data must not influence fitted preprocessing.
train_x = jnp.array([0.0, 2.0])
val_x = jnp.array([100.0])
# Aggregate array values to compute `train_mean`.
train_mean = jnp.mean(train_x)
# Aggregate array values to compute `leaked_mean`.
leaked_mean = jnp.mean(jnp.concatenate([train_x, val_x]))
assert jnp.allclose(val_x - train_mean, jnp.array([99.0]))
assert not jnp.allclose(train_mean, leaked_mean)
assert jnp.allclose(jnp.mean(train_x - train_mean), 0.0)
Validation data must not influence fitted preprocessing. Reusing training statistics preserves the meaning of held-out evaluation.
Checkpoint
Answer: Unpenalized validation prediction loss. Validation compares predictive performance of candidates fitted on training data. A separate final test set is for reporting after selection.
Minibatches, expectation, and gradient noise
Assembled example code
# Step 1 — Compute per-example gradients: Each example supplies a slope; the dataset objective uses their mean.
import jax
import jax.numpy as jnp
y = jnp.array([1.0, 2.0, 3.0, 4.0])
w = jnp.array(0.0)

def example_loss(w, y):
    return 0.5 * (w - y) ** 2
# Differentiate the objective to obtain `per` via automatic differentiation.
per = jax.vmap(jax.grad(example_loss), in_axes=(None, 0))(w, y)
# Differentiate the objective to obtain `full` via automatic differentiation.
full = jax.grad(lambda w: jnp.mean(jax.vmap(example_loss, in_axes=(None, 0))(w, y)))(w)
assert jnp.allclose(per, jnp.array([-1.0, -2.0, -3.0, -4.0]))
assert jnp.allclose(full, -2.5)

# Step 2 — Enumerate every pair: All ordered pairs are equally likely under independent uniform draws.
pairs = (per[:, None] + per[None, :]) / 2
# Check tensor shape invariant: `pairs.shape == (4, 4)`
assert pairs.shape == (4, 4)
assert jnp.allclose(jnp.mean(pairs), full)
assert jnp.allclose(jnp.var(per), 1.25)
assert jnp.allclose(jnp.var(pairs), 0.625)

# Step 3 — Sample and replay one batch: Replay checks reproducibility.
# Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
key = jax.random.key(7)
# Sample deterministic random values into `indices` using an explicit PRNG key.
indices = jax.random.choice(key, 4, shape=(2,), replace=True)
# Sample deterministic random values into `replay` using an explicit PRNG key.
replay = jax.random.choice(key, 4, shape=(2,), replace=True)
assert jnp.array_equal(indices, replay)
print('full gradient / single variance / pair variance:', full, jnp.var(per), jnp.var(pairs))
print('sample indices / sample gradient:', indices, jnp.mean(per[indices]))
Exercise solution
# Exercise solution: Enumerate all 64 ordered batches of size 3.
triples = (per[:, None, None] + per[None, :, None] + per[None, None, :]) / 3
assert triples.size == 64
assert jnp.allclose(jnp.mean(triples), full, atol=1e-06)
assert jnp.allclose(jnp.var(triples), 1.25 / 3, atol=1e-06)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:45:58.425895+00:00
full gradient / single variance / pair variance: -2.5 1.25 0.625
sample indices / sample gradient: [3 2] -3.5
full gradient / single variance / pair variance: -2.5 1.25 0.625
sample indices / sample gradient: [3 2] -3.5
PASS: optimization-11

Accumulate before updating
# Accumulate before updating (Transfer / diagnosis): Exact accumulation matches the full mean gradient only when...
# Differentiate the objective to obtain `g1` via automatic differentiation.
g1 = jax.grad(lambda z: jnp.mean(0.5 * (z - y[:3]) ** 2))(w)
# Differentiate the objective to obtain `g2` via automatic differentiation.
g2 = jax.grad(lambda z: jnp.mean(0.5 * (z - y[3:]) ** 2))(w)
accumulated = (3 * g1 + g2) / 4
assert jnp.allclose(w - 0.1 * accumulated, w - 0.1 * full)
Exact accumulation matches the full mean gradient only when all microbatches use the same parameters and the reduction is correct.
Detect a biased sampler
# Detect a biased sampler (Transfer / diagnosis): Uniform mean-gradient claims require the corresponding...
biased = 0.9 * per[0] + 0.1 * per[3]
assert jnp.allclose(biased, -1.3)
assert not jnp.allclose(biased, full)
Uniform mean-gradient claims require the corresponding sampling assumptions. A biased sampler changes the expected objective unless properly corrected.
Checkpoint
Answer: When batch sizes are equal, or the means are weighted by their example counts. The dataset mean weights examples equally. Unequal batches need count weighting.
Optimize with Optax
Assembled example code
# Step 1 — 1. Prepare the inputs: This block establishes the values used by the following steps; run...
import jax
import jax.numpy as jnp
import optax
# Step 2 — 2. Define the computation: loss maps the two parameter leaves to row-wise predictions.
params = {"weight": jnp.array(0.), "bias": jnp.array(0.)}
x = jnp.linspace(-1., 1., 21)
y = 2. * x + 1.
def loss(p):
    return jnp.mean((p["weight"] * x + p["bias"] - y) ** 2)
# Configure or step the Optax optimizer state (`optimizer`).
optimizer = optax.sgd(0.2)
state = optimizer.init(params)
# Step 3 — 3. Measure and verify: Weight approaches 2.0, bias approaches 1.0, and loss is below 10^{-8}.
initial_loss = loss(params)
for _ in range(120):
    # Differentiate the objective to obtain `grads` via automatic differentiation.
    grads = jax.grad(loss)(params)
    # Apply the computed gradient updates to update the model parameters.
    updates, state = optimizer.update(grads, state, params)
    # Configure or step the Optax optimizer state (`params`).
    params = optax.apply_updates(params, updates)
print("Parameters:", params)
print("Loss:", float(loss(params)))
assert loss(params) < 1e-8
assert jnp.allclose(params["weight"], 2., atol=1e-4)
assert jnp.allclose(params["bias"], 1., atol=1e-4)
Exercise solution
# Exercise solution: At the original zero parameters, compare the first Optax SGD update...
start = {"weight": jnp.array(0.), "bias": jnp.array(0.)}
# Differentiate the objective to obtain `grads` via automatic differentiation.
grads = jax.grad(loss)(start)
# Apply the computed gradient updates to update the model parameters.
updates, _ = optimizer.update(grads, optimizer.init(start), start)
# Configure or step the Optax optimizer state (`actual`).
actual = optax.apply_updates(start, updates)
# Transform every leaf of the parameter PyTree (`expected`).
expected = jax.tree.map(lambda p, g: p - 0.2 * g, start, grads)
assert all(jnp.allclose(a, b) for a, b in zip(jax.tree.leaves(actual), jax.tree.leaves(expected)))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:01.015273+00:00
Parameters: {'bias': Array(1., dtype=float32), 'weight': Array(1.9999996, dtype=float32)}
Loss: 5.126058404787345e-14
Parameters: {'bias': Array(1., dtype=float32), 'weight': Array(1.9999996, dtype=float32)}
Loss: 5.126058404787345e-14
First parameters: {'bias': Array(0.4, dtype=float32), 'weight': Array(0.29333338, dtype=float32)}
PASS: optimization-04

Replay a momentum continuation
# Replay a momentum continuation (Transfer / diagnosis): This verifies an in-memory optimizer transition.
replay_u, replay_state = momentum.update(jnp.array(1.), m1)
assert jnp.allclose(replay_u, u2)
assert all(jnp.allclose(a,b) for a,b in zip(jax.tree.leaves(replay_state), jax.tree.leaves(m2)))
This verifies an in-memory optimizer transition. It does not test serialization or a data-loader resume.
Catch double subtraction
# Catch double subtraction (Transfer / diagnosis): Comparing identical gradients exposes an update-sign error...
# Transform every leaf of the parameter PyTree (`wrong`).
wrong = jax.tree.map(lambda p,u: p-u, p0,u0)
# Configure or step the Optax optimizer state (`right`).
right = optax.apply_updates(p0,u0)
assert loss(wrong) > loss(p0)
assert loss(right) < loss(p0)
Comparing identical gradients exposes an update-sign error rather than a hyperparameter difference.
Checkpoint
Answer: The new optimizer state returned by update. State carries momentum or adaptive statistics between steps. Reinitializing it discards that history.
Adam, clipping, and learning-rate schedules
Assembled example code
# Step 1 — Build a transparent Adam reference: The supplied gradients isolate optimizer arithmetic; they are not...
import jax
import jax.numpy as jnp
import optax
params = jnp.zeros(2)
# Configure or step the Optax optimizer state (`adam`).
adam = optax.adam(0.1, b1=0.9, b2=0.99, eps=1e-08)
state = adam.init(params)
m = jnp.zeros(2)
v = jnp.zeros(2)
gradients = [jnp.array([2.0, -4.0]), jnp.array([1.0, 3.0])]

# Step 2 — Verify both moment updates: The first update is near (-0.1,0.1); the next depends on both...
for t, g in enumerate(gradients, start=1):
    m = 0.9 * m + 0.1 * g
    v = 0.99 * v + 0.01 * g * g
    expected = -0.1 * (m / (1 - 0.9 ** t)) / (jnp.sqrt(v / (1 - 0.99 ** t)) + 1e-08)
    update, state = adam.update(g, state, params)
    assert jnp.allclose(update, expected, atol=2e-06, rtol=2e-06)
    # Apply the computed gradient updates to update the model parameters.
    params = optax.apply_updates(params, update)
    print('step / update:', t, update)

# Step 3 — Inspect one clipped update: For this SGD chain, the update norm is 0.1.
g = jnp.array([3.0, 4.0])
# Configure or step the Optax optimizer state (`clip`).
clip = optax.clip_by_global_norm(1.0)
clipped, _ = clip.update(g, clip.init(jnp.zeros(2)))
assert jnp.allclose(clipped, jnp.array([0.6, 0.8]), atol=1e-06)
# Configure or step the Optax optimizer state (`chain`).
chain = optax.chain(optax.clip_by_global_norm(1.0), optax.sgd(0.1))
update, _ = chain.update(g, chain.init(jnp.zeros(2)))
assert jnp.allclose(update, jnp.array([-0.06, -0.08]), atol=1e-06)
Exercise solution
# Exercise solution: Compare global norm clipping with coordinate-wise clipping on (3,4).
coordinate = jnp.clip(g, -1.0, 1.0)
assert jnp.allclose(coordinate, jnp.array([1.0, 1.0]))
assert jnp.allclose(clipped[0] / clipped[1], g[0] / g[1])
assert not jnp.allclose(coordinate[0] / coordinate[1], g[0] / g[1])
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:04.755758+00:00
step / update: 1 [-0.09999993  0.09999993]
step / update: 2 [-0.09334469  0.00893815]
step / update: 1 [-0.09999993  0.09999993]
step / update: 2 [-0.09334469  0.00893815]
schedule rates: [0.1    0.0775 0.055  0.0325 0.01   0.01  ]
sgd initial / final loss: 5.5 0.0029602647
momentum initial / final loss: 5.5 0.024945451
adam initial / final loss: 5.5 0.00012754407
PASS: optimization-12

Catch schedule restart
# Catch schedule restart (Transfer / diagnosis): Restoring weights without optimizer state can silently...
# Configure or step the Optax optimizer state (`tx`).
tx = optax.sgd(schedule)
p = jnp.array(0.0)
s = tx.init(p)
for _ in range(5):
    delta, s = tx.update(jnp.array(1.0), s, p)
    # Configure or step the Optax optimizer state (`p`).
    p = optax.apply_updates(p, delta)
continued, _ = tx.update(jnp.array(1.0), s, p)
restarted, _ = tx.update(jnp.array(1.0), tx.init(p), p)
assert jnp.allclose(continued, -0.01, atol=1e-06)
assert jnp.allclose(restarted, -0.1, atol=1e-06)
Restoring weights without optimizer state can silently restart the learning-rate schedule.
Check transformation order
# Check transformation order (Transfer / diagnosis): Transformation order changes the algorithm.
# Configure or step the Optax optimizer state (`before`).
before = optax.chain(optax.clip_by_global_norm(1.0), optax.sgd(0.1))
# Configure or step the Optax optimizer state (`after`).
after = optax.chain(optax.sgd(0.1), optax.clip_by_global_norm(1.0))
u_before, _ = before.update(g, before.init(jnp.zeros(2)))
u_after, _ = after.update(g, after.init(jnp.zeros(2)))
assert jnp.allclose(jnp.linalg.norm(u_before), 0.1, atol=1e-06)
assert jnp.allclose(jnp.linalg.norm(u_after), 0.5, atol=1e-06)
Transformation order changes the algorithm. State whether the bound applies to the raw gradient or the parameter update, and retain the observed evidence.
Checkpoint
Answer: No; Adam subsequently rescales coordinates. The clipping threshold bounds the incoming gradient. Adam’s stateful rescaling and learning rate determine the final update.
Build a tiny multilayer perceptron
Assembled example code
# Step 1 — 1. Define the fixture and parameter tree: The parameter count is 16+8+8+1=33.
import jax
import jax.numpy as jnp
import numpy as np
import optax
x = jnp.array([[-1.,-1.],[-1.,1.],[1.,-1.],[1.,1.]])
y = jnp.array([0.,1.,1.,0.])
# Create or split explicit PRNG key(s) (`(k1, k2)`) for reproducible randomness.
k1, k2 = jax.random.split(jax.random.key(0))
# Sample deterministic random values into `params` using an explicit PRNG key.
params = {'w1':jax.random.normal(k1,(2,8))*.4, 'b1':jnp.zeros(8),
          'w2':jax.random.normal(k2,(8,1))*.4, 'b2':jnp.zeros(1)}
assert sum(a.size for a in jax.tree.leaves(params)) == 33

# Step 2 — 2. Write prediction and verify the loss: The zero-score baseline is about 0.693147.
def logits(p, batch):
    return (jnp.tanh(batch@p['w1']+p['b1'])@p['w2']+p['b2']).squeeze(-1)
def loss(p, batch, labels):
    return jnp.mean(optax.sigmoid_binary_cross_entropy(logits(p,batch),labels))
# Convert `scores` to a host NumPy array for inspection or verification.
scores = np.asarray(logits(params,x))
# Aggregate array values to compute `expected`.
expected = np.mean(np.logaddexp(0.,scores)-np.asarray(y)*scores)
np.testing.assert_allclose(loss(params,x,y), expected, rtol=1e-6)
# Transform every leaf of the parameter PyTree (`zeros`).
zeros = jax.tree.map(jnp.zeros_like, params)
np.testing.assert_allclose(loss(zeros,x,y),np.log(2.),rtol=1e-6)
# Check tensor shape invariant: `logits(params,jnp.ones((1,2))).shape == (1,)`
assert logits(params,jnp.ones((1,2))).shape == (1,)

# Step 3 — 3. Train and evaluate untouched points: The independent held-out seed changes input coordinates.
# Configure or step the Optax optimizer state (`tx`).
tx = optax.adam(.03)
state = tx.init(params)
# Define and JIT-compile `step(p, s)` so XLA traces and fuses the operations:
@jax.jit
def step(p,s):
    # Differentiate the objective to obtain `(value, grads)` via automatic differentiation.
    value,grads = jax.value_and_grad(loss)(p,x,y)
    updates,s = tx.update(grads,s,p)
    return optax.apply_updates(p,updates),s,value
initial = float(loss(params,x,y))
for _ in range(200): params,state,_ = step(params,state)
# Draw pseudorandom samples for `rng` using the explicit RNG state.
rng = np.random.default_rng(12)
# Convert `held_x` to a host NumPy array for inspection or verification.
held_x = np.repeat(np.asarray(x),8,axis=0)+rng.normal(0,.12,(32,2))
held_y = (held_x[:,0]*held_x[:,1]<0).astype(np.float32)
held_scores = np.asarray(logits(params,jnp.array(held_x)))
# Aggregate array values to compute `accuracy`.
accuracy = np.mean((held_scores>0)==held_y)
final = float(loss(params,x,y))
assert final < .03 and accuracy >= .95
print('Training loss:', initial, '->', final, 'held-out accuracy:', accuracy)
Exercise solution
# Exercise solution: Swap class zero and one.
complemented=dict(params,w2=-params['w2'],b2=-params['b2'])
changed_x=jnp.array([[-.8,.7],[.7,.9],[-1.1,-.8]])
np.testing.assert_allclose(logits(complemented,changed_x),-logits(params,changed_x),atol=1e-6)
# Convert `expected_labels` to a host NumPy array for inspection or verification.
expected_labels=(np.asarray(changed_x)[:,0]*np.asarray(changed_x)[:,1]>0)
assert np.array_equal(np.asarray(logits(complemented,changed_x)>0),expected_labels)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:11.350755+00:00
Training loss: 0.7047799825668335 -> 0.0015878621488809586 held-out accuracy: 1.0
Training loss: 0.7047799825668335 -> 0.0015878621488809586 held-out accuracy: 1.0
Consistent hidden permutation preserves logits; one-sided permutation changes them.
PASS: networks-01

Reorder hidden units without changing predictions
# Reorder hidden units without changing predictions (Transfer): A hidden unit has no intrinsic index.
order=jnp.array([7,0,6,1,5,2,4,3])
probe=jnp.array([[.2,-.9],[-.4,.6],[.8,.1]])
permuted=dict(params,w1=params['w1'][:,order],b1=params['b1'][order],w2=params['w2'][order,:])
np.testing.assert_allclose(logits(permuted,probe),logits(params,probe),rtol=1e-5,atol=1e-5)
broken=dict(params,w1=params['w1'][:,order],b1=params['b1'][order])
assert not np.allclose(logits(broken,probe),logits(params,probe),atol=1e-5)
print('Consistent hidden permutation preserves logits; one-sided permutation changes them.')
A hidden unit has no intrinsic index. Reordering its incoming weights, bias and outgoing weights together preserves the function. This is a parameter-layout invariant, not another training run.
Diagnose accidental pairwise broadcasting
# Diagnose accidental pairwise broadcasting (Intermediate): The incorrect scalar still looks plausible, but it compares...
# Configure or step the Optax optimizer state (`bad`).
bad=optax.sigmoid_binary_cross_entropy(logits(params,x),y[:,None])
# Check tensor shape invariant: `bad.shape==(4,4)`
assert bad.shape==(4,4)
# Configure or step the Optax optimizer state (`good`).
good=optax.sigmoid_binary_cross_entropy(logits(params,x),y)
# Check tensor shape invariant: `good.shape==(4,)`
assert good.shape==(4,)
np.testing.assert_allclose(jnp.mean(good),loss(params,x,y),rtol=1e-6)
The incorrect scalar still looks plausible, but it compares each score with every label. A shape check catches the silent objective change.
Checkpoint
Answer: Without it the composition is still affine. The optimizer can change coefficients but cannot enlarge the affine function class. The activation supplies nonlinear intermediate features.
Model and state with Flax NNX
Assembled example code
# Step 1 — 1. Define typed state and the model: nnx.Rngs manages initializer keys.
from flax import nnx
import jax
import jax.numpy as jnp
import numpy as np
# Define `TinyMLP` module / container with explicit state and forward pass:
class TinyMLP(nnx.Module):
    def __init__(self,seed=0):
        rngs=nnx.Rngs(seed)
        self.hidden=nnx.Linear(2,3,rngs=rngs)
        self.out=nnx.Linear(3,1,rngs=rngs)
        # Create device-backed JAX array `self.calls`.
        self.calls=nnx.Variable(jnp.array(0,dtype=jnp.int32))
    def __call__(self,x,record=False):
        if record:self.calls[...] += 1
        return self.out(nnx.tanh(self.hidden(x))).squeeze(-1)
model=TinyMLP()
batch=jnp.array([[1.,2.],[-1.,.5],[0.,0.]])

# Step 2 — 2. Verify equations and inspect the filters: The matching forward pass verifies the network wiring.
scores=model(batch,record=True)
# Convert `h` to a host NumPy array for inspection or verification.
h=np.tanh(np.asarray(batch)@np.asarray(model.hidden.kernel[...])+np.asarray(model.hidden.bias[...]))
# Convert `expected` to a host NumPy array for inspection or verification.
expected=(h@np.asarray(model.out.kernel[...])+np.asarray(model.out.bias[...])).squeeze(-1)
np.testing.assert_allclose(scores,expected,rtol=1e-5,atol=1e-6)
param_state=nnx.state(model,nnx.Param)
other_state=nnx.state(model,nnx.Not(nnx.Param))
assert sum(a.size for a in jax.tree.leaves(param_state))==13
assert sum(a.size for a in jax.tree.leaves(other_state))==1
assert int(model.calls[...])==1

# Step 3 — 3. Split, merge, and test independence: nnx.grad differentiates Param variables by default.
graphdef,state=nnx.split(model)
# Transform every leaf of the parameter PyTree (`clone`).
clone=nnx.merge(graphdef,jax.tree.map(lambda a:jnp.array(a,copy=True),state))
np.testing.assert_allclose(clone(batch),model(batch),rtol=1e-6)
clone(batch,record=True)
assert int(clone.calls[...])==2 and int(model.calls[...])==1
# Differentiate the objective to obtain `grads` via automatic differentiation.
grads=nnx.grad(lambda m:jnp.mean(m(batch)**2))(model)
assert sum(a.size for a in jax.tree.leaves(grads))==13
assert 'calls' not in grads
print('Trainable scalars: 13; other state: 1; clone counters:',int(model.calls[...]),int(clone.calls[...]))
Exercise solution
# Exercise solution: Apply the model to one new row and to five rows.
single=jnp.array([[.3,-.7]])
# Check tensor shape invariant: `model(single).shape==(1,)`
assert model(single).shape==(1,)
# Check tensor shape invariant: `model(jnp.repeat(single,5,axis=0)).shape==(5,)`
assert model(jnp.repeat(single,5,axis=0)).shape==(5,)
assert sum(a.size for a in jax.tree.leaves(nnx.state(model,nnx.Param)))==13
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:15.263948+00:00
Trainable scalars: 13; other state: 1; clone counters: 1 2
Trainable scalars: 13; other state: 1; clone counters: 1 2
Clone logits shifted by one; original parameters unchanged.
PASS: networks-02

Change a clone without changing its source
# Change a clone without changing its source (Transfer): The bias is broadcast over observations, so every logit...
# Transform every leaf of the parameter PyTree (`original_leaves`).
original_leaves=[np.array(a,copy=True) for a in jax.tree.leaves(nnx.state(model,nnx.Param))]
# Convert `old_clone` to a host NumPy array for inspection or verification.
old_clone=np.asarray(clone(batch)).copy()
clone.out.bias[...] = clone.out.bias[...] + 1.
np.testing.assert_allclose(clone(batch),old_clone+1.,rtol=1e-5,atol=1e-6)
for before,after in zip(original_leaves,jax.tree.leaves(nnx.state(model,nnx.Param))):
    # Execute `np.testing.assert_array_equal(before,after)`
    np.testing.assert_array_equal(before,after)
print('Clone logits shifted by one; original parameters unchanged.')
The bias is broadcast over observations, so every logit shifts equally. Comparing original leaves detects accidental aliasing; equal parameter counts cannot detect that bug.
Diagnose a shared module reference
# Diagnose a shared module reference (Intermediate): Sharing a graph is useful for tied layers but wrong for an...
saved_count=int(model.calls[...])
shared=model
shared(batch,record=True)
assert int(model.calls[...])==saved_count+1
graph,state=nnx.split(model)
# Transform every leaf of the parameter PyTree (`independent`).
independent=nnx.merge(graph,jax.tree.map(lambda a:jnp.array(a,copy=True),state))
independent(batch,record=True)
assert int(model.calls[...])==saved_count+1
assert int(independent.calls[...])==saved_count+2
Sharing a graph is useful for tied layers but wrong for an independent evaluation copy. Split, copy state, and merge supply independent variables in this example.
Checkpoint
Answer: It is excluded from parameter gradients, but may still change in a forward pass. Trainability and mutability are different properties. Filtering controls differentiation; the forward function still controls state updates.
A compiled train and evaluation step
Assembled example code
# Step 1 — 1. Construct data, model, and optimizer: The held-out seed is 11; every optimizer call below uses seed-10...
from flax import nnx
import jax
import jax.numpy as jnp
import numpy as np
import optax
def dataset(seed,n=48):
    a=np.random.default_rng(seed).normal(size=(n,2)).astype(np.float32)
    b=(a[:,0]+.5*a[:,1]>0).astype(np.float32)
    return jnp.array(a),jnp.array(b)
train_x,train_y=dataset(10)
test_x,test_y=dataset(11)
# Define `Classifier` module / container with explicit state and forward pass:
class Classifier(nnx.Module):
    def __init__(self,seed=0):
        rngs=nnx.Rngs(seed)
        self.hidden=nnx.Linear(2,8,rngs=rngs)
        self.out=nnx.Linear(8,1,rngs=rngs)
    def __call__(self,x):return self.out(nnx.tanh(self.hidden(x))).squeeze(-1)
def objective(m,x,y):return jnp.mean(optax.sigmoid_binary_cross_entropy(m(x),y))
def initialize():
    m=Classifier(0)
    return m,nnx.Optimizer(m,optax.adam(.03),wrt=nnx.Param)
model,optimizer=initialize()

# Step 2 — 2. Define the two compiled functions: The 80-update counter is an optimizer invariant.
# Define and JIT-compile `train_step(m, o, x, y)` so XLA traces and fuses the operations:
@nnx.jit
def train_step(m,o,x,y):
    # Differentiate the objective to obtain `(value, grads)` via automatic differentiation.
    value,grads=nnx.value_and_grad(objective)(m,x,y)
    # Update state in place with the new values.
    o.update(m,grads)
    return value
# Define and JIT-compile `evaluate(m, x, y)` so XLA traces and fuses the operations:
@nnx.jit
def evaluate(m,x,y):
    scores=m(x)
    return jnp.mean(optax.sigmoid_binary_cross_entropy(scores,y)),jnp.mean((scores>0)==y)
def snapshot(m):return [np.array(a,copy=True) for a in jax.tree.leaves(nnx.state(m))]
before_loss=float(objective(model,train_x,train_y))
# Execute `for _ in range(80):train_step(model,optimizer,train_x,train_y)`.
for _ in range(80):train_step(model,optimizer,train_x,train_y)
assert int(optimizer.step[...])==80

# Step 3 — 3. Verify held-out metrics and state isolation: The synthetic fixture normally exceeds 0.85 held-out accuracy.
frozen=snapshot(model)
step_count=int(optimizer.step[...])
test_loss,test_accuracy=evaluate(model,test_x,test_y)
for a,b in zip(frozen,snapshot(model)):np.testing.assert_array_equal(a,b)
assert int(optimizer.step[...])==step_count
# Convert `scores` to a host NumPy array for inspection or verification.
# Convert `labels` to a host NumPy array for inspection or verification.
scores=np.asarray(model(test_x))
labels=np.asarray(test_y)
np.testing.assert_allclose(test_loss,np.mean(np.logaddexp(0.,scores)-labels*scores),rtol=1e-5,atol=1e-6)
np.testing.assert_allclose(test_accuracy,np.mean((scores>0)==labels),atol=1e-6)
assert float(test_accuracy)>.85 and float(objective(model,train_x,train_y))<before_loss*.3
print('Updates:',step_count,'held-out loss:',float(test_loss),'accuracy:',float(test_accuracy))
Exercise solution
# Exercise solution: Compute held-out metrics in three equal chunks and reconstruct the...
old=snapshot(model)
pieces=[evaluate(model,test_x[i:i+16],test_y[i:i+16]) for i in range(0,48,16)]
# Reduce along axis=0 to compute `aggregate`.
aggregate=np.mean(np.asarray(pieces),axis=0)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(aggregate,np.asarray(evaluate(model,test_x,test_y)),rtol=1e-5,atol=1e-6)
for a,b in zip(old,snapshot(model)):np.testing.assert_array_equal(a,b)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:21.256922+00:00
Updates: 80 held-out loss: 0.018426384776830673 accuracy: 1.0
Updates: 80 held-out loss: 0.018426384776830673 accuracy: 1.0
Count-weighted held-out metrics: [0.01842638 0.99999995] constructed accuracy: 0.5416666666666666
PASS: networks-03

Aggregate unequal batches
# Aggregate unequal batches (Transfer): A batch is a packaging choice, not a unit of evidence.
sizes=np.array([7,41])
# Convert `metrics` to a host NumPy array for inspection or verification.
metrics=np.asarray([evaluate(model,test_x[:7],test_y[:7]),evaluate(model,test_x[7:],test_y[7:])])
# Reduce along axis=0 to compute `weighted`.
weighted=(metrics*sizes[:,None]).sum(axis=0)/sizes.sum()
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(weighted,np.asarray(evaluate(model,test_x,test_y)),rtol=1e-5,atol=1e-6)
correct=np.array([6,20])
counts=np.array([7,41])
expected=26/48
# Execute `np.testing.assert_allclose(correct.sum()/counts.sum(),expected)`.
np.testing.assert_allclose(correct.sum()/counts.sum(),expected)
assert not np.isclose(np.mean(correct/counts),expected)
print('Count-weighted held-out metrics:',weighted,'constructed accuracy:',expected)
A batch is a packaging choice, not a unit of evidence. The constructed counts expose the bias even if a particular model happens to obtain equal accuracy on both actual batches.
Catch an evaluation function that trains
# Catch an evaluation function that trains (Intermediate): A plausible returned loss is separate from evaluation.
graph,state=nnx.split(model)
# Transform every leaf of the parameter PyTree (`bad_model`).
bad_model=nnx.merge(graph,jax.tree.map(lambda a:jnp.array(a,copy=True),state))
# Configure or step the Optax optimizer state (`bad_optimizer`).
bad_optimizer=nnx.Optimizer(bad_model,optax.adam(.03),wrt=nnx.Param)
prior=snapshot(bad_model)
train_step(bad_model,bad_optimizer,test_x,test_y)
assert int(bad_optimizer.step[...])==1
assert any(not np.array_equal(a,b) for a,b in zip(prior,snapshot(bad_model)))
assert int(optimizer.step[...])==80
A plausible returned loss is separate from evaluation. Passing held-out data through the update function leaks it into learned state.
Checkpoint
Answer: The parameters entering that update. The order of statements matters: value_and_grad runs before applying the update. Use a fresh evaluation call to measure final parameters.
Train a CNN on a small dataset
Assembled example code
# Step 1 — 1. Generate two disjoint synthetic splits: Two seeds produce separate examples.
from flax import nnx
import jax
import jax.numpy as jnp
import numpy as np
import optax
def bars(seed,n,noise=.08):
    # Draw pseudorandom samples for `rng` using the explicit RNG state.
    rng=np.random.default_rng(seed)
    # Allocate initialized array `images` with the specified shape and dtype.
    images=np.zeros((n,8,8,1),np.float32)
    labels=np.arange(n,dtype=np.int32)%2
    for i,label in enumerate(labels):
        # Draw pseudorandom samples for `position` using the explicit RNG state.
        position=int(rng.integers(2,6))
        if label==0:images[i,position,:,0]=1.
        else:images[i,:,position,0]=1.
    # Accumulate the next contribution into `images`.
    images+=rng.normal(0,noise,images.shape).astype(np.float32)
    return jnp.array(images),jnp.array(labels)
train_x,train_y=bars(20,48)
test_x,test_y=bars(21,24)
# Check tensor shape invariant: `train_x.shape==(48,8,8,1) and test_x.shape==(24,8,8,1)`
assert train_x.shape==(48,8,8,1) and test_x.shape==(24,8,8,1)
assert not np.array_equal(np.asarray(train_x[:24]),np.asarray(test_x))

# Step 2 — 2. Build and independently inspect the convolution: The first output at (0,0) consumes exactly the top-left 3\times3...
# Define `BarCNN` module / container with explicit state and forward pass:
class BarCNN(nnx.Module):
    def __init__(self):
        rngs=nnx.Rngs(0)
        # Combine or mask array elements to form `self.conv`.
        self.conv=nnx.Conv(1,4,(3,3),padding='VALID',rngs=rngs)
        self.head=nnx.Linear(4,2,rngs=rngs)
    def __call__(self,x):
        # Apply nonlinear activation or probability normalization to compute `features`.
        features=jnp.mean(nnx.relu(self.conv(x)),axis=(1,2))
        return self.head(features)
model=BarCNN()
raw=model.conv(train_x[:1])
# Check tensor shape invariant: `raw.shape==(1,6,6,4)`
assert raw.shape==(1,6,6,4)
# Convert `patch` to a host NumPy array for inspection or verification.
patch=np.asarray(train_x[0,:3,:3,:])
# Convert `kernel` to a host NumPy array for inspection or verification.
kernel=np.asarray(model.conv.kernel[...])
# Aggregate array values to compute `expected`.
expected=np.sum(patch*kernel[:,:,:,0])+np.asarray(model.conv.bias[...])[0]
np.testing.assert_allclose(raw[0,0,0,0],expected,rtol=1e-5,atol=1e-6)
def loss(m,x,y):return jnp.mean(optax.softmax_cross_entropy_with_integer_labels(m(x),y))
# Configure or step the Optax optimizer state (`optimizer`).
optimizer=nnx.Optimizer(model,optax.adam(.03),wrt=nnx.Param)
@nnx.jit
def train_step(m,o,x,y):
    # Evaluate both scalar loss and parameter gradients in one pass (`(value, grads)`).
    value,grads=nnx.value_and_grad(loss)(m,x,y)
    # Update state in place with the new values.
    o.update(m,grads)
    return value

# Step 3 — 3. Fit, then measure the held-out split once: The output is a measured CPU result for synthetic bars.
initial=float(loss(model,train_x,train_y))
# Execute `for _ in range(80):train_step(model,optimizer,train_x,train_y)`.
for _ in range(80):train_step(model,optimizer,train_x,train_y)
# Convert `scores` to a host NumPy array for inspection or verification.
# Convert `labels` to a host NumPy array for inspection or verification.
scores=np.asarray(model(test_x))
labels=np.asarray(test_y)
predictions=scores.argmax(axis=-1)
# Reduce along axis=-1 to compute `shifted`.
shifted=scores-scores.max(axis=-1,keepdims=True)
# Reduce along axis=-1 to compute `reference_loss`.
reference_loss=np.mean(np.log(np.exp(shifted).sum(axis=-1))-shifted[np.arange(len(labels)),labels])
np.testing.assert_allclose(loss(model,test_x,test_y),reference_loss,rtol=1e-5,atol=1e-6)
# Allocate initialized array `confusion` with the specified shape and dtype.
confusion=np.zeros((2,2),dtype=int)
np.add.at(confusion,(labels,predictions),1)
# Aggregate array values to compute `accuracy`.
accuracy=np.mean(predictions==labels)
assert confusion.sum()==24 and np.isclose(np.trace(confusion)/24,accuracy)
assert accuracy>=.9 and float(loss(model,train_x,train_y))<initial*.3
print('Held-out loss:',reference_loss,'accuracy:',accuracy,'confusion:\n',confusion)
Exercise solution
# Exercise solution: Apply the trained model to one 10\times10 image.
larger=jnp.zeros((1,10,10,1))
larger=larger.at[0,4,:,0].set(1.)
# Check tensor shape invariant: `model.conv(larger).shape==(1,8,8,4)`
assert model.conv(larger).shape==(1,8,8,4)
# Check tensor shape invariant: `model(larger).shape==(1,2)`
assert model(larger).shape==(1,2)
assert sum(a.size for a in jax.tree.leaves(nnx.state(model,nnx.Param)))==50
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:26.728813+00:00
Held-out loss: 0.015700625 accuracy: 1.0 confusion:
 [[12  0]
 [ 0 12]]
Held-out loss: 0.015700625 accuracy: 1.0 confusion:
 [[12  0]
 [ 0 12]]
True-class counts: [12 12] row-normalized confusion: [[1. 0.]
 [0. 1.]]
Absent class recall: undefined, not zero.
PASS: networks-04

Read a confusion matrix as conditional rates
# Read a confusion matrix as conditional rates (Transfer): Each row asks where examples of one true class went.
# Reduce along axis=1 to compute `counts`.
counts=confusion.sum(axis=1)
# Combine or mask array elements to form `rates`.
rates=np.divide(confusion,counts[:,None],out=np.full(confusion.shape,np.nan),where=counts[:,None]!=0)
# Allocate initialized array `` with the specified shape and dtype.
np.testing.assert_allclose(rates.sum(axis=1),np.ones(2))
# Execute `np.testing.assert_allclose((np.diag(rates)*counts).sum()/counts.sum(),accuracy)`.
np.testing.assert_allclose((np.diag(rates)*counts).sum()/counts.sum(),accuracy)
missing=np.array([[3,1],[0,0]])
# Reduce along axis=1 to compute `n`.
n=missing.sum(axis=1)
# Combine or mask array elements to form `missing_rates`.
missing_rates=np.divide(missing,n[:,None],out=np.full(missing.shape,np.nan),where=n[:,None]!=0)
# Ensure all array elements remain finite: `np.isnan(missing_rates[1]).all()`
assert np.isnan(missing_rates[1]).all()
print('True-class counts:',counts,'row-normalized confusion:',rates)
print('Absent class recall: undefined, not zero.')
Each row asks where examples of one true class went. A missing class has no observed recall; assigning zero confuses missing evidence with demonstrated failure.
Catch a channel-order mistake
# Catch a channel-order mistake (Intermediate): The mistaken array has eight channels where the layer...
wrong=jnp.transpose(test_x[:2],(0,3,1,2))
caught=False
# Run the boundary check and catch the expected exception:
try:model(wrong)
except (ValueError,TypeError):caught=True
assert caught
# Rearrange tensor axes to match the required layout for `repaired`.
repaired=jnp.transpose(wrong,(0,2,3,1))
np.testing.assert_allclose(model(repaired),model(test_x[:2]),rtol=1e-6)
The mistaken array has eight channels where the layer expects one. Explicit layout conversion is the repair; changing the declared channel count would silently change the model task.
Checkpoint
Answer: The exact location of local responses. Pooling summarizes each feature channel over positions. This can support orientation classification, but it cannot preserve exact bar coordinates.
Debug unstable learning
Assembled example code
# Step 1 — 1. Define the controlled objective: The initial loss is 56/3 and the initial gradient is -56/3.
import jax
import jax.numpy as jnp
import numpy as np
x=jnp.array([1.,2.,3.])
y=2*x
def loss(w,features=x,targets=y):return jnp.mean((w*features-targets)**2)
def analytic_gradient(w):return (28/3)*(w-2)
np.testing.assert_allclose(loss(0.),56/3,rtol=1e-6)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(loss)(0.),-56/3,rtol=1e-6)

# Step 2 — 2. Instrument the update loop: The rate changes while initial state, data, and objective stay fixed.
# Define `run(rate, steps, features, targets...)` to evaluate the objective and its automatic derivatives:
def run(rate,steps,features=x,targets=y,clip=None):
    w=jnp.array(0.)
    history=[]
    objective=lambda value:loss(value,features,targets)
    for _ in range(steps):
        # Differentiate the objective to obtain `(value, grad)` via automatic differentiation.
        value,grad=jax.value_and_grad(objective)(w)
        history.append([float(w),float(value),float(jnp.abs(grad))])
        # Confirm that all computed values remain finite (no NaN or Inf).
        assert np.all(np.isfinite(history[-1]))
        # Combine or mask array elements to form `update`.
        update=jnp.clip(grad,-clip,clip) if clip is not None else grad
        w=w-rate*update
    return float(w),np.asarray(history)
stable,good=run(.1,6)
unstable,bad=run(.3,6)
assert abs(stable-2)<1e-5 and bad[-1,1]>bad[0,1]*100

# Step 3 — 3. Match the recorded failure to the exact recurrence: An alternating parameter error and a 3.24 loss multiplier support...
for rate,history in [(.1,good),(.3,bad)]:
    expected_w=2-2*(1-rate*28/3)**np.arange(len(history))
    expected_loss=(14/3)*(expected_w-2)**2
    np.testing.assert_allclose(history[:,0],expected_w,rtol=2e-5,atol=1e-5)
    np.testing.assert_allclose(history[:,1],expected_loss,rtol=2e-5,atol=1e-8)
np.testing.assert_allclose(bad[1:,1]/bad[:-1,1],3.24,rtol=1e-5)
print('Stable final weight:',stable,'unstable pre-update [weight,loss,|gradient|]:\n',bad)
Exercise solution
# Exercise solution: Use features [1, 1, 1] and targets 2.
ones=jnp.ones(3)
exact,history=run(.5,3,ones,2*ones)
divergent,divergent_history=run(1.1,6,ones,2*ones)
np.testing.assert_allclose(exact,2.,atol=1e-6)
assert divergent_history[-1,1]>divergent_history[0,1]
np.testing.assert_allclose(divergent_history[1:,1]/divergent_history[:-1,1],1.44,rtol=1e-5)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:28.762700+00:00
Stable final weight: 1.999999761581421 unstable pre-update [weight,loss,|gradient|]:
 [[ 0.00000000e+00  1.86666679e+01  1.86666679e+01]
 [ 5.60000038e+00  6.04800110e+01  3.36000061e+01]
 [-4.48000145e+00  1.95955292e+02  6.04800148e+01]
 [ 1.36640034e+01  6.34895264e+02  1.08864037e+02]
 [-1.89952106e+01  2.05706152e+03  1.95955322e+02]
 [ 3.97913895e+01  6.66488281e+03  3.52719635e+02]]
Stable final weight: 1.999999761581421 unstable pre-update [weight,loss,|gradient|]:
 [[ 0.00000000e+00  1.86666679e+01  1.86666679e+01]
 [ 5.60000038e+00  6.04800110e+01  3.36000061e+01]
 [-4.48000145e+00  1.95955292e+02  6.04800148e+01]
 [ 1.36640034e+01  6.34895264e+02  1.08864037e+02]
 [-1.89952106e+01  2.05706152e+03  1.95955322e+02]
 [ 3.97913895e+01  6.66488281e+03  3.52719635e+02]]
Reference / compensated / unchanged-rate updates: 1.8833334 1.8833332 8.416667
PASS: networks-05

Rescale the objective and compensate the update
# Rescale the objective and compensate the update (Transfer): Scaling the objective scales the gradient.
w0=jnp.array(.25)
# Differentiate the objective to obtain `base_gradient` via automatic differentiation.
base_gradient=jax.grad(loss)(w0)
# Differentiate the objective to obtain `scaled_gradient` via automatic differentiation.
scaled_gradient=jax.grad(lambda w:5*loss(w))(w0)
np.testing.assert_allclose(scaled_gradient,5*base_gradient,rtol=1e-6)
reference=w0-.1*base_gradient
compensated=w0-(.1/5)*scaled_gradient
uncompensated=w0-.1*scaled_gradient
np.testing.assert_allclose(compensated,reference,rtol=1e-6)
assert not np.isclose(uncompensated,reference)
print('Reference / compensated / unchanged-rate updates:',reference,compensated,uncompensated)
Scaling the objective scales the gradient. For this plain update the inverse rate change cancels it exactly. Stateful normalization, clipping and regularization need their own analysis.
Diagnose a nonfinite input before an update
# Diagnose a nonfinite input before an update (Intermediate): Nonfinite data is a different cause than excessive step size.
corrupted=x.at[1].set(jnp.nan)
# Differentiate the objective to obtain `(bad_value, bad_grad)` via automatic differentiation.
bad_value,bad_grad=jax.value_and_grad(lambda w:loss(w,corrupted,y))(0.)
# Confirm that all computed values remain finite (no NaN or Inf).
assert not np.isfinite(float(bad_value)) and not np.isfinite(float(bad_grad))
repaired=jnp.array([1.,2.,3.])
# Differentiate the objective to obtain `(repaired_value, repaired_grad)` via automatic differentiation.
repaired_value,repaired_grad=jax.value_and_grad(lambda w:loss(w,repaired,y))(0.)
np.testing.assert_allclose(repaired_grad,-56/3,rtol=1e-6)
# Confirm that all computed values remain finite (no NaN or Inf).
assert np.isfinite(float(repaired_value))
Nonfinite data is a different cause than excessive step size. Repair it at ingestion and validate the objective before taking another update.
Checkpoint
Answer: The squared-loss curvature grows by 100100. Both the residual scale and its weight derivative scale by ten, so the gradient and curvature scale by 100100. This is specific to the squared objective and paired scaling.
Design an input pipeline
Assembled example code
# Step 1 — Prepare the data and state: This setup makes the dataset and software assumptions explicit.
import numpy as np
import hashlib
import time
ids = np.arange(11,dtype=np.int64)
features = (ids/10).astype(np.float32)
labels = (2*features-1).astype(np.float32)
def dataset_digest(x,y):
    # Compute deterministic cryptographic digest `digest` for provenance verification.
    digest = hashlib.sha256()
    for array in (x,y):
        # Update state in place with the new values.
        digest.update(str(array.dtype).encode())
        # Update state in place with the new values.
        digest.update(str(array.shape).encode())
        # Update state in place with the new values.
        digest.update(array.tobytes())
    return digest.hexdigest()
fingerprint = dataset_digest(features,labels)
def epoch_order(seed,epoch):
    return np.random.default_rng(np.random.SeedSequence([seed,epoch])).permutation(len(ids))

# Step 2 — Build the pipeline or state transition: The function boundaries expose which inputs determine the next...
def make_batches(seed,epoch,batch_size=4,drop_last=False):
    # Guard input contract (`batch_size <= 0`) and fail fast if violated.
    if batch_size <= 0:
        raise ValueError("batch_size must be positive")
    order = epoch_order(seed,epoch)
    for start in range(0,len(order),batch_size):
        chosen = order[start:start+batch_size]
        if drop_last and len(chosen) < batch_size:
            break
        # Execute `yield {"id":ids[chosen],"x":features[chosen],"y":labels[chosen]}`.
        yield {"id":ids[chosen],"x":features[chosen],"y":labels[chosen]}
start_time = time.perf_counter()
batches = list(make_batches(seed=17,epoch=0))
elapsed = time.perf_counter()-start_time
# Combine or mask array elements to form `seen`.
seen = np.concatenate([b["id"] for b in batches])

# Step 3 — Run the comparison: The comparison checks the next behavior, not merely whether a save...
assert [len(b["id"]) for b in batches] == [4,4,3]
# Execute `np.testing.assert_array_equal(np.sort(seen),ids)`
np.testing.assert_array_equal(np.sort(seen),ids)
assert len(np.unique(seen)) == len(ids)
for batch in batches:
    np.testing.assert_allclose(batch["y"],2*batch["x"]-1,atol=1e-7)
# Combine or mask array elements to form `repeated`.
repeated = np.concatenate([b["id"] for b in make_batches(17,0)])
# Execute `np.testing.assert_array_equal(seen,repeated)`
np.testing.assert_array_equal(seen,repeated)
print("Batch sizes:",[len(b["id"]) for b in batches])
print("Example order:",seen.tolist())
print("Preparation seconds (local observation only):",elapsed)
print("Dataset SHA256:",fingerprint)
Exercise solution
# Exercise solution: Pad the final three-label batch to four elements with zero.
last = batches[-1]["y"]
# Combine or mask array elements to form `padded_labels`.
padded_labels = np.pad(last,(0,4-len(last)))
mask = np.array([1]*len(last)+[0]*(4-len(last)),dtype=np.float32)
# Aggregate array values to compute `masked`.
masked = (padded_labels*mask).sum()/mask.sum()
np.testing.assert_allclose(masked,last.mean(),atol=1e-7)
assert not np.isclose(padded_labels.mean(),last.mean())
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:29.735773+00:00
Batch sizes: [4, 4, 3]
Example order: [9, 10, 4, 1, 0, 7, 6, 8, 2, 5, 3]
Preparation seconds (local observation only): 0.00836424995213747
Dataset SHA256: 1a81451a8fb32a1bf0ad6307ea19198153ab1603b37174c76c4d498e343e6892
Batch sizes: [4, 4, 3]
Example order: [9, 10, 4, 1, 0, 7, 6, 8, 2, 5, 3]
Preparation seconds (local observation only): 1.874985173344612e-05
Dataset SHA256: 1a81451a8fb32a1bf0ad6307ea19198153ab1603b37174c76c4d498e343e6892
Epoch one order: [4, 0, 5, 10, 6, 2, 1, 9, 7, 3, 8]
Omitted IDs: [2, 3, 5]
Copy preserves fingerprint; reordered source and edited labels invalidate it.
PASS: recovery-01

Fingerprint meaning, not just a row count
# Fingerprint meaning, not just a row count (Transfer): A sampler permutation can be reproduced against a fixed source.
same=dataset_digest(features.copy(),labels.copy())
reversed_digest=dataset_digest(features[::-1],labels[::-1])
# Accumulate the next contribution into `changed_labels[0]`.
changed_labels=labels.copy()
changed_labels[0]+=0.1
changed_digest=dataset_digest(features,changed_labels)
assert same==fingerprint
assert reversed_digest!=fingerprint and changed_digest!=fingerprint
print('Copy preserves fingerprint; reordered source and edited labels invalidate it.')
A sampler permutation can be reproduced against a fixed source. Reordering the source changes which example an index identifies, so restoring only the sampler position would no longer have the same meaning.
Catch a feature/label shuffle mismatch
# Catch a feature/label shuffle mismatch (Challenge): Wrong alignment can preserve shapes and numeric ranges.
batch = batches[0]
wrong_labels = batch["y"][::-1]
assert not np.allclose(wrong_labels,2*batch["x"]-1)
fixed = labels[batch["id"]]
np.testing.assert_allclose(fixed,2*batch["x"]-1,atol=1e-7)
# Accumulate the next contribution into `changed_labels[0]`.
changed_labels = labels.copy()
changed_labels[0]+=1
assert dataset_digest(features,changed_labels)!=fingerprint
Wrong alignment can preserve shapes and numeric ranges. Keep common record IDs through transformations, and record dataset identity so restoring an old cursor does not silently select new content.
Checkpoint
Answer: The order/cursor and dataset/configuration identity.. Model state cannot reconstruct which records should be read next.
Load, batch, and checkpoint order with Grain
Assembled example code
# Step 1 — Prepare the data and state: This setup makes the dataset and software assumptions explicit.
import numpy as np
import grain.python as grain
# Define `TutorialSource` module / container with explicit state and forward pass:
class TutorialSource:
    def __init__(self,count=12):
        self.count = count
    def __len__(self):
        return self.count
    def __getitem__(self,index):
        value = np.float32(index/10)
        return {"id":np.int64(index),"x":value,"y":np.float32(2*value-1)}
    def __repr__(self):
        return f"TutorialSource(v1,n={self.count})"
def make_loader(seed=42,batch_size=4,count=12,drop_remainder=False):
    return grain.DataLoader(
        data_source=TutorialSource(count),
        sampler=grain.IndexSampler(num_records=count,num_epochs=2,shuffle=True,seed=seed),
        operations=[grain.Batch(batch_size,drop_remainder=drop_remainder)],
        worker_count=0)

# Step 2 — Build the pipeline or state transition: The function boundaries expose which inputs determine the next...
loader = make_loader()
iterator = iter(loader)
first_batch = next(iterator)
snapshot = iterator.get_state()
second_batch = next(iterator)
restored_iterator = iter(make_loader())
restored_iterator.set_state(snapshot)
replayed_batch = next(restored_iterator)

# Step 3 — Run the comparison: The comparison checks the next behavior, not merely whether a save...
np.testing.assert_array_equal(second_batch["id"],replayed_batch["id"])
for key in ("x","y"):
    # Execute `np.testing.assert_array_equal(second_batch[key],replayed_bat`
    np.testing.assert_array_equal(second_batch[key],replayed_batch[key])
for batch in (first_batch,second_batch):
    np.testing.assert_allclose(batch["y"],2*batch["x"]-1,atol=1e-7)
one_epoch = list(make_loader())[:3]
# Create evenly spaced index values in ``.
np.testing.assert_array_equal(np.sort(np.concatenate([b["id"] for b in one_epoch])),np.arange(12))
print("First IDs:",first_batch["id"].tolist())
print("Next IDs:",second_batch["id"].tolist())
print("Iterator state bytes:",len(snapshot))
print("Restored next batch matches")
Exercise solution
# Exercise solution: Consume two batches, snapshot, and replay the third batch with a new...
later = iter(make_loader())
next(later)
next(later)
later_state = later.get_state()
expected_third = next(later)
new_iterator = iter(make_loader())
new_iterator.set_state(later_state)
# Execute `np.testing.assert_array_equal(next(new_iterator)["id"],expec`
np.testing.assert_array_equal(next(new_iterator)["id"],expected_third["id"])
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:37.199821+00:00
First IDs: [8, 6, 7, 9]
Next IDs: [0, 5, 1, 2]
Iterator state bytes: 329
Restored next batch matches
First IDs: [8, 6, 7, 9]
Next IDs: [0, 5, 1, 2]
Iterator state bytes: 329
Restored next batch matches
Same seed restarts; it does not resume
Each epoch covers all twelve IDs
Next-epoch IDs replayed: [[2, 0, 11, 1], [5, 7, 6, 8]]
Expected sampler compatibility rejection
PASS: recovery-02

Replay through an epoch boundary
# Replay through an epoch boundary (Transfer): An epoch boundary changes the sampling context.
boundary=iter(make_loader())
# Execute `for _ in range(3):next(boundary)`.
for _ in range(3):next(boundary)
boundary_state=boundary.get_state()
expected=[next(boundary) for _ in range(2)]
replay=iter(make_loader())
replay.set_state(boundary_state)
for reference in expected:
    actual=next(replay)
    for name in ('id','x','y'):np.testing.assert_array_equal(actual[name],reference[name])
print('Next-epoch IDs replayed:',[b['id'].tolist() for b in expected])
An epoch boundary changes the sampling context. Testing across it checks more of the iterator contract than replaying one batch inside an epoch.
Reject a changed sampler
# Reject a changed sampler (Challenge): A snapshot cannot be assumed to apply to a different...
incompatible = iter(make_loader(seed=99))
# Run the boundary check and catch the expected exception:
try:
    incompatible.set_state(snapshot)
except ValueError:
    print("Expected sampler compatibility rejection")
else:
    raise AssertionError("Expected changed sampler rejection")
compatible = iter(make_loader(seed=42))
compatible.set_state(snapshot)
# Execute `np.testing.assert_array_equal(next(compatible)["id"],second_`
np.testing.assert_array_equal(next(compatible)["id"],second_batch["id"])
A snapshot cannot be assumed to apply to a different ordering configuration. Recreate the same pipeline configuration before restoring; explicit version/data identity checks remain necessary.
Checkpoint
Answer: Restoring compatible iterator state after rebuilding its source/sampler configuration.. Seed and source determine order, but iterator state determines where the resumed reader begins.
Save model, optimizer, and random state
Assembled example code
# Step 1 — Prepare the data and state: This setup makes the dataset and software assumptions explicit.
import jax
# Update state in place with the new values.
jax.config.update("jax_platforms","cpu")
import jax.numpy as jnp
import numpy as np
import optax
import orbax.checkpoint as ocp
import tempfile
import json
import hashlib
from pathlib import Path
# Configure or step the Optax optimizer state (`tx`).
tx = optax.adam(0.05)
def initial_state():
    params = {"weight":jnp.array(0.,jnp.float32),"bias":jnp.array(0.,jnp.float32)}
    return {"params":params,"optimizer":tx.init(params),
            "key_data":jax.random.key_data(jax.random.key(7,impl="threefry2x32")),
            "step":jnp.array(0,jnp.int32)}
def pack_bytes(raw,capacity=4096):
    # Guard input contract (`len(raw) > capacity`) and fail fast if violated.
    if len(raw)>capacity:
        raise ValueError("Snapshot exceeds tutorial fixed-byte capacity")
    # Allocate initialized array `buffer` with the specified shape and dtype.
    buffer = np.zeros(capacity,dtype=np.uint8)
    buffer[:len(raw)] = np.frombuffer(raw,dtype=np.uint8)
    return {"buffer":buffer,"length":np.array(len(raw),dtype=np.int32)}
def unpack_bytes(packed):
    length = int(packed["length"])
    # Guard input contract (`not 0 <= length <= len(packed['buffer'])`) and fail fast if violated.
    if not 0 <= length <= len(packed["buffer"]):
        raise ValueError("Invalid snapshot length")
    return np.asarray(packed["buffer"],dtype=np.uint8)[:length].tobytes()
def same_tree(left,right):
    assert jax.tree.structure(left)==jax.tree.structure(right)
    for a,b in zip(jax.tree.leaves(left),jax.tree.leaves(right)):
        # Convert `(host_a, host_b)` to a host NumPy array for inspection or verification.
        host_a,host_b = np.asarray(a),np.asarray(b)
        # Check tensor shape invariant: `host_a.shape==host_b.shape and host_a.dtype==host_b.dtype`
        assert host_a.shape==host_b.shape and host_a.dtype==host_b.dtype
        if np.issubdtype(host_a.dtype,np.integer):
            np.testing.assert_array_equal(host_a,host_b)
        else:
            np.testing.assert_allclose(host_a,host_b,rtol=1e-6,atol=1e-7)
# Define `step(state, x, y)` to evaluate the objective and its automatic derivatives:
def step(state,x,y):
    # Sample deterministic random values into `key` using an explicit PRNG key.
    key = jax.random.wrap_key_data(state["key_data"],impl="threefry2x32")
    # Create or split explicit PRNG key(s) (`(next_key, sample_key)`) for reproducible randomness.
    next_key,sample_key = jax.random.split(key)
    # Sample deterministic random values into `target_noise` using an explicit PRNG key.
    target_noise = 0.01*jax.random.normal(sample_key,y.shape)
    def objective(params):
        residual = params["weight"]*x+params["bias"]-(y+target_noise)
        return jnp.mean(residual**2)
    # Evaluate both scalar loss and parameter gradients in one pass (`(value, gradient)`).
    value,gradient = jax.value_and_grad(objective)(state["params"])
    updates,opt_state = tx.update(gradient,state["optimizer"],state["params"])
    # Initialize explicit deterministic PRNG key `next_state`.
    next_state = {"params":optax.apply_updates(state["params"],updates),
                  "optimizer":opt_state,"key_data":jax.random.key_data(next_key),
                  "step":state["step"]+1}
    return next_state,value
def package_versions():
    import importlib.metadata
    return {name:importlib.metadata.version(name) for name in ("jax","numpy","optax","orbax-checkpoint")}
def encode_contract(contract):
    return pack_bytes(json.dumps(contract,sort_keys=True).encode())
def validate_contract(saved,expected):
    actual = json.loads(unpack_bytes(saved))
    # Guard input contract (`actual != expected`) and fail fast if violated.
    if actual != expected:
        raise ValueError("Checkpoint contract differs: verify dataset, optimizer configuration, key implementation and package versions")
workspace = tempfile.TemporaryDirectory()
root = Path(workspace.name)

# Step 2 — Build the pipeline or state transition: The function boundaries expose which inputs determine the next...
x = jnp.array([0.,0.5,1.],dtype=jnp.float32)
y = 2*x-1
# Convert `contract` to a host NumPy array for inspection or verification.
contract = {"schema":1,"learning_rate":0.05,"optimizer":"adam",
            "key_impl":"threefry2x32","versions":package_versions(),
            "data_sha256":hashlib.sha256(np.asarray(x).tobytes()+np.asarray(y).tobytes()).hexdigest()}
state = initial_state()
for _ in range(3):
    state,_ = step(state,x,y)
checkpoint_path = root/"step_3"
payload = {"training":state,"contract":encode_contract(contract)}
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as checkpointer:
    checkpointer.save(checkpoint_path,payload)
    checkpointer.wait_until_finished()
    restored = checkpointer.restore(checkpoint_path,target={"training":initial_state(),"contract":encode_contract(contract)})
validate_contract(restored["contract"],contract)

# Step 3 — Run the comparison: The comparison checks the next behavior, not merely whether a save...
same_tree(state,restored["training"])
expected_next,expected_loss = step(state,x,y)
restored_next,restored_loss = step(restored["training"],x,y)
same_tree(expected_next,restored_next)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(expected_loss),np.asarray(restored_loss),rtol=1e-6)
assert int(restored_next["step"])==4
print("Restored step:",int(restored["training"]["step"]))
print("Optimizer count:",int(restored["training"]["optimizer"][0].count))
print("Next update and loss agree; checkpoint exists:",checkpoint_path.exists())
Exercise solution
# Exercise solution: Advance to step five, save to a new directory, restore and verify step...
later = state
for _ in range(2):later,_=step(later,x,y)
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as cp:
    later_path = Path(tempfile.mkdtemp(dir=root))/"step_5"
    cp.save(later_path,{"training":later,"contract":encode_contract(contract)})
    cp.wait_until_finished()
    recovered = cp.restore(later_path,target={"training":initial_state(),"contract":encode_contract(contract)})
validate_contract(recovered["contract"],contract)
left,_=step(later,x,y)
right,_=step(recovered["training"],x,y)
same_tree(left,right)
assert int(right["step"])==6
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:42.170123+00:00
Restored step: 3
Optimizer count: 3
Next update and loss agree; checkpoint exists: True
Restored step: 3
Optimizer count: 3
Next update and loss agree; checkpoint exists: True
Model-only checkpoint produces a different Adam update
Reset key changes the noisy objective and continuation stream
Full restore Adam count: 4; reset memory count: 1; next parameters differ.
Expected changed configuration rejection
Expected exact key-data mismatch
PASS: recovery-03

Show what weights-only recovery loses
# Show what weights-only recovery loses (Transfer): A checkpoint can return plausible predictions yet fail to...
full=restored['training']
weights_only=dict(full,optimizer=tx.init(full['params']))
full_next,_=step(full,x,y)
reset_next,_=step(weights_only,x,y)
assert int(full_next['optimizer'][0].count)==4
assert int(reset_next['optimizer'][0].count)==1
assert any(not np.allclose(a,b,rtol=1e-6,atol=1e-7) for a,b in zip(jax.tree.leaves(full_next['params']),jax.tree.leaves(reset_next['params'])))
print('Full restore Adam count: 4; reset memory count: 1; next parameters differ.')
A checkpoint can return plausible predictions yet fail to resume the original training trajectory. Adam’s moments and count affect the next update even when the weights and batch match.
Reject an incompatible update configuration
# Reject an incompatible update configuration (Challenge): Array restoration does not verify that a learning rate, data...
changed_contract = dict(contract,learning_rate=0.1)
# Run the boundary check and catch the expected exception:
try:
    validate_contract(restored["contract"],changed_contract)
except ValueError:
    print("Expected changed configuration rejection")
else:
    raise AssertionError("Expected contract mismatch")
validate_contract(restored["contract"],contract)
for a,b in zip(jax.tree.leaves(state["params"]),jax.tree.leaves(restored["training"]["params"])):
    # Check tensor shape invariant: `a.shape==b.shape and a.dtype==b.dtype`
    assert a.shape==b.shape and a.dtype==b.dtype
# Integer PRNG words must be checked exactly, not with relative float tolerance.
changed_key = dict(state)
changed_key["key_data"] = state["key_data"].at[0].add(np.uint32(1))
# Run the boundary check and catch the expected exception:
try:
    same_tree(state,changed_key)
except AssertionError:
    print("Expected exact key-data mismatch")
else:
    raise AssertionError("Expected changed PRNG word rejection")
Array restoration does not verify that a learning rate, data revision or PRNG implementation agrees with the saved experiment. Refuse an incompatible continuation before applying an update.
Checkpoint
Answer: Parameters, Adam state/count, continuation key, step and compatible data/configuration.. The update reads all of those inputs; matching predictions before an update cannot replace preserving transition state.
Recover data position and resume
Assembled example code
# Step 1 — Prepare the data and state: This setup makes the dataset and software assumptions explicit.
import jax
# Update state in place with the new values.
jax.config.update("jax_platforms","cpu")
import jax.numpy as jnp
import numpy as np
import optax
import orbax.checkpoint as ocp
import tempfile
import json
import hashlib
from pathlib import Path
# Configure or step the Optax optimizer state (`tx`).
tx = optax.adam(0.05)
def initial_state():
    params = {"weight":jnp.array(0.,jnp.float32),"bias":jnp.array(0.,jnp.float32)}
    return {"params":params,"optimizer":tx.init(params),
            "key_data":jax.random.key_data(jax.random.key(7,impl="threefry2x32")),
            "step":jnp.array(0,jnp.int32)}
def pack_bytes(raw,capacity=4096):
    # Guard input contract (`len(raw) > capacity`) and fail fast if violated.
    if len(raw)>capacity:
        raise ValueError("Snapshot exceeds tutorial fixed-byte capacity")
    # Allocate initialized array `buffer` with the specified shape and dtype.
    buffer = np.zeros(capacity,dtype=np.uint8)
    buffer[:len(raw)] = np.frombuffer(raw,dtype=np.uint8)
    return {"buffer":buffer,"length":np.array(len(raw),dtype=np.int32)}
def unpack_bytes(packed):
    length = int(packed["length"])
    # Guard input contract (`not 0 <= length <= len(packed['buffer'])`) and fail fast if violated.
    if not 0 <= length <= len(packed["buffer"]):
        raise ValueError("Invalid snapshot length")
    return np.asarray(packed["buffer"],dtype=np.uint8)[:length].tobytes()
def same_tree(left,right):
    assert jax.tree.structure(left)==jax.tree.structure(right)
    for a,b in zip(jax.tree.leaves(left),jax.tree.leaves(right)):
        # Convert `(host_a, host_b)` to a host NumPy array for inspection or verification.
        host_a,host_b = np.asarray(a),np.asarray(b)
        # Check tensor shape invariant: `host_a.shape==host_b.shape and host_a.dtype==host_b.dtype`
        assert host_a.shape==host_b.shape and host_a.dtype==host_b.dtype
        if np.issubdtype(host_a.dtype,np.integer):
            np.testing.assert_array_equal(host_a,host_b)
        else:
            np.testing.assert_allclose(host_a,host_b,rtol=1e-6,atol=1e-7)
# Define `step(state, x, y)` to evaluate the objective and its automatic derivatives:
def step(state,x,y):
    # Sample deterministic random values into `key` using an explicit PRNG key.
    key = jax.random.wrap_key_data(state["key_data"],impl="threefry2x32")
    # Create or split explicit PRNG key(s) (`(next_key, sample_key)`) for reproducible randomness.
    next_key,sample_key = jax.random.split(key)
    # Sample deterministic random values into `target_noise` using an explicit PRNG key.
    target_noise = 0.01*jax.random.normal(sample_key,y.shape)
    def objective(params):
        residual = params["weight"]*x+params["bias"]-(y+target_noise)
        return jnp.mean(residual**2)
    # Evaluate both scalar loss and parameter gradients in one pass (`(value, gradient)`).
    value,gradient = jax.value_and_grad(objective)(state["params"])
    updates,opt_state = tx.update(gradient,state["optimizer"],state["params"])
    # Initialize explicit deterministic PRNG key `next_state`.
    next_state = {"params":optax.apply_updates(state["params"],updates),
                  "optimizer":opt_state,"key_data":jax.random.key_data(next_key),
                  "step":state["step"]+1}
    return next_state,value
def package_versions():
    import importlib.metadata
    return {name:importlib.metadata.version(name) for name in ("jax","numpy","optax","orbax-checkpoint")}
def encode_contract(contract):
    return pack_bytes(json.dumps(contract,sort_keys=True).encode())
def validate_contract(saved,expected):
    actual = json.loads(unpack_bytes(saved))
    # Guard input contract (`actual != expected`) and fail fast if violated.
    if actual != expected:
        raise ValueError("Checkpoint contract differs: verify dataset, optimizer configuration, key implementation and package versions")
workspace = tempfile.TemporaryDirectory()
root = Path(workspace.name)

# Import required JAX, NumPy, and standard-library modules.
import numpy as np
import grain.python as grain
# Module/container class `TutorialSource` encapsulating model parameters and forward pass:
class TutorialSource:
    def __init__(self,count=12):
        self.count = count
    def __len__(self):
        return self.count
    def __getitem__(self,index):
        value = np.float32(index/10)
        return {"id":np.int64(index),"x":value,"y":np.float32(2*value-1)}
    def __repr__(self):
        return f"TutorialSource(v1,n={self.count})"
def make_loader(seed=42,batch_size=4,count=12,drop_remainder=False):
    return grain.DataLoader(
        data_source=TutorialSource(count),
        sampler=grain.IndexSampler(num_records=count,num_epochs=2,shuffle=True,seed=seed),
        operations=[grain.Batch(batch_size,drop_remainder=drop_remainder)],
        worker_count=0)

# Step 2 — Build the pipeline or state transition: The function boundaries expose which inputs determine the next...
def data_contract(seed=42):
    source = TutorialSource()
    values = np.array([[source[i]["x"],source[i]["y"]] for i in range(len(source))],dtype=np.float32)
    return {"schema":1,"seed":seed,"batch_size":4,"count":12,"source":"TutorialSource(v1,n=12)",
            "sha256":hashlib.sha256(values.tobytes()).hexdigest(),
            "learning_rate":0.05,"optimizer":"adam","key_impl":"threefry2x32",
            "versions":dict(package_versions(),grain=__import__("importlib.metadata",fromlist=["version"]).version("grain"))}
def consume(state,iterator,count):
    losses=[]
    orders=[]
    for _ in range(count):
        batch = next(iterator)
        orders.append(batch["id"].copy())
        # Create device-backed JAX array `(state, value)`.
        state,value = step(state,jnp.asarray(batch["x"]),jnp.asarray(batch["y"]))
        losses.append(float(value))
    return state,np.array(losses),orders
contract = data_contract()
reference_iterator = iter(make_loader())
reference_state,_,_ = consume(initial_state(),reference_iterator,2)
payload = {"training":reference_state,"pipeline":pack_bytes(reference_iterator.get_state()),"contract":encode_contract(contract)}
resume_path = root/"completed_step_2"
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as cp:
    cp.save(resume_path,payload)
    cp.wait_until_finished()
    restored_payload = cp.restore(resume_path,target={"training":initial_state(),"pipeline":pack_bytes(b""),"contract":encode_contract(contract)})
validate_contract(restored_payload["contract"],contract)
resumed_iterator = iter(make_loader())
resumed_iterator.set_state(unpack_bytes(restored_payload["pipeline"]))

# Step 3 — Run the comparison: The comparison checks the next behavior, not merely whether a save...
reference_final,reference_losses,reference_ids = consume(reference_state,reference_iterator,4)
resumed_final,resumed_losses,resumed_ids = consume(restored_payload["training"],resumed_iterator,4)
for a,b in zip(reference_ids,resumed_ids):np.testing.assert_array_equal(a,b)
np.testing.assert_allclose(reference_losses,resumed_losses,rtol=1e-6,atol=1e-7)
same_tree(reference_final,resumed_final)
assert int(resumed_final["step"])==6
print("Restored next four ID batches:",[a.tolist() for a in resumed_ids])
print("Restored next four losses:",resumed_losses.tolist())
print("Full state agrees at step six")
Exercise solution
# Exercise solution: Repeat the protocol after one batch and compare the next five batches...
other_iterator = iter(make_loader())
other_state,_,_ = consume(initial_state(),other_iterator,1)
other_payload = {"training":other_state,"pipeline":pack_bytes(other_iterator.get_state()),"contract":encode_contract(contract)}
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as cp:
    other_path = Path(tempfile.mkdtemp(dir=root))/"completed_step_1"
    cp.save(other_path,other_payload)
    cp.wait_until_finished()
    other_saved = cp.restore(other_path,target={"training":initial_state(),"pipeline":pack_bytes(b""),"contract":encode_contract(contract)})
other_resumed = iter(make_loader())
other_resumed.set_state(unpack_bytes(other_saved["pipeline"]))
a,loss_a,ids_a = consume(other_state,other_iterator,5)
b,loss_b,ids_b = consume(other_saved["training"],other_resumed,5)
for l,r in zip(ids_a,ids_b):np.testing.assert_array_equal(l,r)
np.testing.assert_allclose(loss_a,loss_b,rtol=1e-6,atol=1e-7)
same_tree(a,b)
assert int(b["step"])==6
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:51.862987+00:00
Restored next four ID batches: [[4, 10, 11, 3], [2, 0, 11, 1], [5, 7, 6, 8], [4, 3, 10, 9]]
Restored next four losses: [0.5496272444725037, 0.8390463590621948, 0.07169045507907867, 0.32427603006362915]
Full state agrees at step six
Restored next four ID batches: [[4, 10, 11, 3], [2, 0, 11, 1], [5, 7, 6, 8], [4, 3, 10, 9]]
Restored next four losses: [0.5496272444725037, 0.8390463590621948, 0.07169045507907867, 0.32427603006362915]
Full state agrees at step six
Missing iterator restore repeats earlier IDs and changes the next loss
Correct IDs alone do not restore the training transition
Rejected incompatible seed
Rejected incompatible sha256
Original run contract remains valid.
Expected batch-configuration mismatch
PASS: recovery-04

Reject an incompatible resume before consuming data
# Reject an incompatible resume before consuming data (Transfer): Exact state replay only makes sense under a compatible data...
for field,value in [('seed',43),('sha256','different-dataset')]:
    incompatible=dict(contract,**{field:value})
    # Run the boundary check and catch the expected exception:
    try:validate_contract(restored_payload['contract'],incompatible)
    except ValueError:print('Rejected incompatible',field)
    else:raise AssertionError('Incompatible resume was accepted')
validate_contract(restored_payload['contract'],contract)
print('Original run contract remains valid.')
Exact state replay only makes sense under a compatible data and update contract. Rejecting a mismatch before consuming a batch keeps an invalid resume from looking like a successful run.
Reject changed batch size before consuming
# Reject changed batch size before consuming (Challenge): Changing batching changes consumption semantics.
changed = dict(contract,batch_size=3)
# Run the boundary check and catch the expected exception:
try:
    validate_contract(restored_payload["contract"],changed)
except ValueError:
    print("Expected batch-configuration mismatch")
else:
    raise AssertionError("Expected incompatible restore rejection")
validate_contract(restored_payload["contract"],contract)
fixed_reader = iter(make_loader())
fixed_reader.set_state(unpack_bytes(restored_payload["pipeline"]))
# Execute `np.testing.assert_array_equal(next(fixed_reader)["id"],refer`
np.testing.assert_array_equal(next(fixed_reader)["id"],reference_ids[0])
Changing batching changes consumption semantics. Refuse the mismatched configuration instead of assuming that training step two corresponds to the same next examples.
Checkpoint
Answer: The next IDs, losses and full training state match the uninterrupted future under a compatible contract.. A consistent restart preserves both data position and transition state, not just a readable file or a favorable metric.
Asynchronous checkpoints and failure boundaries
Assembled example code
# Step 1 — Define functional state and publication: The manifest has its own acceptance boundary.
import json
import tempfile
import time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
import orbax.checkpoint as ocp
root=Path(tempfile.mkdtemp(prefix='jax-async-lesson-'))
def transition(state):
    return {'weight':state['weight']+.25,'step':state['step']+1}
def publish(path, step):
    pending=root/'LATEST.pending'
    # Write the serialized artifact payload to disk.
    pending.write_text(json.dumps({'path':str(path),'step':step}))
    pending.replace(root/'LATEST.json')
def accepted():
    return json.loads((root/'LATEST.json').read_text())

# Step 2 — Save, continue and verify: Wait on the real background writer, restore against the snapshot...
state={'weight':jnp.arange(1024,dtype=jnp.float32),'step':jnp.array(0,jnp.int32)}
snapshot=transition(state)
path=root/'step_1'
t0=time.perf_counter()
# Enter `ocp.AsyncCheckpointer(ocp.StandardCheckpointH` context block:
with ocp.AsyncCheckpointer(ocp.StandardCheckpointHandler()) as cp:
    cp.save(path,args=ocp.args.StandardSave(snapshot))
    returned=time.perf_counter()
    assert not (root/'LATEST.json').exists()
    live=transition(snapshot)
    cp.wait_until_finished()
    committed=time.perf_counter()
    restored=cp.restore(path,args=ocp.args.StandardRestore(snapshot))
    # Execute `np.testing.assert_array_equal(restored['weight'],snapshot['w`
    np.testing.assert_array_equal(restored['weight'],snapshot['weight'])
    assert int(restored['step'])==1 and int(live['step'])==2
    publish(path,1)
report={'save_call_seconds':returned-t0,'remaining_work_and_wait_seconds':committed-returned,
        'accepted_step':accepted()['step'],'live_step':int(live['step'])}
assert report['accepted_step']==1

# A deliberately interrupted application publication leaves the previous commit selected.
unpublished=root/'step_2'
# Enter `ocp.AsyncCheckpointer(ocp.StandardCheckpointH` context block:
with ocp.AsyncCheckpointer(ocp.StandardCheckpointHandler()) as cp:
    cp.save(unpublished,args=ocp.args.StandardSave(live))
    cp.wait_until_finished()
    # Run the boundary check and catch the expected exception:
    try:
        raise RuntimeError('injected interruption before updating LATEST')
    except RuntimeError:
        pass
assert accepted()['step']==1
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as cp:
    previous=cp.restore(accepted()['path'],target=snapshot)
# Execute `np.testing.assert_array_equal(previous['weight'],snapshot['w`
np.testing.assert_array_equal(previous['weight'],snapshot['weight'])
assert int(previous['step'])==1
print('Checkpoint workspace:',root)
print(json.dumps(report,indent=2))
print('Unpublished step 2 exists; application recovery still selects verified step 1.')
Exercise solution
# Exercise solution: Verify and publish the already written second checkpoint.
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as cp:
    verified=cp.restore(unpublished,target=live)
# Execute `np.testing.assert_array_equal(verified['weight'],live['weigh`
np.testing.assert_array_equal(verified['weight'],live['weight'])
assert int(verified['step'])==2
publish(unpublished,2)
# Execute `np.testing.assert_array_equal(transition(verified)['weight']`
np.testing.assert_array_equal(transition(verified)['weight'],transition(live)['weight'])
assert accepted()['step']==2 and int(snapshot['step'])==1
print('Step two verified and accepted; next transition agrees.')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:46:54.698510+00:00
Checkpoint workspace: /var/folders/mp/_mq7srqx2y10p5nhjz9m7hj40000gn/T/jax-async-lesson-9ibeu4bo
{
  "save_call_seconds": 0.0035320832394063473,
  "remaining_work_and_wait_seconds": 0.017399583011865616,
  "accepted_step": 1,
  "live_step": 2
}
Unpublished step 2 exists; application recovery still selects verified step 1.
Checkpoint workspace: /var/folders/mp/_mq7srqx2y10p5nhjz9m7hj40000gn/T/jax-async-lesson-xq01n_nx
{
  "save_call_seconds": 0.0024104579351842403,
  "remaining_work_and_wait_seconds": 0.009226541966199875,
  "accepted_step": 1,
  "live_step": 2
}
Unpublished step 2 exists; application recovery still selects verified step 1.
Expected background failure surfaced: injected finalization callback failure
Step two verified and accepted; next transition agrees.
Missing target rejected; accepted checkpoint unchanged.
PASS: recovery-05

Keep only a genuinely accepted target
# Keep only a genuinely accepted target (Transfer): File presence is a necessary local preflight, not proof that...
def preflight(record):
    # Guard input contract (`not Path(record['path']).is_dir() or int(record['step']) < 0`) and fail fast if violated.
    if not Path(record['path']).is_dir() or int(record['step'])<0:
        raise ValueError('checkpoint target unavailable')
    return record
before=accepted()
# Run the boundary check and catch the expected exception:
try:preflight({'path':str(root/'never_saved'),'step':99})
except ValueError:pass
else:raise AssertionError('missing target accepted')
assert accepted()==before
preflight(before)
print('Missing target rejected; accepted checkpoint unchanged.')
File presence is a necessary local preflight, not proof that metadata, data or training state is correct. The restore comparison supplies the stronger check.
Checkpoint
Answer: Retain the previous accepted checkpoint and investigate the failed attempt.. A directory is not the application’s acceptance signal. Completion, restoration checks and publication must succeed before replacing the previous recovery point.
Track experiments and lineage with MLflow
Assembled example code
# Track experiments and lineage with MLflow: A tracker is useful when a plotted point leads back to the data,...
import os
# Configure environment variable before initializing the runtime.
os.environ['MLFLOW_DISABLE_AGENT_HINT'] = '1'
# Configure environment variable before initializing the runtime.
os.environ['MLFLOW_ENABLE_TELEMETRY'] = 'false'
# Import required JAX, NumPy, and standard-library modules.
import hashlib, json, tempfile
from pathlib import Path
import numpy as np
import jax
import jax.numpy as jnp
import mlflow
from mlflow import MlflowClient
x = jnp.array([-2., -1., 0., 1., 2.])
y = 2 * x + 1
vx = jnp.array([-1.5, -.5, .5, 1.5])
vy = 2 * vx + 1
# Aggregate array values to compute `objective`.
objective = lambda p: jnp.mean((p[0] * x + p[1] - y) ** 2)
# Differentiate the objective to obtain `update` via automatic differentiation.
update = jax.jit(lambda p, rate: p - rate * jax.grad(objective)(p))
# Convert `data_hash` to a host NumPy array for inspection or verification.
data_hash = hashlib.sha256(np.asarray(x).tobytes() + np.asarray(y).tobytes()).hexdigest()
curves, validation, run_ids = [], [], []
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='tracking-lesson-') as folder:
    root = Path(folder)
    mlflow.set_tracking_uri('sqlite:///' + str(root / 'tracking.db'))
    client = MlflowClient()
    experiment = client.create_experiment('two-rates', artifact_location=(root / 'artifacts').as_uri())
    for rate in [.02, .15]:
        # Allocate initialized array `p` with the specified shape and dtype.
        p = jnp.zeros(2)
        history = []
        with mlflow.start_run(experiment_id=experiment) as run:
            mlflow.log_params({'rate': rate, 'updates': 30})
            # Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for ``.
            mlflow.set_tags({'data_sha256': data_hash, 'jax': jax.__version__, 'backend': jax.default_backend(), 'metric_boundary': 'after update'})
            for step in range(1, 31):
                p = update(p, rate)
                metric = float(objective(p))
                history.append(metric)
                mlflow.log_metric('train_mse', metric, step=step)
            held = float(jnp.mean((p[0] * vx + p[1] - vy) ** 2))
            # Independent host arithmetic checks what the reported validation metric means.
            oracle = sum((float(p[0]) * t + float(p[1]) - (2 * t + 1)) ** 2 for t in [-1.5, -.5, .5, 1.5]) / 4
            assert abs(held - oracle) < 1e-6
            mlflow.log_metric('validation_mse', held, step=30)
            mlflow.log_dict({'weight': float(p[0]), 'bias': float(p[1]), 'preprocessing': 'one unscaled scalar feature'}, 'model.json')
            run_ids.append(run.info.run_id)
        curves.append(history)
        validation.append(held)
        saved = client.get_metric_history(run_ids[-1], 'train_mse')
        assert [m.step for m in saved] == list(range(1, 31))
        # Execute `np.testing.assert_allclose([m.value for m in saved], history`
        np.testing.assert_allclose([m.value for m in saved], history)
        assert client.get_run(run_ids[-1]).data.tags['data_sha256'] == data_hash
    selected = client.search_runs([experiment], order_by=['metrics.validation_mse ASC'])[0]
    assert selected.info.run_id == run_ids[int(np.argmin(validation))]
    artifact = client.download_artifacts(selected.info.run_id, 'model.json')
    restored = json.loads(Path(artifact).read_text())
    assert abs(restored['weight'] - 2) < .001 and abs(restored['bias'] - 1) < .001
print('Validation MSE by learning rate:', dict(zip([.02, .15], validation)))
print('Verified 30 logged steps per run; selected and reloaded the better validation candidate.')
Exercise solution
# Exercise solution: Add a third, deliberately wrong model artifact and show why the...
bad_validation = sum((0. * t + 0. - (2*t+1))**2 for t in [-1.5,-.5,.5,1.5])/4
assert bad_validation > min(validation)
print('Wrong zero model validation MSE:',bad_validation)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:02.065912+00:00
Validation MSE by learning rate: {0.02: 0.11994461715221405, 0.15: 5.049471951679152e-10}
Verified 30 logged steps per run; selected and reloaded the better validation candidate.
Validation difference: 0.11994461664726686
Wrong zero model validation MSE: 6.0
Changed target changes dataset identity.
PASS: recovery-06

Change a data value
# Change a data value (transfer): Identical filenames or shapes do not imply identical data.
changed_y=np.asarray(y).copy()
changed_y[0]+=.1
# Convert `changed_hash` to a host NumPy array for inspection or verification.
changed_hash=hashlib.sha256(np.asarray(x).tobytes()+changed_y.tobytes()).hexdigest()
assert changed_hash != data_hash
print('Changed target changes dataset identity.')
Identical filenames or shapes do not imply identical data. A changed target creates a different experiment contract.
Checkpoint
Answer: A registry alias points to that version; deployment and acceptance need their own evidence.. An experiment groups comparable runs. A run stores one configuration, a history of metrics and artifacts. Lineage is the connection between those results and the exact code, data and environment that produced them. Tracking records an experiment; it does not recover the optimizer state or prove that a model deserves deployment.
Attention from small pieces
Assembled example code
# Step 1 — 1. Prepare the experiment: These imports provide JAX array transformations and NumPy...
import jax
import jax.numpy as jnp
import numpy as np

# Step 2 — 2. Implement the mechanism: Multiplying Q\in\mathbb{R}^{T_q\times D_k} by...
def attend(q, k, v):
    scores = q @ k.T / jnp.sqrt(q.shape[-1])
    # Apply nonlinear activation or probability normalization to compute `weights`.
    weights = jax.nn.softmax(scores, axis=-1)
    return weights @ v, weights

# Step 3 — 3. Run and check: Uniform weights 1/3; both output rows [2, 2].
q = jnp.zeros((2, 2))
k = jnp.array([[1., 0.], [0., 1.], [1., 1.]])
v = jnp.array([[2., 0.], [0., 4.], [4., 2.]])
output, weights = attend(q, k, v)
print("Weights / output:", weights, output)
assert jnp.allclose(weights, jnp.full((2, 3), 1/3))
assert jnp.allclose(output, jnp.array([[2., 2.], [2., 2.]]))
assert jnp.allclose(jnp.sum(weights, axis=-1), 1.)
Exercise solution
# Exercise solution: Permute the three key/value pairs together, then permute only values.
order = jnp.array([2, 0, 1])
paired, _ = attend(q_new, k[order], v[order])
mismatched, _ = attend(q_new, k, v[order])
assert jnp.allclose(paired, actual)
assert not jnp.allclose(mismatched, actual)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:04.943776+00:00
Weights / output: [[0.33333334 0.33333334 0.33333334]
 [0.33333334 0.33333334 0.33333334]] [[2. 2.]
 [2. 2.]]
Weights / output: [[0.33333334 0.33333334 0.33333334]
 [0.33333334 0.33333334 0.33333334]] [[2. 2.]
 [2. 2.]]
PASS: transformers-01

Use a different value dimension
# Use a different value dimension (Transfer / diagnosis): Queries and keys share Dk; values may have an independent...
scalar_v = jnp.array([[3.], [6.], [9.]])
scalar_out, _ = attend(q, k, scalar_v)
# Check tensor shape invariant: `scalar_out.shape == (2, 1)`
assert scalar_out.shape == (2, 1)
assert jnp.allclose(scalar_out, 6.)
Queries and keys share DkDk; values may have an independent feature dimension.
Expose a wrong softmax axis
# Expose a wrong softmax axis (Transfer / diagnosis): A legal operation can normalize the wrong axis.
wrong_w = jax.nn.softmax(jnp.zeros((2, 3)), axis=0)
assert jnp.allclose(wrong_w.sum(axis=-1), 1.5)
right_w = jax.nn.softmax(jnp.zeros((2, 3)), axis=-1)
assert jnp.allclose(right_w.sum(axis=-1), 1.)
A legal operation can normalize the wrong axis. Rectangular shapes expose the mismatch.
Checkpoint
Answer: The key dimension. One query needs a probability distribution across keys; each row must sum to one.
Masking, tokenization, and sequence packing
Assembled example code
# Step 1 — 1. Prepare the experiment: These imports provide JAX array transformations and NumPy...
import jax
import jax.numpy as jnp
import numpy as np

# Step 2 — 2. Implement the mechanism: allowed key columns query 0: 1 0 0 0 query 1: 1 1 0 0 query 2: 1 1...
def masked_mean(values, allowed):
    # Combine or mask array elements to form `scores`.
    scores = jnp.where(allowed, 0., -jnp.inf)
    # Apply nonlinear activation or probability normalization to compute `weights`.
    weights = jax.nn.softmax(scores, axis=-1)
    return weights @ values, weights

def make_mask(segment_ids, valid):
    positions = jnp.arange(segment_ids.shape[0])
    causal = positions[:, None] >= positions[None, :]
    same_segment = segment_ids[:, None] == segment_ids[None, :]
    return causal & same_segment & valid[:, None] & valid[None, :]

# Step 3 — 3. Run and check: Causal means [2, 3, 4.666667, 7.5]; no weight above the diagonal.
values = jnp.array([[2.], [4.], [8.], [16.]])
causal = jnp.arange(4)[:, None] >= jnp.arange(4)[None, :]
out, weights = masked_mean(values, causal)
assert jnp.allclose(out[:, 0], jnp.array([2., 3., 14/3, 7.5]))
assert jnp.allclose(jnp.triu(weights, 1), 0.)
print("Causal means:", out[:, 0])
Exercise solution
# Exercise solution: Encode abcab with a three-character vocabulary.
vocab = {"a":0, "b":1, "c":2}
ids = jnp.array([vocab[c] for c in "abcab"])
assert jnp.array_equal(ids[:-1], jnp.array([0,1,2,0]))
assert jnp.array_equal(ids[1:], jnp.array([1,2,0,1]))
seg = jnp.array([0,0,0,1,1])
loss_valid = seg[:-1] == seg[1:]
assert jnp.array_equal(loss_valid, jnp.array([True,True,False,True]))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:08.194358+00:00
Causal means: [2.       3.       4.666667 7.5     ]
Causal means: [2.       3.       4.666667 7.5     ]
PASS: transformers-02

Repair padding-query NaNs
# Repair padding-query NaNs (Transfer / diagnosis): A fallback makes normalization defined; zeroing and loss...
pad_valid = jnp.array([True,True,False,False])
pad_mask = make_mask(jnp.zeros(4, dtype=int), pad_valid)
# Combine or mask array elements to form `(bad_pad, _)`.
bad_pad, _ = masked_mean(values, pad_mask)
# Confirm that all computed values remain finite (no NaN or Inf).
assert not jnp.all(jnp.isfinite(bad_pad))
fallback = (~pad_valid[:, None]) & jnp.eye(4, dtype=bool)
# Combine or mask array elements to form `(pad_out, _)`.
pad_out, _ = masked_mean(values, pad_mask | fallback)
# Combine or mask array elements to form `pad_out`.
pad_out = jnp.where(pad_valid[:, None], pad_out, 0.)
# Confirm that all computed values remain finite (no NaN or Inf).
assert jnp.all(jnp.isfinite(pad_out))
assert jnp.allclose(pad_out[:,0], jnp.array([2.,3.,0.,0.]))
A fallback makes normalization defined; zeroing and loss masking retain the semantic padding contract.
Detect packed-example leakage
# Detect packed-example leakage (Transfer / diagnosis): The earlier values 2 and 4 belong to another example; they...
assert jnp.allclose(out[2,0], 14/3)
assert jnp.allclose(packed_out[2,0], 8.)
assert not jnp.allclose(out[2,0], packed_out[2,0])
The earlier values 22 and 44 belong to another example; they must be excluded despite being past positions.
Checkpoint
Answer: Same segment and permitted causal keys, plus explicit padding behavior. Packing combines positions in storage, not their semantic context. Segment and validity constraints retain example boundaries.
A Transformer block and mixed precision
Assembled example code
# Step 1 — 1. Prepare the experiment: These imports provide JAX array transformations and NumPy...
import jax
import jax.numpy as jnp
import numpy as np

# Step 2 — 2. Implement the mechanism: x → norm → Q/K/V → causal attention → output projection...
def layer_norm(x):
    # Reduce along axis=-1 to compute `mean`.
    mean = jnp.mean(x, axis=-1, keepdims=True)
    # Reduce along axis=-1 to compute `variance`.
    variance = jnp.mean((x-mean)**2, axis=-1, keepdims=True)
    return (x-mean) / jnp.sqrt(variance + 1e-5)

def init_block(key, width=8):
    # Create or split explicit PRNG key(s) (`keys`) for reproducible randomness.
    keys = jax.random.split(key, 6)
    shapes = [(width,width)]*4 + [(width,2*width),(2*width,width)]
    return {name: jax.random.normal(k,s)*0.1 for name,k,s in zip(
        ["q","k","v","o","up","down"], keys, shapes)}

def block_forward(p, x):
    h = layer_norm(x)
    q, k, v = h@p["q"], h@p["k"], h@p["v"]
    scores = q@k.T / jnp.sqrt(x.shape[-1])
    # Create evenly spaced index values in `allowed`.
    allowed = jnp.arange(x.shape[0])[:,None] >= jnp.arange(x.shape[0])[None,:]
    # Apply nonlinear activation or probability normalization to compute `weights`.
    weights = jax.nn.softmax(jnp.where(allowed, scores, -jnp.inf), axis=-1)
    residual = x + (weights@v)@p["o"]
    return residual + jax.nn.gelu(layer_norm(residual)@p["up"])@p["down"]

# Step 3 — 3. Run and check: Output shape (4, 8); finite values, zero-projection identity,...
# Create or split explicit PRNG key(s) (`p`) for reproducible randomness.
p = init_block(jax.random.key(7))
# Construct and reshape `x` into the target tensor dimensions.
x = jnp.arange(32, dtype=jnp.float32).reshape(4,8)/10
output = block_forward(p, x)
# Check tensor shape invariant: `output.shape == x.shape`
assert output.shape == x.shape
# Ensure all array elements remain finite: `jnp.all(jnp.isfinite(output))`
assert jnp.all(jnp.isfinite(output))
# Transform every leaf of the parameter PyTree (`zero`).
zero = jax.tree.map(jnp.zeros_like, p)
assert jnp.allclose(block_forward(zero, x), x)
assert jnp.allclose(jax.jit(block_forward)(p,x), output, atol=1e-5)
print("Block shape:", output.shape)
Exercise solution
# Exercise solution: Differentiate the mean squared block output with respect to every...
def objective(params):
    return jnp.mean(block_forward(params,x)**2)
# Differentiate the objective to obtain `g` via automatic differentiation.
g = jax.grad(objective)(p)
# Check tensor shape invariant: `all(a.shape==b.shape and jnp.all(jnp.isfinite(b)) for a,b in zip(...`
assert all(a.shape==b.shape and jnp.all(jnp.isfinite(b)) for a,b in zip(jax.tree.leaves(p),jax.tree.leaves(g)))
def shifted_objective(delta):
    altered = {**p, "down": p["down"].at[0,0].add(delta)}
    return objective(altered)
fd = (shifted_objective(1e-2)-shifted_objective(-1e-2))/(2e-2)
assert jnp.allclose(fd,g["down"][0,0],atol=1e-4,rtol=2e-2)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:18.530225+00:00
Block shape: (4, 8)
Block shape: (4, 8)
bfloat16 max absolute error: 0.013455629348754883
Float32 reduction policy max absolute error: 0.013455629348754883
PASS: transformers-03

Check normalization without autodiff
# Check normalization without autodiff (Transfer / diagnosis): The independent reduction and constant-row case check the...
row = np.asarray(x[0])
# Aggregate array values to compute `reference`.
reference = (row-row.mean())/np.sqrt(np.mean((row-row.mean())**2)+1e-5)
np.testing.assert_allclose(layer_norm(x)[0],reference,atol=1e-6)
assert jnp.allclose(layer_norm(jnp.ones((2,8))),0.)
The independent reduction and constant-row case check the normalization mechanism.
Repair a residual width mismatch
# Repair a residual width mismatch (Transfer / diagnosis): Residual paths require matching widths; the down projection...
expanded = jax.nn.gelu(layer_norm(x)@p["up"])
# Check tensor shape invariant: `expanded.shape == (4,16)`
assert expanded.shape == (4,16)
# Run the boundary check and catch the expected exception:
try:
    _ = x + expanded
except TypeError:
    pass
else:
    raise AssertionError("expected width mismatch")
# Check tensor shape invariant: `(x + expanded@p["down"]).shape == x.shape`
assert (x + expanded@p["down"]).shape == x.shape
Residual paths require matching widths; the down projection restores the model-width contract.
Checkpoint
Answer: The original input. Zero scores create uniform attention, but zero projections make sublayer contributions zero; both residual paths preserve xx.
Train, checkpoint, and generate
Assembled example code
# Step 1 — 1. Prepare packages and the vocabulary: Vocabulary size is three, model width is eight, and the context...
import jax
import jax.numpy as jnp
import numpy as np
import optax
import json
from pathlib import Path
from tempfile import TemporaryDirectory

VOCAB = {"a":0, "b":1, "c":2}
CONTEXT = 4
# Step 2 — 2. Reuse the verified causal block: The block returns one model-width vector per token; it has no...
def layer_norm(x):
    # Reduce along axis=-1 to compute `mean`.
    mean = jnp.mean(x, axis=-1, keepdims=True)
    # Reduce along axis=-1 to compute `variance`.
    variance = jnp.mean((x-mean)**2, axis=-1, keepdims=True)
    return (x-mean) / jnp.sqrt(variance + 1e-5)

def init_block(key, width=8):
    # Create or split explicit PRNG key(s) (`keys`) for reproducible randomness.
    keys = jax.random.split(key, 6)
    shapes = [(width,width)]*4 + [(width,2*width),(2*width,width)]
    return {name: jax.random.normal(k,s)*0.1 for name,k,s in zip(
        ["q","k","v","o","up","down"], keys, shapes)}

def block_forward(p, x):
    h = layer_norm(x)
    q, k, v = h@p["q"], h@p["k"], h@p["v"]
    scores = q@k.T / jnp.sqrt(x.shape[-1])
    # Create evenly spaced index values in `allowed`.
    allowed = jnp.arange(x.shape[0])[:,None] >= jnp.arange(x.shape[0])[None,:]
    # Apply nonlinear activation or probability normalization to compute `weights`.
    weights = jax.nn.softmax(jnp.where(allowed, scores, -jnp.inf), axis=-1)
    residual = x + (weights@v)@p["o"]
    return residual + jax.nn.gelu(layer_norm(residual)@p["up"])@p["down"]

# Step 3 — 3. Add embeddings and the vocabulary head: The head has three columns; make_examples shifts each window by...
def init_lm(key):
    # Create or split explicit PRNG key(s) (`(embed_key, block_key, head_key)`) for reproducible randomness.
    embed_key, block_key, head_key = jax.random.split(key, 3)
    return {"embed":jax.random.normal(embed_key,(3,8))*0.1,
            "position":jnp.arange(CONTEXT*8,dtype=jnp.float32).reshape(CONTEXT,8)*0.001,
            "block":init_block(block_key),
            "head":jax.random.normal(head_key,(8,3))*0.1}

def logits(p, tokens):
    h = p["embed"][tokens] + p["position"][:tokens.shape[0]]
    return layer_norm(block_forward(p["block"],h))@p["head"]

def make_examples(text):
    ids = np.array([VOCAB[c] for c in text],dtype=np.int32)
    # Combine or mask array elements to form `rows`.
    rows = np.stack([ids[i:i+CONTEXT+1] for i in range(len(ids)-CONTEXT)])
    return jnp.array(rows[:,:-1]), jnp.array(rows[:,1:])

# Step 4 — 4. Define the loss and compiled state transition: train_step returns new parameters, optimizer state and the...
train_x, train_y = make_examples("abc"*12)
held_x, held_y = make_examples("bca"*6)
def lm_loss(p, x, y):
    # Vectorize across the batch dimension with `jax.vmap` (`predictions`).
    predictions = jax.vmap(logits,in_axes=(None,0))(p,x)
    return jnp.mean(optax.softmax_cross_entropy_with_integer_labels(predictions,y))
# Configure or step the Optax optimizer state (`optimizer`).
optimizer = optax.adam(0.03)
# Define and JIT-compile `train_step(p, state, x, y)` so XLA traces and fuses the operations:
@jax.jit
def train_step(p, state, x, y):
    # Differentiate the objective to obtain `(value, gradients)` via automatic differentiation.
    value, gradients = jax.value_and_grad(lm_loss)(p,x,y)
    # Apply the computed gradient updates to update the model parameters.
    updates, next_state = optimizer.update(gradients,state,p)
    return optax.apply_updates(p,updates), next_state, value

# Step 5 — 5. Run the first twenty updates: Adam count should now equal twenty; initialization is the only...
# Create or split explicit PRNG key(s) (`params`) for reproducible randomness.
params = init_lm(jax.random.key(3))
state = optimizer.init(params)
initial = float(lm_loss(params,train_x,train_y))
for _ in range(20):
    params, state, _ = train_step(params,state,train_x,train_y)
# Save numeric leaves only, with a schema checked against this program's template.
# Step 6 — 6. Write and validate the snapshot format: The loader checks architecture, vocabulary, numeric leaf...
def save_snapshot(folder, p, state, step):
    leaves, _ = jax.tree.flatten((p,state))
    # Convert `` to a host NumPy array for inspection or verification.
    np.savez(folder/"state.npz", **{f"leaf_{i}":np.asarray(x) for i,x in enumerate(leaves)})
    manifest = {"schema":1,"step":step,"vocabulary":VOCAB,"context":CONTEXT,
                "shapes":[list(x.shape) for x in leaves],
                "dtypes":[str(x.dtype) for x in leaves]}
    # Write the serialized artifact payload to disk.
    (folder/"manifest.json").write_text(json.dumps(manifest))

def load_snapshot(folder):
    meta = json.loads((folder/"manifest.json").read_text())
    # Guard input contract (`meta['schema'] != 1 or meta['vocabulary'] != VOCAB or meta['context'] != CONTEXT`) and fail fast if violated.
    if meta["schema"] != 1 or meta["vocabulary"] != VOCAB or meta["context"] != CONTEXT:
        raise ValueError("checkpoint architecture/vocabulary mismatch")
    # Guard input contract (`type(meta['step']) is not int or meta['step'] < 0`) and fail fast if violated.
    if type(meta["step"]) is not int or meta["step"] < 0:
        raise ValueError("invalid checkpoint step")
    # Create or split explicit PRNG key(s) (`template`) for reproducible randomness.
    template = init_lm(jax.random.key(0))
    template_leaves, structure = jax.tree.flatten((template,optimizer.init(template)))
    arrays = []
    with np.load(folder/"state.npz",allow_pickle=False) as data:
        # Guard input contract (`set(data.files) != {f'leaf_{i}' for i in range(len(template_leaves))}`) and fail fast if violated.
        if set(data.files) != {f"leaf_{i}" for i in range(len(template_leaves))}:
            raise ValueError("checkpoint leaf count mismatch")
        for i, leaf in enumerate(template_leaves):
            saved = data[f"leaf_{i}"]
            # Guard input contract (`saved.shape != leaf.shape or saved.dtype != np.asarray(leaf).dtype`) and fail fast if violated.
            if saved.shape != leaf.shape or saved.dtype != np.asarray(leaf).dtype:
                raise ValueError("checkpoint leaf contract mismatch")
            # Create device-backed JAX array ``.
            arrays.append(jnp.array(saved))
    restored_p, restored_state = jax.tree.unflatten(structure,arrays)
    # Guard input contract (`int(restored_state[0].count) != meta['step']`) and fail fast if violated.
    if int(restored_state[0].count) != meta["step"]:
        raise ValueError("checkpoint step and Adam count disagree")
    return restored_p, restored_state, meta["step"]

# Step 7 — 7. Verify resume and evaluate the final fit: Uninterrupted and restored next transitions agree; the held-out...
# Create an isolated temporary directory to run and inspect artifacts safely:
with TemporaryDirectory() as directory:
    folder = Path(directory)
    save_snapshot(folder,params,state,20)
    restored, restored_state, step = load_snapshot(folder)
    assert step == 20
    next_a, state_a, _ = train_step(params,state,train_x,train_y)
    next_b, state_b, _ = train_step(restored,restored_state,train_x,train_y)
    assert all(jnp.allclose(a,b,atol=1e-7) for a,b in zip(
        jax.tree.leaves((next_a,state_a)),jax.tree.leaves((next_b,state_b))))
for _ in range(80):
    params, state, _ = train_step(params,state,train_x,train_y)
# Vectorize across the batch dimension with `jax.vmap` (`held_logits`).
held_logits = jax.vmap(logits,in_axes=(None,0))(params,held_x)
# Reduce along axis=-1 to compute `accuracy`.
accuracy = jnp.mean(jnp.argmax(held_logits,axis=-1)==held_y)
final_loss = lm_loss(params,held_x,held_y)
print("Initial / held loss / held accuracy:",initial,float(final_loss),float(accuracy))
assert final_loss < 0.05
assert accuracy > 0.99

# Step 8 — 8. Define greedy decoding: The generator recomputes a short window each step.
def generate(p, prompt, count):
    tokens = [VOCAB[c] for c in prompt]
    # Guard input contract (`not tokens`) and fail fast if violated.
    if not tokens:
        raise ValueError("generation needs a nonempty prompt")
    inverse = {i:c for c,i in VOCAB.items()}
    for _ in range(count):
        window = jnp.array(tokens[-CONTEXT:],dtype=jnp.int32)
        new = int(jnp.argmax(logits(p,window)[-1]))
        tokens.append(new)
    return "".join(inverse[i] for i in tokens)

# Step 9 — 9. Check the expected continuation: The expected continuation is abcabcabcabc, with held-out loss...
continuation = generate(params,"abca",8)
print("Greedy continuation:",continuation)
assert continuation == "abcabcabcabc"
Exercise solution
# Exercise solution: Generate twelve new tokens from prompt bcab.
assert generate(params,"bcab",12) == "bcabcabcabcabcab"
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:31.761160+00:00
Initial / held loss / held accuracy: 0.9807573556900024 0.0017881905660033226 1.0
Greedy continuation: abcabcabcabc
Initial / held loss / held accuracy: 0.9807573556900024 0.0017881905660033226 1.0
Greedy continuation: abcabcabcabc
PASS: transformers-04

Reject an incompatible checkpoint
# Reject an incompatible checkpoint (Transfer / diagnosis): The metadata is part of the model contract even when...
# Create an isolated temporary directory to run and inspect artifacts safely:
with TemporaryDirectory() as directory:
    folder = Path(directory)
    save_snapshot(folder,params,state,100)
    metadata_path = folder/"manifest.json"
    correct = metadata_path.read_text()
    metadata = json.loads(correct)
    metadata["vocabulary"] = {"a":1,"b":0,"c":2}
    # Write the serialized artifact payload to disk.
    metadata_path.write_text(json.dumps(metadata))
    try:
        load_snapshot(folder)
    except ValueError:
        pass
    else:
        raise AssertionError("wrong vocabulary accepted")
    forged_step = json.loads(correct)
    forged_step["step"] = 101
    # Write the serialized artifact payload to disk.
    metadata_path.write_text(json.dumps(forged_step))
    try:
        load_snapshot(folder)
    except ValueError:
        pass
    else:
        raise AssertionError("wrong step accepted")
    # Write the serialized artifact payload to disk.
    metadata_path.write_text(correct)
    recovered, _, recovered_step = load_snapshot(folder)
    assert recovered_step == 100
    assert jnp.allclose(logits(recovered,jnp.array([0,1,2,0])),logits(params,jnp.array([0,1,2,0])))
The metadata is part of the model contract even when parameter array shapes still match.
Make prompt failures explicit
# Make prompt failures explicit (Transfer / diagnosis): A decoding interface needs a defined input contract; neither...
# Run the boundary check and catch the expected exception:
try:
    generate(params,"",1)
except ValueError:
    pass
else:
    raise AssertionError("empty prompt accepted")
# Run the boundary check and catch the expected exception:
try:
    generate(params,"x",1)
except KeyError:
    pass
else:
    raise AssertionError("unknown token accepted")
assert generate(params,"abca",0) == "abca"
A decoding interface needs a defined input contract; neither failure should be mistaken for a training problem.
Checkpoint
Answer: Adam uses optimizer count and moment history as well as parameters. Adam’s update depends on its explicit state. Compare the actual next transition after restoring both parameter and optimizer values.
Benchmark asynchronous work correctly
Assembled example code
# Step 1 — Prepare and place the workload: CPU placement and waiting occur before timing.
import json
import platform
import time
import statistics
import numpy as np
import jax
import jax.numpy as jnp
# Query the active JAX devices into `cpu`.
cpu = jax.devices("cpu")[0]
# Draw pseudorandom samples for `rng` using the explicit RNG state.
rng = np.random.default_rng(4)
x_host = rng.normal(size=(64, 32)).astype(np.float32)
w_host = rng.normal(size=(32, 16)).astype(np.float32)
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(x_host, cpu)
# Place `w` explicitly onto the target JAX device.
w = jax.device_put(w_host, cpu)
# Synchronize host execution until asynchronous device computation completes.
jax.block_until_ready((x, w))
# Step 2 — Define the contract and timer: The timer accepts arbitrary result pytrees because...
def predict(x, w):
    return jnp.tanh(x @ w)
# Wrap with `jax.jit` (`compiled_predict`) so XLA traces and compiles the function.
compiled_predict = jax.jit(predict)
def synchronized_samples(fn, args, repeats=7):
    # Guard input contract (`repeats < 1`) and fail fast if violated.
    if repeats < 1:
        raise ValueError("at least one repeat is required")
    samples = []
    for _ in range(repeats):
        start = time.perf_counter()
        result = fn(*args)
        # Synchronize host execution until asynchronous device computation completes.
        jax.block_until_ready(result)
        samples.append(time.perf_counter() - start)
    return result, samples
# Step 3 — Separate first call from warm calls: The report prints variable measured times.
start = time.perf_counter()
first = compiled_predict(x, w)
# Synchronize host execution until asynchronous device computation completes.
first.block_until_ready()
first_call_seconds = time.perf_counter() - start
result, samples = synchronized_samples(compiled_predict, (x, w))
reference = np.tanh(x_host @ w_host)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(result), reference, atol=2e-5, rtol=2e-5)
# Aggregate array values to compute `report`.
report = {
    "backend": str(cpu), "jax": jax.__version__, "numpy": np.__version__,
    "python": platform.python_version(), "input_shape": list(x.shape),
    "weight_shape": list(w.shape), "dtype": str(x.dtype),
    "boundary": "input already placed; call plus output synchronization",
    "first_call_seconds": first_call_seconds,
    "warm_samples_seconds": samples, "warm_median_seconds": statistics.median(samples),
    "max_abs_error": float(np.max(np.abs(np.asarray(result) - reference))),
}
assert len(samples) == 7 and all(t >= 0 for t in samples)
print(json.dumps(report, indent=2))
Exercise solution
# Exercise solution: Repeat the benchmark with 96 rows while preserving the feature and...
larger_host = rng.normal(size=(96, 32)).astype(np.float32)
# Place `larger` explicitly onto the target JAX device.
larger = jax.device_put(larger_host, cpu)
# Synchronize host execution until asynchronous device computation completes.
larger.block_until_ready()
# Synchronize host execution until asynchronous device computation completes.
compiled_predict(larger, w).block_until_ready()
larger_result, larger_times = synchronized_samples(compiled_predict, (larger, w), 5)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(larger_result), np.tanh(larger_host @ w_host), atol=2e-5, rtol=2e-5)
print("Changed workload:", larger.shape, larger_times)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:33.645730+00:00
{
  "backend": "TFRT_CPU_0",
  "jax": "0.9.2",
  "numpy": "2.4.4",
  "python": "3.14.3",
  "input_shape": [
    64,
    32
  ],
  "weight_shape": [
    32,
    16
  ],
  "dtype": "float32",
  "boundary": "input already placed; call plus output synchronization",
  "first_call_seconds": 0.051288416143506765,
  "warm_samples_seconds": [
    5.9833284467458725e-05,
    2.5249551981687546e-05,
    1.200009137392044e-05,
    1.429067924618721e-05,
    1.00000761449337e-05,
    8.584000170230865e-06,
    8.875038474798203e-06
  ],
  "warm_median_seconds": 1.200009137392044e-05,
  "max_abs_error": 2.384185791015625e-07
}
{
  "backend": "TFRT_CPU_0",
  "jax": "0.9.2",
  "numpy": "2.4.4",
  "python": "3.14.3",
  "input_shape": [
    64,
    32
  ],
  "weight_shape": [
    32,
    16
  ],
  "dtype": "float32",
  "boundary": "input already placed; call plus output synchronization",
  "first_call_seconds": 0.02849070867523551,
  "warm_samples_seconds": [
    0.00011466676369309425,
    0.0001077083870768547,
    4.1958410292863846e-05,
    3.5458244383335114e-05,
    1.2999866157770157e-05,
    1.1667143553495407e-05,
    1.3041310012340546e-05
  ],
  "warm_median_seconds": 3.5458244383335114e-05,
  "max_abs_error": 2.384185791015625e-07
}
Handle-only seconds: 1.1832918971776962e-05
Complete-call samples: [1.8625054508447647e-05, 1.2416858226060867e-05, 1.2083910405635834e-05]
Structured samples: [6.495881825685501e-05, 3.074994310736656e-05, 3.1624920666217804e-05]
Changed workload: (96, 32) [6.645871326327324e-05, 5.883257836103439e-05, 5.4459087550640106e-05, 2.1249987185001373e-05, 1.1249911040067673e-05]
Energy shape and samples: (64,) [5.758274346590042e-05, 4.183407872915268e-05, 2.150004729628563e-05, 1.8625054508447647e-05, 1.8666032701730728e-05]
{'boundary': 'placed inputs; warm call plus output wait', 'samples': [4.9999915063381195e-05, 5.924981087446213e-05, 5.816575139760971e-05, 5.9042125940322876e-05, 6.141699850559235e-05]}
PASS: performance-01

Benchmark a different equivalent workload
# Benchmark a different equivalent workload (Transfer): Changing the computation changes the performance question.
# Wrap with `jax.jit` (`energy`) so XLA traces and compiles the function.
energy = jax.jit(lambda a, b: jnp.sum((a @ b)**2, axis=1))
# Synchronize host execution until asynchronous device computation completes.
energy(x, w).block_until_ready()
energy_result, energy_times = synchronized_samples(energy, (x, w), 5)
# Reduce along axis=1 to compute `energy_reference`.
energy_reference = np.sum((x_host @ w_host)**2, axis=1)
# Check tensor shape invariant: `energy_result.shape == (64,)`
assert energy_result.shape == (64,)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(energy_result), energy_reference, atol=2e-3, rtol=2e-5)
print("Energy shape and samples:", energy_result.shape, energy_times)
Changing the computation changes the performance question. The shape and independent numerical check prevent a benchmark from accidentally timing an unrelated scalar reduction.
Repair a timer that includes setup but omits completion
# Repair a timer that includes setup but omits completion (Diagnosis): The repaired boundary excludes setup, separates warmup and...
def repaired_benchmark(fn, args):
    # Synchronize host execution until asynchronous device computation completes.
    jax.block_until_ready(args)
    # Synchronize host execution until asynchronous device computation completes.
    jax.block_until_ready(fn(*args))
    result, measured = synchronized_samples(fn, args, 5)
    return {"boundary": "placed inputs; warm call plus output wait", "samples": measured}, result
fixed_report, fixed_result = repaired_benchmark(compiled_predict, (x, w))
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(fixed_result), reference, atol=2e-5, rtol=2e-5)
assert len(fixed_report["samples"]) == 5
print(fixed_report)
The repaired boundary excludes setup, separates warmup and waits before stopping. A speedup cannot be reconstructed from the flawed interval; rerun both implementations under the same contract.
Checkpoint
Answer: A warmed call including dispatch and waiting for output readiness, excluding prior input placement. The boundary includes the call and its completion wait. It excludes input placement and does not isolate compiler or kernel stages.
Diagnose recompilation and host synchronization
Assembled example code
# Step 1 — Prepare a trace ledger: This CPU experiment deliberately keeps the trace ledger outside...
import json
import time
import numpy as np
import jax
import jax.numpy as jnp
# Query the active JAX devices into `cpu`.
cpu = jax.devices("cpu")[0]
trace_events = []
def score(x, gain):
    # Authoring diagnostic: this Python effect happens during tracing.
    # It is NOT model state and does not count executable compilations.
    trace_events.append({"shape": list(x.shape), "dtype": str(x.dtype)})
    return jnp.sum((x * gain)**2)
# Wrap with `jax.jit` (`compiled_score`) so XLA traces and compiles the function.
compiled_score = jax.jit(score)
x8 = jax.device_put(np.arange(8, dtype=np.float32), cpu)
x12 = jax.device_put(np.arange(12, dtype=np.float32), cpu)
# Synchronize host execution until asynchronous device computation completes.
jax.block_until_ready((x8, x12))
# Step 2 — Record call signatures and observed traces: The ledger relates each controlled signature change to the...
call_rows = []
def observed_call(label, x, gain):
    before = len(trace_events)
    # Place `result` explicitly onto the target JAX device.
    result = compiled_score(x, jax.device_put(np.float32(gain), cpu))
    # Synchronize host execution until asynchronous device computation completes.
    result.block_until_ready()
    # Convert `expected` to a host NumPy array for inspection or verification.
    expected = np.sum((np.asarray(x) * np.float32(gain))**2)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(result), expected, rtol=2e-5, atol=2e-5)
    call_rows.append({"label": label, "shape": list(x.shape), "dtype": str(x.dtype),
                      "observed_trace_delta": len(trace_events) - before,
                      "result": float(result)})
    return result
# Step 3 — Run the controlled call sequence: Inspect the event deltas on your own environment.
observed_call("initial signature", x8, 1.)
observed_call("same signature changed data", x8 + 1., 1.)
observed_call("same signature changed dynamic gain", x8, 2.)
observed_call("different input shape", x12, 1.)
print(json.dumps({"jax": jax.__version__, "backend": str(cpu),
                  "calls": call_rows, "python_trace_events": trace_events}, indent=2))
assert call_rows[0]["result"] == 140.
assert call_rows[2]["result"] == 560.
assert call_rows[3]["result"] == 506.
Exercise solution
# Exercise solution: Add a call with sixteen float32 elements.
x16 = jax.device_put(np.arange(16, dtype=np.float32), cpu)
observed_call("new length sixteen", x16, 1.)
assert call_rows[-1]["result"] == sum(i*i for i in range(16))
print("Added ledger row:", call_rows[-1])
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:35.719968+00:00
{
  "jax": "0.9.2",
  "backend": "TFRT_CPU_0",
  "calls": [
    {
      "label": "initial signature",
      "shape": [
        8
      ],
      "dtype": "float32",
      "observed_trace_delta": 1,
      "result": 140.0
    },
    {
      "label": "same signature changed data",
      "shape": [
        8
      ],
      "dtype": "float32",
      "observed_trace_delta": 0,
      "result": 204.0
    },
    {
      "label": "same signature changed dynamic gain",
      "shape": [
        8
      ],
      "dtype": "float32",
      "observed_trace_delta": 0,
      "result": 560.0
    },
    {
      "label": "different input shape",
      "shape": [
        12
      ],
      "dtype": "float32",
      "observed_trace_delta": 1,
      "result": 506.0
    }
  ],
  "python_trace_events": [
    {
      "shape": [
        8
      ],
      "dtype": "float32"
    },
    {
      "shape": [
        12
      ],
      "dtype": "float32"
    }
  ]
}
{
  "jax": "0.9.2",
  "backend": "TFRT_CPU_0",
  "calls": [
    {
      "label": "initial signature",
      "shape": [
        8
      ],
      "dtype": "float32",
      "observed_trace_delta": 1,
      "result": 140.0
    },
    {
      "label": "same signature changed data",
      "shape": [
        8
      ],
      "dtype": "float32",
      "observed_trace_delta": 0,
      "result": 204.0
    },
    {
      "label": "same signature changed dynamic gain",
      "shape": [
        8
      ],
      "dtype": "float32",
      "observed_trace_delta": 0,
      "result": 560.0
    },
    {
      "label": "different input shape",
      "shape": [
        12
      ],
      "dtype": "float32",
      "observed_trace_delta": 1,
      "result": 506.0
    }
  ],
  "python_trace_events": [
    {
      "shape": [
        8
      ],
      "dtype": "float32"
    },
    {
      "shape": [
        12
      ],
      "dtype": "float32"
    }
  ]
}
Static branch trace observations: [{'shape': [8], 'square': True}, {'shape': [8], 'square': False}]
Per-step host reads seconds: 0.00012137508019804955
Final-only wait seconds: 3.5999808460474014e-05
Added ledger row: {'label': 'new length sixteen', 'shape': [16], 'dtype': 'float32', 'observed_trace_delta': 1, 'result': 1240.0}
Masked versus unmasked padded objective: 55.0 58.0
Observed runtime-Python-branch tracing failure
PASS: performance-02

Pad a final batch while preserving the objective
# Pad a final batch while preserving the objective (Transfer): The mask removes three synthetic rows.
# Wrap with `jax.jit` (`masked_score`) so XLA traces and compiles the function.
masked_score = jax.jit(lambda values, mask: jnp.sum(jnp.where(mask, (values + 1.)**2, 0.)))
five = np.arange(5, dtype=np.float32)
# Place `padded` explicitly onto the target JAX device.
padded = jax.device_put(np.pad(five, (0, 3)), cpu)
mask = jax.device_put(np.arange(8) < 5, cpu)
# Combine or mask array elements to form `masked`.
masked = masked_score(padded, mask)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(masked), sum((i+1)**2 for i in range(5)))
# Aggregate array values to compute `wrong`.
wrong = jnp.sum((padded + 1.)**2)
assert float(wrong) == float(masked) + 3.
print("Masked versus unmasked padded objective:", float(masked), float(wrong))
The mask removes three synthetic rows. Zero padding alone adds three ones after the offset, so a fixed shape is useful only if it retains the original mathematical objective.
Reproduce and repair runtime Python branching
# Reproduce and repair runtime Python branching (Diagnosis): The failure identifies a mismatch between Python control...
def broken_branch(values, gain):
    if gain > 1.:
        return jnp.sum(values**2)
    return jnp.sum(values)
# Run the boundary check and catch the expected exception:
try:
    jax.jit(broken_branch)(x8, jax.device_put(np.float32(2.), cpu))
except jax.errors.TracerBoolConversionError:
    print("Observed runtime-Python-branch tracing failure")
else:
    raise AssertionError("runtime branch unexpectedly accepted")
# Wrap with `jax.jit` (`repaired`) so XLA traces and compiles the function.
repaired = jax.jit(lambda values, gain: jax.lax.cond(gain > 1., lambda v:jnp.sum(v**2), lambda v:jnp.sum(v), values))
for gain, expected in [(0.5, 28.), (2., 140.)]:
    # Place `result` explicitly onto the target JAX device.
    result = repaired(x8, jax.device_put(np.float32(gain), cpu))
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(result), expected)
The failure identifies a mismatch between Python control flow and runtime numerical data. lax.cond preserves a dynamic choice; declaring gain static would choose a different specialization contract instead.
Checkpoint
Answer: An observed Python tracing event, which is not an executable compilation count. Python executes during tracing; compiled array computation may run repeatedly without that append. Correlate with public compiler logs or traces before claiming recompilation.
Read an XProf trace
Assembled example code
# Step 1 — Prepare a traceable workload: Inputs and compilation precede the measured steps.
import gzip
import json
import os
from pathlib import Path
import tempfile
import time
import numpy as np
import jax
import jax.numpy as jnp
# Read `trace_root` from environment configuration (with a default fallback).
trace_root=Path(os.environ.get('JAX_COURSE_TRACE_DIR') or tempfile.mkdtemp(prefix='jax-course-trace-')).resolve()
trace_root.mkdir(parents=True,exist_ok=True)
# Draw pseudorandom samples for `rng` using the explicit RNG state.
rng=np.random.default_rng(31)
host=rng.normal(size=(48,32)).astype(np.float32)
weights=rng.normal(size=(32,16)).astype(np.float32)
# Create device-backed JAX array `(x, w)`.
x,w=jnp.asarray(host),jnp.asarray(weights)
# Wrap with `jax.jit` (`compiled`) so XLA traces and compiles the function.
compiled=jax.jit(lambda a,b:jnp.tanh(a@b))
# Synchronize host execution until asynchronous device computation completes.
compiled(x,w).block_until_ready()

# Step 2 — Capture named intervals: The outer annotation provides context, while two nonoverlapping...
# Enter `jax.profiler.trace(trace_root, create_perfett` context block:
with jax.profiler.trace(trace_root,create_perfetto_trace=True):
    for index in range(4):
        with jax.profiler.StepTraceAnnotation('learner_step',step_num=index):
            with jax.profiler.TraceAnnotation('input_wait'):
                time.sleep(.001)  # injected host delay; not a measured real input pipeline
            with jax.profiler.TraceAnnotation('model_and_wait'):
                result=compiled(x,w)
                # Synchronize host execution until asynchronous device computation completes.
                result.block_until_ready()
np.testing.assert_allclose(result,np.tanh(host@weights),rtol=2e-5,atol=2e-5)
traces=sorted(trace_root.rglob('perfetto_trace.json.gz'),key=lambda p:p.stat().st_mtime_ns)
assert traces and list(trace_root.rglob('*.xplane.pb'))
events=json.loads(gzip.decompress(traces[-1].read_bytes()))['traceEvents']
def complete(name):
    return sorted([e for e in events if e.get('ph')=='X' and e.get('name')==name],key=lambda e:e['ts'])
steps=complete('learner_step')
input_events=complete('input_wait')
model_events=complete('model_and_wait')
assert len(steps)==len(input_events)==len(model_events)==4
for outer,waiting,compute in zip(steps,input_events,model_events):
    for inner in (waiting,compute):
        assert outer['ts']<=inner['ts']<=inner['ts']+inner['dur']<=outer['ts']+outer['dur']+1
    assert waiting['ts']+waiting['dur']<=compute['ts']+1
input_us=[e['dur'] for e in input_events]
model_us=[e['dur'] for e in model_events]
step_us=[e['dur'] for e in steps]
assert all(t>=0 for t in input_us+model_us+step_us)
print('Trace directory:',trace_root)
print(json.dumps({'input_wait_us':input_us,'model_and_wait_us':model_us,'step_us':step_us},indent=2))
print('Four named steps verified; host annotations are not isolated device kernels.')
Exercise solution
# Exercise solution: Convert every model interval to milliseconds and summarize its...
model_ms=np.asarray(model_us)/1000
# Aggregate array values to compute `summary`.
summary={'minimum_ms':float(model_ms.min()),'median_ms':float(np.median(model_ms)),'maximum_ms':float(model_ms.max())}
assert summary['minimum_ms']<=summary['median_ms']<=summary['maximum_ms']
# Execute `np.testing.assert_allclose(model_ms*1000,model_us)`
np.testing.assert_allclose(model_ms*1000,model_us)
print(summary)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:37.536684+00:00
Trace directory: /private/var/folders/mp/_mq7srqx2y10p5nhjz9m7hj40000gn/T/jax-course-trace-l3tdro07
{
  "input_wait_us": [
    1263,
    1253,
    1269,
    1271
  ],
  "model_and_wait_us": [
    108,
    137,
    74,
    140
  ],
  "step_us": [
    1393,
    1406,
    1354,
    1423
  ]
}
Four named steps verified; host annotations are not isolated device kernels.
Trace directory: /private/var/folders/mp/_mq7srqx2y10p5nhjz9m7hj40000gn/T/jax-course-trace-g8x32sim
{
  "input_wait_us": [
    1263,
    1279,
    1265,
    1275
  ],
  "model_and_wait_us": [
    82,
    136,
    62,
    122
  ],
  "step_us": [
    1350,
    1429,
    1335,
    1407
  ]
}
Four named steps verified; host annotations are not isolated device kernels.
Unattributed outer time, microseconds: [5, 14, 8, 10]
Wrong double-counted totals: [2695, 2844, 2662, 2804]
{'minimum_ms': 0.062, 'median_ms': 0.10200000000000001, 'maximum_ms': 0.136}
Hypothetical union: 12 microseconds; summed duration: 19.
PASS: performance-03

Compute a union instead of summing overlap
# Compute a union instead of summing overlap (Transfer): A union describes time covered by any interval.
def union_duration(intervals):
    total=0
    left=right=None
    for start,end in sorted(intervals):
        # Guard input contract (`end < start`) and fail fast if violated.
        if end<start:raise ValueError('negative interval')
        if right is None:left,right=start,end
        elif start<=right:right=max(right,end)
        else:
            total+=right-left
            left,right=start,end
    return total+(0 if right is None else right-left)
assert union_duration([(0,10),(2,7),(8,12)])==12
assert sum(b-a for a,b in [(0,10),(2,7),(8,12)])==19
print('Hypothetical union: 12 microseconds; summed duration: 19.')
A union describes time covered by any interval. A sum counts overlap repeatedly. Neither alone says which device was busy; lane and dependency information still matter.
Checkpoint
Answer: The step includes time outside the model region; inspect the other regions and lanes to explain it.. The annotation boundaries establish inclusion, not a universal attribution of the remaining time. Our injected wait is known from code; an actual workload needs trace evidence.
Reason with HLO and the roofline model
Assembled example code
# Step 1 — Inspect a specialized lowered computation: StableHLO establishes the operation and shape contract.
import time
import numpy as np
import jax
import jax.numpy as jnp

# Step 2 — Calculate an explicitly hypothetical model: The square-matrix simplification supplies an independent...
def workload(a,b):return jnp.tanh(a@b)
# Construct and reshape `a` into the target tensor dimensions.
a=jnp.arange(32*16,dtype=jnp.float32).reshape(32,16)/512
# Construct and reshape `b` into the target tensor dimensions.
b=jnp.arange(16*8,dtype=jnp.float32).reshape(16,8)/128
# Wrap with `jax.jit` (`lowered`) so XLA traces and compiles the function.
lowered=jax.jit(workload).lower(a,b)
# Trace or lower the function to inspect its compiler representation (`stablehlo`).
stablehlo=str(lowered.compiler_ir(dialect='stablehlo'))
assert 'dot_general' in stablehlo and 'tanh' in stablehlo
# Trace or lower the function to inspect its compiler representation (`executable`).
executable=lowered.compile()
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(executable(a,b),np.tanh(np.asarray(a)@np.asarray(b)),rtol=2e-5,atol=2e-5)
print('StableHLO operations present: dot_general and tanh')
print('Compiler estimates (backend-specific):',executable.cost_analysis())

# An analytic traffic model, not a measurement of this CPU.
def contract(m,k,n,itemsize=4):
    # Guard input contract (`min(m, k, n, itemsize) <= 0`) and fail fast if violated.
    if min(m,k,n,itemsize)<=0:raise ValueError('positive dimensions and itemsize required')
    flops=2*m*k*n  # conventional multiply-add count; excludes tanh
    minimum_bytes=itemsize*(m*k+k*n+m*n)
    return flops,minimum_bytes,flops/minimum_bytes
sizes=np.array([8,16,32,64,128])
intensity=np.array([contract(int(n),int(n),int(n))[2] for n in sizes])
# Execute `np.testing.assert_allclose(intensity,sizes/6)`
np.testing.assert_allclose(intensity,sizes/6)
peak=100e9
bandwidth=20e9  # hypothetical budgets, not device specifications
memory_ceiling=bandwidth*intensity
roofline=np.minimum(peak,memory_ceiling)
# Execute `np.testing.assert_allclose(roofline[:2]/1e9,[80/3,160/3])`
np.testing.assert_allclose(roofline[:2]/1e9,[80/3,160/3])
assert np.all(roofline[2:]==peak)

# Step 4 — Keep runtime observations separate: Warm samples measure the current CPU, while the work count remains...
executable(a,b).block_until_ready()
times=[]
for _ in range(5):
    # Synchronize host execution until asynchronous device computation completes.
    # Synchronize host execution until asynchronous device computation completes.
    # Synchronize host execution until asynchronous device computation completes.
    start=time.perf_counter()
    executable(a,b).block_until_ready()
    times.append(time.perf_counter()-start)
flops,minimum_bytes,ai=contract(32,16,8)
print('Local CPU samples seconds:',times)
print('Matmul-only accounting:',{'flops':flops,'minimum_bytes':minimum_bytes,'flops_per_byte':ai})
print('Hypothetical ceilings GFLOP/s:',(roofline/1e9).tolist())
Exercise solution
# Exercise solution: Derive the work and minimum traffic for shapes (48,24) and (24,12).
work,traffic,ratio=contract(48,24,12)
assert work==27648 and traffic==8064
# Execute `np.testing.assert_allclose(ratio,24/7)`
np.testing.assert_allclose(ratio,24/7)
assert bandwidth*ratio<peak
print('Changed contract:',work,traffic,ratio,'bandwidth-limited in the hypothetical model')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:39.421946+00:00
StableHLO operations present: dot_general and tanh
Compiler estimates (backend-specific): {'flops': 8192.0, 'bytes accessed1{}': 512.0, 'bytes accessedout{}': 2048.0, 'transcendentals': 256.0, 'bytes accessed': 5632.0, 'utilization1{}': 1.0, 'utilization0{}': 2.0, 'bytes accessed0{}': 3072.0}
Local CPU samples seconds: [2.1084211766719818e-05, 7.845880463719368e-05, 5.645817145705223e-05, 4.0166545659303665e-05, 3.654090687632561e-05]
Matmul-only accounting: {'flops': 8192, 'minimum_bytes': 3584, 'flops_per_byte': 2.2857142857142856}
Hypothetical ceilings GFLOP/s: [26.666666666666664, 53.33333333333333, 100.0, 100.0, 100.0]
StableHLO operations present: dot_general and tanh
Compiler estimates (backend-specific): {'utilization1{}': 1.0, 'bytes accessed0{}': 3072.0, 'utilization0{}': 2.0, 'transcendentals': 256.0, 'bytes accessedout{}': 2048.0, 'bytes accessed1{}': 512.0, 'flops': 8192.0, 'bytes accessed': 5632.0}
Local CPU samples seconds: [2.9209069907665253e-05, 2.4625100195407867e-05, 1.6333069652318954e-05, 1.2042000889778137e-05, 1.1958181858062744e-05]
Matmul-only accounting: {'flops': 8192, 'minimum_bytes': 3584, 'flops_per_byte': 2.2857142857142856}
Hypothetical ceilings GFLOP/s: [26.666666666666664, 53.33333333333333, 100.0, 100.0, 100.0]
Ceilings with twice minimum traffic GFLOP/s: [13.333333333333332, 26.666666666666664, 53.33333333333333, 100.0, 100.0]
Changed contract: 27648 8064 3.4285714285714284 bandwidth-limited in the hypothetical model
Arithmetic unchanged; modeled traffic halved and intensity doubled.
PASS: performance-04

Keep the same shapes but change storage precision
# Keep the same shapes but change storage precision (Transfer): Changing storage bytes in an accounting model does not...
f32,b32,i32=contract(32,16,8,4)
f16,b16,i16=contract(32,16,8,2)
assert f32==f16 and b32==2*b16
# Execute `np.testing.assert_allclose(i16,2*i32)`
np.testing.assert_allclose(i16,2*i32)
print('Arithmetic unchanged; modeled traffic halved and intensity doubled.')
Changing storage bytes in an accounting model is separate from native arithmetic support, accumulation policy, quality preservation or measured runtime improvement.
Checkpoint
Answer: A matching measured workload on the actual device, with justified traffic and precision assumptions.. A typed intermediate representation and an optimistic ceiling do not measure execution. Workload equivalence, synchronization, device evidence and appropriate model assumptions are still required.
Memory, rematerialization, and optimization tradeoffs
Assembled example code
# Step 1 — Define two differentiation policies: Both functions compute the same pure objective; only the...
import contextlib
import io
import time
import numpy as np
import jax
import jax.numpy as jnp
from jax.ad_checkpoint import print_saved_residuals
# Draw pseudorandom samples for `rng` using the explicit RNG state.
rng=np.random.default_rng(18)
# Create device-backed JAX array `w`.
w=jnp.asarray((rng.normal(size=(16,16))*.1).astype(np.float32))
x=jnp.asarray(np.linspace(-.5,.5,16,dtype=np.float32))
def layer(v):return jnp.tanh(w@v)
def objective(v,rematerialize=False):
    operation=jax.checkpoint(layer) if rematerialize else layer
    for _ in range(4):v=operation(v)
    return jnp.sum(v*v)
plain=lambda v:objective(v,False)
remat=lambda v:objective(v,True)
def residual_report(fn):
    stream=io.StringIO()
    # Enter `contextlib.redirect_stdout(stream)` context block:
    with contextlib.redirect_stdout(stream):print_saved_residuals(fn,x)
    lines=[line for line in stream.getvalue().splitlines() if line.strip()]
    return lines
reports=[residual_report(plain),residual_report(remat)]

# Independent reverse recurrence through the same explicitly specified network.
host_w=np.asarray(w)
values=[np.asarray(x)]
for _ in range(4):values.append(np.tanh(host_w@values[-1]))
cotangent=2*values[-1]
for i in range(4,0,-1):cotangent=host_w.T@(cotangent*(1-values[i]**2))
for fn in (plain,remat):
    # Differentiate the objective to obtain gradients ``.
    np.testing.assert_allclose(jax.grad(fn)(x),cotangent,rtol=3e-5,atol=1e-7)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(plain)(x),jax.grad(remat)(x),rtol=1e-6,atol=1e-7)
# Differentiate the objective to obtain `executables` via automatic differentiation.
executables=[jax.jit(jax.grad(fn)).lower(x).compile() for fn in (plain,remat)]
memory=[]
times=[]
for executable in executables:
    analysis=executable.memory_analysis()
    memory.append(None if analysis is None else {name:getattr(analysis,name) for name in ('argument_size_in_bytes','output_size_in_bytes','temp_size_in_bytes','alias_size_in_bytes')})
    # Synchronize host execution until asynchronous device computation completes.
    # Synchronize host execution until asynchronous device computation completes.
    executable(x).block_until_ready()
    samples=[]
    for _ in range(5):
        # Synchronize host execution until asynchronous device computation completes.
        # Synchronize host execution until asynchronous device computation completes.
        # Synchronize host execution until asynchronous device computation completes.
        start=time.perf_counter()
        executable(x).block_until_ready()
        samples.append(time.perf_counter()-start)
    times.append(samples)
print('Saved residual descriptions:')
for name,lines in zip(['plain','remat'],reports):print(name,'\n'+'\n'.join(lines))
print('Compiler memory estimates:',memory)
print('Synchronized gradient samples:',times)
print('Independent reverse recurrence agrees with both gradients.')
Exercise solution
# Exercise solution: Use the direction v=(1,\ldots,1) and central differences to...
direction=jnp.ones_like(x)
eps=.001
finite=(float(plain(x+eps*direction))-float(plain(x-eps*direction)))/(2*eps)
# Differentiate the objective to obtain `automatic` via automatic differentiation.
automatic=float(jnp.vdot(jax.grad(plain)(x),direction))
np.testing.assert_allclose(finite,automatic,rtol=3e-3,atol=1e-6)
print('Directional derivative finite/automatic:',finite,automatic,'epsilon',eps)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:42.865487+00:00
Saved residual descriptions:
plain 
f32[16,16] from a constant
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of sub from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of sub from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of sub from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of sub from <string>:17:20 (layer)
remat 
f32[16,16] from a constant
f32[16] from the argument v
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
Compiler memory estimates: [{'argument_size_in_bytes': 64, 'output_size_in_bytes': 64, 'temp_size_in_bytes': 256, 'alias_size_in_bytes': 0}, {'argument_size_in_bytes': 64, 'output_size_in_bytes': 64, 'temp_size_in_bytes': 256, 'alias_size_in_bytes': 0}]
Synchronized gradient samples: [[0.0001016668975353241, 8.600018918514252e-05, 0.00013170810416340828, 5.487492308020592e-05, 3.0375085771083832e-05], [3.7041958421468735e-05, 2.6874709874391556e-05, 1.2292061001062393e-05, 9.582843631505966e-06, 9.292270988225937e-06]]
Independent reverse recurrence agrees with both gradients.
plain 
f32[16,16] from a constant
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of sub from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of sub from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of sub from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of sub from <string>:17:20 (layer)
remat 
f32[16,16] from a constant
f32[16] from the argument v
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
f32[16] output of tanh from <string>:17:20 (layer)
Compiler memory estimates: [{'argument_size_in_bytes': 64, 'output_size_in_bytes': 64, 'temp_size_in_bytes': 256, 'alias_size_in_bytes': 0}, {'argument_size_in_bytes': 64, 'output_size_in_bytes': 64, 'temp_size_in_bytes': 256, 'alias_size_in_bytes': 0}]
Synchronized gradient samples: [[0.0001016668975353241, 8.600018918514252e-05, 0.00013170810416340828, 5.487492308020592e-05, 3.0375085771083832e-05], [3.7041958421468735e-05, 2.6874709874391556e-05, 1.2292061001062393e-05, 9.582843631505966e-06, 9.292270988225937e-06]]
Saved residual descriptions:
plain 
f32[16,16] from a constant
f32[16] output of tanh from <string>:89:20 (layer)
f32[16] output of sub from <string>:89:20 (layer)
f32[16] output of tanh from <string>:89:20 (layer)
f32[16] output of sub from <string>:89:20 (layer)
f32[16] output of tanh from <string>:89:20 (layer)
f32[16] output of sub from <string>:89:20 (layer)
f32[16] output of tanh from <string>:89:20 (layer)
f32[16] output of sub from <string>:89:20 (layer)
remat 
f32[16,16] from a constant
f32[16] from the argument v
f32[16] output of tanh from <string>:89:20 (layer)
f32[16] output of tanh from <string>:89:20 (layer)
f32[16] output of tanh from <string>:89:20 (layer)
f32[16] output of tanh from <string>:89:20 (layer)
Compiler memory estimates: [{'argument_size_in_bytes': 64, 'output_size_in_bytes': 64, 'temp_size_in_bytes': 256, 'alias_size_in_bytes': 0}, {'argument_size_in_bytes': 64, 'output_size_in_bytes': 64, 'temp_size_in_bytes': 256, 'alias_size_in_bytes': 0}]
Synchronized gradient samples: [[3.495905548334122e-05, 2.570822834968567e-05, 1.4999881386756897e-05, 1.4166813343763351e-05, 1.6415957361459732e-05], [2.570776268839836e-05, 2.408307045698166e-05, 8.791731670498848e-05, 7.383385673165321e-05, 5.5417418479919434e-05]]
Independent reverse recurrence agrees with both gradients.
Whole-objective residuals: ['f32[16,16] from a constant', 'f32[16] from the argument v']
Whole-objective memory estimate: CompiledMemoryStats(generated_code_size_in_bytes=0, argument_size_in_bytes=64, output_size_in_bytes=64, alias_size_in_bytes=0, temp_size_in_bytes=256, host_generated_code_size_in_bytes=0, host_argument_size_in_bytes=0, host_output_size_in_bytes=0, host_alias_size_in_bytes=0, host_temp_size_in_bytes=0)
Directional derivative finite/automatic: 0.007404538337141275 0.00740453926846385 epsilon 0.001
Higher-order directional derivatives agree.
PASS: performance-05

Check higher-order differentiation
# Check higher-order differentiation (Transfer): Recomputation should preserve the differentiable function in...
direction=jnp.linspace(-1.,1.,len(x))
# Differentiate the objective to obtain `(_, hvp_plain)` via automatic differentiation.
_,hvp_plain=jax.jvp(jax.grad(plain),(x,),(direction,))
# Differentiate the objective to obtain `(_, hvp_remat)` via automatic differentiation.
_,hvp_remat=jax.jvp(jax.grad(remat),(x,),(direction,))
np.testing.assert_allclose(hvp_plain,hvp_remat,rtol=3e-5,atol=1e-7)
# Confirm that all computed values remain finite (no NaN or Inf).
assert np.isfinite(np.asarray(hvp_plain)).all()
print('Higher-order directional derivatives agree.')
Recomputation should preserve the differentiable function in this pure example, including its higher-order directional behavior. This still is separate from a device-memory improvement.
Checkpoint
Answer: The differentiation strategy changed, but this evidence does not show reduced compiled temporary storage.. Residual lists and compiler buffer estimates describe different levels. Report the observed equality and investigate the real target workload before claiming a memory or speed benefit.
Arrays, meshes, and sharding
Assembled example code
# Step 1 — Start a fresh CPU runtime: Configuration happens before devices() or array creation...
import jax
# Run this file in a fresh process; in a notebook restart the kernel first.
jax.config.update("jax_platforms", "cpu")
# Update state in place with the new values.
jax.config.update("jax_num_cpu_devices", 4)
import jax.numpy as jnp
import numpy as np
from jax.sharding import Mesh, NamedSharding, PartitionSpec as P
# Query the active JAX devices into `devices`.
devices = jax.devices("cpu")
# Guard input contract (`len(devices) != 4`) and fail fast if violated.
if len(devices) != 4:
    raise RuntimeError("Expected four CPU devices. Restart the notebook kernel, then Run all; do not run an earlier JAX cell first.")
# Configure multi-device placement / sharding specification (`mesh`).
mesh = Mesh(np.array(devices), ("data",))
# Configure multi-device placement / sharding specification (`rows`).
rows = NamedSharding(mesh, P("data", None))
# Configure multi-device placement / sharding specification (`replicated`).
replicated = NamedSharding(mesh, P())

# Step 2 — Place and compute: Mesh axis names describe placement.
# Construct and reshape `host` into the target tensor dimensions.
host = np.arange(32, dtype=np.float32).reshape(8,4)
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(host, rows)
# Configure multi-device placement / sharding specification (`columns`).
columns = NamedSharding(mesh, P(None, "data"))
# Place `x_columns` explicitly onto the target JAX device.
x_columns = jax.device_put(host, columns)
# Wrap with `jax.jit` (`sum_rows`) so XLA traces and compiles the function.
sum_rows = jax.jit(lambda a:a.sum(axis=0), in_shardings=rows, out_shardings=replicated)(x)
# Synchronize host execution until asynchronous device computation completes.
sum_rows.block_until_ready()

# Step 3 — Inspect and verify: Assertions compare against host calculations or hand-derived...
np.testing.assert_array_equal(np.asarray(sum_rows), np.array([112,120,128,136],dtype=np.float32))
for shard in x.addressable_shards:
    # Check tensor shape invariant: `shard.data.shape == (2,4)`
    assert shard.data.shape == (2,4)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_array_equal(np.asarray(shard.data), host[shard.index])
for shard in x_columns.addressable_shards:
    # Check tensor shape invariant: `shard.data.shape == (8,1)`
    assert shard.data.shape == (8,1)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_array_equal(np.asarray(shard.data), host[shard.index])
print("Row-shard shapes:", [s.data.shape for s in x.addressable_shards])
print("Column-shard shapes:", [s.data.shape for s in x_columns.addressable_shards])
print("Column sums:", np.asarray(sum_rows))
Exercise solution
# Exercise solution: Compare row and column layouts of a (12,8) array, and repair a ten-row...
# Construct and reshape `other` into the target tensor dimensions.
other = np.arange(96,dtype=np.float32).reshape(12,8)
for spec, expected in [(rows,(3,8)),(columns,(12,2))]:
    # Place `placed` explicitly onto the target JAX device.
    placed = jax.device_put(other,spec)
    for shard in placed.addressable_shards:
        # Check tensor shape invariant: `shard.data.shape == expected`
        assert shard.data.shape == expected
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_array_equal(np.asarray(shard.data),other[shard.index])

# Construct and reshape `original` into the target tensor dimensions.
original = np.arange(40,dtype=np.float32).reshape(10,4)
# Run the boundary check and catch the expected exception:
try:
    jax.device_put(original, rows)
except ValueError:
    print("Expected indivisible batch")
else:
    raise AssertionError("Expected divisibility failure")
# Place `padded` explicitly onto the target JAX device.
padded = jax.device_put(np.pad(original,((0,2),(0,0))),rows)
# Configure multi-device placement / sharding specification (`mask_sharding`).
mask_sharding = NamedSharding(mesh,P("data"))
mask = jax.device_put(np.array([1]*10+[0]*2,dtype=np.float32),mask_sharding)
# Wrap with `jax.jit` (`masked_mean`) so XLA traces and compiles the function.
masked_mean = jax.jit(lambda a,m:(a*m[:,None]).sum(axis=0)/m.sum(),in_shardings=(rows,mask_sharding),out_shardings=replicated)(padded,mask)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(masked_mean),original.mean(axis=0),rtol=1e-6)
assert not np.allclose(np.asarray(padded.mean(axis=0)), original.mean(axis=0))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:44.700275+00:00
Row-shard shapes: [(2, 4), (2, 4), (2, 4), (2, 4)]
Column-shard shapes: [(8, 1), (8, 1), (8, 1), (8, 1)]
Column sums: [112. 120. 128. 136.]
Row-shard shapes: [(2, 4), (2, 4), (2, 4), (2, 4)]
Column-shard shapes: [(8, 1), (8, 1), (8, 1), (8, 1)]
Column sums: [112. 120. 128. 136.]
Resharded values preserved
Row sums: [  6.  22.  38.  54.  70.  86. 102. 118.]
Expected indivisible batch
Expected indivisible batch
PASS: distributed-01

Change both dimensions
# Change both dimensions (Challenge): The row layout owns three complete feature vectors per...
# Construct and reshape `other` into the target tensor dimensions.
other = np.arange(96,dtype=np.float32).reshape(12,8)
for spec, expected in [(rows,(3,8)),(columns,(12,2))]:
    # Place `placed` explicitly onto the target JAX device.
    placed = jax.device_put(other,spec)
    for shard in placed.addressable_shards:
        # Check tensor shape invariant: `shard.data.shape == expected`
        assert shard.data.shape == expected
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_array_equal(np.asarray(shard.data),other[shard.index])
The row layout owns three complete feature vectors per device; the column layout owns two features for every observation.
Pad an uneven batch without corrupting its mean
# Pad an uneven batch without corrupting its mean (Challenge): Padding repairs the shape but adds artificial rows.
# Construct and reshape `original` into the target tensor dimensions.
original = np.arange(40,dtype=np.float32).reshape(10,4)
# Run the boundary check and catch the expected exception:
try:
    jax.device_put(original, rows)
except ValueError:
    print("Expected indivisible batch")
else:
    raise AssertionError("Expected divisibility failure")
# Place `padded` explicitly onto the target JAX device.
padded = jax.device_put(np.pad(original,((0,2),(0,0))),rows)
# Configure multi-device placement / sharding specification (`mask_sharding`).
mask_sharding = NamedSharding(mesh,P("data"))
mask = jax.device_put(np.array([1]*10+[0]*2,dtype=np.float32),mask_sharding)
# Wrap with `jax.jit` (`masked_mean`) so XLA traces and compiles the function.
masked_mean = jax.jit(lambda a,m:(a*m[:,None]).sum(axis=0)/m.sum(),in_shardings=(rows,mask_sharding),out_shardings=replicated)(padded,mask)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(masked_mean),original.mean(axis=0),rtol=1e-6)
assert not np.allclose(np.asarray(padded.mean(axis=0)), original.mean(axis=0))
Padding repairs the shape but adds artificial rows. The mask keeps them out of both numerator and denominator. Checking only divisibility would miss this statistical error.
Checkpoint
Answer: Each device initially holds only some rows.. The reduction spans the partitioned row dimension, so partial contributions must be combined.
A sharded training step
Assembled example code
# Step 1 — Start a fresh CPU runtime: Configuration happens before devices() or array creation...
import jax
# Run this file in a fresh process; in a notebook restart the kernel first.
jax.config.update("jax_platforms", "cpu")
# Update state in place with the new values.
jax.config.update("jax_num_cpu_devices", 4)
import jax.numpy as jnp
import numpy as np
from jax.sharding import Mesh, NamedSharding, PartitionSpec as P
# Query the active JAX devices into `devices`.
devices = jax.devices("cpu")
# Guard input contract (`len(devices) != 4`) and fail fast if violated.
if len(devices) != 4:
    raise RuntimeError("Expected four CPU devices. Restart the notebook kernel, then Run all; do not run an earlier JAX cell first.")
# Configure multi-device placement / sharding specification (`mesh`).
mesh = Mesh(np.array(devices), ("data",))
# Configure multi-device placement / sharding specification (`rows`).
rows = NamedSharding(mesh, P("data", None))
# Configure multi-device placement / sharding specification (`replicated`).
replicated = NamedSharding(mesh, P())

# Step 2 — Place and compute: Mesh axis names describe placement.
host_x = np.array([[1,0],[0,1],[1,1],[2,0],[0,2],[2,1],[1,2],[2,2]],dtype=np.float32)
true_w = np.array([2.,-1.],dtype=np.float32)
# Perform matrix / vector contraction (`@`) to compute `host_y`.
host_y = host_x @ true_w
# Configure multi-device placement / sharding specification (`labels_sharding`).
labels_sharding = NamedSharding(mesh,P("data"))
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(host_x, rows)
# Place `y` explicitly onto the target JAX device.
y = jax.device_put(host_y, labels_sharding)
# Place `w` explicitly onto the target JAX device.
w = jax.device_put(np.zeros(2,dtype=np.float32),replicated)
def loss(weights, features, labels):
    return jnp.mean((features @ weights-labels)**2)
# Define `update(weights, features, labels)` to evaluate the objective and its automatic derivatives:
def update(weights, features, labels):
    # Differentiate the objective to obtain `(value, gradient)` via automatic differentiation.
    value, gradient = jax.value_and_grad(loss)(weights,features,labels)
    return weights - 0.1*gradient, value, gradient
# Wrap with `jax.jit` (`train_step`) so XLA traces and compiles the function.
train_step = jax.jit(update, in_shardings=(replicated,rows,labels_sharding),out_shardings=(replicated,replicated,replicated))
new_w, before, gradient = train_step(w,x,y)

# Step 3 — Inspect and verify: Assertions compare against host calculations or hand-derived...
expected_gradient = 2 * host_x.T @ (-host_y) / len(host_y)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(gradient),expected_gradient,rtol=1e-6,atol=1e-6)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(new_w),-0.1*expected_gradient,rtol=1e-6,atol=1e-6)
# Aggregate array values to compute `expected_loss`.
expected_loss = np.mean(host_y**2)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(before), expected_loss,rtol=1e-6)
assert float(loss(new_w,x,y)) < float(before)
for shard in new_w.addressable_shards:
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(shard.data),np.asarray(new_w))
print("Initial loss:",float(before))
print("Gradient:",np.asarray(gradient),"updated weights:",np.asarray(new_w))
print("Updated loss:",float(loss(new_w,x,y)))
Exercise solution
# Exercise solution: Run a changed target/initial-state update, then diagnose the...
changed_y = host_x @ np.array([-1.,3.],dtype=np.float32)
start = np.array([0.2,-0.1],dtype=np.float32)
# Define `changed_update(weights, features, labels)` to evaluate the objective and its automatic derivatives:
def changed_update(weights,features,labels):
    return weights-0.05*jax.grad(loss)(weights,features,labels)
# Wrap with `jax.jit` (`changed_step`) so XLA traces and compiles the function.
changed_step = jax.jit(changed_update,in_shardings=(replicated,rows,labels_sharding),out_shardings=replicated)
# Place `result` explicitly onto the target JAX device.
result = changed_step(jax.device_put(start,replicated),x,jax.device_put(changed_y,labels_sharding))
reference_gradient = 2*host_x.T @ (host_x@start-changed_y)/len(changed_y)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(result),start-0.05*reference_gradient,rtol=1e-6,atol=1e-6)

local_gradients = []
for features,labels in zip(np.split(host_x,4),np.split(host_y,4)):
    local_gradients.append(2*features.T @ (-labels)/len(labels))
# Reduce along axis=0 to compute `wrong`.
wrong = np.sum(local_gradients,axis=0)
# Reduce along axis=0 to compute `right`.
right = np.mean(local_gradients,axis=0)
np.testing.assert_allclose(wrong,4*expected_gradient,rtol=1e-6)
np.testing.assert_allclose(right,expected_gradient,rtol=1e-6)
# Unequal partitions: weight local mean gradients by their observation counts.
parts = [(host_x[:3],host_y[:3]),(host_x[3:],host_y[3:])]
weighted = sum(len(b)*(2*a.T @ (-b)/len(b)) for a,b in parts)/len(host_y)
np.testing.assert_allclose(weighted,expected_gradient,rtol=1e-6)
print("Summed local means are four times too large; weighted aggregation repaired")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:46.399473+00:00
Initial loss: 4.875
Gradient: [-5.25 -0.75] updated weights: [0.52500004 0.075     ]
Updated loss: 2.6784372329711914
Initial loss: 4.875
Gradient: [-5.25 -0.75] updated weights: [0.52500004 0.075     ]
Updated loss: 2.6784372329711914
Permutation preserves the global update
Ten-step weights: [ 1.704636  -0.7047408]
Summed local means are four times too large; weighted aggregation repaired
Summed local means are four times too large; weighted aggregation repaired
PASS: distributed-02

Transfer to a different target model
# Transfer to a different target model (Challenge): The independent formula follows the new target, initial...
changed_y = host_x @ np.array([-1.,3.],dtype=np.float32)
start = np.array([0.2,-0.1],dtype=np.float32)
# Define `changed_update(weights, features, labels)` to evaluate the objective and its automatic derivatives:
def changed_update(weights,features,labels):
    return weights-0.05*jax.grad(loss)(weights,features,labels)
# Wrap with `jax.jit` (`changed_step`) so XLA traces and compiles the function.
changed_step = jax.jit(changed_update,in_shardings=(replicated,rows,labels_sharding),out_shardings=replicated)
# Place `result` explicitly onto the target JAX device.
result = changed_step(jax.device_put(start,replicated),x,jax.device_put(changed_y,labels_sharding))
reference_gradient = 2*host_x.T @ (host_x@start-changed_y)/len(changed_y)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(result),start-0.05*reference_gradient,rtol=1e-6,atol=1e-6)
The independent formula follows the new target, initial state and learning rate. Reusing a hard-coded expected weight vector would not test transfer.
Diagnose summed local means
# Diagnose summed local means (Challenge): Each local gradient already divides by its local count.
local_gradients = []
for features,labels in zip(np.split(host_x,4),np.split(host_y,4)):
    local_gradients.append(2*features.T @ (-labels)/len(labels))
# Reduce along axis=0 to compute `wrong`.
wrong = np.sum(local_gradients,axis=0)
# Reduce along axis=0 to compute `right`.
right = np.mean(local_gradients,axis=0)
np.testing.assert_allclose(wrong,4*expected_gradient,rtol=1e-6)
np.testing.assert_allclose(right,expected_gradient,rtol=1e-6)
# Unequal partitions: weight local mean gradients by their observation counts.
parts = [(host_x[:3],host_y[:3]),(host_x[3:],host_y[3:])]
weighted = sum(len(b)*(2*a.T @ (-b)/len(b)) for a,b in parts)/len(host_y)
np.testing.assert_allclose(weighted,expected_gradient,rtol=1e-6)
print("Summed local means are four times too large; weighted aggregation repaired")
Each local gradient already divides by its local count. Summing four equal local means omits division by four. For unequal counts, an unweighted mean also misrepresents examples; sum count-weighted local means and divide by total count.
Checkpoint
Answer: Average them, or sum local gradient numerators and divide by total examples.. A global mean gives each observation equal weight. With equal local counts, averaging local means preserves that weighting.
Communication-efficient algorithms
Assembled example code
# Step 1 — Configure four logical devices: Compare both the numerical global result and the placement needed...
import jax
# Update state in place with the new values.
jax.config.update('jax_platforms', 'cpu')
# Update state in place with the new values.
jax.config.update('jax_num_cpu_devices', 4)
import jax.numpy as jnp
import numpy as np
from jax.sharding import Mesh, NamedSharding, PartitionSpec as P
from time import perf_counter

# Step 2 — Place the data and model: Compare both the numerical global result and the placement needed...
assert jax.local_device_count() == 4, 'Restart with four logical CPU devices'
# Configure multi-device placement / sharding specification (`mesh`).
mesh = Mesh(np.asarray(jax.devices()), ('data',))
# Configure multi-device placement / sharding specification (`rows`).
rows = NamedSharding(mesh, P('data', None))
# Configure multi-device placement / sharding specification (`replicated`).
replicated = NamedSharding(mesh, P())
# Configure multi-device placement / sharding specification (`features`).
features = NamedSharding(mesh, P('data'))
# Construct and reshape `xh` into the target tensor dimensions.
xh = np.arange(16 * 8, dtype=np.float32).reshape(16, 8) / 128 - 0.5
yh = xh @ np.linspace(-0.4, 0.3, 8, dtype=np.float32)
wh = np.linspace(0.1, -0.2, 8, dtype=np.float32)
# Place `x` explicitly onto the target JAX device.
x = jax.device_put(xh, rows)
# Configure multi-device placement / sharding specification (`y`).
y = jax.device_put(yh, NamedSharding(mesh, P('data')))
# Place `w` explicitly onto the target JAX device.
w = jax.device_put(wh, replicated)

# Step 3 — Implement partial gradients and collectives: Compare both the numerical global result and the placement needed...
def local_contribution(a, b, weights):
    return 2 * a.T @ (a @ weights - b) / 16

# Step 4 — Verify the result and placement: Compare both the numerical global result and the placement needed...
def reduce_all(a, b, weights):
    return jax.lax.psum(local_contribution(a, b, weights), 'data')

# Step 5 — Measure completed calls: Compare both the numerical global result and the placement needed...
def reduce_shard(a, b, weights):
    return jax.lax.psum_scatter(local_contribution(a, b, weights), 'data', tiled=True)

# Step 6 — Measure completed calls: Compare both the numerical global result and the placement needed...
# Configure multi-device placement / sharding specification (`all_gradient`).
all_gradient = jax.jit(jax.shard_map(reduce_all, mesh=mesh,
    in_specs=(P('data', None), P('data'), P()), out_specs=P()))
# Configure multi-device placement / sharding specification (`shard_gradient`).
shard_gradient = jax.jit(jax.shard_map(reduce_shard, mesh=mesh,
    in_specs=(P('data', None), P('data'), P()), out_specs=P('data')))
# Configure multi-device placement / sharding specification (`gather`).
gather = jax.jit(jax.shard_map(lambda g: jax.lax.all_gather(g, 'data', tiled=True),
    mesh=mesh, in_specs=P('data'), out_specs=P(), check_vma=False))
ga = all_gradient(x, y, w)
gs = shard_gradient(x, y, w)
gg = gather(gs)
reference = 2 * xh.T @ (xh @ wh - yh) / 16
for result in [ga, gs, gg]:
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(result), reference, atol=2e-6, rtol=2e-6)
# Check tensor shape invariant: `all(s.data.shape == (8,) for s in ga.addressable_shards)`
assert all(s.data.shape == (8,) for s in ga.addressable_shards)
# Check tensor shape invariant: `all(s.data.shape == (2,) for s in gs.addressable_shards)`
assert all(s.data.shape == (2,) for s in gs.addressable_shards)
# Check tensor shape invariant: `all(s.data.shape == (8,) for s in gg.addressable_shards)`
assert all(s.data.shape == (8,) for s in gg.addressable_shards)
# Trace or lower the function to inspect its compiler representation (`hlo_all`).
hlo_all = str(all_gradient.lower(x, y, w).compiler_ir(dialect='stablehlo'))
hlo_shard = str(shard_gradient.lower(x, y, w).compiler_ir(dialect='stablehlo'))
assert 'all_reduce' in hlo_all and 'reduce_scatter' in hlo_shard

# Step 7 — Measure completed calls: Compare both the numerical global result and the placement needed...
def completed_samples(fn, *args):
    # Synchronize host execution until asynchronous device computation completes.
    fn(*args).block_until_ready()
    samples = []
    for _ in range(7):
        start = perf_counter()
        # Synchronize host execution until asynchronous device computation completes.
        fn(*args).block_until_ready()
        samples.append((perf_counter() - start) * 1e6)
    return samples
all_us = completed_samples(all_gradient, x, y, w)
shard_us = completed_samples(shard_gradient, x, y, w)
gather_us = completed_samples(gather, gs)
# Idealized ring payload per rank; not a network measurement.
ranks, gradient_bytes = 4, wh.nbytes
ring_scatter_bytes = (ranks - 1) / ranks * gradient_bytes
ring_all_bytes = 2 * ring_scatter_bytes
print('Gradient reference:', reference.tolist())
print('Local result shapes: replicated (8,), reduce-scatter (2,), gathered (8,)')
print('Idealized ring bytes per rank:', ring_all_bytes, ring_scatter_bytes)
print('Completed CPU median microseconds:', {
    'all_reduce': float(np.median(all_us)), 'reduce_scatter': float(np.median(shard_us)),
    'all_gather_only': float(np.median(gather_us))})
Exercise solution
# Exercise solution: Repeat the gradient comparison after reversing both observation rows...
x2 = jax.device_put(xh[::-1].copy(), rows)
# Configure multi-device placement / sharding specification (`y2`).
y2 = jax.device_put(yh[::-1].copy(), NamedSharding(mesh, P('data')))
w2h = wh + np.float32(0.17)
# Place `w2` explicitly onto the target JAX device.
w2 = jax.device_put(w2h, replicated)
r2 = 2 * xh.T @ (xh @ w2h - yh) / 16
for answer in [all_gradient(x2, y2, w2), gather(shard_gradient(x2, y2, w2))]:
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(answer), r2, atol=2e-6, rtol=2e-6)
    for shard in answer.addressable_shards:
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_allclose(np.asarray(shard.data), r2, atol=2e-6, rtol=2e-6)
wrong_labels = 2 * xh.T @ (xh @ w2h - yh[::-1]) / 16
assert np.max(np.abs(wrong_labels-r2)) > 0.01
print('Joint permutation preserves the gradient; label-only reversal does not.')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:48.161184+00:00
Gradient reference: [0.0029296851716935635, 0.00219726306386292, 0.0014648411888629198, 0.0007324193138629198, -2.6193447411060333e-09, -0.000732424552552402, -0.001464846427552402, -0.002197268418967724]
Local result shapes: replicated (8,), reduce-scatter (2,), gathered (8,)
Idealized ring bytes per rank: 48.0 24.0
Completed CPU median microseconds: {'all_reduce': 99.08340871334076, 'reduce_scatter': 102.49996557831764, 'all_gather_only': 108.41712355613708}
Gradient reference: [0.0029296851716935635, 0.00219726306386292, 0.0014648411888629198, 0.0007324193138629198, -2.6193447411060333e-09, -0.000732424552552402, -0.001464846427552402, -0.002197268418967724]
Local result shapes: replicated (8,), reduce-scatter (2,), gathered (8,)
Idealized ring bytes per rank: 48.0 24.0
Completed CPU median microseconds: {'all_reduce': 109.4592735171318, 'reduce_scatter': 109.74984616041183, 'all_gather_only': 86.12498641014099}
Sharded momentum matches the independent elementwise update.
Joint permutation preserves the gradient; label-only reversal does not.
Idealized payload/storage budget, not observed network traffic: [{'ranks': 2, 'all_reduce_bytes': 1048576, 'scatter_gather_bytes': 1048576, 'shard_storage_bytes': 524288}, {'ranks': 4, 'all_reduce_bytes': 1572864, 'scatter_gather_bytes': 1572864, 'shard_storage_bytes': 262144}, {'ranks': 8, 'all_reduce_bytes': 1835008, 'scatter_gather_bytes': 1835008, 'shard_storage_bytes': 131072}]
PASS: distributed-03

Account for the complete communication cycle
# Account for the complete communication cycle (Transfer): The two-phase payload equals the all-reduce payload under...
budget = []
for p in [2, 4, 8]:
    size = 2**20
    rs = size * (p - 1) // p
    ar = 2 * rs
    cycle = rs + rs
    assert ar == cycle
    assert size // p * p == size
    budget.append({'ranks': p, 'all_reduce_bytes': ar,
                   'scatter_gather_bytes': cycle, 'shard_storage_bytes': size // p})
assert [row['all_reduce_bytes'] for row in budget] == [1048576, 1572864, 1835008]
print('Idealized payload/storage budget, not observed network traffic:', budget)
The two-phase payload equals the all-reduce payload under this model, even though the persistent sharded state is smaller. Timing and algorithm selection still need measurements on the complete target workload.
Checkpoint
Answer: The same two-phase payload, despite a temporarily smaller local result.. The scatter and gather each contribute one phase. The advantage depends on what consumes the partitioned value and when reconstruction is required.
Resilient distributed training
Assembled example code
# Step 1 — Initialize the runtime before device access: Every controller must use consistent state, data and collective...
import os
import tempfile
from pathlib import Path
import jax
# Read `multi` from environment configuration (with a default fallback).
multi = os.environ.get('COURSE_MULTIPROCESS') == '1'
# Read `resume` from environment configuration (with a default fallback).
resume = os.environ.get('COURSE_RESUME') == '1'
if multi:
    # Every controller runs this before querying devices or creating arrays.
    jax.distributed.initialize()
else:
    jax.config.update('jax_platforms', 'cpu')
    jax.config.update('jax_num_cpu_devices', 4)
import jax.numpy as jnp
import numpy as np
import orbax.checkpoint as ocp
from jax.sharding import Mesh, NamedSharding, PartitionSpec as P

# Step 2 — Define the global fixture and placements: Every controller must use consistent state, data and collective...
count = jax.device_count()
assert count >= 2, 'Use at least two devices for the placement exercise'
# Configure multi-device placement / sharding specification (`mesh`).
mesh = Mesh(np.asarray(jax.devices()), ('data',))
# Configure multi-device placement / sharding specification (`rep`).
rep = NamedSharding(mesh, P())
# Configure multi-device placement / sharding specification (`row`).
row = NamedSharding(mesh, P('data', None))
# Configure multi-device placement / sharding specification (`label`).
label = NamedSharding(mesh, P('data'))
batch_size, size, width = 2 * count, 4 * count, 2 * count
# Identical tiny synthetic fixture on each controller; not distributed data ingestion.
data = np.random.default_rng(41).normal(size=(size, width)).astype(np.float32)
truth = np.linspace(-0.3, 0.4, width, dtype=np.float32)
# Perform matrix / vector contraction (`@`) to compute `targets`.
targets = data @ truth

# Step 3 — Carry complete transition state: Every controller must use consistent state, data and collective...
def placed(value, sharding=rep):
    # Convert `a` to a host NumPy array for inspection or verification.
    a = np.asarray(value)
    return jax.make_array_from_callback(a.shape, sharding, lambda index: a[index])

# Step 4 — Checkpoint and verify replay: Every controller must use consistent state, data and collective...
def initial():
    # Create or split explicit PRNG key(s) (`(key, order_key)`) for reproducible randomness.
    key, order_key = jax.random.split(jax.random.PRNGKey(17))
    return { 'weights': placed(np.zeros(width, np.float32)),
             'momentum': placed(np.zeros(width, np.float32)),
             'key': placed(np.asarray(key)),
             'order': placed(np.asarray(jax.random.permutation(order_key, size))),
             'cursor': placed(np.int32(0)), 'step': placed(np.int32(0)) }

# Step 5 — Checkpoint and verify replay: Every controller must use consistent state, data and collective...
# Define and JIT-compile `update(w, velocity, x, y)` so XLA traces and fuses the operations:
@jax.jit
def update(w, velocity, x, y):
    # Differentiate the objective to obtain `(loss, grad)` via automatic differentiation.
    loss, grad = jax.value_and_grad(lambda a: jnp.mean((x @ a - y)**2))(w)
    v = 0.8 * velocity + grad
    return w - 0.04 * v, v, loss

# Step 6 — Checkpoint and verify replay: Every controller must use consistent state, data and collective...
def transition(state):
    cursor = int(state['cursor'])
    # Convert `order` to a host NumPy array for inspection or verification.
    order = np.asarray(state['order'])
    key = state['key']
    if cursor == size:
        key, shuffle_key = jax.random.split(key)
        order = np.asarray(jax.random.permutation(shuffle_key, size))
        cursor = 0
    ids = order[cursor:cursor + batch_size]
    x, y = placed(data[ids], row), placed(targets[ids], label)
    w, v, loss = update(state['weights'], state['momentum'], x, y)
    # Synchronize host execution until asynchronous device computation completes.
    loss.block_until_ready()
    # Independent global derivative and momentum update on the host.
    old_w, old_v = np.asarray(state['weights']), np.asarray(state['momentum'])
    g = 2 * data[ids].T @ (data[ids] @ old_w - targets[ids]) / batch_size
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(v), 0.8 * old_v + g, rtol=2e-5, atol=2e-6)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.asarray(w), old_w - 0.04 * np.asarray(v), rtol=2e-5, atol=2e-6)
    # Convert `new` to a host NumPy array for inspection or verification.
    new = dict(weights=w, momentum=v, key=placed(np.asarray(key)),
               order=placed(order), cursor=placed(np.int32(cursor+batch_size)),
               step=placed(np.int32(int(state['step'])+1)))
    return new, ids.copy(), float(loss)

# Step 7 — Checkpoint and verify replay: Every controller must use consistent state, data and collective...
state = initial()
state, first_ids, _ = transition(state)
# Shared path is mandatory for real multi-controller execution.
if multi:
    root = Path(os.environ['COURSE_CHECKPOINT_DIR']).resolve()
else:
    root = Path(os.environ['COURSE_CHECKPOINT_DIR']).resolve() if os.environ.get('COURSE_CHECKPOINT_DIR') else Path(tempfile.mkdtemp(prefix='jax-distributed-recovery-'))
checkpoint_path = root / 'step-one'
# Guard input contract (`resume and (not checkpoint_path.exists())`) and fail fast if violated.
if resume and not checkpoint_path.exists():
    raise FileNotFoundError('Resume needs an existing step-one checkpoint')
# Guard input contract (`not resume and checkpoint_path.exists()`) and fail fast if violated.
if not resume and checkpoint_path.exists():
    raise FileExistsError('Use a new folder or set COURSE_RESUME=1 for the accepted checkpoint')
# Enter `ocp.StandardCheckpointer()` context block:
with ocp.StandardCheckpointer() as checkpointer:
    if not resume:
        checkpointer.save(checkpoint_path, state)
        checkpointer.wait_until_finished()
    # Target carries the current mesh/sharding, rather than inferring it from old metadata.
    restored = checkpointer.restore(checkpoint_path, target=initial())
    for name in state:
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_array_equal(np.asarray(restored[name]), np.asarray(state[name]))
    baseline, resumed = state, restored
    baseline_losses, resumed_losses, replay_ids = [], [], []
    for _ in range(3):
        baseline, ids_a, loss_a = transition(baseline)
        resumed, ids_b, loss_b = transition(resumed)
        # Execute `np.testing.assert_array_equal(ids_a, ids_b)`
        np.testing.assert_array_equal(ids_a, ids_b)
        for name in baseline:
            # Convert `` to a host NumPy array for inspection or verification.
            np.testing.assert_allclose(np.asarray(baseline[name]), np.asarray(resumed[name]), rtol=2e-5, atol=2e-6)
        baseline_losses.append(loss_a)
        resumed_losses.append(loss_b)
        replay_ids.append(ids_a.tolist())
print('Recorded backend/processes/devices:', jax.default_backend(), jax.process_count(), count)
print('Restored step/cursor:', int(restored['step']), int(restored['cursor']))
print('Next sample IDs across epoch boundary:', replay_ids)
print('Uninterrupted losses:', baseline_losses)
print('Restored losses:', resumed_losses)
print('Checkpoint:', checkpoint_path)
Exercise solution
# Exercise solution: Extend uninterrupted and restored execution by two additional steps.
for _ in range(2):
    baseline, ids_a, _ = transition(baseline)
    resumed, ids_b, _ = transition(resumed)
    # Execute `np.testing.assert_array_equal(ids_a, ids_b)`
    np.testing.assert_array_equal(ids_a, ids_b)
    for name in baseline:
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_allclose(np.asarray(baseline[name]), np.asarray(resumed[name]), rtol=2e-5, atol=2e-6)
    for shard in resumed['weights'].addressable_shards:
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_allclose(np.asarray(shard.data), np.asarray(baseline['weights']), rtol=2e-5, atol=2e-6)
assert int(resumed['step']) == 6
print('Five resumed transitions and all addressable parameter replicas agree.')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:51.553258+00:00
Recorded backend/processes/devices: cpu 1 4
Restored step/cursor: 1 8
Next sample IDs across epoch boundary: [[12, 5, 4, 1, 8, 13, 2, 11], [9, 0, 7, 15, 11, 13, 8, 14], [1, 6, 5, 4, 3, 12, 2, 10]]
Uninterrupted losses: [0.5069587826728821, 0.19637340307235718, 0.1798383891582489]
Restored losses: [0.5069587826728821, 0.19637340307235718, 0.1798383891582489]
Checkpoint: /var/folders/mp/_mq7srqx2y10p5nhjz9m7hj40000gn/T/jax-distributed-recovery-8l8pqueq/step-one
Recorded backend/processes/devices: cpu 1 4
Restored step/cursor: 1 8
Next sample IDs across epoch boundary: [[12, 5, 4, 1, 8, 13, 2, 11], [9, 0, 7, 15, 11, 13, 8, 14], [1, 6, 5, 4, 3, 12, 2, 10]]
Uninterrupted losses: [0.5069587826728821, 0.19637340307235718, 0.1798383891582489]
Restored losses: [0.5069587826728821, 0.19637340307235718, 0.1798383891582489]
Checkpoint: /var/folders/mp/_mq7srqx2y10p5nhjz9m7hj40000gn/T/jax-distributed-recovery-9h7rtdxi/step-one
Same next sample IDs, different weights after missing momentum: 0.0195157527923584
Five resumed transitions and all addressable parameter replicas agree.
Current-epoch batch matches; next-epoch batch exposes the wrong key.
PASS: distributed-04

Find a delayed random-state failure
# Find a delayed random-state failure (Transfer): A successful first resumed update is separate from future...
# Create or split explicit PRNG key(s) (`wrong_key_state`) for reproducible randomness.
wrong_key_state = {**restored, 'key': placed(np.asarray(jax.random.PRNGKey(999)))}
correct_a, ids_a, _ = transition(restored)
wrong_a, ids_b, _ = transition(wrong_key_state)
# Execute `np.testing.assert_array_equal(ids_a, ids_b)`
np.testing.assert_array_equal(ids_a, ids_b)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(correct_a['weights']), np.asarray(wrong_a['weights']), rtol=2e-5, atol=2e-6)
correct_b, ids_c, _ = transition(correct_a)
wrong_b, ids_d, _ = transition(wrong_a)
assert not np.array_equal(ids_c, ids_d)
print('Current-epoch batch matches; next-epoch batch exposes the wrong key.')
A successful first resumed update is separate from future replay when later branches consume state that was not yet used. Crossing the epoch boundary reveals the changed key.
Checkpoint
Answer: The random key used to construct the next permutation.. The current order can reproduce the rest of one epoch while an incorrect saved key changes the next shuffle. Check complete random state at the accepted boundary.
A functional physical simulation
Assembled example code
# Step 1 — Define a state transition: A scalar state enters and a new scalar leaves.
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

def euler_step(rate, value, dt):
    return value - dt*rate*value

# Define `euler_solve(rate, initial, steps, dt)` to carry state across steps with `jax.lax.scan`:
def euler_solve(rate, initial, steps, dt):
    def advance(value, unused):
        updated = euler_step(rate, value, dt)
        return updated, updated
    # Run compiled structured control flow via `jax.lax` (`(_, tail)`).
    _, tail = jax.lax.scan(advance, initial, None, length=steps)
    return jnp.concatenate((jnp.atleast_1d(initial), tail))

# Step 2 — Compare the simulation with a physical reference: The geometric sequence verifies implementation correctness.
rate, initial, dt, steps = 0.7, jnp.array(2.0), 0.5, 4
trajectory = euler_solve(rate, initial, steps, dt)
times = np.arange(steps+1)*dt
continuous = 2.0*np.exp(-rate*times)
discrete = 2.0*(1-rate*dt)**np.arange(steps+1)
np.testing.assert_allclose(trajectory, discrete, rtol=1e-12, atol=1e-12)
assert np.all(np.diff(np.asarray(trajectory)) < 0)
assert abs(float(trajectory[-1])-continuous[-1]) > 0.1
print("Euler final:", float(trajectory[-1]), "analytic final:", continuous[-1])

# Step 3 — Refine the time grid without changing the experiment: Every run stops at the same physical time.
grid_sizes = np.array([4, 8, 16, 32])
endpoint_errors = np.array([abs(float(euler_solve(rate, initial, int(n), 2.0/n)[-1])-continuous[-1]) for n in grid_sizes])
assert np.all(np.diff(endpoint_errors) < 0)
assert 1.7 < endpoint_errors[-2]/endpoint_errors[-1] < 2.3
print("Endpoint errors:", endpoint_errors)
print("Last refinement ratio:", endpoint_errors[-2]/endpoint_errors[-1])
Exercise solution
# Exercise solution: Change the rate to 0.3, the initial excess to 5, and use twenty steps...
changed = euler_solve(0.3, jnp.array(5.0), 20, 0.1)
reference = 5.0*(1-0.3*0.1)**np.arange(21)
np.testing.assert_allclose(changed, reference, rtol=1e-12)
assert float(changed[0]) == 5.0
assert abs(float(changed[-1])-5*np.exp(-0.6)) < 0.03
print("Changed rate, initial state and grid verified")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:54.140127+00:00
Euler final: 0.3570125000000001 analytic final: 0.493193927883213
Endpoint errors: [0.13618143 0.06399208 0.03107265 0.0153167 ]
Last refinement ratio: 2.0286780018480166
Euler final: 0.3570125000000001 analytic final: 0.493193927883213
Endpoint errors: [0.13618143 0.06399208 0.03107265 0.0153167 ]
Last refinement ratio: 2.0286780018480166
Stable but sign-alternating: [ 2.     -0.8     0.32   -0.128   0.0512]
Unstable numerical endpoint: 3.543121999999993
Changed rate, initial state and grid verified
Energy checks distinguish growth, but not sign preservation
Same-horizon errors: [np.float64(0.050590770107151406), np.float64(0.02471618055802971), np.float64(0.012218898970361547)]
PASS: science-01

Energy does not check every invariant
# Energy does not check every invariant (Practice): A scalar diagnostic can establish decay without capturing...
for h in (0.5, 2.0):
    u = np.asarray(euler_solve(0.7, jnp.array(2.0), 6, h))
    assert np.all(np.diff(u*u/2) < 0)
u = np.asarray(euler_solve(0.7, jnp.array(2.0), 6, 3.0))
assert np.all(np.diff(u*u/2) > 0)
print("Energy checks distinguish growth, but not sign preservation")
A scalar diagnostic can establish decay without capturing every physical invariant. Preserve sign checks separately.
Keep the physical horizon fixed
# Keep the physical horizon fixed (Challenge): A refinement study must hold the modeled experiment fixed;...
horizon = 2.0
errors = []
for n in (10, 20, 40):
    h = horizon/n
    final = euler_solve(0.7, jnp.array(2.0), n, h)[-1]
    errors.append(abs(float(final)-2*np.exp(-0.7*horizon)))
assert errors[2] < errors[1] < errors[0]
print("Same-horizon errors:", errors)
A refinement study must hold the modeled experiment fixed; comparing different end times conflates physical change and numerical accuracy.
Checkpoint
Answer: The discrete update is implemented correctly; its time-step error still needs assessment.. The geometric sequence is an oracle for the discrete method. The exponential is a separate oracle for the differential equation. They answer different questions.
Vectorize trajectories and scan time
Assembled example code
# Step 1 — Use a higher-order scalar transition: Runge–Kutta uses four slopes inside one step.
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

def rk4_step(rate, value, dt):
    a = -rate*value
    b = -rate*(value + dt*a/2)
    c = -rate*(value + dt*b/2)
    d = -rate*(value + dt*c)
    return value + dt*(a + 2*b + 2*c + d)/6

# Define `solve(rate, initial, steps, dt)` to carry state across steps with `jax.lax.scan`:
def solve(rate, initial, steps=40, dt=0.05):
    def advance(value, unused):
        next_value = rk4_step(rate, value, dt)
        return next_value, next_value
    # Run compiled structured control flow via `jax.lax` (`(_, tail)`).
    _, tail = jax.lax.scan(advance, initial, None, length=steps)
    return jnp.concatenate((jnp.atleast_1d(initial), tail))

# Step 2 — Batch initial conditions while sharing the model: The batch axis is independent initial conditions, not time.
initials = jnp.array([0.5, 1.0, 2.0])
rate, dt, steps = 0.7, 0.05, 40
# Vectorize across the batch dimension with `jax.vmap` (`simulate_batch`).
simulate_batch = jax.jit(jax.vmap(lambda initial: solve(rate, initial, steps, dt)))
trajectories = simulate_batch(initials)
times = np.arange(steps+1)*dt
# Convert `oracle` to a host NumPy array for inspection or verification.
oracle = np.asarray(initials)[:,None]*np.exp(-rate*times[None,:])
# Check tensor shape invariant: `trajectories.shape == (3, 41)`
assert trajectories.shape == (3, 41)
np.testing.assert_allclose(trajectories, oracle, rtol=3e-8, atol=1e-10)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(np.asarray(trajectories)[2], 4*np.asarray(trajectories)[0], rtol=1e-12)
print("Shape:", trajectories.shape, "endpoints:", np.asarray(trajectories)[:,-1])

# Step 3 — Change composition and verify axis meaning: Array arithmetic applies the independent scalar dynamics to all...
# Define `scan_batch(rate, values, steps, dt)` to carry state across steps with `jax.lax.scan`:
def scan_batch(rate, values, steps=40, dt=0.05):
    def advance(state, unused):
        updated = rk4_step(rate, state, dt)
        return updated, updated
    # Run compiled structured control flow via `jax.lax` (`(_, tail)`).
    _, tail = jax.lax.scan(advance, values, None, length=steps)
    return jnp.concatenate((values[None,:], tail), axis=0)
# Run compiled structured control flow via `jax.lax` (`time_major`).
time_major = scan_batch(rate, initials)
# Check tensor shape invariant: `time_major.shape == (41, 3)`
assert time_major.shape == (41, 3)
np.testing.assert_allclose(time_major.T, trajectories, rtol=1e-12, atol=1e-12)
print("scan(vectors) transposed equals vmap(scan)")
Exercise solution
# Exercise solution: Add a fourth initial condition, verify the changed output shape and...
changed_initials = jnp.array([0.5, 1.0, 2.0, 3.0])
# Vectorize across the batch dimension with `jax.vmap` (`changed`).
changed = jax.vmap(lambda u: solve(0.7,u))(changed_initials)
# Check tensor shape invariant: `changed.shape == (4,41)`
assert changed.shape == (4,41)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(changed,np.asarray(changed_initials)[:,None]*np.exp(-0.7*times),rtol=3e-8)
order = jnp.array([3,0,2,1])
# Vectorize across the batch dimension with `jax.vmap` (`reordered`).
reordered = jax.vmap(lambda u: solve(0.7,u))(changed_initials[order])
np.testing.assert_allclose(reordered,changed[order],rtol=1e-12)
print("Permutation preserves trajectory identity")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:47:57.386723+00:00
Shape: (3, 41) endpoints: [0.12329848 0.24659697 0.49319394]
scan(vectors) transposed equals vmap(scan)
Shape: (3, 41) endpoints: [0.12329848 0.24659697 0.49319394]
scan(vectors) transposed equals vmap(scan)
RK4 polynomial maximum difference: 1.4432899320127035e-15
Paired-rate endpoints: [0.33516002 0.24659697 0.22160636]
Permutation preserves trajectory identity
Only final states returned: [0.12329848 0.24659697 0.49319394]
Grid axes: rate, initial condition, time (3, 3, 41)
PASS: science-02

Save only what the objective needs
# Save only what the objective needs (Practice): The explicit trajectory output is removed.
# Define `final_only(rate, initial, steps, dt)` to carry state across steps with `jax.lax.scan`:
def final_only(rate, initial, steps=40, dt=0.05):
    def advance(value, unused):
        return rk4_step(rate,value,dt), None
    return jax.lax.scan(advance,initial,None,length=steps)[0]
# Vectorize across the batch dimension with `jax.vmap` (`finals`).
finals = jax.vmap(lambda u: final_only(0.7,u))(initials)
np.testing.assert_allclose(finals,trajectories[:,-1],rtol=1e-12)
print("Only final states returned:", np.asarray(finals))
The explicit trajectory output is removed. Differentiation memory requires separate analysis and measurement.
Pairing versus Cartesian products
# Pairing versus Cartesian products (Challenge): Paired batches and Cartesian products are different experiments.
# Vectorize across the batch dimension with `jax.vmap` (`grid`).
grid = jax.vmap(lambda k: jax.vmap(lambda u: solve(k,u))(initials))(rates)
# Check tensor shape invariant: `grid.shape == (3,3,41)`
assert grid.shape == (3,3,41)
# Create evenly spaced index values in ``.
np.testing.assert_allclose(grid[jnp.arange(3),jnp.arange(3)],paired,rtol=1e-12)
print("Grid axes: rate, initial condition, time", grid.shape)
Paired batches and Cartesian products are different experiments. The diagonal correspondence verifies the axis interpretation.
Checkpoint
Answer: Three independent initial conditions, each with the initial state plus forty updates.. vmap contributes the leading independent-experiment axis. The scalar solve contributes its forty-one saved states; no device placement is specified.
Differentiate through a solver
Assembled example code
# Step 1 — Rebuild the differentiable solver: The solver remains a pure JAX function with a static number of...
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

def rk4_step(rate, value, dt):
    a = -rate*value
    b = -rate*(value + dt*a/2)
    c = -rate*(value + dt*b/2)
    d = -rate*(value + dt*c)
    return value + dt*(a + 2*b + 2*c + d)/6

# Define `solve(rate, initial, steps, dt)` to carry state across steps with `jax.lax.scan`:
def solve(rate, initial, steps=40, dt=0.05):
    def advance(value, unused):
        next_value = rk4_step(rate, value, dt)
        return next_value, next_value
    # Run compiled structured control flow via `jax.lax` (`(_, tail)`).
    _, tail = jax.lax.scan(advance, initial, None, length=steps)
    return jnp.concatenate((jnp.atleast_1d(initial), tail))

# Step 2 — Check the derivative of the discrete endpoint: Autodiff gives the derivative of the actual RK4 program.
rate, initial, steps, dt = 0.7, jnp.array(2.0), 40, 0.05
endpoint = lambda k: solve(k,initial,steps,dt)[-1]
# Differentiate the objective to obtain `autodiff` via automatic differentiation.
autodiff = float(jax.grad(endpoint)(rate))
z = -rate*dt
r = 1+z+z*z/2+z**3/6+z**4/24
dr_dk = -dt*(1+z+z*z/2+z**3/6)
discrete_gradient = 2.0*steps*r**(steps-1)*dr_dk
continuous_gradient = -2.0*(steps*dt)*np.exp(-rate*steps*dt)
np.testing.assert_allclose(autodiff,discrete_gradient,rtol=1e-11,atol=1e-12)
np.testing.assert_allclose(autodiff,continuous_gradient,rtol=1e-7)
print("Autodiff:",autodiff,"discrete oracle:",discrete_gradient,"continuous oracle:",continuous_gradient)

# Step 3 — Differentiate an observation loss and check its direction: The candidate rate is too large.
times = jnp.arange(steps+1)*dt
observations = 2.0*jnp.exp(-0.7*times)
def objective(k):
    return jnp.mean((solve(k,initial,steps,dt)-observations)**2)
probe = 1.0
# Differentiate the objective to obtain `(value, derivative)` via automatic differentiation.
value, derivative = jax.value_and_grad(objective)(probe)
epsilon = 1e-4
finite_difference = (float(objective(probe+epsilon))-float(objective(probe-epsilon)))/(2*epsilon)
np.testing.assert_allclose(derivative,finite_difference,rtol=2e-7,atol=1e-10)
assert float(derivative) > 0
assert float(objective(probe-0.1*derivative)) < float(value)
print("Loss:",float(value),"gradient:",float(derivative),"finite difference:",finite_difference)
Exercise solution
# Exercise solution: Change the initial value to 3 and the rate to 0.4.
changed_rate, changed_initial = 0.4, 3.0
# Differentiate the objective to obtain `g_rate` via automatic differentiation.
g_rate = jax.grad(lambda k: solve(k,jnp.array(changed_initial))[-1])(changed_rate)
# Differentiate the objective to obtain `g_initial` via automatic differentiation.
g_initial = jax.grad(lambda u: solve(changed_rate,u)[-1])(changed_initial)
np.testing.assert_allclose(g_rate,-2*changed_initial*np.exp(-0.8),rtol=1e-7)
np.testing.assert_allclose(g_initial,np.exp(-0.8),rtol=1e-8)
print("Rate and initial-state sensitivities:",float(g_rate),float(g_initial))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:48:03.834483+00:00
Autodiff: -0.9863878096749447 discrete oracle: -0.9863878096749429 continuous oracle: -0.9863878557664257
Loss: 0.04837454286198381 gradient: 0.2686922266772409 finite difference: 0.26869222316237146
Autodiff: -0.9863878096749447 discrete oracle: -0.9863878096749429 continuous oracle: -0.9863878557664257
Loss: 0.04837454286198381 gradient: 0.2686922266772409 finite difference: 0.26869222316237146
Sensitivity errors: [np.float64(0.0002448795513753099), np.float64(1.3192617195456613e-05), np.float64(7.654351459329689e-07), np.float64(4.6091481076260266e-08)]
Finite-difference absolute errors: [3.515348206362123e-05, 3.5151551858181307e-07, 3.514869451048952e-09, 3.5118241648035564e-11, 1.1179057679555626e-11]
Rate and initial-state sensitivities: -2.695973769291141 0.44932896460456245
Weighted derivative reference: 0.30367311533053687
Detached autodiff is zero; actual value sensitivity: 0.26869222316237146
PASS: science-03

Weight observations without losing normalization
# Weight observations without losing normalization (Practice): The independent expression checks reduction normalization...
weights=np.linspace(0.2,2.0,41)
def weighted_objective(k):
    residual=solve(k,jnp.array(2.0))-observations
    return jnp.sum(jnp.asarray(weights)*residual**2)/np.sum(weights)
k=1.0
h=0.05
n=np.arange(41)
z=-k*h
r=1+z+z*z/2+z**3/6+z**4/24
dr=-h*(1+z+z*z/2+z**3/6)
u=2*r**n
sensitivity=2*n*r**np.maximum(n-1,0)*dr
# Aggregate array values to compute `reference`.
reference=np.sum(2*weights*(u-np.asarray(observations))*sensitivity)/weights.sum()
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(weighted_objective)(k),reference,rtol=1e-11,atol=1e-12)
print("Weighted derivative reference:",reference)
The independent expression checks reduction normalization and the derivative at every saved time, rather than only the endpoint.
Diagnose a detached backward path
# Diagnose a detached backward path (Challenge): A plausible forward curve does not validate backward behavior.
# Define `detached_objective(k)` to evaluate the objective and its automatic derivatives:
def detached_objective(k):
    prediction=jax.lax.stop_gradient(solve(k,jnp.array(2.0)))
    return jnp.mean((prediction-observations)**2)
assert float(jax.grad(detached_objective)(1.0)) == 0.0
fd=(float(detached_objective(1.0001))-float(detached_objective(0.9999)))/0.0002
assert abs(fd)>1e-3
print("Detached autodiff is zero; actual value sensitivity:",fd)
A plausible forward curve does not validate backward behavior. Remove an unintended gradient barrier and repeat the independent check.
Checkpoint
Answer: Refine the grid at fixed horizon and inspect convergence of sensitivity.. The implementation derivative is consistent with the executed solver. A fixed-horizon refinement study tests whether its discretization bias is becoming small enough.
Fit parameters and scale the simulation
Assembled example code
# Step 1 — Define the simulator and immutable observations: Observations come from the analytic physical model, not the same...
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

def rk4_step(rate, value, dt):
    a = -rate*value
    b = -rate*(value + dt*a/2)
    c = -rate*(value + dt*b/2)
    d = -rate*(value + dt*c)
    return value + dt*(a + 2*b + 2*c + d)/6

# Define `solve(rate, initial, steps, dt)` to carry state across steps with `jax.lax.scan`:
def solve(rate, initial, steps=40, dt=0.05):
    def advance(value, unused):
        next_value = rk4_step(rate, value, dt)
        return next_value, next_value
    # Run compiled structured control flow via `jax.lax` (`(_, tail)`).
    _, tail = jax.lax.scan(advance, initial, None, length=steps)
    return jnp.concatenate((jnp.atleast_1d(initial), tail))

train_initials = jnp.array([0.7,1.5,2.3])
times = jnp.arange(41)*0.05
true_rate = 0.7
observations = train_initials[:,None]*jnp.exp(-true_rate*times)
def predict(rate, initials):
    return jax.vmap(lambda initial: solve(rate,initial))(initials)
def objective(log_rate):
    residual = predict(jnp.exp(log_rate),train_initials)-observations
    return jnp.mean(residual**2)

# Step 2 — Fit a positive rate with an explicit update: The logarithm parameterization keeps the rate positive.
# Define and JIT-compile `update(log_rate)` so XLA traces and fuses the operations:
@jax.jit
def update(log_rate):
    return log_rate - 0.4*jax.grad(objective)(log_rate)
log_rate = jnp.log(1.4)
loss_history = [float(objective(log_rate))]
rate_history = [float(jnp.exp(log_rate))]
for _ in range(160):
    log_rate = update(log_rate)
    loss_history.append(float(objective(log_rate)))
    rate_history.append(float(jnp.exp(log_rate)))
fitted_rate = float(jnp.exp(log_rate))
assert abs(fitted_rate-true_rate) < 2e-7
assert loss_history[-1] < 1e-20
print("Initial/fitted rate:",rate_history[0],fitted_rate)
print("Initial/final loss:",loss_history[0],loss_history[-1])

# Step 3 — Validate on unseen initial conditions and a finer grid: Held-out starts test transfer within this known equation.
held_initials=jnp.array([0.4,1.1,3.2])
# Convert `held_truth` to a host NumPy array for inspection or verification.
held_truth=np.asarray(held_initials)[:,None]*np.exp(-true_rate*np.asarray(times))
# Convert `held_prediction` to a host NumPy array for inspection or verification.
held_prediction=np.asarray(predict(fitted_rate,held_initials))
# Aggregate array values to compute `held_rmse`.
held_rmse=float(np.sqrt(np.mean((held_prediction-held_truth)**2)))
assert held_rmse < 1e-7
# Vectorize across the batch dimension with `jax.vmap` (`fine`).
fine=np.asarray(jax.vmap(lambda initial:solve(fitted_rate,initial,80,0.025))(held_initials))[:,::2]
# Aggregate array values to compute `fine_rmse`.
fine_rmse=float(np.sqrt(np.mean((fine-held_truth)**2)))
assert fine_rmse < 1e-7
# Differentiate the objective to obtain `initial_only_gradient` via automatic differentiation.
initial_only_gradient=jax.grad(lambda p:jnp.mean((predict(jnp.exp(p),train_initials)[:,0]-observations[:,0])**2))(jnp.log(1.4))
assert float(initial_only_gradient)==0.0
print("Held-out RMSE:",held_rmse,"finer-grid RMSE:",fine_rmse)
print("Initial-time-only gradient:",float(initial_only_gradient))
Exercise solution
# Exercise solution: Repeat inference for a new true rate 0.4 using analytically generated...
changed_truth=0.4
changed_observations=train_initials[:,None]*jnp.exp(-changed_truth*times)
def changed_objective(theta):
    return jnp.mean((predict(jnp.exp(theta),train_initials)-changed_observations)**2)
# Differentiate the objective to obtain `changed_update` via automatic differentiation.
changed_update=jax.jit(lambda theta:theta-0.4*jax.grad(changed_objective)(theta))
changed_theta=jnp.log(0.9)
for _ in range(200):
    changed_theta=changed_update(changed_theta)
changed_rate=float(jnp.exp(changed_theta))
assert abs(changed_rate-changed_truth)<1e-6
# Convert `changed_held` to a host NumPy array for inspection or verification.
changed_held=np.asarray(held_initials)[:,None]*np.exp(-changed_truth*np.asarray(times))
np.testing.assert_allclose(predict(changed_rate,held_initials),changed_held,rtol=2e-6,atol=1e-7)
print("Changed true/recovered rate:",changed_truth,changed_rate)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:48:32.222051+00:00
Initial/fitted rate: 1.4 0.7000000090128304
Initial/final loss: 0.11676630453561089 1.9484774169068916e-32
Held-out RMSE: 4.572895313141112e-16 finer-grid RMSE: 7.282689372293896e-09
Initial-time-only gradient: 0.0
Initial/fitted rate: 1.4 0.7000000090128304
Initial/final loss: 0.11676630453561089 1.9484774169068916e-32
Held-out RMSE: 4.572895313141112e-16 finer-grid RMSE: 7.282689372293896e-09
Initial-time-only gradient: 0.0
True rate: 0.7 perfect coarse Euler rate: 0.5906238205625731
batch, median milliseconds, milliseconds per trajectory: [(1, 0.007125083357095718, 0.007125083357095718), (16, 0.007792375981807709, 0.0004870234988629818), (256, 0.030416063964366913, 0.00011881274986080825)]
Changed true/recovered rate: 0.4 0.40000000054230433
Recovered initial amplitude: 2.8000000000000003
Noisy grid-search estimate: 0.7 residual MSE: 2.6000611439697964e-05
PASS: science-04

Infer a different physical quantity
# Infer a different physical quantity (Practice): The inverse problem becomes linear when rate is fixed.
basis=np.exp(-0.7*np.asarray(times))
unknown_initial=2.8
measured=unknown_initial*basis
estimate=float(np.dot(basis,measured)/np.dot(basis,basis))
assert abs(estimate-unknown_initial)<1e-12
def amplitude_loss(amplitude):
    return jnp.mean((amplitude*jnp.asarray(basis)-jnp.asarray(measured))**2)
assert abs(float(jax.grad(amplitude_loss)(estimate)))<1e-12
print("Recovered initial amplitude:",estimate)
The inverse problem becomes linear when rate is fixed. Jointly unknown amplitude and rate require enough distinct observation times to distinguish their effects.
Compare noisy inference with an independent search
# Compare noisy inference with an independent search (Challenge): A noisy optimum need not equal the generating parameter exactly.
noisy=np.asarray(observations)+0.005*np.random.default_rng(19).normal(size=observations.shape)
candidates=np.linspace(0.65,0.75,1001)
# Convert `reference_predictions` to a host NumPy array for inspection or verification.
reference_predictions=np.asarray(train_initials)[None,:,None]*np.exp(-candidates[:,None,None]*np.asarray(times)[None,None,:])
# Reduce along axis=(1 to compute `reference_losses`.
reference_losses=np.mean((reference_predictions-noisy[None,:,:])**2,axis=(1,2))
best=float(candidates[np.argmin(reference_losses)])
assert abs(best-0.7)<0.01
assert float(np.min(reference_losses))>0
print("Noisy grid-search estimate:",best,"residual MSE:",float(np.min(reference_losses)))
A noisy optimum need not equal the generating parameter exactly. One fixed-seed recovery check is not a calibrated uncertainty interval; repeated datasets or a justified statistical model are needed.
Checkpoint
Answer: The observations contain no information about the cooling rate.. The initial state is independent of rate. No optimizer can recover a rate from data whose predictions do not depend on it.
Distributions and sampling
Assembled example code
# Step 1 — 1. Define a density and its contract: The normalization term matters when comparing different scales;...
import math
import numpy as np
import jax
import jax.numpy as jnp
from jax.scipy.special import logsumexp

def normal_logpdf(value, loc, scale):
    return -0.5*((value-loc)/scale)**2 - jnp.log(scale) - 0.5*jnp.log(2*jnp.pi)

# Step 2 — 2. Sample with explicit ownership: The broad mean bound is five analytic standard errors for this...
# Create or split explicit PRNG key(s) (`(key_a, key_b)`) for reproducible randomness.
key_a, key_b = jax.random.split(jax.random.key(23))
# Sample deterministic random values into `a` using an explicit PRNG key.
a = 2. + 3.*jax.random.normal(key_a, (20000,))
# Sample deterministic random values into `b` using an explicit PRNG key.
b = 2. + 3.*jax.random.normal(key_b, (20000,))
expected_mean, expected_variance = 2., 9.
assert abs(float(a.mean())-expected_mean) < 5*3/math.sqrt(a.size)
assert abs(float(a.var())-expected_variance) < .4
assert not jnp.array_equal(a,b)
assert jnp.array_equal(a, 2.+3.*jax.random.normal(key_a,(20000,)))

# Step 3 — 3. Compare an independent calculation: A log density near negative one thousand remains representable...
actual = normal_logpdf(jnp.array([2.,5.]),2.,3.)
reference = [-math.log(3*math.sqrt(2*math.pi)), -.5-math.log(3*math.sqrt(2*math.pi))]
np.testing.assert_allclose(actual,reference,rtol=1e-6)
components = jnp.array([-1000.,-1001.])
# Evaluate numerically stable log-space cross-entropy/likelihood (`stable`).
stable = logsumexp(components)-jnp.log(2.)
# Confirm that all computed values remain finite (no NaN or Inf).
assert jnp.isfinite(stable)
assert jnp.isneginf(jnp.log(jnp.exp(components).mean()))
print('sample mean, variance:',float(a.mean()),float(a.var()))
print('stable equal-mixture log density:',float(stable))
Exercise solution
# Exercise solution: Change the sensor to mean -1, standard deviation 0.5, and draw 30000...
# Create or split explicit PRNG key(s) (`changed`) for reproducible randomness.
changed = -1.+.5*jax.random.normal(jax.random.key(51),(30000,))
assert abs(float(changed.mean())+1.) < 5*.5/math.sqrt(30000)
assert abs(float(changed.var())-.25) < .015
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:48:36.575595+00:00
sample mean, variance: 2.0067408084869385 9.035282135009766
stable equal-mixture log density: -1000.3799438476562
sample mean, variance: 2.0067408084869385 9.035282135009766
stable equal-mixture log density: -1000.3799438476562
peak density: 3.9894230365753174
-5.0 -2.379885673522949
PASS: probability-01

Detect a missing normalization
# Detect a missing normalization (Transfer / diagnosis): Scale changes density even with identical zero residuals.
scores = normal_logpdf(0.,0.,jnp.array([1.,2.]))
assert jnp.allclose(scores[0]-scores[1],jnp.log(2.))
Scale changes density even with identical zero residuals.
Demonstrate key ownership
# Demonstrate key ownership (Transfer / diagnosis): Different split keys avoid accidental replay; one differing...
# Create or split explicit PRNG key(s) (`(left, right)`) for reproducible randomness.
left,right = jax.random.split(jax.random.key(17))
# Sample deterministic random values into `first` using an explicit PRNG key.
first = jax.random.normal(left,(32,))
# Sample deterministic random values into `second` using an explicit PRNG key.
second = jax.random.normal(right,(32,))
assert jnp.array_equal(first,jax.random.normal(left,(32,)))
assert not jnp.array_equal(first,second)
Different split keys avoid accidental replay; one differing pair does not prove every statistical property of a generator.
Checkpoint
Answer: The standard error of the average decreases, while the distribution of an individual reading stays the same. For independent draws the average has variance σ2/N\sigma^2/N; a new reading still has variance σ2\sigma^2. These are different random variables.
Build a Bayesian regression
Assembled example code
# Step 1 — 1. Construct a small linear model: The design has three rows and two columns.
import numpy as np
import jax
import jax.numpy as jnp
X = jnp.array([[1.,-1.],[1.,0.],[1.,1.]])
y = jnp.array([-1.,1.,3.])
sigma, prior_scale = 1., 2.

# Step 2 — 2. Solve the posterior system: The independent fractions follow because centered inputs make the...
def posterior(X,y,sigma,prior_scale):
    precision = jnp.eye(X.shape[1])/prior_scale**2 + X.T@X/sigma**2
    mean = jnp.linalg.solve(precision,X.T@y/sigma**2)
    covariance = jnp.linalg.solve(precision,jnp.eye(X.shape[1]))
    return mean,covariance
mean,cov = posterior(X,y,sigma,prior_scale)
assert jnp.allclose(mean,jnp.array([12/13,16/9]),atol=1e-6)
assert jnp.allclose(cov,jnp.diag(jnp.array([4/13,4/9])),atol=1e-6)

# Step 3 — 3. Predict both the latent mean and a new observation: The variance at the extrapolation input is larger because slope...
def predictive(design,mean,cov,sigma):
    # Perform matrix / vector contraction (`@`) to compute `center`.
    center = design@mean
    latent_variance = jnp.einsum('ni,ij,nj->n',design,cov,design)
    return center,latent_variance,latent_variance+sigma**2
query = jnp.array([[1.,0.],[1.,2.]])
center,latent_var,observation_var = predictive(query,mean,cov,sigma)
assert jnp.allclose(latent_var,jnp.array([4/13,4/13+16/9]),atol=1e-6)
assert jnp.allclose(observation_var-latent_var,1.)
print('posterior mean:',mean,'covariance:',cov)
print('latent variance:',latent_var,'observation variance:',observation_var)
Exercise solution
# Exercise solution: Strengthen the prior by changing its scale from two to one half.
strong_mean,strong_cov = posterior(X,y,sigma,.5)
assert jnp.linalg.norm(strong_mean)<jnp.linalg.norm(mean)
assert jnp.all(jnp.diag(strong_cov)<jnp.diag(cov))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:48:42.156598+00:00
posterior mean: [0.923077  1.7777778] covariance: [[0.30769232 0.        ]
 [0.         0.44444445]]
latent variance: [0.30769232 2.0854702 ] observation variance: [1.3076923 3.0854702]
posterior mean: [0.923077  1.7777778] covariance: [[0.30769232 0.        ]
 [0.         0.44444445]]
latent variance: [0.30769232 2.0854702 ] observation variance: [1.3076923 3.0854702]
[0.16       0.23529412]
PASS: probability-02

Move away from centered inputs
# Move away from centered inputs (Transfer / diagnosis): Nonzero covariance affects prediction uncertainty; keeping...
shift_X = jnp.array([[1.,0.],[1.,1.],[1.,2.]])
shift_m,shift_c = posterior(shift_X,y,sigma,prior_scale)
# Convert `host_X` to a host NumPy array for inspection or verification.
host_X=np.asarray(shift_X,dtype=np.float64)
# Construct an identity matrix `host_P`.
host_P=np.eye(2)/4+host_X.T@host_X
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(shift_m,np.linalg.solve(host_P,host_X.T@np.asarray(y)),rtol=1e-5,atol=1e-6)
assert shift_c[0,1]<0
Nonzero covariance affects prediction uncertainty; keeping only marginal variances would lose the compensating relationship.
Verify total predictive variance
# Verify total predictive variance (Transfer / diagnosis): A simulation verifies that the independent noise term...
# Create or split explicit PRNG key(s) (`(kw, kn)`) for reproducible randomness.
kw,kn=jax.random.split(jax.random.key(37))
# Sample deterministic random values into `weights` using an explicit PRNG key.
weights=mean+jax.random.normal(kw,(30000,2))@jnp.linalg.cholesky(cov).T
# Sample deterministic random values into `replicated` using an explicit PRNG key.
replicated=weights[:,0]+sigma*jax.random.normal(kn,(30000,))
assert abs(float(replicated.var())-float(observation_var[0]))<.07
A simulation verifies that the independent noise term belongs in predictions for observed targets.
Checkpoint
Answer: The propagated weight uncertainty plus observation-noise variance. Both the unknown line and a new independent observation error contribute. Omitting the latter gives an interval for the latent mean, not for a future reading.
Hamiltonian Monte Carlo and sampler diagnostics
Assembled example code
# Step 1 — 1. Write a known target and its gradient: Potential energy is the negative log-density up to a constant,...
import numpy as np
import jax
import jax.numpy as jnp
target_mean = jnp.array([1.,-1.])
target_cov = jnp.array([[1.,.8],[.8,1.]])
precision = jnp.linalg.solve(target_cov,jnp.eye(2))
def potential(q):
    delta=q-target_mean
    return .5*delta@precision@delta
# Differentiate the objective to obtain `force` via automatic differentiation.
force=jax.grad(potential)
assert jnp.allclose(force(jnp.array([0.,0.])),precision@(-target_mean))

# Step 2 — 2. Integrate then accept or reject: Leapfrog approximates energy conservation.
def leapfrog(q,p,step_size,steps):
    p=p-.5*step_size*force(q)
    def step(i,state):
        q,p=state
        q=q+step_size*p
        # Combine or mask array elements to form `p`.
        p=p-jnp.where(i<steps-1,step_size,.5*step_size)*force(q)
        return q,p
    return jax.lax.fori_loop(0,steps,step,(q,p))

# Define `chain(key, initial, step_size, leapfrog_steps...)` to carry state across steps with `jax.lax.scan`:
def chain(key,initial,step_size=.25,leapfrog_steps=7,draws=1600):
    def transition(state,_):
        q,key=state
        # Create or split explicit PRNG key(s) (`(key, kp, ku)`) for reproducible randomness.
        key,kp,ku=jax.random.split(key,3)
        # Sample deterministic random values into `p` using an explicit PRNG key.
        p=jax.random.normal(kp,q.shape)
        proposal,new_p=leapfrog(q,p,step_size,leapfrog_steps)
        error=potential(proposal)+.5*jnp.sum(new_p**2)-potential(q)-.5*jnp.sum(p**2)
        # Draw pseudorandom samples for `accept` using the explicit RNG state.
        accept=jnp.isfinite(error)&(jnp.log(jax.random.uniform(ku)) < -error)
        # Combine or mask array elements to form `next_q`.
        next_q=jnp.where(accept,proposal,q)
        return (next_q,key),(next_q,accept,error)
    # Run compiled structured control flow via `jax.lax` (`(_, record)`).
    _,record=jax.lax.scan(transition,(initial,key),None,length=draws)
    return record

# Step 3 — 3. Compare chains and an analytic oracle: The tolerances test this seeded Gaussian fixture only.
starts=jnp.array([[-4.,-4.],[-4.,4.],[4.,-4.],[4.,4.]])
# Create or split explicit PRNG key(s) (`records`) for reproducible randomness.
records=jax.vmap(lambda key,start:chain(key,start))(jax.random.split(jax.random.key(71),4),starts)
samples=records[0][:,400:,:]
def split_rhat(values):
    # Classical split R-hat for one scalar coordinate; not rank-normalized.
    half=values.shape[1]//2
    # Combine or mask array elements to form `split`.
    split=jnp.concatenate([values[:,:half],values[:,-half:]],axis=0)
    # Reduce along axis=1 to compute `within`.
    within=jnp.var(split,axis=1,ddof=1).mean()
    # Reduce along axis=1 to compute `between`.
    between=half*jnp.var(split.mean(axis=1),ddof=1)
    return jnp.sqrt(((half-1)*within/half+between/half)/within)
# Vectorize across the batch dimension with `jax.vmap` (`rhats`).
rhats=jax.vmap(split_rhat,in_axes=2)(samples)
# Construct and reshape `pooled` into the target tensor dimensions.
pooled=samples.reshape(-1,2)
assert jnp.max(jnp.abs(pooled.mean(0)-target_mean))<.15
assert jnp.max(jnp.abs(jnp.cov(pooled.T)-target_cov))<.2
assert jnp.all(rhats<1.05)
print('mean:',pooled.mean(0),'covariance:',jnp.cov(pooled.T))
print('classical split R-hat:',rhats,'acceptance:',records[1].mean(axis=1))
Exercise solution
# Exercise solution: Increase the step size to 1.2 with the same leapfrog count.
# Create or split explicit PRNG key(s) (`bad`) for reproducible randomness.
bad=chain(jax.random.key(71),starts[0],step_size=1.2,draws=100)
assert bad[1].mean()<.2
assert jnp.max(bad[2])>100.
print("bad acceptance:",float(bad[1].mean()),"maximum energy error:",float(jnp.max(bad[2])))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:48:50.098468+00:00
mean: [ 0.98358583 -1.0185838 ] covariance: [[0.98042357 0.7727629 ]
 [0.7727629  0.9861013 ]]
classical split R-hat: [1.0002148 1.000253 ] acceptance: [0.97749996 0.98625    0.98125    0.980625  ]
mean: [ 0.98358583 -1.0185838 ] covariance: [[0.98042357 0.7727629 ]
 [0.7727629  0.9861013 ]]
classical split R-hat: [1.0002148 1.000253 ] acceptance: [0.97749996 0.98625    0.98125    0.980625  ]
bad acceptance: 0.0 maximum energy error: 50229501952.0
PASS: probability-03

Catch chains trapped at different levels
# Catch chains trapped at different levels (Transfer / diagnosis): Between-chain variation dominates within-chain variation, so...
# Create or split explicit PRNG key(s) (`fake`) for reproducible randomness.
fake=jax.random.normal(jax.random.key(4),(4,600))*.1+jnp.arange(4)[:,None]*4
assert split_rhat(fake)>5
Between-chain variation dominates within-chain variation, so pooling would conceal a serious exploration problem.
Verify a directional derivative
# Verify a directional derivative (Transfer / diagnosis): A sign error in potential or a transposed geometry can be...
q=jnp.array([.4,.8])
v=jnp.array([.7,-.2])
eps=.001
# Perform matrix / vector contraction (`@`) to compute `analytic`.
analytic=(precision@(q-target_mean))@v
# Perform matrix / vector contraction (`@`) to compute `auto`.
auto=force(q)@v
finite=(potential(q+eps*v)-potential(q-eps*v))/(2*eps)
np.testing.assert_allclose(auto,analytic,rtol=1e-6)
np.testing.assert_allclose(finite,analytic,rtol=.005,atol=.002)
A sign error in potential or a transposed geometry can be isolated before tuning the sampler.
Checkpoint
Answer: Their within-chain and between-chain variance estimates agree, but additional checks are still necessary. A diagnostic can reveal problems without proving their absence. Here we also compare to exact moments; an unknown target needs several diagnostics and model checks.
Variational inference and model checking
Assembled example code
# Step 1 — 1. Specify a correlated target and a simpler approximation: KL here means KL(q || p).
import numpy as np
import jax
import jax.numpy as jnp
mu=jnp.array([1.,-1.])
Sigma=jnp.array([[1.,.8],[.8,1.]])
P=jnp.linalg.solve(Sigma,jnp.eye(2))
def kl(params):
    location,log_scale=params
    variance=jnp.exp(2*log_scale)
    delta=location-mu
    return .5*(jnp.sum(jnp.diag(P)*variance)+delta@P@delta-2+jnp.linalg.slogdet(Sigma)[1]-jnp.sum(2*log_scale))

# Step 2 — 2. Optimize and compare to the exact variational optimum: Optimization has found the best diagonal Gaussian in this KL...
# Define `update(params, _)` to evaluate the objective and its automatic derivatives:
def update(params,_):
    # Differentiate the objective to obtain `grads` via automatic differentiation.
    grads=jax.grad(kl)(params)
    # Transform every leaf of the parameter PyTree (`new`).
    new=jax.tree.map(lambda value,grad:value-.05*grad,params,grads)
    return new,kl(new)
# Run compiled structured control flow via `jax.lax` (`(params, history)`).
params,history=jax.lax.scan(update,(jnp.zeros(2),jnp.zeros(2)),None,length=600)
location,log_scale=params
variance=jnp.exp(2*log_scale)
assert jnp.allclose(location,mu,atol=1e-4)
assert jnp.allclose(variance,1/jnp.diag(P),atol=1e-5)
assert jnp.allclose(variance,jnp.array([.36,.36]),atol=1e-5)
assert kl(params)>0.4
print('VI mean:',location,'variances:',variance,'remaining KL:',float(kl(params)))

# Step 3 — 3. Check a prediction under a changed data-generating process: This is a deterministic stress fixture with nine targets, not an...
x=jnp.linspace(-2,2,9)
linear_mean=jnp.zeros_like(x)
noise_scale=.25
curved_targets=x**2-1.
standardized_residual=(curved_targets-linear_mean)/noise_scale
# Aggregate array values to compute `coverage`.
coverage=jnp.mean(jnp.abs(standardized_residual)<=1.96)
assert coverage<.4
assert standardized_residual[0]>10
print('synthetic nominal-95% interval coverage:',float(coverage))
print('standardized residuals:',standardized_residual)
Exercise solution
# Exercise solution: Replace the target correlation by zero and rederive the optimal...
def independent_kl(location,log_scale):
    return .5*(jnp.sum(jnp.exp(2*log_scale))+jnp.sum((location-mu)**2)-2-jnp.sum(2*log_scale))
assert jnp.allclose(independent_kl(mu,jnp.zeros(2)),0.)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:48:56.444623+00:00
VI mean: [ 0.99999994 -0.99999994] variances: [0.36000016 0.36000016] remaining KL: 0.5108256340026855
synthetic nominal-95% interval coverage: 0.2222222238779068
standardized residuals: [12.  5.  0. -3. -4. -3.  0.  5. 12.]
VI mean: [ 0.99999994 -0.99999994] variances: [0.36000016 0.36000016] remaining KL: 0.5108256340026855
synthetic nominal-95% interval coverage: 0.2222222238779068
standardized residuals: [12.  5.  0. -3. -4. -3.  0.  5. 12.]
Monte Carlo KL: 0.5119153261184692
model self-coverage: 0.9493999481201172
PASS: probability-04

A correct diagonal is not a correct covariance
# A correct diagonal is not a correct covariance (Transfer / diagnosis): Joint predictions can reveal approximation error that...
direction=jnp.ones(2)
# Perform matrix / vector contraction (`@`) to compute `true_sum_var`.
true_sum_var=direction@Sigma@direction
# Aggregate array values to compute `approx_sum_var`.
approx_sum_var=jnp.sum(variance)
assert jnp.allclose(true_sum_var,3.6)
assert jnp.allclose(approx_sum_var,.72,atol=1e-5)
Joint predictions can reveal approximation error that examining means alone completely misses.
Repair the changed mean without hiding noise
# Repair the changed mean without hiding noise (Transfer / diagnosis): Correcting the mean removes systematic residual structure in...
truth=jnp.linspace(-2,2,20000)**2-1
# Create or split explicit PRNG key(s) (`fresh`) for reproducible randomness.
fresh=truth+.25*jax.random.normal(jax.random.key(95),(20000,))
residual=fresh-truth
assert abs(float(residual.std())-.25)<.01
assert abs(float(residual.mean()))<.01
Correcting the mean removes systematic residual structure in this known simulation; observation noise remains.
Checkpoint
Answer: The diagonal family cannot represent the correlated target, even at its optimum. For this KL direction and correlated target, the optimal diagonal variances are 0.36 rather than the target marginal variances of one. This is approximation error, not an unfinished optimizer.
Write a functional environment
Assembled example code
# Complete runnable example (rl-01)
"""Finite-horizon tabular policy training. CPU teaching environment, not a benchmark."""
from functools import partial
from typing import NamedTuple
import jax
import jax.numpy as jnp
import numpy as np


# Define `State` module / container with explicit state and forward pass:
class State(NamedTuple):
    # Execute `position: jax.Array`
    position: jax.Array
    # Execute `elapsed: jax.Array`
    elapsed: jax.Array
    # Execute `done: jax.Array`
    done: jax.Array


def reset(key):
    """Start uniformly at position 0 or 1; goal is position 3."""
    return State(jax.random.randint(key, (), 0, 2), jnp.int32(0), jnp.bool_(False))


def step(state, action, horizon=8):
    """Action 0: left, 1: right. Caller supplies binary action and positive horizon.

    Returns next state, reward, termination event, truncation event. Finished
    states absorb without more rewards/events. No implicit reset or lost final observation.
    """
    active = ~state.done
    # Combine or mask array elements to form `proposed`.
    proposed = jnp.clip(state.position + 2 * action - 1, 0, 3)
    # Combine or mask array elements to form `position`.
    position = jnp.where(active, proposed, state.position)
    elapsed = state.elapsed + active.astype(jnp.int32)
    terminated = active & (position == 3)
    truncated = active & ~terminated & (elapsed >= horizon)
    # Combine or mask array elements to form `reward`.
    reward = jnp.where(active, jnp.where(terminated, 1., -.01), 0.)
    return State(position, elapsed, state.done | terminated | truncated), reward, terminated, truncated

# Step 2 — Check a complete episode: The known two-action path produces one terminal reward and then...
s = State(jnp.int32(1), jnp.int32(0), jnp.bool_(False))
positions, rewards = [int(s.position)], []
for action in [1, 1, 0, 0]:
    s, reward, terminated, truncated = step(s, jnp.int32(action))
    positions.append(int(s.position))
    rewards.append(float(reward))
assert positions == [1, 2, 3, 3, 3]
assert jnp.allclose(jnp.array(rewards), jnp.array([-.01, 1., 0., 0.]))
assert int(s.elapsed) == 2
print('positions:', positions, 'rewards:', rewards)
Exercise solution
# Exercise solution: Begin at position 0, choose left for three actions with horizon 3, and...
s = State(jnp.int32(0), jnp.int32(0), jnp.bool_(False))
total = 0.
for i in range(3):
    s, r, term, trunc = step(s, jnp.int32(0), 3)
    # Accumulate the next contribution into `total`.
    total += float(r)
    assert not bool(term) and bool(trunc) == (i == 2)
assert abs(total + .03) < 1e-6
s2, r, term, trunc = step(s, jnp.int32(1), 3)
assert int(s2.position) == 0 and int(s2.elapsed) == 3 and float(r) == 0.
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:48:59.683282+00:00
positions: [1, 2, 3, 3, 3] rewards: [-0.009999999776482582, 1.0, 0.0, 0.0]
positions: [1, 2, 3, 3, 3] rewards: [-0.009999999776482582, 1.0, 0.0, 0.0]
deadline goal: True False
fraction starting at one: 0.5020000338554382
PASS: rl-01

Separate the two target meanings
# Separate the two target meanings (Transfer / diagnosis): The arithmetic exposes a modeling choice.
r, gamma, value = -.01, .9, 2.
continuing_timeout = r + gamma * value
terminal = r
finite_horizon_timeout = r
assert abs(continuing_timeout - 1.79) < 1e-7
assert terminal == finite_horizon_timeout == -.01
The arithmetic exposes a modeling choice. Copying a done mask from a different task can silently change the objective.
Enumerate all one-step moves
# Enumerate all one-step moves (Transfer / diagnosis): Enumeration checks boundary behavior separately from the...
# Wrap with `jax.jit` (`compiled`) so XLA traces and compiles the function.
compiled = jax.jit(step)
for position in range(3):
    for action in [0, 1]:
        s = State(jnp.int32(position), jnp.int32(0), jnp.bool_(False))
        nxt, reward, term, trunc = compiled(s, jnp.int32(action))
        expected = min(3, max(0, position + (1 if action else -1)))
        assert int(nxt.position) == expected
        assert bool(term) == (expected == 3)
        assert abs(float(reward) - (1. if expected == 3 else -.01)) < 1e-6
Enumeration checks boundary behavior separately from the vectorized implementation.
Checkpoint
Answer: The unchanged state, zero reward and no new ending event. Absorbing padding preserves one episode. Reset is a separate explicit operation, and ending flags mark events rather than every later padded row.
Batch environments and scan rollouts
Assembled example code
# Complete runnable example (rl-02)
"""Finite-horizon tabular policy training. CPU teaching environment, not a benchmark."""
from functools import partial
from typing import NamedTuple
import jax
import jax.numpy as jnp
import numpy as np


# Define `State` module / container with explicit state and forward pass:
class State(NamedTuple):
    # Execute `position: jax.Array`
    position: jax.Array
    # Execute `elapsed: jax.Array`
    elapsed: jax.Array
    # Execute `done: jax.Array`
    done: jax.Array


def reset(key):
    """Start uniformly at position 0 or 1; goal is position 3."""
    return State(jax.random.randint(key, (), 0, 2), jnp.int32(0), jnp.bool_(False))


def step(state, action, horizon=8):
    """Action 0: left, 1: right. Caller supplies binary action and positive horizon.

    Returns next state, reward, termination event, truncation event. Finished
    states absorb without more rewards/events. No implicit reset or lost final observation.
    """
    active = ~state.done
    # Combine or mask array elements to form `proposed`.
    proposed = jnp.clip(state.position + 2 * action - 1, 0, 3)
    # Combine or mask array elements to form `position`.
    position = jnp.where(active, proposed, state.position)
    elapsed = state.elapsed + active.astype(jnp.int32)
    terminated = active & (position == 3)
    truncated = active & ~terminated & (elapsed >= horizon)
    # Combine or mask array elements to form `reward`.
    reward = jnp.where(active, jnp.where(terminated, 1., -.01), 0.)
    return State(position, elapsed, state.done | terminated | truncated), reward, terminated, truncated

# Step 2 — Collect a batch and compute targets: scan emits time-major arrays; vmap keeps environments independent...
def log_probability(theta, observations, actions):
    logits = theta[jnp.minimum(observations, 2)]
    return jnp.where(actions == 1, jax.nn.log_sigmoid(logits), jax.nn.log_sigmoid(-logits))


# Define and JIT-compile `rollout(theta, key, batch_size, horizon)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('batch_size', 'horizon'))
def rollout(theta, key, batch_size=256, horizon=8):
    # Create or split explicit PRNG key(s) (`(reset_key, action_key)`) for reproducible randomness.
    reset_key, action_key = jax.random.split(key)
    # Create or split explicit PRNG key(s) (`states`) for reproducible randomness.
    states = jax.vmap(reset)(jax.random.split(reset_key, batch_size))
    # Create or split explicit PRNG key(s) (`time_keys`) for reproducible randomness.
    time_keys = jax.random.split(action_key, horizon)
    def body(states, time_key):
        observations = states.position
        # Split the PRNG key deterministically into independent subkeys (`keys`).
        keys = jax.random.split(time_key, batch_size)
        probabilities = jax.nn.sigmoid(theta[jnp.minimum(observations, 2)])
        # Draw pseudorandom samples for `actions` using the explicit RNG state.
        actions = jax.vmap(jax.random.bernoulli)(keys, probabilities).astype(jnp.int32)
        # Vectorize across the batch dimension without a Python loop (`(next_states, rewards, terminated, truncated)`).
        next_states, rewards, terminated, truncated = jax.vmap(
            lambda s, a: step(s, a, horizon))(states, actions)
        record = dict(observation=observations, action=actions, reward=rewards,
                      active=~states.done, terminated=terminated, truncated=truncated,
                      old_logp=log_probability(theta, observations, actions))
        return next_states, record
    # Run a compiled sequential scan over the time/step axis (`(final, records)`).
    final, records = jax.lax.scan(body, states, time_keys)
    return final, records


def returns_to_go(rewards):
    """Undiscounted finite-episode objective; rewards after done are already zero."""
    return jnp.cumsum(rewards[::-1], axis=0)[::-1]

# Step 3 — Check shapes and episode boundaries: Exactly one ending event and zero padded rewards are stronger...
theta = jnp.zeros(3)
# Create or split explicit PRNG key(s) (`(final, records)`) for reproducible randomness.
final, records = rollout(theta, jax.random.key(5), batch_size=64, horizon=8)
# Check tensor shape invariant: `records['reward'].shape == (8`
assert records['reward'].shape == (8, 64)
assert bool(final.done.all())
assert bool(jnp.all(jnp.sum(records['terminated'] | records['truncated'], axis=0) == 1))
assert bool(jnp.all(jnp.where(records['active'], 0., records['reward']) == 0.))
# Reduce along axis=0 to compute `episode_returns`.
episode_returns = records['reward'].sum(axis=0)
print('return mean:', float(episode_returns.mean()))
print('active environments by transition:', records['active'].sum(axis=1))
Exercise solution
# Exercise solution: Change the batch to 7 environments and the horizon to 5.
# Create or split explicit PRNG key(s) (`(final7, r7)`) for reproducible randomness.
final7, r7 = rollout(theta, jax.random.key(17), 7, 5)
# Check tensor shape invariant: `r7['reward'].shape == (5`
assert r7['reward'].shape == (5,7)
assert bool(final7.done.all())
assert jnp.array_equal((r7['terminated'] | r7['truncated']).sum(0), jnp.ones(7))
assert bool(jnp.all(jnp.where(r7['active'],0.,r7['reward']) == 0.))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:49:07.271650+00:00
return mean: 0.5848437547683716
active environments by transition: [64 64 58 53 47 44 39 29]
return mean: 0.5848437547683716
active environments by transition: [64 64 58 53 47 44 39 29]
reward-to-go: [0.98 0.99 1.   0.  ]
PASS: rl-02

Catch a shifted mask
# Catch a shifted mask (Transfer / diagnosis): The broken mask removes the action responsible for success,...
s = State(jnp.int32(1),jnp.int32(0),jnp.bool_(False))
correct, broken = 0., 0.
for a in [1,1]:
    active = ~s.done
    s, reward, _, _ = step(s,jnp.int32(a))
    # Accumulate the next contribution into `correct`.
    correct += float(reward*active)
    # Accumulate the next contribution into `broken`.
    broken += float(reward*(~s.done))
assert abs(correct-.99) < 1e-6
assert abs(broken+.01) < 1e-6
The broken mask removes the action responsible for success, leaving only a cost.
Check a deterministic policy limit
# Check a deterministic policy limit (Transfer / diagnosis): The expected return is calculated from the initial position...
# Create or split explicit PRNG key(s) (`(_, easy)`) for reproducible randomness.
_, easy = rollout(jnp.full(3,100.),jax.random.key(42),23,8)
# Combine or mask array elements to form `expected`.
expected = jnp.where(easy['observation'][0] == 0,.98,.99)
assert jnp.allclose(easy['reward'].sum(0),expected,atol=1e-6)
assert jnp.array_equal(easy['active'].sum(0),3-easy['observation'][0])
The expected return is calculated from the initial position rather than copied from the collector.
Checkpoint
Answer: The time axis. Summing over time leaves one scalar for each episode. Averaging these episode returns gives the finite-episode performance objective.
Policy gradients and PPO
Assembled example code
# Complete runnable example (rl-03)
"""Finite-horizon tabular policy training. CPU teaching environment, not a benchmark."""
from functools import partial
from typing import NamedTuple
import jax
import jax.numpy as jnp
import numpy as np


# Define `State` module / container with explicit state and forward pass:
class State(NamedTuple):
    # Execute `position: jax.Array`
    position: jax.Array
    # Execute `elapsed: jax.Array`
    elapsed: jax.Array
    # Execute `done: jax.Array`
    done: jax.Array


def reset(key):
    """Start uniformly at position 0 or 1; goal is position 3."""
    return State(jax.random.randint(key, (), 0, 2), jnp.int32(0), jnp.bool_(False))


def step(state, action, horizon=8):
    """Action 0: left, 1: right. Caller supplies binary action and positive horizon.

    Returns next state, reward, termination event, truncation event. Finished
    states absorb without more rewards/events. No implicit reset or lost final observation.
    """
    active = ~state.done
    # Combine or mask array elements to form `proposed`.
    proposed = jnp.clip(state.position + 2 * action - 1, 0, 3)
    # Combine or mask array elements to form `position`.
    position = jnp.where(active, proposed, state.position)
    elapsed = state.elapsed + active.astype(jnp.int32)
    terminated = active & (position == 3)
    truncated = active & ~terminated & (elapsed >= horizon)
    # Combine or mask array elements to form `reward`.
    reward = jnp.where(active, jnp.where(terminated, 1., -.01), 0.)
    return State(position, elapsed, state.done | terminated | truncated), reward, terminated, truncated

def log_probability(theta, observations, actions):
    logits = theta[jnp.minimum(observations, 2)]
    return jnp.where(actions == 1, jax.nn.log_sigmoid(logits), jax.nn.log_sigmoid(-logits))


# Define and JIT-compile `rollout(theta, key, batch_size, horizon)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('batch_size', 'horizon'))
def rollout(theta, key, batch_size=256, horizon=8):
    # Create or split explicit PRNG key(s) (`(reset_key, action_key)`) for reproducible randomness.
    reset_key, action_key = jax.random.split(key)
    # Create or split explicit PRNG key(s) (`states`) for reproducible randomness.
    states = jax.vmap(reset)(jax.random.split(reset_key, batch_size))
    # Create or split explicit PRNG key(s) (`time_keys`) for reproducible randomness.
    time_keys = jax.random.split(action_key, horizon)
    def body(states, time_key):
        observations = states.position
        # Split the PRNG key deterministically into independent subkeys (`keys`).
        keys = jax.random.split(time_key, batch_size)
        probabilities = jax.nn.sigmoid(theta[jnp.minimum(observations, 2)])
        # Draw pseudorandom samples for `actions` using the explicit RNG state.
        actions = jax.vmap(jax.random.bernoulli)(keys, probabilities).astype(jnp.int32)
        # Vectorize across the batch dimension without a Python loop (`(next_states, rewards, terminated, truncated)`).
        next_states, rewards, terminated, truncated = jax.vmap(
            lambda s, a: step(s, a, horizon))(states, actions)
        record = dict(observation=observations, action=actions, reward=rewards,
                      active=~states.done, terminated=terminated, truncated=truncated,
                      old_logp=log_probability(theta, observations, actions))
        return next_states, record
    # Run a compiled sequential scan over the time/step axis (`(final, records)`).
    final, records = jax.lax.scan(body, states, time_keys)
    return final, records


def returns_to_go(rewards):
    """Undiscounted finite-episode objective; rewards after done are already zero."""
    return jnp.cumsum(rewards[::-1], axis=0)[::-1]

# Step 2 — Add objectives and the repeated training loop: Keep a frozen rollout per update, then collect again using a fresh...
# Define `policy_loss(theta, records, method, clip)` to evaluate the objective and its automatic derivatives:
def policy_loss(theta, records, method='ppo', clip=.2):
    """Normalize by episodes, not live transitions. Freeze behavior data/returns."""
    advantage = jax.lax.stop_gradient(returns_to_go(records['reward']))
    old_logp = jax.lax.stop_gradient(records['old_logp'])
    new_logp = log_probability(theta, records['observation'], records['action'])
    if method == 'reinforce':
        terms = new_logp * advantage
    elif method == 'ppo':
        ratio = jnp.exp(new_logp - old_logp)
        terms = jnp.minimum(ratio * advantage, jnp.clip(ratio, 1-clip, 1+clip) * advantage)
    else:
        raise ValueError('method must be reinforce or ppo')
    return -jnp.sum(jnp.where(records['active'], terms, 0.)) / records['reward'].shape[1]


# Define and JIT-compile `exact_return(theta, horizon)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('horizon',))
def exact_return(theta, horizon=8):
    """Dynamic programming over states, independent of sampled rollouts."""
    p = jax.nn.sigmoid(theta)
    states = jnp.arange(3)
    left = jnp.maximum(states-1, 0)
    right = states+1
    def backup(_, values):
        q_left = -.01 + values[left]
        # Combine or mask array elements to form `q_right`.
        q_right = jnp.where(right == 3, 1., -.01 + values[right])
        return jnp.concatenate(((1-p)*q_left+p*q_right, jnp.zeros(1)))
    # Allocate initialized array `values` with the specified shape and dtype.
    values = jax.lax.fori_loop(0, horizon, backup, jnp.zeros(4))
    return jnp.mean(values[:2])


# Define and JIT-compile `_train(seed, updates, batch_size, horizon...)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('updates', 'batch_size', 'horizon', 'method', 'epochs'))
def _train(seed, updates, batch_size, horizon, method, epochs, learning_rate):
    # Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
    key = jax.random.key(seed)
    theta = jnp.zeros(3)
    # Define `update(carry, _)` to evaluate the objective and its automatic derivatives:
    def update(carry, _):
        theta, key = carry
        # Create or split explicit PRNG key(s) (`(key, sample_key)`) for reproducible randomness.
        key, sample_key = jax.random.split(key)
        _, records = rollout(theta, sample_key, batch_size, horizon)
        # Define `epoch(_, candidate)` to evaluate the objective and its automatic derivatives:
        def epoch(_, candidate):
            # Differentiate the objective to obtain `grad` via automatic differentiation.
            grad = jax.grad(policy_loss)(candidate, records, method)
            return candidate - learning_rate * grad
        theta = jax.lax.fori_loop(0, epochs, epoch, theta)
        return (theta, key), exact_return(theta, horizon)
    # Run a compiled sequential scan over the time/step axis (`((theta, _), history)`).
    (theta, _), history = jax.lax.scan(update, (theta, key), None, length=updates)
    return theta, jnp.concatenate((exact_return(jnp.zeros(3), horizon)[None], history))


def train(seed=0, updates=40, batch_size=256, horizon=8, method='ppo', epochs=3, learning_rate=.5):
    # Guard input contract (`updates < 1 or batch_size < 1 or horizon < 1 or (epochs < 1) or (learning_rate <= 0)`) and fail fast if violated.
    if updates < 1 or batch_size < 1 or horizon < 1 or epochs < 1 or learning_rate <= 0:
        raise ValueError('positive updates, batch_size, horizon, epochs and learning_rate required')
    # Guard input contract (`method not in ('ppo', 'reinforce')`) and fail fast if violated.
    if method not in ('ppo', 'reinforce'):
        raise ValueError('unknown method')
    # Guard input contract (`method == 'reinforce' and epochs != 1`) and fail fast if violated.
    if method == 'reinforce' and epochs != 1:
        raise ValueError('REINFORCE uses one update per fresh on-policy rollout')
    return _train(seed, updates, batch_size, horizon, method, epochs, learning_rate)

# Step 3 — Train and compare to a derivative reference: The seed-specific return is measured after actual interaction and...
theta_pg, history_pg = train(seed=0, method='reinforce', epochs=1)
theta_ppo, history_ppo = train(seed=0, method='ppo', epochs=3)
assert history_pg[-1] > .9 and history_ppo[-1] > .9
assert jnp.allclose(history_pg[0], .466875, atol=1e-6)
print('REINFORCE initial/final exact return:', history_pg[0], history_pg[-1])
print('PPO initial/final exact return:', history_ppo[0], history_ppo[-1])
# Compare a derivative of exact expectation with central differences.
z = jnp.array([-.2, .3, .7])
eps = 1e-3
d = jnp.array([0., 1., 0.])
fd = (exact_return(z+eps*d)-exact_return(z-eps*d))/(2*eps)
assert jnp.allclose(fd, jax.grad(exact_return)(z)[1], atol=1e-4)
Exercise solution
# Exercise solution: Run REINFORCE with a different training seed and retain the initial...
other_theta, other_history = train(seed=11,method='reinforce',epochs=1)
assert other_history[-1] > other_history[0] + .35
assert other_history[-1] > .9
assert not jnp.array_equal(other_theta,theta_pg)
print('changed seed final exact return:', other_history[-1])
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:49:19.804218+00:00
REINFORCE initial/final exact return: 0.46687505 0.9521624
PPO initial/final exact return: 0.46687505 0.97578394
REINFORCE initial/final exact return: 0.46687505 0.9521624
PPO initial/final exact return: 0.46687505 0.97578394
positive / negative targets: [0.6 1.  1.2] [-0.8 -1.  -1.4]
sampled / exact gradient: [0.12067959 0.21948992 0.13326262] [0.12001554 0.21822323 0.13327113]
changed seed final exact return: 0.9501661
PASS: rl-03

Inspect a frozen behavior reference
# Inspect a frozen behavior reference (Transfer / diagnosis): The candidate changes while the behavior policy remains the...
# Create or split explicit PRNG key(s) (`(_, b)`) for reproducible randomness.
_, b = rollout(jnp.zeros(3),jax.random.key(77),128,8)
old = b['old_logp'].copy()
newlog = log_probability(jnp.ones(3),b['observation'],b['action'])
ratios = jnp.exp(newlog-old)
assert jnp.array_equal(old,b['old_logp'])
assert float(jnp.min(ratios)) < 1 < float(jnp.max(ratios))
# Differentiate the objective to obtain `old_grad` via automatic differentiation.
old_grad = jax.grad(lambda lp: policy_loss(jnp.ones(3),dict(b,old_logp=lp)))(old)
assert jnp.all(old_grad == 0)
The candidate changes while the behavior policy remains the fixed denominator. A zero derivative through old probabilities enforces that distinction.
Change the time budget
# Change the time budget (Transfer / diagnosis): Changing the horizon changes the task itself.
short = exact_return(jnp.full(3,100.),horizon=2)
assert jnp.allclose(short,(-.02+.99)/2,atol=1e-6)
assert short < exact_return(jnp.full(3,100.),horizon=8)
Changing the horizon changes the task itself. A lower return need not indicate a broken gradient.
Checkpoint
Answer: The collected actions, return targets and behavior-policy log probabilities. The probability ratio compares the changing candidate with the policy that actually generated the batch. Replacing its denominator destroys that comparison.
Evaluate agents across seeds
Assembled example code
# Complete runnable example (rl-04)
"""Finite-horizon tabular policy training. CPU teaching environment, not a benchmark."""
from functools import partial
from typing import NamedTuple
import jax
import jax.numpy as jnp
import numpy as np


# Define `State` module / container with explicit state and forward pass:
class State(NamedTuple):
    # Execute `position: jax.Array`
    position: jax.Array
    # Execute `elapsed: jax.Array`
    elapsed: jax.Array
    # Execute `done: jax.Array`
    done: jax.Array


def reset(key):
    """Start uniformly at position 0 or 1; goal is position 3."""
    return State(jax.random.randint(key, (), 0, 2), jnp.int32(0), jnp.bool_(False))


def step(state, action, horizon=8):
    """Action 0: left, 1: right. Caller supplies binary action and positive horizon.

    Returns next state, reward, termination event, truncation event. Finished
    states absorb without more rewards/events. No implicit reset or lost final observation.
    """
    active = ~state.done
    # Combine or mask array elements to form `proposed`.
    proposed = jnp.clip(state.position + 2 * action - 1, 0, 3)
    # Combine or mask array elements to form `position`.
    position = jnp.where(active, proposed, state.position)
    elapsed = state.elapsed + active.astype(jnp.int32)
    terminated = active & (position == 3)
    truncated = active & ~terminated & (elapsed >= horizon)
    # Combine or mask array elements to form `reward`.
    reward = jnp.where(active, jnp.where(terminated, 1., -.01), 0.)
    return State(position, elapsed, state.done | terminated | truncated), reward, terminated, truncated

def log_probability(theta, observations, actions):
    logits = theta[jnp.minimum(observations, 2)]
    return jnp.where(actions == 1, jax.nn.log_sigmoid(logits), jax.nn.log_sigmoid(-logits))


# Define and JIT-compile `rollout(theta, key, batch_size, horizon)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('batch_size', 'horizon'))
def rollout(theta, key, batch_size=256, horizon=8):
    # Create or split explicit PRNG key(s) (`(reset_key, action_key)`) for reproducible randomness.
    reset_key, action_key = jax.random.split(key)
    # Create or split explicit PRNG key(s) (`states`) for reproducible randomness.
    states = jax.vmap(reset)(jax.random.split(reset_key, batch_size))
    # Create or split explicit PRNG key(s) (`time_keys`) for reproducible randomness.
    time_keys = jax.random.split(action_key, horizon)
    def body(states, time_key):
        observations = states.position
        # Split the PRNG key deterministically into independent subkeys (`keys`).
        keys = jax.random.split(time_key, batch_size)
        probabilities = jax.nn.sigmoid(theta[jnp.minimum(observations, 2)])
        # Draw pseudorandom samples for `actions` using the explicit RNG state.
        actions = jax.vmap(jax.random.bernoulli)(keys, probabilities).astype(jnp.int32)
        # Vectorize across the batch dimension without a Python loop (`(next_states, rewards, terminated, truncated)`).
        next_states, rewards, terminated, truncated = jax.vmap(
            lambda s, a: step(s, a, horizon))(states, actions)
        record = dict(observation=observations, action=actions, reward=rewards,
                      active=~states.done, terminated=terminated, truncated=truncated,
                      old_logp=log_probability(theta, observations, actions))
        return next_states, record
    # Run a compiled sequential scan over the time/step axis (`(final, records)`).
    final, records = jax.lax.scan(body, states, time_keys)
    return final, records


def returns_to_go(rewards):
    """Undiscounted finite-episode objective; rewards after done are already zero."""
    return jnp.cumsum(rewards[::-1], axis=0)[::-1]

# Define `policy_loss(theta, records, method, clip)` to evaluate the objective and its automatic derivatives:
def policy_loss(theta, records, method='ppo', clip=.2):
    """Normalize by episodes, not live transitions. Freeze behavior data/returns."""
    advantage = jax.lax.stop_gradient(returns_to_go(records['reward']))
    old_logp = jax.lax.stop_gradient(records['old_logp'])
    new_logp = log_probability(theta, records['observation'], records['action'])
    if method == 'reinforce':
        terms = new_logp * advantage
    elif method == 'ppo':
        ratio = jnp.exp(new_logp - old_logp)
        terms = jnp.minimum(ratio * advantage, jnp.clip(ratio, 1-clip, 1+clip) * advantage)
    else:
        raise ValueError('method must be reinforce or ppo')
    return -jnp.sum(jnp.where(records['active'], terms, 0.)) / records['reward'].shape[1]


# Define and JIT-compile `exact_return(theta, horizon)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('horizon',))
def exact_return(theta, horizon=8):
    """Dynamic programming over states, independent of sampled rollouts."""
    p = jax.nn.sigmoid(theta)
    states = jnp.arange(3)
    left = jnp.maximum(states-1, 0)
    right = states+1
    def backup(_, values):
        q_left = -.01 + values[left]
        # Combine or mask array elements to form `q_right`.
        q_right = jnp.where(right == 3, 1., -.01 + values[right])
        return jnp.concatenate(((1-p)*q_left+p*q_right, jnp.zeros(1)))
    # Allocate initialized array `values` with the specified shape and dtype.
    values = jax.lax.fori_loop(0, horizon, backup, jnp.zeros(4))
    return jnp.mean(values[:2])


# Define and JIT-compile `_train(seed, updates, batch_size, horizon...)` so XLA traces and fuses the operations:
@partial(jax.jit, static_argnames=('updates', 'batch_size', 'horizon', 'method', 'epochs'))
def _train(seed, updates, batch_size, horizon, method, epochs, learning_rate):
    # Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
    key = jax.random.key(seed)
    theta = jnp.zeros(3)
    # Define `update(carry, _)` to evaluate the objective and its automatic derivatives:
    def update(carry, _):
        theta, key = carry
        # Create or split explicit PRNG key(s) (`(key, sample_key)`) for reproducible randomness.
        key, sample_key = jax.random.split(key)
        _, records = rollout(theta, sample_key, batch_size, horizon)
        # Define `epoch(_, candidate)` to evaluate the objective and its automatic derivatives:
        def epoch(_, candidate):
            # Differentiate the objective to obtain `grad` via automatic differentiation.
            grad = jax.grad(policy_loss)(candidate, records, method)
            return candidate - learning_rate * grad
        theta = jax.lax.fori_loop(0, epochs, epoch, theta)
        return (theta, key), exact_return(theta, horizon)
    # Run a compiled sequential scan over the time/step axis (`((theta, _), history)`).
    (theta, _), history = jax.lax.scan(update, (theta, key), None, length=updates)
    return theta, jnp.concatenate((exact_return(jnp.zeros(3), horizon)[None], history))


def train(seed=0, updates=40, batch_size=256, horizon=8, method='ppo', epochs=3, learning_rate=.5):
    # Guard input contract (`updates < 1 or batch_size < 1 or horizon < 1 or (epochs < 1) or (learning_rate <= 0)`) and fail fast if violated.
    if updates < 1 or batch_size < 1 or horizon < 1 or epochs < 1 or learning_rate <= 0:
        raise ValueError('positive updates, batch_size, horizon, epochs and learning_rate required')
    # Guard input contract (`method not in ('ppo', 'reinforce')`) and fail fast if violated.
    if method not in ('ppo', 'reinforce'):
        raise ValueError('unknown method')
    # Guard input contract (`method == 'reinforce' and epochs != 1`) and fail fast if violated.
    if method == 'reinforce' and epochs != 1:
        raise ValueError('REINFORCE uses one update per fresh on-policy rollout')
    return _train(seed, updates, batch_size, horizon, method, epochs, learning_rate)

# Step 2 — Add a read-only evaluator: The evaluator retains raw returns, reports its seed set and...
def evaluate(theta, seeds, batch_size=512, horizon=8):
    """One mean per evaluation stream; preserve raw episode returns too."""
    # Create device-backed JAX array `theta`.
    theta = jnp.asarray(theta)
    # Guard input contract (`theta.shape != (3,) or not bool(jnp.all(jnp.isfinite(theta)))`) and fail fast if violated.
    if theta.shape != (3,) or not bool(jnp.all(jnp.isfinite(theta))):
        raise ValueError('theta must contain three finite logits')
    seeds = tuple(seeds)
    # Guard input contract (`len(seeds) < 2 or len(set(seeds)) != len(seeds) or batch_size < 1 or (horizon < 1)`) and fail fast if violated.
    if len(seeds) < 2 or len(set(seeds)) != len(seeds) or batch_size < 1 or horizon < 1:
        raise ValueError('provide at least two distinct evaluation seeds and positive sizes')
    # Create or split explicit PRNG key(s) (`returns`) for reproducible randomness.
    returns = np.stack([np.asarray(rollout(theta, jax.random.key(s), batch_size, horizon)[1]['reward'].sum(0)) for s in seeds])
    return {'seeds': list(seeds), 'episode_returns': returns, 'stream_means': returns.mean(1),
            'mean': float(returns.mean()), 'exact': float(exact_return(theta, horizon))}

# Step 3 — Train several agents and retain every result: Each agent receives a separate training key; all use the declared...
training_seeds = [0,7,23,41,59]
evaluation_seeds = [1000,1001,1002,1003]
policies, histories, reports = [], [], []
for seed in training_seeds:
    policy, history = train(seed=seed)
    policies.append(policy)
    histories.append(history)
    reports.append(evaluate(policy,evaluation_seeds))
trained_means = np.array([r['mean'] for r in reports])
exact_means = np.array([r['exact'] for r in reports])
baseline = evaluate(jnp.zeros(3),evaluation_seeds)
assert np.all(trained_means > baseline['mean'] + .4)
assert np.all(np.abs(trained_means-exact_means) < .03)
print('training seeds:', training_seeds)
print('held-out mean per agent:', trained_means)
print('exact mean per agent:', exact_means)
print('uniform baseline mean:', baseline['mean'])
print('across-agent mean / sample sd:', trained_means.mean(),trained_means.std(ddof=1))
Exercise solution
# Exercise solution: Compute the paired held-out improvement over the uniform baseline for...
deltas = trained_means - baseline['mean']
# Check tensor shape invariant: `deltas.shape == (5,)`
assert deltas.shape == (5,)
assert np.all(deltas > .4)
print('paired improvements:', deltas)
print('mean improvement across trained agents:', deltas.mean())
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:49:26.500487+00:00
training seeds: [0, 7, 23, 41, 59]
held-out mean per agent: [0.9759717  0.97472161 0.97537106 0.96944821 0.97455072]
exact mean per agent: [0.97578394 0.9749347  0.97562152 0.97113729 0.97404611]
uniform baseline mean: 0.46628910303115845
across-agent mean / sample sd: 0.9740126609802247 0.0026129212275767476
training seeds: [0, 7, 23, 41, 59]
held-out mean per agent: [0.9759717  0.97472161 0.97537106 0.96944821 0.97455072]
exact mean per agent: [0.97578394 0.9749347  0.97562152 0.97113729 0.97404611]
uniform baseline mean: 0.46628910303115845
across-agent mean / sample sd: 0.9740126609802247 0.0026129212275767476
left / random / right: -0.07999999821186066 0.46628910303115845 0.9850389361381531
paired improvements: [0.5096826  0.50843251 0.50908196 0.50315911 0.50826162]
mean improvement across trained agents: 0.5077235579490662
sample sd / independence-assuming SE: 0.09999999999999998 0.05773502691896257
PASS: rl-04

Expose an unequal-batch averaging bug
# Expose an unequal-batch averaging bug (Transfer / diagnosis): Equal shard weighting changes the unit from episode to shard.
means = np.array([1.,0.])
counts = np.array([1,9])
# Aggregate array values to compute `wrong`.
wrong = means.mean()
right = np.average(means,weights=counts)
assert wrong == .5 and right == .1
Equal shard weighting changes the unit from episode to shard. Our equal-size streams avoid the discrepancy, but exported raw episode counts make the contract explicit.
Distinguish spread from standard error
# Distinguish spread from standard error (Transfer / diagnosis): The numerical formula is separate from its sampling...
values = np.array([.8,.9,1.])
# Aggregate array values to compute `sd`.
sd = values.std(ddof=1)
naive_se = sd/np.sqrt(3)
assert abs(sd-.1) < 1e-12
assert abs(naive_se-.0577350269) < 1e-9
print('sample sd / independence-assuming SE:',sd,naive_se)
The numerical formula is separate from its sampling assumptions. Shared evaluation streams and only five training runs warrant a descriptive report, not a confident general claim.
Checkpoint
Answer: Sensitivity to training randomness across independently fitted policies. More evaluation episodes estimate one policy more precisely. To study training variability, repeat training with different seeds and preserve those runs as separate units.
Pallas grids and BlockSpecs
Assembled example code
# Step 1 — Write a block-local kernel and a boundary-aware wrapper: The kernel writes its output Ref and returns nothing.
import jax
import jax.numpy as jnp
import numpy as np
from jax.experimental import pallas as pl
from jax.experimental.pallas import tpu as pltpu

def validate_pair(x,y,block):
    # Guard input contract (`x.ndim != 2 or x.shape != y.shape or min(x.shape) < 1`) and fail fast if violated.
    if x.ndim!=2 or x.shape!=y.shape or min(x.shape)<1:
        raise ValueError("inputs must be nonempty matrices with identical shapes")
    # Guard input contract (`x.dtype != y.dtype or x.dtype not in (jnp.float32, jnp.bfloat16)`) and fail fast if violated.
    if x.dtype!=y.dtype or x.dtype not in (jnp.float32,jnp.bfloat16):
        raise ValueError("matching float32 or bfloat16 inputs required")
    # Guard input contract (`len(block) != 2 or any((not isinstance(n, int) or n < 1 for n in block))`) and fail fast if violated.
    if len(block)!=2 or any(not isinstance(n,int) or n<1 for n in block):
        raise ValueError("two positive integer block dimensions required")

def pad_pair(x,y,block):
    validate_pair(x,y,block)
    m,n=x.shape
    bm,bn=block
    padded=((m+bm-1)//bm*bm,(n+bn-1)//bn*bn)
    # Combine or mask array elements to form `pads`.
    pads=((0,padded[0]-m),(0,padded[1]-n))
    return jnp.pad(x,pads),jnp.pad(y,pads),padded

def axpy_body(x_ref,y_ref,out_ref):
    result=2.0*x_ref[...].astype(jnp.float32)+y_ref[...].astype(jnp.float32)
    out_ref[...]=result.astype(out_ref.dtype)

def blocked_axpy(x,y,block=(2,4)):
    # Combine or mask array elements to form `(px, py, padded)`.
    px,py,padded=pad_pair(x,y,block)
    bm,bn=block
    # Invoke custom Pallas kernel or tile specification (`spec`).
    spec=pl.BlockSpec(block,lambda i,j:(i,j))
    # Combine or mask array elements to form `out`.
    out=pl.pallas_call(axpy_body,
        out_shape=jax.ShapeDtypeStruct(padded,x.dtype),
        grid=(padded[0]//bm,padded[1]//bn),
        in_specs=(spec,spec),out_specs=spec,interpret=True)(px,py)
    return out[:x.shape[0],:x.shape[1]]

# Step 2 — Check every logical element against NumPy: The last row and column belong to partial logical tiles.
# Construct and reshape `x` into the target tensor dimensions.
x=jnp.arange(55,dtype=jnp.float32).reshape(5,11)/10-2
y=jnp.full_like(x,0.25)
actual=blocked_axpy(x,y)
# Convert `reference` to a host NumPy array for inspection or verification.
reference=2*np.asarray(x)+np.asarray(y)
# Check tensor shape invariant: `actual.shape==(5,11)`
assert actual.shape==(5,11)
np.testing.assert_allclose(actual,reference,rtol=1e-6,atol=1e-6)
assert float(actual[-1,-1])==float(reference[-1,-1])
print("Shape and boundary:",actual.shape,float(actual[0,0]),float(actual[-1,-1]))

# Step 3 — Derive the ownership map independently: Block coordinates are multiplied by the block shape by Pallas.
rows,cols=np.indices((5,11))
owner=(rows//2)*3+(cols//4)
assert owner[0,0]==0 and owner[4,10]==8
logical=5*11
padded=6*12
print("Grid:",(3,3),"logical/padded elements:",logical,padded)
print("Padding fraction:",(padded-logical)/padded)
Exercise solution
# Exercise solution: Test a singleton row and a changed nondivisible matrix with negative...
for shape in [(1,7),(7,9)]:
    # Create device-backed JAX array `a`.
    a=jnp.asarray(np.random.default_rng(11).normal(size=shape),dtype=jnp.float32)
    # Create device-backed JAX array `b`.
    b=jnp.asarray(np.random.default_rng(12).normal(size=shape),dtype=jnp.float32)
    for block in [(2,4),(3,5)]:
        result=blocked_axpy(a,b,block)
        # Check tensor shape invariant: `result.shape==shape`
        assert result.shape==shape
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_allclose(result,2*np.asarray(a)+np.asarray(b),rtol=1e-6,atol=1e-6)
print("Singleton and changed tails verified")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:49:31.979818+00:00
Shape and boundary: (5, 11) -3.75 7.050000190734863
Grid: (3, 3) logical/padded elements: 55 72
Padding fraction: 0.2361111111111111
Shape and boundary: (5, 11) -3.75 7.050000190734863
Grid: (3, 3) logical/padded elements: 55 72
Padding fraction: 0.2361111111111111
Changed grid: (2, 3) same numerical result
Floor-grid missing logical cells: 23
Singleton and changed tails verified
Mismatched global shape rejected
Shape, block/program/padded counts: (5, 11) [(2, 4, 9, 72), (8, 128, 1, 1024), (16, 256, 1, 4096)]
Shape, block/program/padded counts: (33, 129) [(2, 4, 561, 4488), (8, 128, 10, 10240), (16, 256, 3, 12288)]
PASS: kernels-01

Reject a broadcast that changes the contract
# Reject a broadcast that changes the contract (Practice): The operation promises paired matrices.
rejected=False
# Run the boundary check and catch the expected exception:
try:blocked_axpy(x,jnp.ones((5,1),dtype=jnp.float32))
except ValueError:rejected=True
assert rejected
print("Mismatched global shape rejected")
The operation promises paired matrices. A separate row/column-bias kernel can define an intentional broadcast contract.
Measure padding overhead without claiming runtime
# Measure padding overhead without claiming runtime (Challenge): Program count and padded work expose different costs.
for shape in [(5,11),(33,129)]:
    counts=[]
    for bm,bn in [(2,4),(8,128),(16,256)]:
        gm=(shape[0]+bm-1)//bm
        gn=(shape[1]+bn-1)//bn
        counts.append((bm,bn,gm*gn,gm*gn*bm*bn))
    assert all(padded>=shape[0]*shape[1] for _,_,_,padded in counts)
    print("Shape, block/program/padded counts:",shape,counts)
Program count and padded work expose different costs. Actual target measurements are still needed to rank configurations.
Checkpoint
Answer: A block whose element origin is (2i,4j).. BlockSpec coordinates select blocks. Pallas scales them by the block dimensions; an extra multiplication in the map would skip windows.
A first TPU kernel
Assembled example code
# Step 1 — Define separate interpreted and target-only launch modes: The launch path states its execution mode explicitly.
import jax
import jax.numpy as jnp
import numpy as np
from jax.experimental import pallas as pl
from jax.experimental.pallas import tpu as pltpu

def fused_bias_relu(x,bias,block=(8,128),mode="interpret"):
    # Guard input contract (`x.ndim != 2 or bias.ndim != 1 or bias.shape[0] != x.shape[1] or (min(x.shape) < 1)`) and fail fast if violated.
    if x.ndim!=2 or bias.ndim!=1 or bias.shape[0]!=x.shape[1] or min(x.shape)<1:
        raise ValueError("x must be (M,N), bias must be (N,), and dimensions nonempty")
    # Guard input contract (`x.dtype != bias.dtype or x.dtype not in (jnp.float32, jnp.bfloat16)`) and fail fast if violated.
    if x.dtype!=bias.dtype or x.dtype not in (jnp.float32,jnp.bfloat16):
        raise ValueError("matching float32 or bfloat16 required")
    bm,bn=block
    # Guard input contract (`not isinstance(bm, int) or not isinstance(bn, int) or bm < 1 or (bn < 1)`) and fail fast if violated.
    if not isinstance(bm,int) or not isinstance(bn,int) or bm<1 or bn<1:
        raise ValueError("positive integer block sizes required")
    # Guard input contract (`mode not in ('interpret', 'tpu')`) and fail fast if violated.
    if mode not in ("interpret","tpu"):
        raise ValueError("mode must explicitly be interpret or tpu")
    if mode=="tpu":
        if jax.default_backend()!="tpu" or any(not isinstance(a,jax.core.Tracer) and any(d.platform!="tpu" for d in a.devices()) for a in (x,bias)):
            raise RuntimeError("Real TPU inputs/backend required; CPU fallback is disabled")
        if bm%8 or bn%128:
            raise ValueError("this TPU wrapper requires block multiples of (8,128)")
    m,n=x.shape
    pm=(m+bm-1)//bm*bm
    pn=(n+bn-1)//bn*bn
    # Combine or mask array elements to form `px`.
    px=jnp.pad(x,((0,pm-m),(0,pn-n)))
    # Combine or mask array elements to form `pb`.
    pb=jnp.pad(bias,(0,pn-n))[None,:]
    def kernel(x_ref,bias_ref,out_ref):
        value=x_ref[...].astype(jnp.float32)+bias_ref[...].astype(jnp.float32)
        out_ref[...]=jnp.maximum(value,0).astype(out_ref.dtype)
    # Invoke custom Pallas kernel or tile specification (`matrix_spec`).
    matrix_spec=pl.BlockSpec((bm,bn),lambda i,j:(i,j))
    # Invoke custom Pallas kernel or tile specification (`bias_spec`).
    bias_spec=pl.BlockSpec((1,bn),lambda i,j:(0,j))
    # Invoke custom Pallas kernel or tile specification (`output`).
    output=pl.pallas_call(kernel,
        out_shape=jax.ShapeDtypeStruct((pm,pn),x.dtype),
        grid=(pm//bm,pn//bn),in_specs=(matrix_spec,bias_spec),out_specs=matrix_spec,
        interpret=(mode=="interpret"),
        compiler_params=pltpu.CompilerParams(dimension_semantics=("parallel","parallel")))(px,pb)
    return output[:m,:n]

# Step 2 — Execute the kernel semantics on CPU: The matrix and column bias use different BlockSpecs.
# Construct and reshape `x` into the target tensor dimensions.
x=jnp.linspace(-2,2,9*129,dtype=jnp.float32).reshape(9,129)
bias=jnp.linspace(-.3,.4,129,dtype=jnp.float32)
actual=fused_bias_relu(x,bias)
# Convert `reference` to a host NumPy array for inspection or verification.
reference=np.maximum(np.asarray(x)+np.asarray(bias)[None,:],0)
np.testing.assert_allclose(actual,reference,rtol=1e-6,atol=1e-6)
# Check tensor shape invariant: `actual.shape==(9,129)`
assert actual.shape==(9,129)
print("Interpretation max error:",float(np.max(np.abs(np.asarray(actual)-reference))))
print("Zero fraction and endpoint:",float(np.mean(reference==0)),float(actual[-1,-1]))

# Step 3 — Prove the target path cannot silently claim CPU success: The registered lesson executes CPU interpretation only.
if jax.default_backend()=="cpu":
    rejected=False
    try:fused_bias_relu(x,bias,mode="tpu")
    except RuntimeError as error:
        rejected=True
        print("Expected target refusal:",error)
    assert rejected
else:
    print("Reference lesson is intended for CPU; target execution uses the separate project runner")
Exercise solution
# Exercise solution: Change the activation shape to (17,257), freeze a NumPy random seed...
rng=np.random.default_rng(5)
# Create device-backed JAX array `changed_x`.
changed_x=jnp.asarray(rng.normal(size=(17,257)),dtype=jnp.float32)
# Create device-backed JAX array `changed_bias`.
changed_bias=jnp.asarray(rng.normal(size=257),dtype=jnp.float32)
# Convert `expected` to a host NumPy array for inspection or verification.
expected=np.maximum(np.asarray(changed_x)+np.asarray(changed_bias)[None,:],0)
for block in [(8,128),(16,256)]:
    result=fused_bias_relu(changed_x,changed_bias,block)
    np.testing.assert_allclose(result,expected,rtol=1e-6,atol=1e-6)
print("Changed tails and two TPU-compatible blocks verified in interpretation")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:49:37.641695+00:00
Interpretation max error: 0.0
Zero fraction and endpoint: 0.48578811369509045 2.4000000953674316
Expected target refusal: Real TPU inputs/backend required; CPU fallback is disabled
Interpretation max error: 0.0
Zero fraction and endpoint: 0.48578811369509045 2.4000000953674316
Expected target refusal: Real TPU inputs/backend required; CPU fallback is disabled
bfloat16 represented-input reference matched exactly
Boundary fixture: [[0. 0. 0.]
 [2. 0. 0.]]
Changed tails and two TPU-compatible blocks verified in interpretation
Malformed bias axes rejected
Column/bias pairing survives a joint permutation
PASS: kernels-02

Reject hidden bias-axis broadcasting
# Reject hidden bias-axis broadcasting (Practice): Explicit validation turns a confusing broadcast result into...
for malformed in (jnp.ones((1,129),dtype=jnp.float32),jnp.ones(9,dtype=jnp.float32)):
    rejected=False
    # Run the boundary check and catch the expected exception:
    try:fused_bias_relu(x,malformed)
    except ValueError:rejected=True
    assert rejected
print("Malformed bias axes rejected")
Explicit validation turns a confusing broadcast result into a local contract error.
Check a permutation invariant
# Check a permutation invariant (Challenge): The kernel is columnwise when the corresponding bias travels...
order=jnp.arange(128,-1,-1)
permuted=fused_bias_relu(x[:,order],bias[order])
np.testing.assert_allclose(permuted[:,order],actual,rtol=1e-6,atol=1e-6)
print("Column/bias pairing survives a joint permutation")
The kernel is columnwise when the corresponding bias travels with each column. This catches a wrong window map without relying only on one original fixture.
Checkpoint
Answer: The tested numerical Ref/grid semantics agree with the reference; target lowering and performance remain separate checks.. Interpretation is useful correctness evidence. It does not execute the target compiler or hardware, so those claims require a separate guarded target run.
Tiling, memory, and pipelining
Assembled example code
# Step 1 — Reuse the checked arithmetic and add a real pipeline: The outer kernel receives global-memory references and emits an...
import jax
import jax.numpy as jnp
import numpy as np
from jax.experimental import pallas as pl
from jax.experimental.pallas import tpu as pltpu

def validate_pair(x,y,block):
    # Guard input contract (`x.ndim != 2 or x.shape != y.shape or min(x.shape) < 1`) and fail fast if violated.
    if x.ndim!=2 or x.shape!=y.shape or min(x.shape)<1:
        raise ValueError("inputs must be nonempty matrices with identical shapes")
    # Guard input contract (`x.dtype != y.dtype or x.dtype not in (jnp.float32, jnp.bfloat16)`) and fail fast if violated.
    if x.dtype!=y.dtype or x.dtype not in (jnp.float32,jnp.bfloat16):
        raise ValueError("matching float32 or bfloat16 inputs required")
    # Guard input contract (`len(block) != 2 or any((not isinstance(n, int) or n < 1 for n in block))`) and fail fast if violated.
    if len(block)!=2 or any(not isinstance(n,int) or n<1 for n in block):
        raise ValueError("two positive integer block dimensions required")

def pad_pair(x,y,block):
    validate_pair(x,y,block)
    m,n=x.shape
    bm,bn=block
    padded=((m+bm-1)//bm*bm,(n+bn-1)//bn*bn)
    # Combine or mask array elements to form `pads`.
    pads=((0,padded[0]-m),(0,padded[1]-n))
    return jnp.pad(x,pads),jnp.pad(y,pads),padded

def axpy_body(x_ref,y_ref,out_ref):
    result=2.0*x_ref[...].astype(jnp.float32)+y_ref[...].astype(jnp.float32)
    out_ref[...]=result.astype(out_ref.dtype)

def blocked_axpy(x,y,block=(2,4)):
    # Combine or mask array elements to form `(px, py, padded)`.
    px,py,padded=pad_pair(x,y,block)
    bm,bn=block
    # Invoke custom Pallas kernel or tile specification (`spec`).
    spec=pl.BlockSpec(block,lambda i,j:(i,j))
    # Combine or mask array elements to form `out`.
    out=pl.pallas_call(axpy_body,
        out_shape=jax.ShapeDtypeStruct(padded,x.dtype),
        grid=(padded[0]//bm,padded[1]//bn),
        in_specs=(spec,spec),out_specs=spec,interpret=True)(px,py)
    return out[:x.shape[0],:x.shape[1]]

def pipelined_axpy(x,y,block=(8,128),buffers=2,no_pipelining=False,mode="simulate"):
    # Combine or mask array elements to form `(px, py, padded)`.
    px,py,padded=pad_pair(x,y,block)
    bm,bn=block
    # Guard input contract (`bm % 8 or bn % 128`) and fail fast if violated.
    if bm%8 or bn%128:
        raise ValueError("pipeline blocks must be multiples of (8,128)")
    # Guard input contract (`buffers not in (2, 3)`) and fail fast if violated.
    if buffers not in (2,3):
        raise ValueError("this lab supports two or three buffers")
    # Guard input contract (`mode not in ('simulate', 'tpu')`) and fail fast if violated.
    if mode not in ("simulate","tpu"):
        raise ValueError("mode must explicitly be simulate or tpu")
    # Guard input contract (`mode == 'tpu' and (jax.default_backend() != 'tpu' or any((not isinstance(a, jax.core.Tracer) and any((d.platform != 'tpu' for d in a.devices())) for a in (x, y))))`) and fail fast if violated.
    if mode=="tpu" and (jax.default_backend()!="tpu" or any(not isinstance(a,jax.core.Tracer) and any(d.platform!="tpu" for d in a.devices()) for a in (x,y))):
        raise RuntimeError("Real TPU inputs/backend required; simulation fallback is disabled")
    # Invoke custom Pallas kernel or tile specification (`spec`).
    spec=pl.BlockSpec(block,lambda i,j:(i,j),pipeline_mode=pl.Buffered(buffer_count=buffers))
    # Invoke custom Pallas kernel or tile specification (`output_spec`).
    output_spec=pl.BlockSpec(block,lambda i,j:(i,j),pipeline_mode=pl.Buffered(buffer_count=2))
    def outer(x_hbm,y_hbm,out_hbm):
        # Combine or mask array elements to form ``.
        pltpu.emit_pipeline(axpy_body,grid=(padded[0]//bm,padded[1]//bn),
            in_specs=(spec,spec),out_specs=output_spec,
            no_pipelining=no_pipelining)(x_hbm,y_hbm,out_hbm)
    # Invoke custom Pallas kernel or tile specification (`whole`).
    whole=pl.BlockSpec(memory_space=pl.ANY)
    interpretation=pltpu.InterpretParams(detect_races=True) if mode=="simulate" else False
    # Combine or mask array elements to form `call`.
    call=pl.pallas_call(outer,out_shape=jax.ShapeDtypeStruct(padded,x.dtype),
        in_specs=(whole,whole),out_specs=whole,interpret=interpretation)
    if mode=="simulate":
        # This describes a SIMULATED TPU layout, not the machine running the code.
        abstract=jax.sharding.AbstractMesh((1,),("simulated_device",),
            abstract_device=jax.sharding.AbstractDevice(device_kind="TPU v5 lite",num_cores=1))
        with jax.sharding.use_abstract_mesh(abstract):
            output=call(px,py)
    else:
        output=call(px,py)
    return output[:x.shape[0],:x.shape[1]]

# Step 2 — Compare synchronous and buffered pipeline semantics: Both schedules execute real pipeline semantics under CPU simulation.
# Construct and reshape `x` into the target tensor dimensions.
x=jnp.linspace(-1,1,17*257,dtype=jnp.float32).reshape(17,257)
y=jnp.full_like(x,.25)
# Convert `reference` to a host NumPy array for inspection or verification.
reference=2*np.asarray(x)+np.asarray(y)
synchronous=pipelined_axpy(x,y,no_pipelining=True)
buffered=pipelined_axpy(x,y,no_pipelining=False)
np.testing.assert_allclose(synchronous,reference,rtol=1e-6,atol=1e-6)
np.testing.assert_allclose(buffered,reference,rtol=1e-6,atol=1e-6)
# Execute `np.testing.assert_array_equal(synchronous,buffered)`
np.testing.assert_array_equal(synchronous,buffered)
print("Actual backend:",jax.default_backend(),"simulated layout: TPU v5 lite")
print("Synchronous/buffered endpoints:",float(buffered[0,0]),float(buffered[-1,-1]))

# Step 3 — Quantify tile tradeoffs before measuring hardware: This footprint counts only the declared data buffers.
configurations=[(8,128),(16,128),(16,256)]
metadata=[]
for bm,bn in configurations:
    gm=(17+bm-1)//bm
    gn=(257+bn-1)//bn
    programs=gm*gn
    padded_elements=programs*bm*bn
    # Two input buffers and one output buffer, each double buffered, FP32.
    modeled_buffer_bytes=3*2*bm*bn*4
    # Combine or mask array elements to form ``.
    metadata.append((programs,padded_elements,modeled_buffer_bytes))
    result=pipelined_axpy(x,y,(bm,bn))
    np.testing.assert_allclose(result,reference,rtol=1e-6,atol=1e-6)
print("programs, padded elements, modeled data-buffer bytes:",metadata)
Exercise solution
# Exercise solution: Use a (9,129) random fixture and verify synchronous,...
rng=np.random.default_rng(23)
for dtype in (jnp.float32,jnp.bfloat16):
    # Create device-backed JAX array `a`.
    a=jnp.asarray(rng.normal(size=(9,129)),dtype=dtype)
    # Create device-backed JAX array `b`.
    b=jnp.asarray(rng.normal(size=(9,129)),dtype=dtype)
    expected=(2*a.astype(jnp.float32)+b.astype(jnp.float32)).astype(dtype)
    for buffers,sync in [(2,True),(2,False),(3,False)]:
        result=pipelined_axpy(a,b,buffers=buffers,no_pipelining=sync)
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_array_equal(np.asarray(result),np.asarray(expected))
print("Changed shape, dtype and schedules verified")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:49:49.884306+00:00
Actual backend: cpu simulated layout: TPU v5 lite
Synchronous/buffered endpoints: -1.75 2.25
programs, padded elements, modeled data-buffer bytes: [(9, 9216, 24576), (6, 12288, 49152), (4, 16384, 98304)]
Actual backend: cpu simulated layout: TPU v5 lite
Synchronous/buffered endpoints: -1.75 2.25
programs, padded elements, modeled data-buffer bytes: [(9, 9216, 24576), (6, 12288, 49152), (4, 16384, 98304)]
Three-buffer schedule matches the two-buffer result
Single-tile pipeline checked
Changed shape, dtype and schedules verified
Unsupported pipeline tile rejected
Tile, two/three-input-slot modeled bytes: (8, 128) 24576 32768
Tile, two/three-input-slot modeled bytes: (16, 128) 49152 65536
Tile, two/three-input-slot modeled bytes: (16, 256) 98304 131072
PASS: kernels-03

Reject an unsupported pipeline tile
# Reject an unsupported pipeline tile (Practice): Different wrappers may expose different supported contracts.
rejected=False
# Run the boundary check and catch the expected exception:
try:pipelined_axpy(x,y,(3,5))
except ValueError:rejected=True
assert rejected
print("Unsupported pipeline tile rejected")
Different wrappers may expose different supported contracts. A narrower explicit contract is safer than implying the generic interpreter established target compatibility.
Estimate the price of a third input buffer
# Estimate the price of a third input buffer (Challenge): A third slot for each input increases this limited...
for bm,bn in configurations:
    two=(2*2+2)*bm*bn*4
    three=(2*3+2)*bm*bn*4
    assert three*3==two*4
    print("Tile, two/three-input-slot modeled bytes:",(bm,bn),two,three)
A third slot for each input increases this limited data-buffer model by one third. Output buffering stays at two slots. The estimate excludes registers, semaphores, compiler scratch and layout effects.
Checkpoint
Answer: No; padding, local memory and actual target overlap must be measured with synchronized target execution.. Simulation establishes tested semantics. Buffering and tile changes affect several costs, and only actual target measurements can rank performance.
Iterate with correctness and performance evidence
Assembled example code
# Step 1 — Keep reference semantics, target mode and benchmark boundary together: The candidate uses the same checked Pallas pipeline.
import jax
import jax.numpy as jnp
import numpy as np
from jax.experimental import pallas as pl
from jax.experimental.pallas import tpu as pltpu

def validate_pair(x,y,block):
    # Guard input contract (`x.ndim != 2 or x.shape != y.shape or min(x.shape) < 1`) and fail fast if violated.
    if x.ndim!=2 or x.shape!=y.shape or min(x.shape)<1:
        raise ValueError("inputs must be nonempty matrices with identical shapes")
    # Guard input contract (`x.dtype != y.dtype or x.dtype not in (jnp.float32, jnp.bfloat16)`) and fail fast if violated.
    if x.dtype!=y.dtype or x.dtype not in (jnp.float32,jnp.bfloat16):
        raise ValueError("matching float32 or bfloat16 inputs required")
    # Guard input contract (`len(block) != 2 or any((not isinstance(n, int) or n < 1 for n in block))`) and fail fast if violated.
    if len(block)!=2 or any(not isinstance(n,int) or n<1 for n in block):
        raise ValueError("two positive integer block dimensions required")

def pad_pair(x,y,block):
    validate_pair(x,y,block)
    m,n=x.shape
    bm,bn=block
    padded=((m+bm-1)//bm*bm,(n+bn-1)//bn*bn)
    # Combine or mask array elements to form `pads`.
    pads=((0,padded[0]-m),(0,padded[1]-n))
    return jnp.pad(x,pads),jnp.pad(y,pads),padded

def axpy_body(x_ref,y_ref,out_ref):
    result=2.0*x_ref[...].astype(jnp.float32)+y_ref[...].astype(jnp.float32)
    out_ref[...]=result.astype(out_ref.dtype)

def blocked_axpy(x,y,block=(2,4)):
    # Combine or mask array elements to form `(px, py, padded)`.
    px,py,padded=pad_pair(x,y,block)
    bm,bn=block
    # Invoke custom Pallas kernel or tile specification (`spec`).
    spec=pl.BlockSpec(block,lambda i,j:(i,j))
    # Combine or mask array elements to form `out`.
    out=pl.pallas_call(axpy_body,
        out_shape=jax.ShapeDtypeStruct(padded,x.dtype),
        grid=(padded[0]//bm,padded[1]//bn),
        in_specs=(spec,spec),out_specs=spec,interpret=True)(px,py)
    return out[:x.shape[0],:x.shape[1]]

def pipelined_axpy(x,y,block=(8,128),buffers=2,no_pipelining=False,mode="simulate"):
    # Combine or mask array elements to form `(px, py, padded)`.
    px,py,padded=pad_pair(x,y,block)
    bm,bn=block
    # Guard input contract (`bm % 8 or bn % 128`) and fail fast if violated.
    if bm%8 or bn%128:
        raise ValueError("pipeline blocks must be multiples of (8,128)")
    # Guard input contract (`buffers not in (2, 3)`) and fail fast if violated.
    if buffers not in (2,3):
        raise ValueError("this lab supports two or three buffers")
    # Guard input contract (`mode not in ('simulate', 'tpu')`) and fail fast if violated.
    if mode not in ("simulate","tpu"):
        raise ValueError("mode must explicitly be simulate or tpu")
    # Guard input contract (`mode == 'tpu' and (jax.default_backend() != 'tpu' or any((not isinstance(a, jax.core.Tracer) and any((d.platform != 'tpu' for d in a.devices())) for a in (x, y))))`) and fail fast if violated.
    if mode=="tpu" and (jax.default_backend()!="tpu" or any(not isinstance(a,jax.core.Tracer) and any(d.platform!="tpu" for d in a.devices()) for a in (x,y))):
        raise RuntimeError("Real TPU inputs/backend required; simulation fallback is disabled")
    # Invoke custom Pallas kernel or tile specification (`spec`).
    spec=pl.BlockSpec(block,lambda i,j:(i,j),pipeline_mode=pl.Buffered(buffer_count=buffers))
    # Invoke custom Pallas kernel or tile specification (`output_spec`).
    output_spec=pl.BlockSpec(block,lambda i,j:(i,j),pipeline_mode=pl.Buffered(buffer_count=2))
    def outer(x_hbm,y_hbm,out_hbm):
        # Combine or mask array elements to form ``.
        pltpu.emit_pipeline(axpy_body,grid=(padded[0]//bm,padded[1]//bn),
            in_specs=(spec,spec),out_specs=output_spec,
            no_pipelining=no_pipelining)(x_hbm,y_hbm,out_hbm)
    # Invoke custom Pallas kernel or tile specification (`whole`).
    whole=pl.BlockSpec(memory_space=pl.ANY)
    interpretation=pltpu.InterpretParams(detect_races=True) if mode=="simulate" else False
    # Combine or mask array elements to form `call`.
    call=pl.pallas_call(outer,out_shape=jax.ShapeDtypeStruct(padded,x.dtype),
        in_specs=(whole,whole),out_specs=whole,interpret=interpretation)
    if mode=="simulate":
        # This describes a SIMULATED TPU layout, not the machine running the code.
        abstract=jax.sharding.AbstractMesh((1,),("simulated_device",),
            abstract_device=jax.sharding.AbstractDevice(device_kind="TPU v5 lite",num_cores=1))
        with jax.sharding.use_abstract_mesh(abstract):
            output=call(px,py)
    else:
        output=call(px,py)
    return output[:x.shape[0],:x.shape[1]]

def target_benchmark(candidate,baseline,args,repeats=20):
    # Guard input contract (`jax.default_backend() != 'tpu' or any((d.platform != 'tpu' for a in args for d in a.devices()))`) and fail fast if violated.
    if jax.default_backend()!="tpu" or any(d.platform!="tpu" for a in args for d in a.devices()):
        raise RuntimeError("TPU benchmark requires real TPU inputs; interpretation timings are not accepted")
    # Guard input contract (`repeats < 5`) and fail fast if violated.
    if repeats<5:
        raise ValueError("at least five repeated target measurements required")
    import time
    records={}
    for label,function in (("candidate",candidate),("baseline",baseline)):
        started=time.perf_counter()
        # Wrap with `jax.jit` (`compiled`) so XLA traces and compiles the function.
        compiled=jax.jit(function).lower(*args).compile()
        compile_seconds=time.perf_counter()-started
        # Synchronize host execution until asynchronous device computation completes.
        for _ in range(5):compiled(*args).block_until_ready()
        samples=[]
        for _ in range(repeats):
            started=time.perf_counter()
            # Synchronize host execution until asynchronous device computation completes.
            compiled(*args).block_until_ready()
            samples.append((time.perf_counter()-started)*1000)
        records[label]={"compile_seconds":compile_seconds,"samples_ms":samples,
            "median_ms":float(np.median(samples)),"p90_ms":float(np.percentile(samples,90))}
    # Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for `records['actual_backend']`.
    records["actual_backend"]=jax.default_backend()
    # Query the active JAX devices into `records['device_kind']`.
    records["device_kind"]=jax.devices()[0].device_kind
    # Combine or mask array elements to form `records['boundary']`.
    records["boundary"]="already-placed logical inputs; complete padded/cropped wrapper output; warm synchronized execution"
    return records

# Step 2 — Audit a matrix of shapes and precisions: A zero kernel error means the implementation honored the declared...
rng=np.random.default_rng(42)
correctness=[]
precision_gaps=[]
for shape in [(1,1),(8,128),(9,129),(17,257)]:
    original_x=rng.normal(size=shape).astype(np.float32)
    original_y=rng.normal(size=shape).astype(np.float32)
    ideal=2*original_x+original_y
    row=[]
    gaps=[]
    for dtype in (jnp.float32,jnp.bfloat16):
        # Create device-backed JAX array `a`.
        # Create device-backed JAX array `b`.
        a=jnp.asarray(original_x,dtype=dtype)
        b=jnp.asarray(original_y,dtype=dtype)
        actual=pipelined_axpy(a,b)
        represented=(2*a.astype(jnp.float32)+b.astype(jnp.float32)).astype(dtype)
        # Convert `` to a host NumPy array for inspection or verification.
        np.testing.assert_array_equal(np.asarray(actual),np.asarray(represented))
        # Convert `error` to a host NumPy array for inspection or verification.
        error=float(np.max(np.abs(np.asarray(actual,dtype=np.float32)-np.asarray(represented,dtype=np.float32))))
        # Convert `gap` to a host NumPy array for inspection or verification.
        gap=float(np.max(np.abs(np.asarray(actual,dtype=np.float32)-ideal)))
        row.append(error)
        gaps.append(gap)
    correctness.append(row)
    precision_gaps.append(gaps)
print("Kernel errors versus represented-input oracle:",correctness)
print("Gaps versus original float32 data:",precision_gaps)

# Step 3 — Check the evidence boundary before requesting a speed claim: The runnable target entry point is the project target_tpu.py script.
if jax.default_backend()=="cpu":
    probe=jnp.ones((8,128),dtype=jnp.float32)
    rejected=False
    try:target_benchmark(lambda a,b:pipelined_axpy(a,b,mode="tpu"),lambda a,b:2*a+b,(probe,probe))
    except RuntimeError as error:
        rejected=True
        print("Expected benchmark refusal:",error)
    assert rejected
print("CPU correctness audit complete; no TPU latency or speedup measured")
Exercise solution
# Exercise solution: Add a (15,255) fixture, compare two tile choices and two buffer...
a=jnp.asarray(np.random.default_rng(8).normal(size=(15,255)),dtype=jnp.float32)
# Create device-backed JAX array `b`.
b=jnp.asarray(np.random.default_rng(9).normal(size=(15,255)),dtype=jnp.float32)
# Convert `expected` to a host NumPy array for inspection or verification.
expected=2*np.asarray(a)+np.asarray(b)
for block in [(8,128),(16,256)]:
    for buffers in (2,3):
        result=pipelined_axpy(a,b,block,buffers=buffers)
        np.testing.assert_allclose(result,expected,rtol=1e-6,atol=1e-6)
        gm=(15+block[0]-1)//block[0]
        gn=(255+block[1]-1)//block[1]
        print("Configuration, padded elements:",block,buffers,gm*gn*block[0]*block[1])
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:03.077466+00:00
Kernel errors versus represented-input oracle: [[0.0, 0.0], [0.0, 0.0], [0.0, 0.0], [0.0, 0.0]]
Gaps versus original float32 data: [[0.0, 0.000862419605255127], [0.0, 0.025217056274414062], [0.0, 0.030788421630859375], [0.0, 0.0292205810546875]]
Expected benchmark refusal: TPU benchmark requires real TPU inputs; interpretation timings are not accepted
CPU correctness audit complete; no TPU latency or speedup measured
Kernel errors versus represented-input oracle: [[0.0, 0.0], [0.0, 0.0], [0.0, 0.0], [0.0, 0.0]]
Gaps versus original float32 data: [[0.0, 0.000862419605255127], [0.0, 0.025217056274414062], [0.0, 0.030788421630859375], [0.0, 0.0292205810546875]]
Expected benchmark refusal: TPU benchmark requires real TPU inputs; interpretation timings are not accepted
CPU correctness audit complete; no TPU latency or speedup measured
Joint row permutation preserves output identity
Early/final-only rounding: 1.0 1.0078125
Configuration, padded elements: (8, 128) 2 4096
Configuration, padded elements: (8, 128) 3 4096
Configuration, padded elements: (16, 256) 2 4096
Configuration, padded elements: (16, 256) 3 4096
Mixed and integer dtypes rejected
Modeled twofold-local speedup and zero-cost limit: 1.1764705882352942 1.4285714285714286
PASS: kernels-04

Reject unsupported dtype mixing
# Reject unsupported dtype mixing (Practice): Supported dtype boundaries are a correctness decision.
for first,second in [(jnp.ones((8,128),jnp.float32),jnp.ones((8,128),jnp.bfloat16)),(jnp.ones((8,128),jnp.int32),jnp.ones((8,128),jnp.int32))]:
    rejected=False
    # Run the boundary check and catch the expected exception:
    try:pipelined_axpy(first,second)
    except ValueError:rejected=True
    assert rejected
print("Mixed and integer dtypes rejected")
Supported dtype boundaries are a correctness decision. Adding a new dtype requires a reference, target support and justified tolerances.
Bound the end-to-end opportunity
# Bound the end-to-end opportunity (Challenge): These are conditional analytic estimates, not measured speedups.
fraction=.3
local_speedup=2.0
end_to_end=1/((1-fraction)+fraction/local_speedup)
limit=1/(1-fraction)
# Execute `np.testing.assert_allclose(end_to_end,1.1764705882352942)`
np.testing.assert_allclose(end_to_end,1.1764705882352942)
# Execute `np.testing.assert_allclose(limit,1.4285714285714286)`
np.testing.assert_allclose(limit,1.4285714285714286)
print("Modeled twofold-local speedup and zero-cost limit:",end_to_end,limit)
These are conditional analytic estimates, not measured speedups. Communication or scheduling changes can alter the fraction, so reprofile the complete workload.
Checkpoint
Answer: Implementation correctness passed for the declared precision policy; the separate representation gap must still be reported.. The references answer different questions. Correct execution of a low-precision contract does not imply identical values to a higher-precision dataset.
Read your first jaxpr
Assembled example code
# Step 1 — 1. Establish the input signature: The vector has shape (3,) and dtype float32; these determine the...
import jax
import jax.numpy as jnp

x = jnp.array([1., 2., 3.], dtype=jnp.float32)
# Step 2 — 2. Write the pure function: Each assignment names a new value.
def shifted_square_sum(x):
    shifted = x + 1.
    squared = shifted * shifted
    return jnp.sum(squared)

# Step 3 — 3. Inspect and independently verify: Forward operations include add, mul and reduce_sum, with output...
# Trace or lower the function to inspect its compiler representation (`closed`).
closed = jax.make_jaxpr(shifted_square_sum)(x)
print("Forward program:")
print(closed)
for equation in closed.jaxpr.eqns:
    print("Operation:", equation.primitive.name,
          "output shapes:", [v.aval.shape for v in equation.outvars])
value = shifted_square_sum(x)
# Differentiate the objective to obtain `gradient` via automatic differentiation.
gradient = jax.grad(shifted_square_sum)(x)
print("Value / gradient:", value, gradient)
assert jnp.allclose(value, 29.)
assert jnp.allclose(gradient, jnp.array([4., 6., 8.]))
Exercise solution
# Exercise solution: Change the scalar offset from 1 to 2.
def shifted_two(z):
    shifted = z + 2.
    return jnp.sum(shifted * shifted)
print(jax.make_jaxpr(shifted_two)(x))
assert jnp.allclose(shifted_two(x), 50.)
assert jnp.allclose(jax.grad(shifted_two)(x), jnp.array([6., 8., 10.]))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:05.982947+00:00
Forward program:
{ lambda ; a:f32[3]. let
    b:f32[3] = add a 1.0:f32[]
    c:f32[3] = mul b b
    d:f32[] = reduce_sum[axes=(0,) out_sharding=None] c
  in (d,) }
Operation: add output shapes: [(3,)]
Operation: mul output shapes: [(3,)]
Operation: reduce_sum output shapes: [()]
Value / gradient: 29.0 [4. 6. 8.]
Forward program:
{ lambda ; a:f32[3]. let
    b:f32[3] = add a 1.0:f32[]
    c:f32[3] = mul b b
    d:f32[] = reduce_sum[axes=(0,) out_sharding=None] c
  in (d,) }
Operation: add output shapes: [(3,)]
Operation: mul output shapes: [(3,)]
Operation: reduce_sum output shapes: [()]
Value / gradient: 29.0 [4. 6. 8.]
Derivative program: { lambda ; a:f32[3]. let
    b:f32[3] = add a 1.0:f32[]
    c:f32[3] = mul b b
    _:f32[] = reduce_sum[axes=(0,) out_sharding=None] c
    d:f32[3] = broadcast_in_dim 1.0:f32[]
    e:f32[3] = mul b d
    f:f32[3] = mul d b
    g:f32[3] = add_any e f
  in (g,) }
Captured: { lambda a:f32[3]; b:f32[3]. let
    c:f32[3] = add b a
    d:f32[] = reduce_sum[axes=(0,) out_sharding=None] c
  in (d,) }
Explicit: { lambda ; a:f32[3] b:f32[3]. let
    c:f32[3] = add a b
    d:f32[] = reduce_sum[axes=(0,) out_sharding=None] c
  in (d,) }
{ lambda ; a:f32[3]. let
    b:f32[3] = add a 2.0:f32[]
    c:f32[3] = mul b b
    d:f32[] = reduce_sum[axes=(0,) out_sharding=None] c
  in (d,) }
Unrolled: { lambda ; a:f32[]. let
    b:f32[] = mul 0.5:f32[] a
    c:f32[] = add b 1.0:f32[]
    d:f32[] = mul 0.5:f32[] c
    e:f32[] = add d 1.0:f32[]
    f:f32[] = mul 0.5:f32[] e
    g:f32[] = add f 1.0:f32[]
    h:f32[] = mul 0.5:f32[] g
    i:f32[] = add h 1.0:f32[]
  in (i,) }
Scanned: { lambda ; a:f32[]. let
    b:f32[] _:f32[4] = scan[
      _split_transpose=False
      jaxpr={ lambda ; c:f32[]. let
          d:f32[] = mul 0.5:f32[] c
          e:f32[] = add d 1.0:f32[]
        in (e, e) }
      length=4
      linear=(False,)
      num_carry=1
      num_consts=0
      reverse=False
      unroll=1
    ] a
  in (b,) }
Expected failure: traced boolean used by Python if
Repaired: { lambda ; a:f32[3]. let
    b:f32[1] = slice[limit_indices=(1,) start_indices=(0,) strides=None] a
    c:f32[] = squeeze[dimensions=(0,)] b
    d:bool[] = gt c 0.0:f32[]
    e:i32[] = convert_element_type[new_dtype=int32 weak_type=False] d
    f:f32[] = cond[
      branches=(
        { lambda ; g:f32[3]. let
            h:f32[] = reduce_sum[axes=(0,) out_sharding=None] g
            i:f32[] = neg h
          in (i,) }
        { lambda ; j:f32[3]. let
            k:f32[] = reduce_sum[axes=(0,) out_sharding=None] j
          in (k,) }
      )
    ] e a
  in (f,) }
PASS: internals-01

Compare unrolled and scanned recurrences
# Compare unrolled and scanned recurrences (Transfer / diagnosis): The outer scan equation has a nested body.
def unrolled(z):
    for _ in range(4):
        z = 0.5*z + 1.
    return z
# Define `scanned(z)` to carry state across steps with `jax.lax.scan`:
def scanned(z):
    def step(carry, _):
        new = 0.5*carry + 1.
        return new, new
    return jax.lax.scan(step, z, None, length=4)[0]
print("Unrolled:", jax.make_jaxpr(unrolled)(jnp.array(0.)))
print("Scanned:", jax.make_jaxpr(scanned)(jnp.array(0.)))
assert jnp.allclose(unrolled(jnp.array(0.)), 1.875)
assert jnp.allclose(scanned(jnp.array(0.)), 1.875)
The outer scan equation has a nested body. Equal numeric results and a shorter outer list are separate from a speedup.
Reproduce and repair a traced boolean failure
# Reproduce and repair a traced boolean failure (Transfer / diagnosis): The repair makes runtime control flow explicit and verifies...
def bad_branch(z):
    if z[0] > 0:
        return jnp.sum(z)
    return -jnp.sum(z)
# Run the boundary check and catch the expected exception:
try:
    jax.make_jaxpr(bad_branch)(x)
except jax.errors.TracerBoolConversionError:
    print("Expected failure: traced boolean used by Python if")
else:
    raise AssertionError("expected tracing failure")
def repaired(z):
    return jax.lax.cond(z[0] > 0, lambda v: jnp.sum(v), lambda v: -jnp.sum(v), z)
print("Repaired:", jax.make_jaxpr(repaired)(x))
assert jnp.allclose(jax.jit(repaired)(x), 6.)
assert jnp.allclose(jax.jit(repaired)(-x), 6.)
The repair makes runtime control flow explicit and verifies both branches; it does not force the input array to become static.
Checkpoint
Answer: The traced derivative has a different computation structure; runtime needs separate measurement.. A jaxpr describes traced primitives. Compiler transformations and hardware execution determine kernel boundaries and timing.
JVPs, VJPs, and higher-order derivatives
Assembled example code
# Step 1 — Define a small vector map and derive its Jacobian: The map has two inputs and two outputs.
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

def mapping(x):
    a,b=x
    return jnp.array([a*b,jnp.sin(a)+b*b])
x=jnp.array([0.4,-0.7])
v=jnp.array([1.2,-0.3])
u=jnp.array([0.5,2.0])
# Convert `(a, b)` to a host NumPy array for inspection or verification.
a,b=np.asarray(x)
jacobian=np.array([[b,a],[np.cos(a),2*b]])
expected_value=np.array([a*b,np.sin(a)+b*b])

# Step 2 — Push a direction forward and pull a measurement backward: The VJP returns one cotangent per input argument, hence the...
# Compute exact directional derivative / Jacobian / Hessian (`(value, jvp)`).
value,jvp=jax.jvp(mapping,(x,),(v,))
# Compute exact directional derivative / Jacobian / Hessian (`(value_again, pullback)`).
value_again,pullback=jax.vjp(mapping,x)
vjp,=pullback(u)
np.testing.assert_allclose(value,expected_value,rtol=1e-12)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(jvp,jacobian@np.asarray(v),rtol=1e-12)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(vjp,jacobian.T@np.asarray(u),rtol=1e-12)
left=float(jnp.vdot(u,jvp))
right=float(jnp.vdot(vjp,v))
np.testing.assert_allclose(left,right,rtol=1e-12)
print("Jacobian:",jacobian)
print("JVP:",np.asarray(jvp),"VJP:",np.asarray(vjp),"adjoint pair:",left,right)

# Step 3 — Compute curvature without materializing a Hessian: For squared residuals, the Hessian includes a...
def objective(z):
    return 0.5*jnp.vdot(mapping(z),mapping(z))
# Differentiate the objective to obtain `gradient` via automatic differentiation.
gradient=jax.grad(objective)(x)
# Differentiate the objective to obtain `hvp` via automatic differentiation.
hvp=jax.jvp(jax.grad(objective),(x,),(v,))[1]
y=expected_value
hessian_0=np.array([[0.,1.],[1.,0.]])
hessian_1=np.array([[-np.sin(a),0.],[0.,2.]])
hessian=jacobian.T@jacobian+y[0]*hessian_0+y[1]*hessian_1
np.testing.assert_allclose(gradient,jacobian.T@y,rtol=1e-12)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(hvp,hessian@np.asarray(v),rtol=1e-12)
np.testing.assert_allclose(hessian,hessian.T,atol=1e-12)
print("Hessian-vector product:",np.asarray(hvp))
Exercise solution
# Exercise solution: Repeat the Jacobian, JVP, VJP and adjoint checks at x=(-0.2,0.8) with...
changed_x=jnp.array([-0.2,0.8])
changed_v=jnp.array([-0.5,1.3])
changed_u=jnp.array([1.1,-0.4])
# Convert `(a2, b2)` to a host NumPy array for inspection or verification.
a2,b2=np.asarray(changed_x)
j2=np.array([[b2,a2],[np.cos(a2),2*b2]])
# Compute exact directional derivative / Jacobian / Hessian (`fj`).
fj=jax.jvp(mapping,(changed_x,),(changed_v,))[1]
# Compute exact directional derivative / Jacobian / Hessian (`rj`).
rj=jax.vjp(mapping,changed_x)[1](changed_u)[0]
np.testing.assert_allclose(fj,j2@changed_v,rtol=1e-12)
np.testing.assert_allclose(rj,j2.T@changed_u,rtol=1e-12)
np.testing.assert_allclose(jnp.vdot(changed_u,fj),jnp.vdot(rj,changed_v),rtol=1e-12)
print("Changed-point adjoint verified")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:09.725259+00:00
Jacobian: [[-0.7         0.4       ]
 [ 0.92106099 -1.4       ]]
JVP: [-0.96        1.52527319] VJP: [ 1.49212199 -2.6       ] adjoint pair: 2.570546385606924 2.570546385606924
Hessian-vector product: [ 1.74991568 -3.38303348]
Jacobian: [[-0.7         0.4       ]
 [ 0.92106099 -1.4       ]]
JVP: [-0.96        1.52527319] VJP: [ 1.49212199 -2.6       ] adjoint pair: 2.570546385606924 2.570546385606924
Hessian-vector product: [ 1.74991568 -3.38303348]
Forward columns and reverse rows agree
Exact HVP: [ 1.74991568 -3.38303348] Gauss-Newton product: [ 2.07686964 -2.51938247]
Changed-point adjoint verified
Direction linearity holds; the Jacobian changes with the base point
Bilinear Hessian symmetry and finite-difference product verified
PASS: internals-02

Test linearity at a fixed point
# Test linearity at a fixed point (Practice): Linearity in the tangent is a local property.
w=jnp.array([-0.6,0.9])
# Compute exact directional derivative / Jacobian / Hessian (`product`).
product=lambda direction:jax.jvp(mapping,(x,),(direction,))[1]
np.testing.assert_allclose(product(2*v-w),2*product(v)-product(w),rtol=1e-12)
# Compute exact directional derivative / Jacobian / Hessian (`shifted`).
shifted=jax.jvp(mapping,(x+w,),(v,))[1]
assert np.linalg.norm(np.asarray(shifted-product(v)))>0.1
print("Direction linearity holds; the Jacobian changes with the base point")
Linearity in the tangent is a local property. A nonlinear function need not use the same linear map at different points.
Check curvature symmetry without a full Hessian
# Check curvature symmetry without a full Hessian (Challenge): For this smooth scalar objective, mixed partials agree.
w=jnp.array([0.2,0.9])
# Differentiate the objective to obtain `hw` via automatic differentiation.
hw=jax.jvp(jax.grad(objective),(x,),(w,))[1]
np.testing.assert_allclose(jnp.vdot(w,hvp),jnp.vdot(v,hw),rtol=1e-12)
eps=1e-4
# Differentiate the objective to obtain `fdw` via automatic differentiation.
fdw=(jax.grad(objective)(x+eps*w)-jax.grad(objective)(x-eps*w))/(2*eps)
np.testing.assert_allclose(hw,fdw,rtol=1e-7,atol=1e-8)
print("Bilinear Hessian symmetry and finite-difference product verified")
For this smooth scalar objective, mixed partials agree. Symmetry is a useful invariant, but an independent derivative check is still necessary.
Checkpoint
Answer: The gradient of the scalar weighted output u-transpose f(x), with u fixed.. The pullback applies the transpose Jacobian to the output weighting. It maps an output cotangent into the input space at the stored base point.
Custom derivative rules
Assembled example code
# Step 1 — Write stable primal functions and exact derivative contracts: The JVP rule returns primal and tangent; the VJP forward rule...
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

# Register custom derivative rule on `stable_softplus(x)`:
@jax.custom_jvp
def stable_softplus(x):
    return jnp.logaddexp(0.0,x)

@stable_softplus.defjvp
def softplus_jvp(primals,tangents):
    x,=primals
    dx,=tangents
    return stable_softplus(x),jax.nn.sigmoid(x)*dx

# Register custom derivative rule on `stable_logsumexp(x)`:
@jax.custom_vjp
def stable_logsumexp(x):
    return jax.scipy.special.logsumexp(x)

def logsumexp_fwd(x):
    # Evaluate numerically stable log-space cross-entropy/likelihood (`value`).
    value=stable_logsumexp(x)
    # Apply nonlinear activation or probability normalization to compute `weights`.
    weights=jax.nn.softmax(x)
    return value,weights

def logsumexp_bwd(weights,cotangent):
    return (cotangent*weights,)

# Execute `stable_logsumexp.defvjp(logsumexp_fwd,logsumexp_bwd)`.
stable_logsumexp.defvjp(logsumexp_fwd,logsumexp_bwd)

# Step 2 — Check first and second derivatives independently: An exact first derivative can still hide mistakes in a...
points=jnp.array([-4.,0.,3.])
# Vectorize across the batch dimension with `jax.vmap` (`values`).
values=jax.vmap(stable_softplus)(points)
# Differentiate the objective to obtain `first` via automatic differentiation.
first=jax.vmap(jax.grad(stable_softplus))(points)
# Differentiate the objective to obtain `second` via automatic differentiation.
second=jax.vmap(jax.grad(jax.grad(stable_softplus)))(points)
# Convert `reference_first` to a host NumPy array for inspection or verification.
reference_first=1/(1+np.exp(-np.asarray(points)))
reference_second=reference_first*(1-reference_first)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(values,np.logaddexp(0,np.asarray(points)),rtol=1e-12)
np.testing.assert_allclose(first,reference_first,rtol=1e-12)
np.testing.assert_allclose(second,reference_second,rtol=1e-12)
x=jnp.array([-0.8,0.4,1.1])
# Convert `weights` to a host NumPy array for inspection or verification.
# Accumulate the next contribution into `weights`.
weights=np.exp(np.asarray(x)-np.max(np.asarray(x)))
weights/=weights.sum()
hessian_reference=np.diag(weights)-np.outer(weights,weights)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(stable_logsumexp)(x),weights,rtol=1e-12)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.jacrev(jax.grad(stable_logsumexp))(x),hessian_reference,rtol=1e-12,atol=1e-12)
print("Softplus first/second:",np.asarray(first),np.asarray(second))
print("Logsumexp gradient:",weights)

# Step 3 — Exercise extremes and seed linearity: Numerical stability must hold in both the primal and derivative path.
extremes=jnp.array([-1000.,0.,1000.])
# Vectorize across the batch dimension with `jax.vmap` (`extreme_values`).
extreme_values=jax.vmap(stable_softplus)(extremes)
# Differentiate the objective to obtain `extreme_gradients` via automatic differentiation.
extreme_gradients=jax.vmap(jax.grad(stable_softplus))(extremes)
# Confirm that all computed values remain finite (no NaN or Inf).
assert np.isfinite(extreme_values).all() and np.isfinite(extreme_gradients).all()
np.testing.assert_allclose(extreme_values,[0.,np.log(2.),1000.],atol=1e-12)
# Enter `np.errstate(over='ignore')` context block:
with np.errstate(over='ignore'):
    # Convert `naive` to a host NumPy array for inspection or verification.
    naive=np.log1p(np.exp(np.asarray(extremes)))
# Confirm that all computed values remain finite (no NaN or Inf).
assert not np.isfinite(naive[-1])
# Compute exact directional derivative / Jacobian / Hessian (`(_, pullback)`).
_,pullback=jax.vjp(stable_logsumexp,x)
np.testing.assert_allclose(pullback(2.0-0.3)[0],2*pullback(1.0)[0]-pullback(0.3)[0],rtol=1e-12)
print("Stable extreme values:",np.asarray(extreme_values),"naive positive extreme:",naive[-1])
Exercise solution
# Exercise solution: Check the custom log-sum-exp gradient on (-3,0.2,2,5) against an...
changed=jnp.array([-3.,0.2,2.,5.])
# Convert `host` to a host NumPy array for inspection or verification.
# Accumulate the next contribution into `p`.
host=np.asarray(changed)
p=np.exp(host-host.max())
p/=p.sum()
# Differentiate the objective to obtain `actual` via automatic differentiation.
actual=jax.grad(stable_logsumexp)(changed)
np.testing.assert_allclose(actual,p,rtol=1e-12)
for direction in (np.array([1.,-.5,.2,0.]),np.array([0.,1.,-1.,.3])):
    eps=1e-5
    # Aggregate array values to compute `reference`.
    reference=lambda z:np.max(z)+np.log(np.exp(z-np.max(z)).sum())
    fd=(reference(host+eps*direction)-reference(host-eps*direction))/(2*eps)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(np.dot(np.asarray(actual),direction),fd,rtol=1e-8,atol=1e-10)
np.testing.assert_allclose(jax.vjp(stable_logsumexp,changed)[1](2.5)[0],2.5*p,rtol=1e-12)
print("Changed-size gradient and cotangent scaling verified")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:14.579922+00:00
Softplus first/second: [0.01798621 0.5        0.95257413] [0.01766271 0.25       0.04517666]
Logsumexp gradient: [0.09085944 0.30166396 0.60747661]
Stable extreme values: [0.00000000e+00 6.93147181e-01 1.00000000e+03] naive positive extreme: inf
Softplus first/second: [0.01798621 0.5        0.95257413] [0.01766271 0.25       0.04517666]
Logsumexp gradient: [0.09085944 0.30166396 0.60747661]
Stable extreme values: [0.00000000e+00 6.93147181e-01 1.00000000e+03] naive positive extreme: inf
Wrong/correct/finite-difference derivative: 0.29934383005622606 0.5986876601124521 0.5986876601138391
Expected custom_vjp forward-mode boundary: can't apply forward-mode autodiff (jvp) to a custom_vjp function.
Ordinary JAX common-shift JVP: 1.0
Changed-size gradient and cotangent scaling verified
Stable shift invariance and zero common-direction curvature verified
Nonlinear seed rule rejected by its contract; repaired JVP is linear
PASS: internals-03

Check common-shift invariance of curvature
# Check common-shift invariance of curvature (Practice): The common shift leaves probabilities unchanged.
shift=1000.0
np.testing.assert_allclose(stable_logsumexp(x+shift)-stable_logsumexp(x),shift,rtol=1e-12)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(jax.grad(stable_logsumexp)(x+shift),jax.grad(stable_logsumexp)(x),rtol=1e-12)
# Differentiate the objective to obtain `hess` via automatic differentiation.
hess=jax.jacrev(jax.grad(stable_logsumexp))(x+shift)
np.testing.assert_allclose(jnp.sum(hess,axis=1),0.,atol=1e-12)
print("Stable shift invariance and zero common-direction curvature verified")
The common shift leaves probabilities unchanged. Zero curvature in that direction is a structural identity, not a numerical accident.
Audit a nonlinear seed rule before registering it
# Audit a nonlinear seed rule before registering it (Challenge): Linearity follows from the definition of a derivative at a...
coefficient=float(jax.nn.sigmoid(0.4))
bad=lambda tangent:coefficient*tangent*tangent
assert not np.isclose(bad(2.0),2*bad(1.0))
# Compute exact directional derivative / Jacobian / Hessian (`good`).
good=lambda tangent:jax.jvp(stable_softplus,(jnp.array(0.4),),(jnp.array(tangent),))[1]
np.testing.assert_allclose(good(2*.7-.3),2*good(.7)-good(.3),rtol=1e-12)
print("Nonlinear seed rule rejected by its contract; repaired JVP is linear")
Linearity follows from the definition of a derivative at a fixed primal point. API acceptance is not a substitute for this mathematical check.
Checkpoint
Answer: Agreement with the actual primal derivative through an independent derivation or numerical check.. Linearity is necessary, but a wrong constant multiple of the true derivative is also linear and finite. Independent comparisons establish the missing mathematical agreement.
Lowering, compilation, and a tiny transformation
Assembled example code
# Step 1 — Define a deliberately small derivative interpreter: Each environment entry stores a primal and its tangent.
import jax
# Update state in place with the new values.
jax.config.update("jax_enable_x64", True)
import jax.numpy as jnp
import numpy as np

from jax.extend import core

def tiny_jvp(closed,primals,tangents):
    """Interpret a pure flat jaxpr with floating inputs and explicit tangent rules."""
    program=closed.jaxpr
    # Guard input contract (`program.effects`) and fail fast if violated.
    if program.effects:
        raise NotImplementedError("effects are outside this interpreter")
    # Guard input contract (`len(primals) != len(program.invars) or len(tangents) != len(primals)`) and fail fast if violated.
    if len(primals)!=len(program.invars) or len(tangents)!=len(primals):
        raise ValueError("one primal and tangent per input variable required")
    values={}
    directions={}
    def put(var,value,tangent):
        values[var]=value
        directions[var]=tangent
    for var,constant in zip(program.constvars,closed.consts):
        # Allocate initialized array `` with the specified shape and dtype.
        put(var,constant,jnp.zeros_like(constant))
    for var,value,tangent in zip(program.invars,primals,tangents):
        # Guard input contract (`value.shape != var.aval.shape or value.dtype != var.aval.dtype`) and fail fast if violated.
        if value.shape!=var.aval.shape or value.dtype!=var.aval.dtype:
            raise ValueError("primal shape/dtype differs from traced signature")
        # Guard input contract (`tangent.shape != value.shape or tangent.dtype != value.dtype`) and fail fast if violated.
        if tangent.shape!=value.shape or tangent.dtype!=value.dtype:
            raise ValueError("tangent shape/dtype must match its primal")
        # Guard input contract (`not jnp.issubdtype(value.dtype, jnp.floating)`) and fail fast if violated.
        if not jnp.issubdtype(value.dtype,jnp.floating):
            raise ValueError("this teaching interpreter requires real floating inputs")
        put(var,value,tangent)
    def read(atom):
        if isinstance(atom,core.Literal):
            return atom.val,jnp.zeros_like(atom.val)
        return values[atom],directions[atom]
    for equation in program.eqns:
        name=equation.primitive.name
        # Guard input contract (`name not in {'add', 'mul', 'neg', 'sin', 'reduce_sum'}`) and fail fast if violated.
        if name not in {"add","mul","neg","sin","reduce_sum"}:
            raise NotImplementedError("unsupported primitive: "+name)
        # Guard input contract (`len(equation.outvars) != 1`) and fail fast if violated.
        if len(equation.outvars)!=1:
            raise NotImplementedError("multiple-result primitives are outside this interpreter")
        operands=[read(atom) for atom in equation.invars]
        a,da=operands[0]
        if name=="add":
            b,db=operands[1]
            result,tangent=a+b,da+db
        elif name=="mul":
            b,db=operands[1]
            result,tangent=a*b,da*b+a*db
        elif name=="neg":result,tangent=-a,-da
        elif name=="sin":result,tangent=jnp.sin(a),jnp.cos(a)*da
        else:
            if equation.params.get("out_sharding") is not None:
                raise NotImplementedError("explicit reduction placement is outside this interpreter")
            axes=equation.params["axes"]
            result,tangent=jnp.sum(a,axis=axes),jnp.sum(da,axis=axes)
        put(equation.outvars[0],result,tangent)
    output=[read(var) for var in program.outvars]
    return tuple(v for v,_ in output),tuple(t for _,t in output)

# Step 2 — Trace a program and verify the transformed result: The traced closed constant contributes to the primal but not the...
offset=jnp.array([0.1,0.2,0.3])
def program(x):
    return jnp.sum(jnp.sin(x)*x+offset)
x=jnp.array([-0.8,0.4,1.1])
direction=jnp.array([0.3,-0.2,0.7])
# Trace or lower the function to inspect its compiler representation (`closed`).
closed=jax.make_jaxpr(program)(x)
primal_outputs,tangent_outputs=tiny_jvp(closed,(x,),(direction,))
# Aggregate array values to compute `reference_value`.
reference_value=np.sum(np.sin(np.asarray(x))*np.asarray(x)+np.asarray(offset))
# Convert `reference_tangent` to a host NumPy array for inspection or verification.
reference_tangent=np.dot(np.sin(np.asarray(x))+np.asarray(x)*np.cos(np.asarray(x)),np.asarray(direction))
np.testing.assert_allclose(primal_outputs[0],reference_value,rtol=1e-12)
np.testing.assert_allclose(tangent_outputs[0],reference_tangent,rtol=1e-12)
np.testing.assert_allclose(tangent_outputs[0],jax.jvp(program,(x,),(direction,))[1],rtol=1e-12)
print("Supported primitives:",[e.primitive.name for e in closed.jaxpr.eqns])
print("Interpreted primal and tangent:",float(primal_outputs[0]),float(tangent_outputs[0]))

# Step 3 — Lower and compile the transformation itself: The Python interpreter runs while tracing the transformed...
transformed=lambda value,tangent:tiny_jvp(closed,(value,),(tangent,))
# Wrap with `jax.jit` (`lowered`) so XLA traces and compiles the function.
lowered=jax.jit(transformed).lower(x,direction)
# Trace or lower the function to inspect its compiler representation (`stablehlo`).
stablehlo=str(lowered.compiler_ir(dialect="stablehlo"))
assert len(stablehlo)>0
# Trace or lower the function to inspect its compiler representation (`compiled`).
compiled=lowered.compile()
compiled_primal,compiled_tangent=compiled(x,direction)
np.testing.assert_allclose(compiled_primal[0],reference_value,rtol=1e-12)
np.testing.assert_allclose(compiled_tangent[0],reference_tangent,rtol=1e-12)
shape_rejected=False
# Run the boundary check and catch the expected exception:
try:
    compiled(jnp.ones(4),jnp.ones(4))
except TypeError:
    shape_rejected=True
assert shape_rejected
print("Lowered IR characters:",len(stablehlo))
print("Compiled transformed outputs match; changed shape explicitly rejected")
Exercise solution
# Exercise solution: Trace a new polynomial using only supported primitives, verify its...
def polynomial(z):
    return jnp.sum(z*z+(-2.0)*z)
# Trace or lower the function to inspect its compiler representation (`poly_closed`).
poly_closed=jax.make_jaxpr(polynomial)(x)
# Wrap with `jax.jit` (`poly_transform`) so XLA traces and compiles the function.
poly_transform=jax.jit(lambda point,seed:tiny_jvp(poly_closed,(point,),(seed,)))
for point in (x,x+0.6):
    pv,pt=poly_transform(point,direction)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(pv[0],np.sum(np.asarray(point)**2-2*np.asarray(point)),rtol=1e-12)
    # Convert `` to a host NumPy array for inspection or verification.
    np.testing.assert_allclose(pt[0],np.dot(2*np.asarray(point)-2,np.asarray(direction)),rtol=1e-12)
print("Changed polynomial transformed and compiled")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:16.810777+00:00
Supported primitives: ['sin', 'mul', 'add', 'reduce_sum']
Interpreted primal and tangent: 2.3099803057106576 0.4391291800455618
Lowered IR characters: 1421
Compiled transformed outputs match; changed shape explicitly rejected
Supported primitives: ['sin', 'mul', 'add', 'reduce_sum']
Interpreted primal and tangent: 2.3099803057106576 0.4391291800455618
Lowered IR characters: 1421
Compiled transformed outputs match; changed shape explicitly rejected
Expected unsupported primitive: unsupported primitive: exp
Changed-value compiled tangent: 0.5640324983393596
Changed polynomial transformed and compiled
Explicit offset tangent contribution: -0.09999999999999998
Multiple output contract and malformed tangent rejection verified
PASS: internals-04

Make a constant into a differentiable input
# Make a constant into a differentiable input (Practice): Zero tangent belonged to a captured constant relative to the...
def explicit(z,c):
    return jnp.sum(jnp.sin(z)*z+c)
# Trace or lower the function to inspect its compiler representation (`explicit_closed`).
explicit_closed=jax.make_jaxpr(explicit)(x,offset)
constant_direction=jnp.array([.2,.1,-.4])
ev,et=tiny_jvp(explicit_closed,(x,offset),(direction,constant_direction))
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(et[0],reference_tangent+np.sum(np.asarray(constant_direction)),rtol=1e-12)
print("Explicit offset tangent contribution:",float(jnp.sum(constant_direction)))
Zero tangent belonged to a captured constant relative to the old input signature. An explicit input is allowed to vary, so its seed must propagate.
Verify multiple outputs and negation
# Verify multiple outputs and negation (Challenge): Output structure and primitive result structure are distinct.
# Aggregate array values to compute `multi`.
multi=lambda z:(jnp.sum(z*z),-z)
# Trace or lower the function to inspect its compiler representation (`multi_closed`).
multi_closed=jax.make_jaxpr(multi)(x)
mp,mt=tiny_jvp(multi_closed,(x,),(direction,))
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(mp[0],np.sum(np.asarray(x)**2),rtol=1e-12)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(mp[1],-np.asarray(x),rtol=1e-12)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(mt[0],2*np.dot(np.asarray(x),np.asarray(direction)),rtol=1e-12)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_allclose(mt[1],-np.asarray(direction),rtol=1e-12)
rejected=False
# Run the boundary check and catch the expected exception:
try:tiny_jvp(multi_closed,(x,),(jnp.ones(2),))
except ValueError:rejected=True
assert rejected
print("Multiple output contract and malformed tangent rejection verified")
Output structure and primitive result structure are distinct. The interpreter returns a flat tuple matching the jaxpr outputs, not an arbitrary original Python pytree.
Checkpoint
Answer: Executing a primal without a verified tangent rule would silently break the derivative contract.. The missing piece is this interpreter’s derivative rule and semantics, not necessarily JAX support or mathematical differentiability. Explicit rejection keeps the supported contract honest.
Adapt a pretrained model and choose a post-training objective
Assembled example code
# Step 1 — 1. Pretrain a small model and retain its source data identity: The same stable cross-entropy accepts binary labels or teacher...
import hashlib
import json
import tempfile
from pathlib import Path
import numpy as np
import jax
import jax.numpy as jnp

def design(key,n):
    # Sample deterministic random values into `features` using an explicit PRNG key.
    features=jax.random.normal(key,(n,2))
    return jnp.concatenate([features,jnp.ones((n,1))],axis=1)
# Create or split explicit PRNG key(s) (`source_X`) for reproducible randomness.
source_X=design(jax.random.key(10),256)
source_targets=jax.nn.sigmoid(source_X@jnp.array([1.2,-.8,.2]))
# Create or split explicit PRNG key(s) (`adapt_X`) for reproducible randomness.
adapt_X=design(jax.random.key(11),48)
# Create or split explicit PRNG key(s) (`held_X`) for reproducible randomness.
held_X=design(jax.random.key(12),512)
teacher=jnp.array([.6,1.4,-.3])
soft_targets=jax.nn.sigmoid(adapt_X@teacher)
# Create or split explicit PRNG key(s) (`hard_targets`) for reproducible randomness.
hard_targets=jax.random.bernoulli(jax.random.key(13),soft_targets).astype(jnp.float32)
held_prob=jax.nn.sigmoid(held_X@teacher)
def objective(w,X,targets):
    logits=X@w
    return jnp.mean(jnp.logaddexp(0.,logits)-targets*logits)
def train(initial,X,targets,steps=300,rate=.15):
    def step(w,_):
        # Evaluate both scalar loss and parameter gradients in one pass (`(loss, grad)`).
        loss,grad=jax.value_and_grad(objective)(w,X,targets)
        return w-rate*grad,loss
    return jax.lax.scan(step,initial,None,length=steps)
# Allocate initialized array `(base, pretrain_history)` with the specified shape and dtype.
base,pretrain_history=train(jnp.zeros(3),source_X,source_targets)
assert pretrain_history[-1]<pretrain_history[0]-.1
# Convert `source_hash` to a host NumPy array for inspection or verification.
source_hash=hashlib.sha256(np.asarray(source_X).tobytes()+np.asarray(source_targets).tobytes()).hexdigest()

# Step 2 — 2. Save and reload before adapting: Both branches begin with identical pretrained parameters and a...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as directory:
    checkpoint=Path(directory)/'pretrained.npz'
    # Convert `` to a host NumPy array for inspection or verification.
    np.savez(checkpoint,weights=np.asarray(base))
    # Compute deterministic cryptographic digest `digest` for provenance verification.
    digest=hashlib.sha256(checkpoint.read_bytes()).hexdigest()
    # Compute deterministic cryptographic digest `manifest` for provenance verification.
    manifest={'model':'three-parameter logistic synthetic fixture','source_data_sha256':source_hash,
              'weights_sha256':digest,'source_seed':10,'pretrain_steps':300,'learning_rate':.15,
              'objective':'binary cross entropy with synthetic source probabilities',
              'jax':jax.__version__,'dtype':'float32','optimizer_state_included':False}
    manifest_path=Path(directory)/'manifest.json'
    # Write the serialized artifact payload to disk.
    manifest_path.write_text(json.dumps(manifest))
    recorded=json.loads(manifest_path.read_text())
    assert hashlib.sha256(checkpoint.read_bytes()).hexdigest()==recorded['weights_sha256']
    with np.load(checkpoint,allow_pickle=False) as saved:
        # Create device-backed JAX array `restored`.
        restored=jnp.asarray(saved['weights'])
# Execute `np.testing.assert_array_equal(restored,base)`
np.testing.assert_array_equal(restored,base)
frozen=np.array(restored,copy=True)
sft,sft_history=train(restored,adapt_X,hard_targets,steps=200)
distilled,distill_history=train(restored,adapt_X,soft_targets,steps=200)
# Execute `np.testing.assert_array_equal(restored,frozen)`
np.testing.assert_array_equal(restored,frozen)

# Step 3 — 3. Compare on a held-out criterion shared by both objectives: The teacher is the known generating rule in this fixture, so...
w_check=jnp.array([.2,-.3,.1])
# Convert `host_X` to a host NumPy array for inspection or verification.
host_X=np.asarray(adapt_X,dtype=np.float64)
# Convert `host_w` to a host NumPy array for inspection or verification.
host_w=np.asarray(w_check,dtype=np.float64)
host_p=1/(1+np.exp(-(host_X@host_w)))
for targets in (hard_targets,soft_targets):
    # Convert `expected` to a host NumPy array for inspection or verification.
    expected=host_X.T@(host_p-np.asarray(targets))/len(host_X)
    # Differentiate the objective to obtain gradients ``.
    np.testing.assert_allclose(jax.grad(objective)(w_check,adapt_X,targets),expected,rtol=1e-5,atol=1e-6)
metrics={}
for name,weights in [('pretrained',restored),('supervised',sft),('teacher',distilled)]:
    metrics[name]={'held_cross_entropy':float(objective(weights,held_X,held_prob)),
                   'held_brier':float(jnp.mean((jax.nn.sigmoid(held_X@weights)-held_prob)**2)),
                   'source_cross_entropy':float(objective(weights,source_X,source_targets))}
assert metrics['supervised']['held_cross_entropy']<metrics['pretrained']['held_cross_entropy']
assert metrics['teacher']['held_cross_entropy']<metrics['pretrained']['held_cross_entropy']
print(json.dumps(metrics,indent=2))
print('checkpoint source hash:',source_hash)
Exercise solution
# Exercise solution: Adapt for zero steps and verify that predictions exactly match the...
unchanged,_=train(restored,adapt_X,hard_targets,steps=0)
# Execute `np.testing.assert_array_equal(unchanged,restored)`
np.testing.assert_array_equal(unchanged,restored)
short,_=train(restored,adapt_X,hard_targets,steps=10)
assert not jnp.array_equal(short,restored)
# Execute `np.testing.assert_array_equal(restored,frozen)`
np.testing.assert_array_equal(restored,frozen)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:24.147400+00:00
{
  "pretrained": {
    "held_cross_entropy": 0.9780182838439941,
    "held_brier": 0.17108705639839172,
    "source_cross_entropy": 0.5451400876045227
  },
  "supervised": {
    "held_cross_entropy": 0.5554870367050171,
    "held_brier": 0.012093935161828995,
    "source_cross_entropy": 0.7904530763626099
  },
  "teacher": {
    "held_cross_entropy": 0.5240296125411987,
    "held_brier": 0.00022982103109825402,
    "source_cross_entropy": 1.0046310424804688
  }
}
checkpoint source hash: f5fb50c38195b46766bee2edaa81a7ad28386523baa850c5294eb71b47f1f84c
{
  "pretrained": {
    "held_cross_entropy": 0.9780182838439941,
    "held_brier": 0.17108705639839172,
    "source_cross_entropy": 0.5451400876045227
  },
  "supervised": {
    "held_cross_entropy": 0.5554870367050171,
    "held_brier": 0.012093935161828995,
    "source_cross_entropy": 0.7904530763626099
  },
  "teacher": {
    "held_cross_entropy": 0.5240296125411987,
    "held_brier": 0.00022982103109825402,
    "source_cross_entropy": 1.0046310424804688
  }
}
checkpoint source hash: f5fb50c38195b46766bee2edaa81a7ad28386523baa850c5294eb71b47f1f84c
wrong-teacher held loss: 1.3151594400405884
source retention losses: [0.5451400876045227, 0.7904530763626099, 1.0046310424804688]
supervised source loss increase 0.24531298875808716 passes declared gate True
teacher source loss increase 0.45949095487594604 passes declared gate False
Candidate selected under the declared fixture budget: supervised
PASS: deployment-02

Keep source-task evidence
# Keep source-task evidence (Transfer / diagnosis): The two tasks prefer different parameters; the measurement...
retention=[float(objective(w,source_X,source_targets)) for w in (restored,sft,distilled)]
assert retention[1]>retention[0] and retention[2]>retention[0]
print("source retention losses:",retention)
The two tasks prefer different parameters; the measurement exposes that tradeoff.
Check the loss without autodiff
# Check the loss without autodiff (Transfer / diagnosis): Independent algebra checks normalization and reduction as...
probe=np.array([-.4,.2,.3])
# Perform matrix / vector contraction (`@`) to compute `z`.
z=host_X@probe
# Aggregate array values to compute `expected`.
expected=np.mean(np.logaddexp(0,z)-np.asarray(soft_targets)*z)
# Create device-backed JAX array ``.
np.testing.assert_allclose(objective(jnp.asarray(probe),adapt_X,soft_targets),expected,rtol=1e-6)
Independent algebra checks normalization and reduction as well as stability.
Choose under a declared retention constraint
# Choose under a declared retention constraint (Transfer / diagnosis): The gate separates optimization from acceptance.
retention_budget = .3
eligible = []
for name in ('supervised', 'teacher'):
    delta = metrics[name]['source_cross_entropy'] - metrics['pretrained']['source_cross_entropy']
    improved = metrics[name]['held_cross_entropy'] < metrics['pretrained']['held_cross_entropy']
    accepted_candidate = improved and delta <= retention_budget
    print(name, 'source loss increase', delta, 'passes declared gate', accepted_candidate)
    if accepted_candidate: eligible.append(name)
selected = min(eligible, key=lambda n: metrics[n]['held_cross_entropy']) if eligible else 'pretrained'
assert selected == 'pretrained' or selected in eligible
assert all(metrics[n]['source_cross_entropy']-metrics['pretrained']['source_cross_entropy'] <= retention_budget for n in eligible)
print('Candidate selected under the declared fixture budget:', selected)
The gate separates optimization from acceptance. Its conclusion applies to these seeded data and this declared budget; selecting a candidate is not evidence of generalization to a natural dataset.
Checkpoint
Answer: Their supervision differs, so their training losses answer different questions. The common held-out task defines the comparison. Different training targets can yield different loss values even when prediction quality is similar; evaluating the final split during model selection would also leak information.
Move models between JAX, Keras, TensorFlow and PyTorch
Assembled example code
# Move models between JAX, Keras, TensorFlow and PyTorch: Cross-framework conversion must preserve the meaning of inputs,...
import numpy as np
import jax
import jax.numpy as jnp
# Same dense layer, different parameter layouts.
x = np.array([[1., 2., -1.], [-2., 0., 3.]], np.float32)
keras_kernel = np.array([[1., -2.], [.5, 1.], [-1., .25]], np.float32)
bias = np.array([.1, -.2], np.float32)
torch_weight = keras_kernel.T.copy()  # torch Linear: output, input
# Create device-backed JAX array `params`.
params = {"kernel": jnp.asarray(torch_weight.T), "bias": jnp.asarray(bias)}
def predict(params, inputs):
    return inputs @ params["kernel"] + params["bias"]
# Wrap with `jax.jit` (`actual`) so XLA traces and compiles the function.
actual = np.asarray(jax.jit(predict)(params, jnp.asarray(x)))
# A hand-computed first row detects a shared layout mistake.
np.testing.assert_allclose(actual[0], [3.1, -.45], atol=1e-6)
np.testing.assert_allclose(actual, x @ keras_kernel + bias, atol=1e-6)
print("Matched dense outputs:", actual)
Exercise solution
# Exercise solution: Add a batch with four rows and preserve the same parameters.
# Construct and reshape `changed` into the target tensor dimensions.
changed = np.arange(12, dtype=np.float32).reshape(4, 3) / 4
# Combine or mask array elements to form `expected`.
expected = np.stack([sum(row[i] * keras_kernel[i] for i in range(3)) + bias for row in changed])
np.testing.assert_allclose(predict(params, changed), expected, atol=2e-6)
print("Changed batch verified")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:26.277718+00:00
Matched dense outputs: [[ 3.1  -0.45]
 [-4.9   4.55]]
Matched dense outputs: [[ 3.1  -0.45]
 [-4.9   4.55]]
Equal shapes, unequal outputs
Feature order failed, then matched after aligning kernel rows.
Changed batch verified
Two-layer reference scores: [ 6.5  -4.25]
PASS: deployment-01

Detect a preprocessing mismatch
# Detect a preprocessing mismatch (Transfer): Input normalization belongs in the deployment contract.
pixels = np.array([[255., 128., 0.]], np.float32)
source = predict(params, pixels / 255.)
wrong = predict(params, pixels)
assert not np.allclose(source, wrong)
np.testing.assert_allclose(source, predict(params, pixels / 255.), atol=1e-6)
Input normalization belongs in the deployment contract. Matching weights cannot compensate for a different input distribution.
Map a second layer and locate an omitted activation
# Map a second layer and locate an omitted activation (Transfer / diagnosis): The first dense layer agrees, but the activation is the...
second_kernel = np.array([[2.], [-1.]], np.float32)
second_bias = np.array([.3], np.float32)
# Convert `hidden` to a host NumPy array for inspection or verification.
hidden = np.maximum(np.asarray(predict(params, x)), 0.)
bridged_scores = hidden @ second_kernel + second_bias
np.testing.assert_allclose(bridged_scores[:, 0], [6.5, -4.25], atol=2e-6)
# Convert `omitted_relu` to a host NumPy array for inspection or verification.
omitted_relu = np.asarray(predict(params, x)) @ second_kernel + second_bias
assert not np.allclose(omitted_relu, bridged_scores)
positive_probe = np.array([[1., 2.]], np.float32)
# Execute `np.testing.assert_array_equal(np.maximum(positive_probe, 0), positive_probe)`.
np.testing.assert_array_equal(np.maximum(positive_probe, 0), positive_probe)
print('Two-layer reference scores:', bridged_scores[:, 0])
The first dense layer agrees, but the activation is the first divergent boundary. The final reference scores are 6.56.5 and −4.25-4.25. A probe containing only positive hidden values would make an omitted ReLU invisible.
Checkpoint
Answer: The tested inference mapping matches for these inputs.. The comparison establishes bounded numerical equivalence. Training state, other operators, shapes and target runtime support each need their own evidence.
Convert PyTorch weights to Flax and locate numerical errors
Assembled example code
# Complete runnable example (deployment-08)
"""Explicit CPU PyTorch -> Flax NNX mapping; no generic architecture converter."""
import numpy as np
import jax
import jax.numpy as jnp
import torch
from flax import nnx

# Define `TorchModel` module / container with explicit state and forward pass:
class TorchModel(torch.nn.Module):
    def __init__(self, eps=1e-5):
        super().__init__()
        self.hidden=torch.nn.Linear(3,5)
        self.norm=torch.nn.LayerNorm(5,eps=eps)
        self.out=torch.nn.Linear(5,2)
    def forward(self,x):
        h=self.hidden(x)
        n=self.norm(h)
        a=torch.nn.functional.gelu(n,approximate='none')
        return {'hidden':h,'norm':n,'activation':a,'output':self.out(a)}

# Define `FlaxModel` module / container with explicit state and forward pass:
class FlaxModel(nnx.Module):
    def __init__(self,eps=1e-5):
        self.hidden=nnx.Linear(3,5,rngs=nnx.Rngs(0))
        self.norm=nnx.LayerNorm(5,epsilon=eps,use_fast_variance=False,rngs=nnx.Rngs(1))
        self.out=nnx.Linear(5,2,rngs=nnx.Rngs(2))
    def __call__(self,x):
        # Apply nonlinear activation or probability normalization to compute `a`.
        h=self.hidden(x)
        n=self.norm(h)
        a=jax.nn.gelu(n,approximate=False)
        return {'hidden':h,'norm':n,'activation':a,'output':self.out(a)}

def convert(state,eps=1e-5):
    shapes={'hidden.weight':(5,3),'hidden.bias':(5,),'norm.weight':(5,),'norm.bias':(5,),'out.weight':(2,5),'out.bias':(2,)}
    # Guard input contract (`set(state) != set(shapes)`) and fail fast if violated.
    if set(state)!=set(shapes):raise ValueError('missing or unexpected state key')
    arrays={}
    for name,shape in shapes.items():
        value=state[name].detach().cpu().numpy()
        # Guard input contract (`value.shape != shape or value.dtype != np.float32 or (not np.isfinite(value).all())`) and fail fast if violated.
        if value.shape!=shape or value.dtype!=np.float32 or not np.isfinite(value).all():
            raise ValueError('unexpected shape, dtype or nonfinite tensor: '+name)
        arrays[name]=value.copy()
    target=FlaxModel(eps)
    # Create device-backed JAX array `target.hidden.kernel[...]`.
    target.hidden.kernel[...]=jnp.asarray(arrays['hidden.weight'].T)
    # Create device-backed JAX array `target.hidden.bias[...]`.
    target.hidden.bias[...]=jnp.asarray(arrays['hidden.bias'])
    # Create device-backed JAX array `target.norm.scale[...]`.
    target.norm.scale[...]=jnp.asarray(arrays['norm.weight'])
    # Create device-backed JAX array `target.norm.bias[...]`.
    target.norm.bias[...]=jnp.asarray(arrays['norm.bias'])
    # Create device-backed JAX array `target.out.kernel[...]`.
    target.out.kernel[...]=jnp.asarray(arrays['out.weight'].T)
    # Create device-backed JAX array `target.out.bias[...]`.
    target.out.bias[...]=jnp.asarray(arrays['out.bias'])
    return target

def error_report(reference,actual,atol=2e-6,rtol=2e-5):
    # Convert `reference` to a host NumPy array for inspection or verification.
    # Convert `actual` to a host NumPy array for inspection or verification.
    reference=np.asarray(reference,dtype=np.float64)
    actual=np.asarray(actual,dtype=np.float64)
    # Guard input contract (`reference.shape != actual.shape or not np.isfinite(reference).all() or (not np.isfinite(actual).all())`) and fail fast if violated.
    if reference.shape!=actual.shape or not np.isfinite(reference).all() or not np.isfinite(actual).all():
        raise ValueError('shape or finite-value mismatch')
    # Guard input contract (`min(atol, rtol) < 0 or not np.isfinite([atol, rtol]).all()`) and fail fast if violated.
    if min(atol,rtol)<0 or not np.isfinite([atol,rtol]).all():raise ValueError('invalid tolerances')
    absolute=np.abs(actual-reference)
    budget=atol+rtol*np.abs(reference)
    return {'max_abs':float(absolute.max()),'relative_l2':float(np.linalg.norm(actual-reference)/max(np.linalg.norm(reference),1e-12)),
            'passed':bool(np.all(absolute<=budget))}

def save_flax(model,path):
    # Convert `` to a host NumPy array for inspection or verification.
    np.savez(path,hidden_kernel=np.asarray(model.hidden.kernel[...]),hidden_bias=np.asarray(model.hidden.bias[...]),
             norm_scale=np.asarray(model.norm.scale[...]),norm_bias=np.asarray(model.norm.bias[...]),
             out_kernel=np.asarray(model.out.kernel[...]),out_bias=np.asarray(model.out.bias[...]),
             epsilon=np.array(model.norm.epsilon),schema=np.array(1))

def load_flax(path):
    shapes={'hidden_kernel':(3,5),'hidden_bias':(5,),'norm_scale':(5,),'norm_bias':(5,),'out_kernel':(5,2),'out_bias':(2,)}
    # Enter `np.load(path, allow_pickle=False)` context block:
    with np.load(path,allow_pickle=False) as archive:
        # Guard input contract (`set(archive.files) != set(shapes) | {'epsilon', 'schema'}`) and fail fast if violated.
        if set(archive.files)!=set(shapes)|{'epsilon','schema'}:raise ValueError('unexpected archive schema')
        # Guard input contract (`archive['schema'].shape != () or int(archive['schema']) != 1`) and fail fast if violated.
        if archive['schema'].shape!=() or int(archive['schema'])!=1:raise ValueError('unknown schema')
        # Guard input contract (`archive['epsilon'].shape != ()`) and fail fast if violated.
        if archive['epsilon'].shape!=():raise ValueError('epsilon must be scalar')
        eps=float(archive['epsilon'])
        # Guard input contract (`not np.isfinite(eps) or eps <= 0`) and fail fast if violated.
        if not np.isfinite(eps) or eps<=0:raise ValueError('invalid epsilon')
        arrays={}
        for key,shape in shapes.items():
            value=archive[key]
            # Guard input contract (`value.shape != shape or value.dtype != np.float32 or (not np.isfinite(value).all())`) and fail fast if violated.
            if value.shape!=shape or value.dtype!=np.float32 or not np.isfinite(value).all():raise ValueError('invalid array '+key)
            arrays[key]=value.copy()
    model=FlaxModel(eps)
    for module,name,key in [(model.hidden,'kernel','hidden_kernel'),(model.hidden,'bias','hidden_bias'),(model.norm,'scale','norm_scale'),(model.norm,'bias','norm_bias'),(model.out,'kernel','out_kernel'),(model.out,'bias','out_bias')]:
        # Create device-backed JAX array `getattr(module, name)[...]`.
        getattr(module,name)[...]=jnp.asarray(arrays[key])
    return model

import tempfile
from pathlib import Path
torch.set_num_threads(1)
torch.manual_seed(9)
source=TorchModel().eval()
# A real local state_dict file, loaded using the tensor-only loading option.
with tempfile.TemporaryDirectory() as folder:
    checkpoint=Path(folder)/'weights.pt'
    torch.save(source.state_dict(),checkpoint)
    state=torch.load(checkpoint,map_location='cpu',weights_only=True)
    target=convert(state)
    # Save the converted weights independently of the live PyTorch object.
    converted=Path(folder)/'flax-weights.npz'
    save_flax(target,converted)
    target=load_flax(converted)
    errors={name:[] for name in ['hidden','norm','activation','output']}
    for batch,scale in [(1,1.),(7,1e-3),(5,4.)]:
        inputs=np.random.default_rng(batch).normal(size=(batch,3)).astype(np.float32)*scale
        # Create device-backed JAX array `flax_values`.
        tx=torch.tensor(inputs,requires_grad=True)
        torch_values=source(tx)
        flax_values=target(jnp.asarray(inputs))
        for name in errors:
            report=error_report(torch_values[name].detach().numpy(),flax_values[name])
            assert report['passed'],(name,report)
            errors[name].append(report['max_abs'])
        # Execute `torch_values['output'].sum().backward()`.
        torch_values['output'].sum().backward()
        # Create device-backed JAX array `input_gradient`.
        input_gradient=jax.grad(lambda z:jnp.sum(target(z)['output']))(jnp.asarray(inputs))
        assert error_report(tx.grad.numpy(),input_gradient,atol=5e-6,rtol=5e-5)['passed']
    wrong=convert(state,eps=.1)
    reference={k:v.detach().numpy() for k,v in source(torch.tensor(inputs)).items()}
    # Create device-backed JAX array `wrong_reports`.
    wrong_reports={k:error_report(reference[k],v) for k,v in wrong(jnp.asarray(inputs)).items()}
    assert wrong_reports['hidden']['passed'] and not wrong_reports['norm']['passed']
    for bad in [dict(state,unexpected=torch.zeros(1)),{k:v for k,v in state.items() if k!='norm.bias'}]:
        try:convert(bad)
        except ValueError:pass
        else:raise AssertionError('incomplete mapping accepted')
print('Maximum absolute error per layer:',{k:max(v) for k,v in errors.items()})
print('Wrong epsilon: first mismatch is norm; intermediate outputs and input gradients verified on CPU.')
Exercise solution
# Exercise solution: Compare a near-zero reference against two candidate errors.
assert error_report([0.,1.],[1e-7,1.000001])['passed']
assert not error_report([0.,1.],[1e-3,1.])['passed']
print('Near-zero acceptance and rejection verified.')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:37.934658+00:00
Maximum absolute error per layer: {'hidden': 2.384185791015625e-07, 'norm': 3.5762786865234375e-07, 'activation': 3.5762786865234375e-07, 'output': 1.1920928955078125e-07}
Wrong epsilon: first mismatch is norm; intermediate outputs and input gradients verified on CPU.
Maximum absolute error per layer: {'hidden': 2.384185791015625e-07, 'norm': 3.5762786865234375e-07, 'activation': 3.5762786865234375e-07, 'output': 1.1920928955078125e-07}
Wrong epsilon: first mismatch is norm; intermediate outputs and input gradients verified on CPU.
Per-layer wrong-epsilon report: {'hidden': {'max_abs': 2.384185791015625e-07, 'relative_l2': 3.5662515782829134e-08, 'passed': True}, 'norm': {'max_abs': 0.046508073806762695, 'relative_l2': 0.018277932316979384, 'passed': False}, 'activation': {'max_abs': 0.05144989490509033, 'relative_l2': 0.022399576976497533, 'passed': False}, 'output': {'max_abs': 0.011958837509155273, 'relative_l2': 0.013684121610437203, 'passed': False}}
Near-zero, excessive near-zero, large-value: True False True
Near-zero acceptance and rejection verified.
Wrong source layout rejected
Nonuniform cotangent input-gradient parity: {'max_abs': 2.086162567138672e-07, 'relative_l2': 4.910744924550249e-07, 'passed': True}
PASS: deployment-08

Reject a plausible but wrong tensor layout
# Reject a plausible but wrong tensor layout (Transfer): Asymmetric dimensions expose orientation errors that square...
bad_state=dict(state)
bad_state['hidden.weight']=state['hidden.weight'].T
# Run the boundary check and catch the expected exception:
try:convert(bad_state)
except ValueError:print('Wrong source layout rejected')
else:raise AssertionError('layout mismatch accepted')
Asymmetric dimensions expose orientation errors that square test matrices can hide. Shape checks complement numerical checks rather than replacing them.
Check a nonuniform output sensitivity
# Check a nonuniform output sensitivity (Transfer / diagnosis): This checks J^{\mathsf T}v for a second, nonuniform direction.
probe_inputs = np.array([[.2, -.7, 1.1], [1., .4, -.5]], np.float32)
cotangent = np.array([[1., -.5], [2., .25]], np.float32)
probe_torch = torch.tensor(probe_inputs, requires_grad=True)
# Aggregate array values to compute `weighted_source`.
weighted_source = (source(probe_torch)['output'] * torch.tensor(cotangent)).sum()
weighted_source.backward()
# Differentiate the objective to obtain `weighted_target` via automatic differentiation.
weighted_target = jax.grad(lambda z: jnp.sum(target(z)['output'] * jnp.asarray(cotangent)))(jnp.asarray(probe_inputs))
vjp_report = error_report(probe_torch.grad.numpy(), weighted_target, atol=5e-6, rtol=5e-5)
assert vjp_report['passed'], vjp_report
print('Nonuniform cotangent input-gradient parity:', vjp_report)
This checks JTvJ^{\mathsf T}v for a second, nonuniform direction. It can reveal errors hidden by an all-ones sensitivity. The same activation, normalization and parameter mapping must support both forward and derivative agreement.
Checkpoint
Answer: Normalization axes, variance calculation, epsilon and affine parameters.. The earliest mismatch narrows the investigation. Downstream error is often the propagated effect of that first difference.
Export a computation and verify its serving contract
Assembled example code
# Export a computation and verify its serving contract: Export packages a computation for a supported runtime.
import tempfile
from pathlib import Path
import numpy as np
import jax
import jax.numpy as jnp
from jax import export
weights = jnp.array([[1., -2.], [.5, 1.], [-1., .25]], dtype=jnp.float32)
bias = jnp.array([.1, -.2], dtype=jnp.float32)
# Define and JIT-compile `inference(x)` so XLA traces and fuses the operations:
@jax.jit
def inference(x):
    return x @ weights + bias
signature = jax.ShapeDtypeStruct((1, 3), jnp.float32)
artifact = export.export(inference)(signature)
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    path = Path(folder) / "dense.jaxexport"
    path.write_bytes(artifact.serialize())
    restored = export.deserialize(path.read_bytes())
    # Convert `sample` to a host NumPy array for inspection or verification.
    sample = np.array([[1., 2., -1.]], np.float32)
    # Convert `actual` to a host NumPy array for inspection or verification.
    actual = np.asarray(restored.call(sample))
    np.testing.assert_allclose(actual, [[3.1, -.45]], atol=1e-6)
    print("Verified serialized bytes:", path.stat().st_size)
Exercise solution
# Exercise solution: Verify a new input [-2, 0, 3] against an independent NumPy expression.
changed = np.array([[-2., 0., 3.]], np.float32)
# Convert `expected` to a host NumPy array for inspection or verification.
expected = changed @ np.asarray(weights) + np.asarray(bias)
np.testing.assert_allclose(restored.call(changed), expected, atol=1e-6)
print("Changed exported request verified")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:40.025501+00:00
Verified serialized bytes: 1172
Verified serialized bytes: 1172
Rejected incompatible shape: ValueError
Fresh interpreter loaded bytes and matched the known scores.
Changed exported request verified
Invalid requests rejected before the one valid inference call.
PASS: deployment-03

Validate a request before inference
# Validate a request before inference (Transfer): Validation belongs before the runtime call.
def validate_request(values):
    # Convert `array` to a host NumPy array for inspection or verification.
    array = np.asarray(values, dtype=np.float32)
    # Guard input contract (`array.shape != (1, 3) or not np.isfinite(array).all()`) and fail fast if violated.
    if array.shape != (1, 3) or not np.isfinite(array).all():
        raise ValueError("expected finite float32 [1, 3]")
    return array
for invalid in ([[1., 2.]], [[1., float("nan"), 3.]]):
    try:
        validate_request(invalid)
    except ValueError:
        pass
    else:
        raise AssertionError("invalid input accepted")
np.testing.assert_allclose(restored.call(validate_request([[1.,2.,-1.]])), [[3.1,-.45]], atol=1e-6)
Validation belongs before the runtime call. A dtype cast alone neither verifies input shape nor rejects NaNs.
Prove that request validation precedes exported inference
# Prove that request validation precedes exported inference (Transfer / diagnosis): The wrapper tests ordering as well as acceptance.
inference_calls = [0]
def checked_prediction(values):
    array = validate_request(values)
    # Accumulate the next contribution into `inference_calls[0]`.
    inference_calls[0] += 1
    return np.asarray(restored.call(array))
for invalid in ([[1., 2.]], [[1., float('inf'), 3.]]):
    try:
        checked_prediction(invalid)
    except ValueError:
        pass
    else:
        raise AssertionError('invalid request reached inference')
assert inference_calls[0] == 0
np.testing.assert_allclose(checked_prediction([[1.,2.,-1.]]), [[3.1,-.45]], atol=1e-6)
assert inference_calls[0] == 1
print('Invalid requests rejected before the one valid inference call.')
The wrapper tests ordering as well as acceptance. A service can satisfy an output check on valid inputs and still waste runtime work or fail unclearly on malformed requests.
Checkpoint
Answer: The saved computation matches the tested CPU contract.. A successful round trip verifies the tested artifact and local runtime. Other consumers, device kernels and request systems require separate checks.
Choose weight, activation and accumulation precision
Assembled example code
# Choose weight, activation and accumulation precision: A precision policy specifies how weights, activations,...
import numpy as np
import jax.numpy as jnp
x = np.array([[.3, -1.2, 2.1], [1.1, .2, -.8]], np.float32)
w = np.array([[.11, -1.8], [.7, .2], [-.3, 2.4]], np.float32)
# Perform matrix / vector contraction (`@`) to compute `reference`.
reference = x @ w
def mixed_forward(x, w, dtype):
    # Demonstrate rounding inputs/weights with explicit float32 accumulation.
    a = jnp.asarray(x, dtype).astype(jnp.float32)
    # Create device-backed JAX array `b`.
    b = jnp.asarray(w, dtype).astype(jnp.float32)
    return np.asarray(a @ b)
for dtype in (jnp.float32, jnp.float16, jnp.bfloat16):
    y = mixed_forward(x, w, dtype)
    # Aggregate array values to compute `error`.
    error = float(np.max(np.abs(y-reference)))
    # Confirm that all computed values remain finite (no NaN or Inf).
    assert np.isfinite(y).all() and error < .05
    print(str(dtype), "max absolute error", error)

def quantize_weights(weights, bits):
    # Guard input contract (`bits not in (4, 8)`) and fail fast if violated.
    if bits not in (4, 8):
        raise ValueError("use signed 4 or 8 bit symmetric quantization")
    limit = 2 ** (bits - 1) - 1
    # Reduce along axis=0 to compute `maxima`.
    maxima = np.max(np.abs(weights), axis=0, keepdims=True)
    scale = np.where(maxima == 0, 1., maxima / limit).astype(np.float32)
    # Combine or mask array elements to form `q`.
    q = np.clip(np.rint(weights / scale), -limit, limit).astype(np.int8)
    return q, scale
for bits in (8, 4):
    q, scale = quantize_weights(w, bits)
    reconstructed = q.astype(np.float32) * scale
    assert np.all(np.abs(reconstructed-w) <= scale / 2 + 1e-6)
    # Independent error bound: |x deltaW| <= |x| |deltaW|.
    error = np.abs(x @ reconstructed-reference)
    bound = np.abs(x) @ np.broadcast_to(scale / 2, w.shape)
    assert np.all(error <= bound + 1e-6)
    print("W%dA32 simulated output error" % bits, float(error.max()))
Exercise solution
# Exercise solution: Add a zero-valued output channel and verify that its quantization...
with_zero = np.column_stack((w, np.zeros(3, np.float32)))
q, scale = quantize_weights(with_zero, 8)
# Confirm that all computed values remain finite (no NaN or Inf).
assert np.isfinite(scale).all()
# Execute `np.testing.assert_array_equal(q[:, -1], 0)`
np.testing.assert_array_equal(q[:, -1], 0)
# Execute `np.testing.assert_array_equal((q * scale)[:, -1], 0)`
np.testing.assert_array_equal((q * scale)[:, -1], 0)
print("Zero channel handled")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:41.243511+00:00
<class 'jax.numpy.float32'> max absolute error 0.0
<class 'jax.numpy.float16'> max absolute error 0.0010547637939453125
<class 'jax.numpy.bfloat16'> max absolute error 0.006171703338623047
W8A32 simulated output error 0.008031368255615234
W4A32 simulated output error 0.14571428298950195
<class 'jax.numpy.float32'> max absolute error 0.0
<class 'jax.numpy.float16'> max absolute error 0.0010547637939453125
<class 'jax.numpy.bfloat16'> max absolute error 0.006171703338623047
W8A32 simulated output error 0.008031368255615234
W4A32 simulated output error 0.14571428298950195
Affine accumulators: [[5, 15]] output codes: [[2, 7]]
Correct / missing zero point / clipped: [[0.625, 0.9375]] [[-0.125, 0.5625]] [[0.52734375, 0.52734375]]
Clipped values: 1 reconstructed: [0.19685039 0.8976378  1.        ]
Affine accumulators: [[5, 15]] output codes: [[2, 7]]
Correct / missing zero point / clipped: [[0.625, 0.9375]] [[-0.125, 0.5625]] [[0.52734375, 0.52734375]]
Small-channel max error; shared / per-channel: 0.03 7.874053e-05
Zero channel handled
W8A8 fixture error 0.00742650032043457
Code-origin invariance and bias-only zero input verified.
Weight-plus-scale subtotals: 24 14 11
PASS: deployment-05

Compute W8A8 with a wide accumulator
# Compute W8A8 with a wide accumulator (Transfer): This dense fixture uses zero points of zero and no bias.
# Aggregate array values to compute `sx`.
sx = float(np.max(np.abs(x))) / 127
# Combine or mask array elements to form `qx`.
qx = np.clip(np.rint(x / sx), -127, 127).astype(np.int8)
qw, sw = quantize_weights(w, 8)
# Perform matrix / vector contraction (`@`) to compute `accumulator`.
accumulator = qx.astype(np.int32) @ qw.astype(np.int32)
y_integer = accumulator.astype(np.float32) * sx * sw
assert accumulator.dtype == np.int32
np.testing.assert_allclose(y_integer, reference, atol=.06, rtol=0)
print("W8A8 fixture error", float(np.max(np.abs(y_integer-reference))))
This dense fixture uses zero points of zero and no bias. A real affine operator must subtract zero points and handle bias and output requantization. Wide accumulation avoids int8 overflow; sufficiently long reductions can still overflow INT32.
Change the code origin without changing the values
# Change the code origin without changing the values (Transfer): Integer codes are coordinates on a grid.
shifted_zx = 17
shifted_codes_wide = a_qx.astype(np.int64) + (shifted_zx - a_zx)
assert np.all((-128 <= shifted_codes_wide) & (shifted_codes_wide <= 127))
shifted_codes = shifted_codes_wide.astype(np.int8)
shifted_acc = (shifted_codes.astype(np.int64) - shifted_zx) @ a_qw.astype(np.int64) + a_bias_codes
# Execute `np.testing.assert_array_equal(shifted_acc, a_acc)`
np.testing.assert_array_equal(shifted_acc, a_acc)
zero_codes = np.full((1, 3), shifted_zx, np.int8)
zero_result = ((zero_codes.astype(np.int64) - shifted_zx) @ a_qw.astype(np.int64) + a_bias_codes) * a_sx * a_sw
# Execute `np.testing.assert_array_equal(zero_result, a_bias[None, :])`
np.testing.assert_array_equal(zero_result, a_bias[None, :])
for bad_scale in (0., -1., float('nan')):
    try:
        output_grid(a_real, bad_scale, -8)
    except ValueError:
        pass
    else:
        raise AssertionError('invalid scale accepted')
print('Code-origin invariance and bias-only zero input verified.')
Integer codes are coordinates on a grid. Changing the coordinate origin consistently preserves represented values. The zero-input check exposes a missing zero-point correction or bias in the wrong accumulator units.
Account for actual low-bit storage
# Account for actual low-bit storage (Transfer / diagnosis): The simulation uses 14 bytes for its codes and scales, not...
q4, s4 = quantize_weights(w, 4)
float_weight_bytes = w.nbytes
simulated_weight_and_scale_bytes = q4.nbytes + s4.nbytes
ideal_packed_weight_and_scale_bytes = (w.size + 1)//2 + s4.nbytes
assert (float_weight_bytes, simulated_weight_and_scale_bytes, ideal_packed_weight_and_scale_bytes) == (24,14,11)
print('Weight-plus-scale subtotals:', float_weight_bytes, simulated_weight_and_scale_bytes, ideal_packed_weight_and_scale_bytes)
The simulation uses 1414 bytes for its codes and scales, not the ideally packed 1111. Tiny tensors emphasize metadata overhead; large models also need block/group metadata, alignment, biases and working memory.
Checkpoint
Answer: Activation, accumulator and output formats, scales, calibration and supported kernels.. Bit width alone is incomplete. Arithmetic, scale metadata, calibration and runtime support determine both behavior and practical benefit.
Containerize a model service and verify its boundary
Assembled example code
# Containerize a model service and verify its boundary: Containerization packages a runtime environment; a running...
import hashlib, json, os, subprocess, sys, tempfile
from pathlib import Path
MODEL = {'schema': 1, 'weight': 2., 'bias': 1.}
# The deployment contract uses exported coefficients, not a training environment.
SERVICE = '''import hashlib,json,math,os,sys
raw=open(os.environ['MODEL_PATH'],'rb').read()
if hashlib.sha256(raw).hexdigest()!=os.environ['MODEL_SHA256']:
    raise ValueError('artifact mismatch')
m=json.loads(raw)
if not isinstance(m,dict) or set(m)!={'schema','weight','bias'}:
    raise ValueError('model schema')
if type(m['schema']) is not int or m['schema']!=1:
    raise ValueError('model schema version')
if any(type(m[k]) not in (int,float) or not math.isfinite(m[k]) for k in ('weight','bias')):
    raise ValueError('invalid coefficient')
x=json.load(sys.stdin)['inputs']
if not isinstance(x,list) or not 1<=len(x)<=32:
    raise ValueError('batch limit')
if any(type(v) not in (int,float) or not math.isfinite(v) for v in x):
    raise ValueError('invalid input')
print(json.dumps({'predictions':[m['weight']*v+m['bias'] for v in x]},allow_nan=False))
'''
accepted, rejected = 0, 0
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='container-contract-') as folder:
    root = Path(folder)
    artifact = root / 'model.json'
    service = root / 'service.py'
    artifact.write_text(json.dumps(MODEL, sort_keys=True))
    service.write_text(SERVICE)
    # Compute deterministic cryptographic digest `sha` for provenance verification.
    sha = hashlib.sha256(artifact.read_bytes()).hexdigest()
    # Configure environment variable before initializing the runtime.
    env = dict(os.environ, MODEL_PATH=str(artifact), MODEL_SHA256=sha)
    for values in [[-.5], [-2., 0., 1.5]]:
        completed = subprocess.run([sys.executable, str(service)], input=json.dumps({'inputs': values}), text=True, capture_output=True, env=env, check=True)
        actual = json.loads(completed.stdout)['predictions']
        assert actual == [2 * value + 1 for value in values]
        # Accumulate the next contribution into `accepted`.
        accepted += 1
    for payload, changes in [({'inputs': []}, {}), ({'inputs': [True]}, {}), ({'inputs': [0.]}, {'MODEL_SHA256': '0' * 64})]:
        completed = subprocess.run([sys.executable, str(service)], input=json.dumps(payload), text=True, capture_output=True, env=dict(env, **changes))
        # Assert that the computed values satisfy the numerical and structural contract.
        # Accumulate the next contribution into `rejected`.
        assert completed.returncode != 0
        rejected += 1
print('Fresh-process valid requests:', accepted, 'rejected boundaries:', rejected)
print('This companion tests the process/artifact contract. Run the Docker lab for container evidence.')
Exercise solution
# Exercise solution: Reject an artifact whose bytes changed after its expected digest was...
original=json.dumps(MODEL,sort_keys=True).encode()
mutated=json.dumps(dict(MODEL,bias=2.),sort_keys=True).encode()
assert hashlib.sha256(original).hexdigest()!=hashlib.sha256(mutated).hexdigest()
print('Changed artifact requires a new recorded digest.')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:42.914381+00:00
Fresh-process valid requests: 2 rejected boundaries: 3
This companion tests the process/artifact contract. Run the Docker lab for container evidence.
Fresh-process valid requests: 2 rejected boundaries: 3
This companion tests the process/artifact contract. Run the Docker lab for container evidence.
Independent three-input predictions: 0.5, 2.5, 5.0
Matching digest did not bypass model validation.
Changed artifact requires a new recorded digest.
Nonfinite input rejected before output.
New artifact loads, but the old behavioral expectation no longer passes.
PASS: deployment-07

Reject a nonfinite request
# Reject a nonfinite request (transfer): A request can parse as JSON in Python while still violating...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as tmp:
    p=Path(tmp)
    (p/'model').write_text(json.dumps(MODEL))
    (p/'service.py').write_text(SERVICE)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,MODEL_PATH=str(p/'model'),MODEL_SHA256=hashlib.sha256((p/'model').read_bytes()).hexdigest())
    bad=subprocess.run([sys.executable,str(p/'service.py')],input=json.dumps({'inputs':[float('inf')]}),text=True,capture_output=True,env=env)
    assert bad.returncode != 0
print('Nonfinite input rejected before output.')
A request can parse as JSON in Python while still violating the numerical service contract.
Check changed behavior after a legitimate artifact replacement
# Check changed behavior after a legitimate artifact replacement (Transfer / diagnosis): The old model produced 5; the new one produces 7.
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as directory:
    model_path=Path(directory)/'model.json'
    runner_path=Path(directory)/'service.py'
    model_path.write_text(json.dumps(dict(MODEL,weight=3.)))
    runner_path.write_text(SERVICE)
    # Compute deterministic cryptographic digest `digest` for provenance verification.
    digest=hashlib.sha256(model_path.read_bytes()).hexdigest()
    # Configure environment variable before initializing the runtime.
    changed=subprocess.run([sys.executable,str(runner_path)],input=json.dumps({'inputs':[2.]}),text=True,capture_output=True,check=True,env=dict(os.environ,MODEL_PATH=str(model_path),MODEL_SHA256=digest),timeout=30)
    values=json.loads(changed.stdout)['predictions']
    assert values==[7.] and values!=[5.]
print('New artifact loads, but the old behavioral expectation no longer passes.')
The old model produced 55; the new one produces 77. Neither a successful build nor a matching digest decides whether that change is desirable. Retain both identities and compare the release against the intended task criteria.
Checkpoint
Answer: Load the expected artifact, verify its digest and complete a prediction through the target runtime.. A container image packages the service runtime and code. The model artifact, runtime configuration and release identity are separate inputs. A reproducible service verifies all of them instead of assuming that an image tag names the same bytes forever.
Inference capacity, batching, and autoscaling
Assembled example code
# Step 1 — 1. Define and check the inference workload: The timer includes dispatch and completion for already resident...
import math
import time
import numpy as np
import jax
import jax.numpy as jnp
# Draw pseudorandom samples for `rng` using the explicit RNG state.
rng=np.random.default_rng(82)
# Create device-backed JAX array `W1`.
W1=jnp.asarray(rng.normal(0,.1,(64,32)).astype(np.float32))
# Create device-backed JAX array `W2`.
W2=jnp.asarray(rng.normal(0,.1,(32,8)).astype(np.float32))
# Define and JIT-compile `infer(inputs)` so XLA traces and fuses the operations:
@jax.jit
def infer(inputs):
    return jnp.tanh(inputs@W1)@W2
def measure(batch_size,repeats=40):
    host=rng.normal(size=(batch_size,64)).astype(np.float32)
    # Create device-backed JAX array `device`.
    device=jnp.asarray(host)
    began=time.perf_counter()
    # Synchronize host execution until asynchronous device computation completes.
    first=infer(device).block_until_ready()
    first_ms=(time.perf_counter()-began)*1000
    # Convert `expected` to a host NumPy array for inspection or verification.
    expected=np.tanh(host@np.asarray(W1))@np.asarray(W2)
    np.testing.assert_allclose(first,expected,rtol=2e-5,atol=2e-6)
    samples=[]
    for _ in range(repeats):
        began=time.perf_counter()
        # Synchronize host execution until asynchronous device computation completes.
        infer(device).block_until_ready()
        samples.append((time.perf_counter()-began)*1000)
    p50=float(np.percentile(samples,50))
    return {'batch':batch_size,'first_call_ms':first_ms,'samples_ms':samples,
            'p50_ms':p50,'p95_ms':float(np.percentile(samples,95)),
            'steady_examples_per_second':1000*batch_size/p50}

# Step 2 — 2. Measure each batch shape separately: Do not assume a larger batch is faster per request.
measurements=[measure(batch) for batch in (1,8,32)]
for report in measurements:
    assert len(report['samples_ms'])==40
    # Ensure all array elements remain finite: `all(value>0 and np.isfinite(value) for value in report['samples_m...`
    assert all(value>0 and np.isfinite(value) for value in report['samples_ms'])
    print({key:value for key,value in report.items() if key!='samples_ms'})
service_ms=measurements[0]['p50_ms']

# Step 3 — 3. Model a queue with an independent hand-check: This simulator assumes one serial worker and a constant service...
def simulate_queue(arrival_ms,service_ms):
    # Convert `arrivals` to a host NumPy array for inspection or verification.
    arrivals=np.asarray(arrival_ms,dtype=float)
    # Guard input contract (`arrivals.ndim != 1 or np.any(~np.isfinite(arrivals)) or np.any(np.diff(arrivals) < 0)`) and fail fast if violated.
    if arrivals.ndim!=1 or np.any(~np.isfinite(arrivals)) or np.any(np.diff(arrivals)<0):
        raise ValueError('arrivals must be a finite ordered vector')
    # Guard input contract (`not np.isfinite(service_ms) or service_ms <= 0`) and fail fast if violated.
    if not np.isfinite(service_ms) or service_ms<=0:
        raise ValueError('service duration must be positive milliseconds')
    ready=0.
    starts=[]
    finishes=[]
    for arrival in arrivals:
        start=max(float(arrival),ready)
        ready=start+service_ms
        starts.append(start)
        finishes.append(ready)
    return np.array(starts),np.array(finishes),np.array(finishes)-arrivals
hand_start,hand_finish,hand_latency=simulate_queue([0.,1.,4.],2.)
# Execute `np.testing.assert_allclose(hand_start,[0.,2.,4.])`
np.testing.assert_allclose(hand_start,[0.,2.,4.])
# Execute `np.testing.assert_allclose(hand_finish,[2.,4.,6.])`
np.testing.assert_allclose(hand_finish,[2.,4.,6.])
# Execute `np.testing.assert_allclose(hand_latency,[2.,3.,2.])`
np.testing.assert_allclose(hand_latency,[2.,3.,2.])
request_index=np.arange(60)
stable_arrivals=request_index*1.5*service_ms
overloaded_arrivals=request_index*.6*service_ms
_,_,stable_latency=simulate_queue(stable_arrivals,service_ms)
_,_,overloaded_latency=simulate_queue(overloaded_arrivals,service_ms)
assert np.allclose(stable_latency,service_ms)
assert np.isclose(overloaded_latency[-1],24.6*service_ms)
print('measured batch-one service proxy (ms):',service_ms)
print('simulated last stable/overloaded response (ms):',stable_latency[-1],overloaded_latency[-1])
Exercise solution
# Exercise solution: Simulate a burst of four requests arriving at time zero with a...
_,burst_finish,burst_latency=simulate_queue([0.,0.,0.,0.],2.)
# Execute `np.testing.assert_allclose(burst_finish,[2.,4.,6.,8.])`
np.testing.assert_allclose(burst_finish,[2.,4.,6.,8.])
# Execute `np.testing.assert_allclose(burst_latency,[2.,4.,6.,8.])`
np.testing.assert_allclose(burst_latency,[2.,4.,6.,8.])
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:44.185786+00:00
{'batch': 1, 'first_call_ms': 30.380667187273502, 'p50_ms': 0.009396113455295563, 'p95_ms': 0.02765634562820195, 'steady_examples_per_second': 106426.98225790464}
{'batch': 8, 'first_call_ms': 19.219750072807074, 'p50_ms': 0.011957716196775436, 'p95_ms': 0.018120976164937012, 'steady_examples_per_second': 669024.0735231122}
{'batch': 32, 'first_call_ms': 18.149458803236485, 'p50_ms': 0.01568719744682312, 'p95_ms': 0.03619375638663767, 'steady_examples_per_second': 2039879.979102351}
measured batch-one service proxy (ms): 0.009396113455295563
simulated last stable/overloaded response (ms): 0.009396113455295563 0.23114439100027084
{'batch': 1, 'first_call_ms': 18.95762514322996, 'p50_ms': 0.009458279237151146, 'p95_ms': 0.020428886637091616, 'steady_examples_per_second': 105727.47694655736}
{'batch': 8, 'first_call_ms': 17.656249925494194, 'p50_ms': 0.012186821550130844, 'p95_ms': 0.01899753697216509, 'steady_examples_per_second': 656446.7992816477}
{'batch': 32, 'first_call_ms': 17.30937510728836, 'p50_ms': 0.016249949112534523, 'p95_ms': 0.02756859175860881, 'steady_examples_per_second': 1969236.9359677904}
measured batch-one service proxy (ms): 0.009458279237151146
simulated last stable/overloaded response (ms): 0.009458279237151146 0.2326736692339182
hypothetical planned replicas: 3
Analytic sample p95 / max (ms): 5.95000000000007 100.0
Requests beyond the declared deadline: 2
PASS: deployment-04

Expose burst sensitivity
# Expose burst sensitivity (Transfer / diagnosis): An average arrival rate alone does not describe a burst or...
_,_,smooth=simulate_queue(np.arange(5)*3.,2.)
# Allocate initialized array `(_, _, burst)` with the specified shape and dtype.
_,_,burst=simulate_queue(np.zeros(5),2.)
assert smooth.max()==2. and burst.max()==10.
An average arrival rate alone does not describe a burst or tail latency.
Reject a broken timeline
# Reject a broken timeline (Transfer / diagnosis): Validating assumptions prevents a simulation from silently...
for arrivals,duration in [([2.,1.],2.),([0.,1.],0.)]:
    try:
        simulate_queue(arrivals,duration)
    except ValueError:
        pass
    else:
        raise AssertionError("invalid timeline was accepted")
Validating assumptions prevents a simulation from silently supporting a false capacity story.
Measure the margin below a response deadline
# Measure the margin below a response deadline (Transfer / diagnosis): Two responses miss the deadline in this serial simulation.
_,_,deadline_latencies=simulate_queue(np.zeros(5),2.)
# Execute `np.testing.assert_array_equal(deadline_latencies,[2.,4.,6.,8`
np.testing.assert_array_equal(deadline_latencies,[2.,4.,6.,8.,10.])
missed_deadlines=int(np.count_nonzero(deadline_latencies>6.))
assert missed_deadlines==2
print('Requests beyond the declared deadline:',missed_deadlines)
Two responses miss the deadline in this serial simulation. Admission control, batching policy or additional workers could change the queue, but each requires a new model or measurement. The example does not execute a real autoscaler.
Checkpoint
Answer: The compute-throughput proxy is two thousand examples per second, while batch execution still takes four milliseconds. Eight examples per four milliseconds gives two thousand per second when batches remain full. A request still waits for collection and the full execution, plus any other boundary costs.
Deploy at the edge: conversion, budgets and device checks
Assembled example code
# Deploy at the edge: conversion, budgets and device checks: An edge deployment includes input decoding, preprocessing,...
import json
import time
import numpy as np
import jax
import jax.numpy as jnp
weights = jnp.array([[1., -2.], [.5, 1.], [-1., .25]], jnp.float32)
bias = jnp.array([.1, -.2], jnp.float32)
# Define and JIT-compile `infer(features)` so XLA traces and fuses the operations:
@jax.jit
def infer(features):
    return features @ weights + bias
payload = json.dumps({"features": [[255., 128., 0.]]})
def validate_sensor_payload(payload):
    document = json.loads(payload)
    # Guard input contract (`not isinstance(document, dict) or set(document) != {'features'}`) and fail fast if violated.
    if not isinstance(document, dict) or set(document) != {'features'}:
        raise ValueError('expected features object')
    rows = document['features']
    # Guard input contract (`not isinstance(rows, list) or len(rows) != 1 or (not isinstance(rows[0], list)) or (len(rows[0]) != 3)`) and fail fast if violated.
    if not isinstance(rows, list) or len(rows) != 1 or not isinstance(rows[0], list) or len(rows[0]) != 3:
        raise ValueError('expected one row of three sensor values')
    # Guard input contract (`any((type(value) not in (int, float) or not 0 <= value <= 255 or (not np.isfinite(value)) for value in rows[0]))`) and fail fast if violated.
    if any(type(value) not in (int, float) or not 0 <= value <= 255 or not np.isfinite(value) for value in rows[0]):
        raise ValueError('expected numeric sensor values in the range 0 through 255')
    return np.asarray(rows, dtype=np.float32)
def request(payload):
    decoded = validate_sensor_payload(payload)
    features = decoded / 255.
    # Synchronize host execution until asynchronous device computation completes.
    output = np.asarray(infer(jnp.asarray(features)).block_until_ready())
    return json.dumps({"scores": output.tolist()})
start = time.perf_counter()
first_response = request(payload)
first_ms = (time.perf_counter() - start) * 1000
samples = []
for _ in range(30):
    start = time.perf_counter()
    response = request(payload)
    samples.append((time.perf_counter() - start) * 1000)
# Convert `expected` to a host NumPy array for inspection or verification.
expected = (np.array([[255., 128., 0.]], np.float32) / 255.) @ np.asarray(weights) + np.asarray(bias)
np.testing.assert_allclose(json.loads(response)["scores"], expected, atol=1e-6)
report = {"runtime": "JAX CPU instructional proxy", "jax": jax.__version__,
          "first_request_ms": first_ms, "warm_samples_ms": samples,
          "p50_ms": float(np.percentile(samples, 50)), "p95_ms": float(np.percentile(samples, 95)),
          "boundary": "JSON decode + normalize + transfer + infer + wait + encode",
          "edge_device_validated": False}
assert len(samples) == 30 and all(t >= 0 for t in samples)
print(json.dumps(report, indent=2))
Exercise solution
# Exercise solution: Send a second raw input [0, 255, 128] through the full request, and...
changed_raw = np.array([[0., 255., 128.]], np.float32)
changed_response = json.loads(request(json.dumps({"features": changed_raw.tolist()})))
# Convert `expected_changed` to a host NumPy array for inspection or verification.
expected_changed = (changed_raw / 255.) @ np.asarray(weights) + np.asarray(bias)
np.testing.assert_allclose(changed_response["scores"], expected_changed, atol=1e-6)
print("Changed end-to-end request verified")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:50:45.293154+00:00
{
  "runtime": "JAX CPU instructional proxy",
  "jax": "0.9.2",
  "first_request_ms": 11.448000092059374,
  "warm_samples_ms": [
    0.15420792624354362,
    0.059125013649463654,
    0.04437519237399101,
    0.03974977880716324,
    0.037208665162324905,
    0.03679096698760986,
    0.033999793231487274,
    0.03370875492691994,
    0.032040756195783615,
    0.032833777368068695,
    0.03237510100007057,
    0.030708033591508865,
    0.030125025659799576,
    0.029750168323516846,
    0.03154110163450241,
    0.029833056032657623,
    0.029833056032657623,
    0.029582995921373367,
    0.028749927878379822,
    0.032541342079639435,
    0.029374845325946808,
    0.029250048100948334,
    0.02966681495308876,
    0.0462094321846962,
    0.029208138585090637,
    0.029792077839374542,
    0.02904096618294716,
    0.028999987989664078,
    0.02895807847380638,
    0.02816738560795784
  ],
  "p50_ms": 0.03041652962565422,
  "p95_ms": 0.053313001990318264,
  "boundary": "JSON decode + normalize + transfer + infer + wait + encode",
  "edge_device_validated": false
}
{
  "runtime": "JAX CPU instructional proxy",
  "jax": "0.9.2",
  "first_request_ms": 9.076584130525589,
  "warm_samples_ms": [
    0.13345805928111076,
    0.06820773705840111,
    0.06900029256939888,
    0.042415689677000046,
    0.035208649933338165,
    0.032833777368068695,
    0.031082890927791595,
    0.03233412280678749,
    0.02950010821223259,
    0.02941582351922989,
    0.03008311614394188,
    0.028708018362522125,
    0.028458889573812485,
    0.028749927878379822,
    0.028332695364952087,
    0.028125010430812836,
    0.028582755476236343,
    0.02837507054209709,
    0.028625130653381348,
    0.028499867767095566,
    0.029124785214662552,
    0.028209295123815536,
    0.02845795825123787,
    0.027582980692386627,
    0.03120768815279007,
    0.028708018362522125,
    0.027917325496673584,
    0.027833040803670883,
    0.028125010430812836,
    0.028541311621665955
  ],
  "p50_ms": 0.028708018362522125,
  "p95_ms": 0.06864364258944988,
  "boundary": "JSON decode + normalize + transfer + infer + wait + encode",
  "edge_device_validated": false
}
Preprocessing mismatch max error 380.5019836425781
Seven malformed or out-of-domain requests rejected; zero input returns the bias.
Changed end-to-end request verified
Not device-validated; missing: device, runtime_version, delegate, quality_metric, p95_ms, peak_memory_bytes, cold_start_ms, fallback_operators
Illustrative request before/after/lower-bound (ms): 24.0 20.0 16.0
PASS: deployment-06

Make incomplete deployment evidence explicit
# Make incomplete deployment evidence explicit (Transfer): Empty evidence stays empty.
device_report = {"device": None, "runtime_version": None, "delegate": None,
                 "quality_metric": None, "p95_ms": None, "peak_memory_bytes": None,
                 "cold_start_ms": None, "fallback_operators": None}
missing = [key for key, value in device_report.items() if value is None]
assert missing and "device" in missing
print("Not device-validated; missing:", ", ".join(missing))
Empty evidence stays empty. Desktop conversion and simulation cannot populate measurements for hardware that was never used.
Decide whether a model speedup meets the request budget
# Decide whether a model speedup meets the request budget (Transfer / diagnosis): Halving model time leaves a 20-millisecond request, so it...
fixed_ms=12.+4.
model_ms=8.
deadline_ms=19.
before_ms=fixed_ms+model_ms
after_ms=fixed_ms+model_ms/2
# Execute `np.testing.assert_allclose([before_ms,after_ms,before_ms/aft`
np.testing.assert_allclose([before_ms,after_ms,before_ms/after_ms],[24.,20.,1.2])
assert after_ms>deadline_ms and fixed_ms==16.
print('Illustrative request before/after/lower-bound (ms):',before_ms,after_ms,fixed_ms)
Halving model time leaves a 2020-millisecond request, so it misses the stated deadline. The serial fixed work gives a 1616-millisecond lower bound even with zero model time. Replace these illustrative values with measurements before making a device decision.
Checkpoint
Answer: Run it on the named device, verify execution placement and measure the stated request boundary.. Conversion proves a converter accepted the graph. Device execution, fallback behavior and end-to-end latency require direct measurement.
Accelerator jobs and runtime lifecycle
Assembled example code
# Complete runnable example (operations-01)
"""Bounded local JAX subprocess supervisor and lifecycle verifier."""
from pathlib import Path
import hashlib
import json
import math
import os
import subprocess
import sys
import tempfile
import time


def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()


def atomic_json(path, value):
    """Replace one local JSON file only after its bytes have been flushed."""
    path = Path(path)
    path.parent.mkdir(parents=True, exist_ok=True)
    fd, temporary = tempfile.mkstemp(prefix=path.name+'.', suffix='.tmp', dir=path.parent)
    # Run the boundary check and catch the expected exception:
    try:
        # Enter `os.fdopen(fd, 'w')` context block:
        with os.fdopen(fd, 'w') as stream:
            json.dump(value, stream, sort_keys=True, allow_nan=False)
            stream.flush()
            os.fsync(stream.fileno())
        os.replace(temporary, path)
    finally:
        if os.path.exists(temporary):
            os.unlink(temporary)

# This file is materialized only inside the caller-owned temporary run folder.
WORKER = r'''
import hashlib, json, os, sys, time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
root = Path(sys.argv[1])
cfg = json.loads((root/'config.json').read_text())
worker_hash = hashlib.sha256(Path(__file__).read_bytes()).hexdigest()
def emit(event, **fields):
    print(json.dumps(dict(event=event, monotonic_s=time.monotonic(), **fields)), flush=True)
def digest(value):
    return hashlib.sha256(json.dumps(value,sort_keys=True,separators=(',', ':'),allow_nan=False).encode()).hexdigest()
def write_checkpoint(state):
    target = root/'checkpoint.json'
    temporary = root/'checkpoint.pending'
    with temporary.open('w') as stream:
        json.dump(dict(state,checksum=digest(state)),stream,sort_keys=True,allow_nan=False)
        stream.flush()
        os.fsync(stream.fileno())
    os.replace(temporary,target)
    emit('checkpoint',step=state['step'],state_hash=digest(state))
try:
    emit('started',pid=os.getpid(),backend=jax.default_backend(),device_count=jax.device_count())
    if jax.default_backend() != cfg['backend'] or jax.device_count() < cfg['min_devices']:
        raise ValueError('runtime backend/device contract failed')
    x = jnp.linspace(-1.,1.,64)
    y = 2*x+1
    data_hash = digest(dict(x=np.asarray(x).tolist(),y=np.asarray(y).tolist()))
    training = {name:cfg[name] for name in ('seed','learning_rate','momentum','batch_size')}
    config_hash = digest(training)
    if cfg['resume']:
        saved = json.loads((root/'checkpoint.json').read_text())
        checksum = saved.pop('checksum',None)
        if checksum != digest(saved) or saved.get('worker_hash') != worker_hash:
            raise ValueError('checkpoint checksum/source mismatch')
        if saved['schema_version'] != 1 or saved['config_hash'] != config_hash or saved['data_hash'] != data_hash:
            raise ValueError('checkpoint provenance mismatch')
        state = saved
        step = saved['step']
        params=jnp.array(saved['params'])
        velocity=jnp.array(saved['velocity'])
        key=jnp.array(saved['key'],dtype=jnp.uint32)
        if not isinstance(step,int) or isinstance(step,bool) or step < 0 or step > cfg['steps'] or params.shape != (2,) or velocity.shape != (2,) or key.shape != (2,):
            raise ValueError('invalid checkpoint state shape or step')
        if not bool(jnp.all(jnp.isfinite(params))) or not bool(jnp.all(jnp.isfinite(velocity))):
            raise ValueError('nonfinite checkpoint state')
        emit('restored',step=step,state_hash=digest(saved))
    else:
        step=0
        params=jnp.zeros(2)
        velocity=jnp.zeros(2)
        key=jax.random.PRNGKey(cfg['seed'])
    def update(params,velocity,key):
        key, sample = jax.random.split(key)
        indices=jax.random.choice(sample,64,(cfg['batch_size'],),replace=False)
        objective=lambda p:jnp.mean((p[0]*x[indices]+p[1]-y[indices])**2)
        loss, grad=jax.value_and_grad(objective)(params)
        velocity=cfg['momentum']*velocity+grad
        params=params-cfg['learning_rate']*velocity
        return params,velocity,key,loss
    compiled=jax.jit(update)
    # Compile and synchronize once without consuming actual training state.
    begin=time.perf_counter()
    warm=compiled(params,velocity,key)
    jax.block_until_ready(warm)
    emit('ready',compile_warmup_s=time.perf_counter()-begin,step=step)
    while step < cfg['steps']:
        if cfg.get('stall_at') == step:
            emit('stall_injected',step=step)
            time.sleep(cfg.get('stall_seconds',10.))
        begin=time.perf_counter()
        params,velocity,key,loss=compiled(params,velocity,key)
        jax.block_until_ready((params,velocity,key,loss))
        elapsed=time.perf_counter()-begin
        step+=1
        state=dict(schema_version=1,worker_hash=worker_hash,step=step,params=np.asarray(params).tolist(),velocity=np.asarray(velocity).tolist(),key=np.asarray(key).tolist(),config_hash=config_hash,data_hash=data_hash)
        emit('progress',step=step,loss=float(loss),examples=cfg['batch_size'],update_s=elapsed,state_hash=digest(state))
        if step % cfg['checkpoint_every'] == 0 or step == cfg['steps']:
            write_checkpoint(state)
        if cfg.get('fail_after') == step:
            raise RuntimeError('controlled failure after update')
    write_checkpoint(state)
    emit('completed',step=step,state_hash=digest(state))
except Exception as error:
    emit('failed',kind=type(error).__name__,message=str(error))
    raise SystemExit(23)
'''

# Step 3 — Add bounded launch and result collection: The supervisor owns the child handle, captures its output and...
def default_config(**changes):
    cfg=dict(seed=3,learning_rate=.04,momentum=.8,batch_size=8,steps=8,
             checkpoint_every=2,backend='cpu',min_devices=1,resume=False,
             fail_after=None,stall_at=None,stall_seconds=10.)
    # Update state in place with the new values.
    cfg.update(changes)
    for name in ('steps','checkpoint_every','batch_size','min_devices'):
        # Guard input contract (`not isinstance(cfg[name], int) or isinstance(cfg[name], bool) or cfg[name] < 1`) and fail fast if violated.
        if not isinstance(cfg[name],int) or isinstance(cfg[name],bool) or cfg[name] < 1:
            raise ValueError(name+' must be a positive integer')
    # Guard input contract (`cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or (not 0 < cfg['learning_rate'] < 1)`) and fail fast if violated.
    if cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or not 0 < cfg['learning_rate'] < 1:
        raise ValueError('invalid training configuration')
    return cfg


def launch(root, config=None, timeout=10.):
    root=Path(root)
    root.mkdir(parents=True,exist_ok=True)
    cfg=default_config(**(config or {}))
    # Guard input contract (`timeout <= 0`) and fail fast if violated.
    if timeout <= 0:
        raise ValueError('timeout must be positive')
    atomic_json(root/'config.json',cfg)
    worker=root/'worker.py'
    worker.write_text(WORKER)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,JAX_PLATFORMS=cfg['backend'],PYTHONUNBUFFERED='1')
    started=time.perf_counter()
    process=subprocess.Popen([sys.executable,str(worker),str(root)],stdout=subprocess.PIPE,stderr=subprocess.PIPE,text=True,env=env)
    timed_out=False
    try:
        stdout,stderr=process.communicate(timeout=timeout)
    except subprocess.TimeoutExpired:
        timed_out=True
        process.terminate()
        try:
            stdout,stderr=process.communicate(timeout=1.)
        except subprocess.TimeoutExpired:
            process.kill()
            stdout,stderr=process.communicate(timeout=1.)
    wall=time.perf_counter()-started
    events=[]
    malformed=[]
    for line in stdout.splitlines():
        if not line.strip():
            continue
        try:
            event=json.loads(line)
            if not isinstance(event,dict) or 'event' not in event:
                raise ValueError('not an event')
            events.append(event)
        except (ValueError,TypeError):
            malformed.append(line)
    status='timed_out' if timed_out else 'completed' if process.returncode == 0 and not malformed and events and events[-1]['event']=='completed' else 'failed'
    # Compute deterministic cryptographic digest `result` for provenance verification.
    result=dict(status=status,returncode=process.returncode,wall_s=wall,events=events,stderr=stderr,
                worker_hash=hashlib.sha256(WORKER.encode()).hexdigest(),config=cfg,malformed_stdout=malformed)
    atomic_json(root/'run.json',result)
    return result

# Step 4 — Exercise all three lifecycle outcomes: Each outcome comes from a real subprocess.
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='ops-lifecycle-') as folder:
    base = Path(folder)
    successful = launch(base/'success')
    rejected = launch(base/'wrong-runtime',dict(min_devices=999))
    stalled = launch(base/'timeout',dict(stall_at=0,stall_seconds=20),timeout=6)
assert successful['status'] == 'completed'
assert rejected['status'] == 'failed' and rejected['returncode'] != 0
assert stalled['status'] == 'timed_out' and stalled['returncode'] != 0
assert any(e['event']=='stall_injected' for e in stalled['events'])
print('statuses:',successful['status'],rejected['status'],stalled['status'])
print('actual exit codes:',successful['returncode'],rejected['returncode'],stalled['returncode'])
Exercise solution
# Exercise solution: Launch a changed job with 3 updates and batch size 5.
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    short=launch(folder,dict(steps=3,batch_size=5))
assert short['status']=='completed'
assert [e['step'] for e in short['events'] if e['event']=='progress']==[1,2,3]
assert short['events'][-1]['step']==3
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:51:15.896016+00:00
statuses: completed failed timed_out
actual exit codes: 0 23 -15
statuses: completed failed timed_out
actual exit codes: 0 23 -15
timed-out worker events: ['started', 'ready', 'stall_injected']
PASS: operations-01

Reject invalid work before spawning
# Reject invalid work before spawning (Transfer / diagnosis): Validation makes an impossible workload fail at the caller...
for values in [dict(steps=0),dict(batch_size=65)]:
    try:
        default_config(**values)
    except ValueError:
        pass
    else:
        raise AssertionError('invalid work accepted')
Validation makes an impossible workload fail at the caller boundary instead of consuming runtime first.
Preserve a successful checkpoint
# Preserve a successful checkpoint (Transfer / diagnosis): A status and a durable artifact should agree about what was...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    result=launch(folder,dict(steps=4))
    saved=json.loads((Path(folder)/'checkpoint.json').read_text())
    record=json.loads((Path(folder)/'run.json').read_text())
    assert saved['step']==4 and record['status']=='completed'
    assert record['worker_hash']==saved['worker_hash']
A status and a durable artifact should agree about what was completed; neither should be assumed from the command alone.
Checkpoint
Answer: Terminate or kill as required, then wait for the actual child to exit. The supervisor must resolve the actual process lifetime. A status label does not stop computation or release process resources.
Health, logs, and workload observability
Assembled example code
# Complete runnable example (operations-02)
"""Bounded local JAX subprocess supervisor and lifecycle verifier."""
from pathlib import Path
import hashlib
import json
import math
import os
import subprocess
import sys
import tempfile
import time


def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()


def atomic_json(path, value):
    """Replace one local JSON file only after its bytes have been flushed."""
    path = Path(path)
    path.parent.mkdir(parents=True, exist_ok=True)
    fd, temporary = tempfile.mkstemp(prefix=path.name+'.', suffix='.tmp', dir=path.parent)
    # Run the boundary check and catch the expected exception:
    try:
        # Enter `os.fdopen(fd, 'w')` context block:
        with os.fdopen(fd, 'w') as stream:
            json.dump(value, stream, sort_keys=True, allow_nan=False)
            stream.flush()
            os.fsync(stream.fileno())
        os.replace(temporary, path)
    finally:
        if os.path.exists(temporary):
            os.unlink(temporary)

# This file is materialized only inside the caller-owned temporary run folder.
WORKER = r'''
import hashlib, json, os, sys, time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
root = Path(sys.argv[1])
cfg = json.loads((root/'config.json').read_text())
worker_hash = hashlib.sha256(Path(__file__).read_bytes()).hexdigest()
def emit(event, **fields):
    print(json.dumps(dict(event=event, monotonic_s=time.monotonic(), **fields)), flush=True)
def digest(value):
    return hashlib.sha256(json.dumps(value,sort_keys=True,separators=(',', ':'),allow_nan=False).encode()).hexdigest()
def write_checkpoint(state):
    target = root/'checkpoint.json'
    temporary = root/'checkpoint.pending'
    with temporary.open('w') as stream:
        json.dump(dict(state,checksum=digest(state)),stream,sort_keys=True,allow_nan=False)
        stream.flush()
        os.fsync(stream.fileno())
    os.replace(temporary,target)
    emit('checkpoint',step=state['step'],state_hash=digest(state))
try:
    emit('started',pid=os.getpid(),backend=jax.default_backend(),device_count=jax.device_count())
    if jax.default_backend() != cfg['backend'] or jax.device_count() < cfg['min_devices']:
        raise ValueError('runtime backend/device contract failed')
    x = jnp.linspace(-1.,1.,64)
    y = 2*x+1
    data_hash = digest(dict(x=np.asarray(x).tolist(),y=np.asarray(y).tolist()))
    training = {name:cfg[name] for name in ('seed','learning_rate','momentum','batch_size')}
    config_hash = digest(training)
    if cfg['resume']:
        saved = json.loads((root/'checkpoint.json').read_text())
        checksum = saved.pop('checksum',None)
        if checksum != digest(saved) or saved.get('worker_hash') != worker_hash:
            raise ValueError('checkpoint checksum/source mismatch')
        if saved['schema_version'] != 1 or saved['config_hash'] != config_hash or saved['data_hash'] != data_hash:
            raise ValueError('checkpoint provenance mismatch')
        state = saved
        step = saved['step']
        params=jnp.array(saved['params'])
        velocity=jnp.array(saved['velocity'])
        key=jnp.array(saved['key'],dtype=jnp.uint32)
        if not isinstance(step,int) or isinstance(step,bool) or step < 0 or step > cfg['steps'] or params.shape != (2,) or velocity.shape != (2,) or key.shape != (2,):
            raise ValueError('invalid checkpoint state shape or step')
        if not bool(jnp.all(jnp.isfinite(params))) or not bool(jnp.all(jnp.isfinite(velocity))):
            raise ValueError('nonfinite checkpoint state')
        emit('restored',step=step,state_hash=digest(saved))
    else:
        step=0
        params=jnp.zeros(2)
        velocity=jnp.zeros(2)
        key=jax.random.PRNGKey(cfg['seed'])
    def update(params,velocity,key):
        key, sample = jax.random.split(key)
        indices=jax.random.choice(sample,64,(cfg['batch_size'],),replace=False)
        objective=lambda p:jnp.mean((p[0]*x[indices]+p[1]-y[indices])**2)
        loss, grad=jax.value_and_grad(objective)(params)
        velocity=cfg['momentum']*velocity+grad
        params=params-cfg['learning_rate']*velocity
        return params,velocity,key,loss
    compiled=jax.jit(update)
    # Compile and synchronize once without consuming actual training state.
    begin=time.perf_counter()
    warm=compiled(params,velocity,key)
    jax.block_until_ready(warm)
    emit('ready',compile_warmup_s=time.perf_counter()-begin,step=step)
    while step < cfg['steps']:
        if cfg.get('stall_at') == step:
            emit('stall_injected',step=step)
            time.sleep(cfg.get('stall_seconds',10.))
        begin=time.perf_counter()
        params,velocity,key,loss=compiled(params,velocity,key)
        jax.block_until_ready((params,velocity,key,loss))
        elapsed=time.perf_counter()-begin
        step+=1
        state=dict(schema_version=1,worker_hash=worker_hash,step=step,params=np.asarray(params).tolist(),velocity=np.asarray(velocity).tolist(),key=np.asarray(key).tolist(),config_hash=config_hash,data_hash=data_hash)
        emit('progress',step=step,loss=float(loss),examples=cfg['batch_size'],update_s=elapsed,state_hash=digest(state))
        if step % cfg['checkpoint_every'] == 0 or step == cfg['steps']:
            write_checkpoint(state)
        if cfg.get('fail_after') == step:
            raise RuntimeError('controlled failure after update')
    write_checkpoint(state)
    emit('completed',step=step,state_hash=digest(state))
except Exception as error:
    emit('failed',kind=type(error).__name__,message=str(error))
    raise SystemExit(23)
'''

# Step 3 — Add bounded launch and result collection: The supervisor owns the child handle, captures its output and...
def default_config(**changes):
    cfg=dict(seed=3,learning_rate=.04,momentum=.8,batch_size=8,steps=8,
             checkpoint_every=2,backend='cpu',min_devices=1,resume=False,
             fail_after=None,stall_at=None,stall_seconds=10.)
    # Update state in place with the new values.
    cfg.update(changes)
    for name in ('steps','checkpoint_every','batch_size','min_devices'):
        # Guard input contract (`not isinstance(cfg[name], int) or isinstance(cfg[name], bool) or cfg[name] < 1`) and fail fast if violated.
        if not isinstance(cfg[name],int) or isinstance(cfg[name],bool) or cfg[name] < 1:
            raise ValueError(name+' must be a positive integer')
    # Guard input contract (`cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or (not 0 < cfg['learning_rate'] < 1)`) and fail fast if violated.
    if cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or not 0 < cfg['learning_rate'] < 1:
        raise ValueError('invalid training configuration')
    return cfg


def launch(root, config=None, timeout=10.):
    root=Path(root)
    root.mkdir(parents=True,exist_ok=True)
    cfg=default_config(**(config or {}))
    # Guard input contract (`timeout <= 0`) and fail fast if violated.
    if timeout <= 0:
        raise ValueError('timeout must be positive')
    atomic_json(root/'config.json',cfg)
    worker=root/'worker.py'
    worker.write_text(WORKER)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,JAX_PLATFORMS=cfg['backend'],PYTHONUNBUFFERED='1')
    started=time.perf_counter()
    process=subprocess.Popen([sys.executable,str(worker),str(root)],stdout=subprocess.PIPE,stderr=subprocess.PIPE,text=True,env=env)
    timed_out=False
    try:
        stdout,stderr=process.communicate(timeout=timeout)
    except subprocess.TimeoutExpired:
        timed_out=True
        process.terminate()
        try:
            stdout,stderr=process.communicate(timeout=1.)
        except subprocess.TimeoutExpired:
            process.kill()
            stdout,stderr=process.communicate(timeout=1.)
    wall=time.perf_counter()-started
    events=[]
    malformed=[]
    for line in stdout.splitlines():
        if not line.strip():
            continue
        try:
            event=json.loads(line)
            if not isinstance(event,dict) or 'event' not in event:
                raise ValueError('not an event')
            events.append(event)
        except (ValueError,TypeError):
            malformed.append(line)
    status='timed_out' if timed_out else 'completed' if process.returncode == 0 and not malformed and events and events[-1]['event']=='completed' else 'failed'
    # Compute deterministic cryptographic digest `result` for provenance verification.
    result=dict(status=status,returncode=process.returncode,wall_s=wall,events=events,stderr=stderr,
                worker_hash=hashlib.sha256(WORKER.encode()).hexdigest(),config=cfg,malformed_stdout=malformed)
    atomic_json(root/'run.json',result)
    return result

# Step 4 — Summarize event boundaries: The summary retains work counts, timing boundaries and checkpoint...
def summarize(result):
    updates=[e for e in result['events'] if e['event']=='progress']
    checkpoints=[e['step'] for e in result['events'] if e['event']=='checkpoint']
    count=sum(e['examples'] for e in updates)
    update_s=sum(e['update_s'] for e in updates)
    latest=max((e['step'] for e in updates),default=0)
    checkpoint=max(checkpoints,default=0)
    return dict(status=result['status'],updates=len(updates),examples=count,last_step=latest,checkpoint_step=checkpoint,
                uncheckpointed_updates=max(0,latest-checkpoint),update_s=update_s,
                update_examples_per_s=count/update_s if update_s else 0.,
                job_examples_per_s=count/result['wall_s'] if result['wall_s'] else 0.,
                update_duty_fraction=update_s/result['wall_s'] if result['wall_s'] else 0.)

# Step 5 — Run a healthy job and a controlled incident: Both summaries are derived from real child output; failures are...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='ops-signals-') as folder:
    observed=launch(Path(folder)/'healthy',dict(steps=12))
    interrupted=launch(Path(folder)/'failed',dict(steps=12,fail_after=5))
healthy=summarize(observed)
incident=summarize(interrupted)
progress=[e for e in observed['events'] if e['event']=='progress']
assert healthy['examples']==96 and healthy['updates']==12
assert incident['last_step']==5 and incident['checkpoint_step']==4
assert incident['uncheckpointed_updates']==1
assert healthy['job_examples_per_s'] < healthy['update_examples_per_s']
print('healthy:',healthy)
print('incident:',incident)
Exercise solution
# Exercise solution: Compute the fraction of supervisor wall time spent inside synchronized...
duty=sum(e['update_s'] for e in progress)/observed['wall_s']
assert 0 < duty < 1
assert abs(duty-healthy['update_duty_fraction']) < 1e-9
print('measured update duty fraction, not hardware utilization:',duty)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:51:22.258741+00:00
healthy: {'status': 'completed', 'updates': 12, 'examples': 96, 'last_step': 12, 'checkpoint_step': 12, 'uncheckpointed_updates': 0, 'update_s': 0.0003859163261950016, 'update_examples_per_s': 248758.58698834025, 'job_examples_per_s': 176.72946936655072, 'update_duty_fraction': 0.0007104457036284513}
incident: {'status': 'failed', 'updates': 5, 'examples': 40, 'last_step': 5, 'checkpoint_step': 4, 'uncheckpointed_updates': 1, 'update_s': 0.00017587607726454735, 'update_examples_per_s': 227432.86421969283, 'job_examples_per_s': 69.44720752337886, 'update_duty_fraction': 0.0003053525609047209}
healthy: {'status': 'completed', 'updates': 12, 'examples': 96, 'last_step': 12, 'checkpoint_step': 12, 'uncheckpointed_updates': 0, 'update_s': 0.0003807488828897476, 'update_examples_per_s': 252134.68591527935, 'job_examples_per_s': 174.31857639191733, 'update_duty_fraction': 0.0006913708669599339}
incident: {'status': 'failed', 'updates': 5, 'examples': 40, 'last_step': 5, 'checkpoint_step': 4, 'uncheckpointed_updates': 1, 'update_s': 0.00018524983897805214, 'update_examples_per_s': 215924.61413550316, 'job_examples_per_s': 70.63820657474201, 'update_duty_fraction': 0.0003271429098417335}
examples / synchronized seconds: 96 0.0003807488828897476
measured update duty fraction, not hardware utilization: 0.0006913708669599339
PASS: operations-02

Catch an average-of-rates error
# Catch an average-of-rates error (Transfer / diagnosis): The short step gets excessive influence when rates are...
durations=[1.,3.]
counts=[8,8]
wrong=sum(n/t for n,t in zip(counts,durations))/2
right=sum(counts)/sum(durations)
assert abs(wrong-16/3)<1e-12 and right==4.
The short step gets excessive influence when rates are averaged without accounting for their duration.
Change the checkpoint cadence
# Change the checkpoint cadence (Transfer / diagnosis): The run tests a changed operational policy rather than...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    changed=launch(folder,dict(checkpoint_every=3,fail_after=5))
stats=summarize(changed)
assert stats['checkpoint_step']==3 and stats['uncheckpointed_updates']==2
The run tests a changed operational policy rather than assuming every failure loses exactly one update.
Checkpoint
Answer: The fraction of this job’s wall time inside the measured synchronized update boundary. The numerator and denominator describe an application timing boundary. They do not measure device occupancy, memory bandwidth or fleet allocation.
Failure recovery and operational runbooks
Assembled example code
# Complete runnable example (operations-03)
"""Bounded local JAX subprocess supervisor and lifecycle verifier."""
from pathlib import Path
import hashlib
import json
import math
import os
import subprocess
import sys
import tempfile
import time


def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()


def atomic_json(path, value):
    """Replace one local JSON file only after its bytes have been flushed."""
    path = Path(path)
    path.parent.mkdir(parents=True, exist_ok=True)
    fd, temporary = tempfile.mkstemp(prefix=path.name+'.', suffix='.tmp', dir=path.parent)
    # Run the boundary check and catch the expected exception:
    try:
        # Enter `os.fdopen(fd, 'w')` context block:
        with os.fdopen(fd, 'w') as stream:
            json.dump(value, stream, sort_keys=True, allow_nan=False)
            stream.flush()
            os.fsync(stream.fileno())
        os.replace(temporary, path)
    finally:
        if os.path.exists(temporary):
            os.unlink(temporary)

# This file is materialized only inside the caller-owned temporary run folder.
WORKER = r'''
import hashlib, json, os, sys, time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
root = Path(sys.argv[1])
cfg = json.loads((root/'config.json').read_text())
worker_hash = hashlib.sha256(Path(__file__).read_bytes()).hexdigest()
def emit(event, **fields):
    print(json.dumps(dict(event=event, monotonic_s=time.monotonic(), **fields)), flush=True)
def digest(value):
    return hashlib.sha256(json.dumps(value,sort_keys=True,separators=(',', ':'),allow_nan=False).encode()).hexdigest()
def write_checkpoint(state):
    target = root/'checkpoint.json'
    temporary = root/'checkpoint.pending'
    with temporary.open('w') as stream:
        json.dump(dict(state,checksum=digest(state)),stream,sort_keys=True,allow_nan=False)
        stream.flush()
        os.fsync(stream.fileno())
    os.replace(temporary,target)
    emit('checkpoint',step=state['step'],state_hash=digest(state))
try:
    emit('started',pid=os.getpid(),backend=jax.default_backend(),device_count=jax.device_count())
    if jax.default_backend() != cfg['backend'] or jax.device_count() < cfg['min_devices']:
        raise ValueError('runtime backend/device contract failed')
    x = jnp.linspace(-1.,1.,64)
    y = 2*x+1
    data_hash = digest(dict(x=np.asarray(x).tolist(),y=np.asarray(y).tolist()))
    training = {name:cfg[name] for name in ('seed','learning_rate','momentum','batch_size')}
    config_hash = digest(training)
    if cfg['resume']:
        saved = json.loads((root/'checkpoint.json').read_text())
        checksum = saved.pop('checksum',None)
        if checksum != digest(saved) or saved.get('worker_hash') != worker_hash:
            raise ValueError('checkpoint checksum/source mismatch')
        if saved['schema_version'] != 1 or saved['config_hash'] != config_hash or saved['data_hash'] != data_hash:
            raise ValueError('checkpoint provenance mismatch')
        state = saved
        step = saved['step']
        params=jnp.array(saved['params'])
        velocity=jnp.array(saved['velocity'])
        key=jnp.array(saved['key'],dtype=jnp.uint32)
        if not isinstance(step,int) or isinstance(step,bool) or step < 0 or step > cfg['steps'] or params.shape != (2,) or velocity.shape != (2,) or key.shape != (2,):
            raise ValueError('invalid checkpoint state shape or step')
        if not bool(jnp.all(jnp.isfinite(params))) or not bool(jnp.all(jnp.isfinite(velocity))):
            raise ValueError('nonfinite checkpoint state')
        emit('restored',step=step,state_hash=digest(saved))
    else:
        step=0
        params=jnp.zeros(2)
        velocity=jnp.zeros(2)
        key=jax.random.PRNGKey(cfg['seed'])
    def update(params,velocity,key):
        key, sample = jax.random.split(key)
        indices=jax.random.choice(sample,64,(cfg['batch_size'],),replace=False)
        objective=lambda p:jnp.mean((p[0]*x[indices]+p[1]-y[indices])**2)
        loss, grad=jax.value_and_grad(objective)(params)
        velocity=cfg['momentum']*velocity+grad
        params=params-cfg['learning_rate']*velocity
        return params,velocity,key,loss
    compiled=jax.jit(update)
    # Compile and synchronize once without consuming actual training state.
    begin=time.perf_counter()
    warm=compiled(params,velocity,key)
    jax.block_until_ready(warm)
    emit('ready',compile_warmup_s=time.perf_counter()-begin,step=step)
    while step < cfg['steps']:
        if cfg.get('stall_at') == step:
            emit('stall_injected',step=step)
            time.sleep(cfg.get('stall_seconds',10.))
        begin=time.perf_counter()
        params,velocity,key,loss=compiled(params,velocity,key)
        jax.block_until_ready((params,velocity,key,loss))
        elapsed=time.perf_counter()-begin
        step+=1
        state=dict(schema_version=1,worker_hash=worker_hash,step=step,params=np.asarray(params).tolist(),velocity=np.asarray(velocity).tolist(),key=np.asarray(key).tolist(),config_hash=config_hash,data_hash=data_hash)
        emit('progress',step=step,loss=float(loss),examples=cfg['batch_size'],update_s=elapsed,state_hash=digest(state))
        if step % cfg['checkpoint_every'] == 0 or step == cfg['steps']:
            write_checkpoint(state)
        if cfg.get('fail_after') == step:
            raise RuntimeError('controlled failure after update')
    write_checkpoint(state)
    emit('completed',step=step,state_hash=digest(state))
except Exception as error:
    emit('failed',kind=type(error).__name__,message=str(error))
    raise SystemExit(23)
'''

# Step 3 — Add bounded launch and result collection: The supervisor owns the child handle, captures its output and...
def default_config(**changes):
    cfg=dict(seed=3,learning_rate=.04,momentum=.8,batch_size=8,steps=8,
             checkpoint_every=2,backend='cpu',min_devices=1,resume=False,
             fail_after=None,stall_at=None,stall_seconds=10.)
    # Update state in place with the new values.
    cfg.update(changes)
    for name in ('steps','checkpoint_every','batch_size','min_devices'):
        # Guard input contract (`not isinstance(cfg[name], int) or isinstance(cfg[name], bool) or cfg[name] < 1`) and fail fast if violated.
        if not isinstance(cfg[name],int) or isinstance(cfg[name],bool) or cfg[name] < 1:
            raise ValueError(name+' must be a positive integer')
    # Guard input contract (`cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or (not 0 < cfg['learning_rate'] < 1)`) and fail fast if violated.
    if cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or not 0 < cfg['learning_rate'] < 1:
        raise ValueError('invalid training configuration')
    return cfg


def launch(root, config=None, timeout=10.):
    root=Path(root)
    root.mkdir(parents=True,exist_ok=True)
    cfg=default_config(**(config or {}))
    # Guard input contract (`timeout <= 0`) and fail fast if violated.
    if timeout <= 0:
        raise ValueError('timeout must be positive')
    atomic_json(root/'config.json',cfg)
    worker=root/'worker.py'
    worker.write_text(WORKER)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,JAX_PLATFORMS=cfg['backend'],PYTHONUNBUFFERED='1')
    started=time.perf_counter()
    process=subprocess.Popen([sys.executable,str(worker),str(root)],stdout=subprocess.PIPE,stderr=subprocess.PIPE,text=True,env=env)
    timed_out=False
    try:
        stdout,stderr=process.communicate(timeout=timeout)
    except subprocess.TimeoutExpired:
        timed_out=True
        process.terminate()
        try:
            stdout,stderr=process.communicate(timeout=1.)
        except subprocess.TimeoutExpired:
            process.kill()
            stdout,stderr=process.communicate(timeout=1.)
    wall=time.perf_counter()-started
    events=[]
    malformed=[]
    for line in stdout.splitlines():
        if not line.strip():
            continue
        try:
            event=json.loads(line)
            if not isinstance(event,dict) or 'event' not in event:
                raise ValueError('not an event')
            events.append(event)
        except (ValueError,TypeError):
            malformed.append(line)
    status='timed_out' if timed_out else 'completed' if process.returncode == 0 and not malformed and events and events[-1]['event']=='completed' else 'failed'
    # Compute deterministic cryptographic digest `result` for provenance verification.
    result=dict(status=status,returncode=process.returncode,wall_s=wall,events=events,stderr=stderr,
                worker_hash=hashlib.sha256(WORKER.encode()).hexdigest(),config=cfg,malformed_stdout=malformed)
    atomic_json(root/'run.json',result)
    return result

# Step 4 — Rehearse a failure and verify every resumed update: All files stay inside one temporary drill directory; the two runs...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='ops-recovery-') as folder:
    base=Path(folder)
    uninterrupted=launch(base/'full')
    failed=launch(base/'resume',dict(fail_after=3))
    committed=json.loads((base/'resume'/'checkpoint.json').read_text())
    assert committed['step']==2
    resumed=launch(base/'resume',dict(resume=True))
    final_full=json.loads((base/'full'/'checkpoint.json').read_text())
    final_resumed=json.loads((base/'resume'/'checkpoint.json').read_text())
assert failed['status']=='failed' and resumed['status']=='completed'
assert final_full==final_resumed
full_events={e['step']:e for e in uninterrupted['events'] if e['event']=='progress'}
resume_events=[e for e in resumed['events'] if e['event']=='progress']
assert [e['step'] for e in resume_events]==[3,4,5,6,7,8]
assert all(e['state_hash']==full_events[e['step']]['state_hash'] for e in resume_events)
print('restored step:',committed['step'],'replayed updates:',[e['step'] for e in resume_events])
print('all next-update state hashes match:',final_full==final_resumed)
Exercise solution
# Exercise solution: Repeat the recovery drill with seed 9, checkpoint cadence 3 and...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    base=Path(folder)
    cfg=dict(seed=9,checkpoint_every=3)
    ref=launch(base/'ref',cfg)
    broken=launch(base/'broken',dict(cfg,fail_after=5))
    cp=json.loads((base/'broken'/'checkpoint.json').read_text())
    assert cp['step']==3
    fixed=launch(base/'broken',dict(cfg,resume=True))
    assert fixed['status']=='completed'
    assert json.loads((base/'ref'/'checkpoint.json').read_text())==json.loads((base/'broken'/'checkpoint.json').read_text())
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:51:36.597024+00:00
restored step: 2 replayed updates: [3, 4, 5, 6, 7, 8]
all next-update state hashes match: True
restored step: 2 replayed updates: [3, 4, 5, 6, 7, 8]
all next-update state hashes match: True
PASS: operations-03

Reject accidental checkpoint corruption
# Reject accidental checkpoint corruption (Transfer / diagnosis): Rejecting corruption is safer and more inspectable than...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    launch(folder,dict(steps=4))
    path=Path(folder)/'checkpoint.json'
    state=json.loads(path.read_text())
    # Accumulate the next contribution into `state['velocity'][0]`.
    state['velocity'][0]+=1.
    path.write_text(json.dumps(state))
    bad=launch(folder,dict(resume=True))
assert bad['status']=='failed'
assert any(e['event']=='failed' and 'checksum' in e['message'] for e in bad['events'])
Rejecting corruption is safer and more inspectable than treating plausible parameter values as evidence of a valid checkpoint.
Explain a weights-only mismatch by hand
# Explain a weights-only mismatch by hand (Transfer / diagnosis): The next loss could initially look close, but the state...
correct=.1*(.8*2+3)
weights_only=.1*3
assert abs(correct-.46)<1e-12 and abs(weights_only-.3)<1e-12
assert abs(correct-weights_only-.16)<1e-12
The next loss could initially look close, but the state transition has already changed.
Checkpoint
Answer: The next and later complete training states match a compatible uninterrupted run. Recovery preserves a continuation, so the first resumed update and subsequent state are the relevant evidence. Startup and a finite scalar loss are much weaker.
Changes, rollback, and artifact provenance
Assembled example code
# Complete runnable example (operations-04)
"""Bounded local JAX subprocess supervisor and lifecycle verifier."""
from pathlib import Path
import hashlib
import json
import math
import os
import subprocess
import sys
import tempfile
import time


def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()


def atomic_json(path, value):
    """Replace one local JSON file only after its bytes have been flushed."""
    path = Path(path)
    path.parent.mkdir(parents=True, exist_ok=True)
    fd, temporary = tempfile.mkstemp(prefix=path.name+'.', suffix='.tmp', dir=path.parent)
    # Run the boundary check and catch the expected exception:
    try:
        # Enter `os.fdopen(fd, 'w')` context block:
        with os.fdopen(fd, 'w') as stream:
            json.dump(value, stream, sort_keys=True, allow_nan=False)
            stream.flush()
            os.fsync(stream.fileno())
        os.replace(temporary, path)
    finally:
        if os.path.exists(temporary):
            os.unlink(temporary)

# This file is materialized only inside the caller-owned temporary run folder.
WORKER = r'''
import hashlib, json, os, sys, time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
root = Path(sys.argv[1])
cfg = json.loads((root/'config.json').read_text())
worker_hash = hashlib.sha256(Path(__file__).read_bytes()).hexdigest()
def emit(event, **fields):
    print(json.dumps(dict(event=event, monotonic_s=time.monotonic(), **fields)), flush=True)
def digest(value):
    return hashlib.sha256(json.dumps(value,sort_keys=True,separators=(',', ':'),allow_nan=False).encode()).hexdigest()
def write_checkpoint(state):
    target = root/'checkpoint.json'
    temporary = root/'checkpoint.pending'
    with temporary.open('w') as stream:
        json.dump(dict(state,checksum=digest(state)),stream,sort_keys=True,allow_nan=False)
        stream.flush()
        os.fsync(stream.fileno())
    os.replace(temporary,target)
    emit('checkpoint',step=state['step'],state_hash=digest(state))
try:
    emit('started',pid=os.getpid(),backend=jax.default_backend(),device_count=jax.device_count())
    if jax.default_backend() != cfg['backend'] or jax.device_count() < cfg['min_devices']:
        raise ValueError('runtime backend/device contract failed')
    x = jnp.linspace(-1.,1.,64)
    y = 2*x+1
    data_hash = digest(dict(x=np.asarray(x).tolist(),y=np.asarray(y).tolist()))
    training = {name:cfg[name] for name in ('seed','learning_rate','momentum','batch_size')}
    config_hash = digest(training)
    if cfg['resume']:
        saved = json.loads((root/'checkpoint.json').read_text())
        checksum = saved.pop('checksum',None)
        if checksum != digest(saved) or saved.get('worker_hash') != worker_hash:
            raise ValueError('checkpoint checksum/source mismatch')
        if saved['schema_version'] != 1 or saved['config_hash'] != config_hash or saved['data_hash'] != data_hash:
            raise ValueError('checkpoint provenance mismatch')
        state = saved
        step = saved['step']
        params=jnp.array(saved['params'])
        velocity=jnp.array(saved['velocity'])
        key=jnp.array(saved['key'],dtype=jnp.uint32)
        if not isinstance(step,int) or isinstance(step,bool) or step < 0 or step > cfg['steps'] or params.shape != (2,) or velocity.shape != (2,) or key.shape != (2,):
            raise ValueError('invalid checkpoint state shape or step')
        if not bool(jnp.all(jnp.isfinite(params))) or not bool(jnp.all(jnp.isfinite(velocity))):
            raise ValueError('nonfinite checkpoint state')
        emit('restored',step=step,state_hash=digest(saved))
    else:
        step=0
        params=jnp.zeros(2)
        velocity=jnp.zeros(2)
        key=jax.random.PRNGKey(cfg['seed'])
    def update(params,velocity,key):
        key, sample = jax.random.split(key)
        indices=jax.random.choice(sample,64,(cfg['batch_size'],),replace=False)
        objective=lambda p:jnp.mean((p[0]*x[indices]+p[1]-y[indices])**2)
        loss, grad=jax.value_and_grad(objective)(params)
        velocity=cfg['momentum']*velocity+grad
        params=params-cfg['learning_rate']*velocity
        return params,velocity,key,loss
    compiled=jax.jit(update)
    # Compile and synchronize once without consuming actual training state.
    begin=time.perf_counter()
    warm=compiled(params,velocity,key)
    jax.block_until_ready(warm)
    emit('ready',compile_warmup_s=time.perf_counter()-begin,step=step)
    while step < cfg['steps']:
        if cfg.get('stall_at') == step:
            emit('stall_injected',step=step)
            time.sleep(cfg.get('stall_seconds',10.))
        begin=time.perf_counter()
        params,velocity,key,loss=compiled(params,velocity,key)
        jax.block_until_ready((params,velocity,key,loss))
        elapsed=time.perf_counter()-begin
        step+=1
        state=dict(schema_version=1,worker_hash=worker_hash,step=step,params=np.asarray(params).tolist(),velocity=np.asarray(velocity).tolist(),key=np.asarray(key).tolist(),config_hash=config_hash,data_hash=data_hash)
        emit('progress',step=step,loss=float(loss),examples=cfg['batch_size'],update_s=elapsed,state_hash=digest(state))
        if step % cfg['checkpoint_every'] == 0 or step == cfg['steps']:
            write_checkpoint(state)
        if cfg.get('fail_after') == step:
            raise RuntimeError('controlled failure after update')
    write_checkpoint(state)
    emit('completed',step=step,state_hash=digest(state))
except Exception as error:
    emit('failed',kind=type(error).__name__,message=str(error))
    raise SystemExit(23)
'''

# Step 3 — Add bounded launch and result collection: The supervisor owns the child handle, captures its output and...
def default_config(**changes):
    cfg=dict(seed=3,learning_rate=.04,momentum=.8,batch_size=8,steps=8,
             checkpoint_every=2,backend='cpu',min_devices=1,resume=False,
             fail_after=None,stall_at=None,stall_seconds=10.)
    # Update state in place with the new values.
    cfg.update(changes)
    for name in ('steps','checkpoint_every','batch_size','min_devices'):
        # Guard input contract (`not isinstance(cfg[name], int) or isinstance(cfg[name], bool) or cfg[name] < 1`) and fail fast if violated.
        if not isinstance(cfg[name],int) or isinstance(cfg[name],bool) or cfg[name] < 1:
            raise ValueError(name+' must be a positive integer')
    # Guard input contract (`cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or (not 0 < cfg['learning_rate'] < 1)`) and fail fast if violated.
    if cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or not 0 < cfg['learning_rate'] < 1:
        raise ValueError('invalid training configuration')
    return cfg


def launch(root, config=None, timeout=10.):
    root=Path(root)
    root.mkdir(parents=True,exist_ok=True)
    cfg=default_config(**(config or {}))
    # Guard input contract (`timeout <= 0`) and fail fast if violated.
    if timeout <= 0:
        raise ValueError('timeout must be positive')
    atomic_json(root/'config.json',cfg)
    worker=root/'worker.py'
    worker.write_text(WORKER)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,JAX_PLATFORMS=cfg['backend'],PYTHONUNBUFFERED='1')
    started=time.perf_counter()
    process=subprocess.Popen([sys.executable,str(worker),str(root)],stdout=subprocess.PIPE,stderr=subprocess.PIPE,text=True,env=env)
    timed_out=False
    try:
        stdout,stderr=process.communicate(timeout=timeout)
    except subprocess.TimeoutExpired:
        timed_out=True
        process.terminate()
        try:
            stdout,stderr=process.communicate(timeout=1.)
        except subprocess.TimeoutExpired:
            process.kill()
            stdout,stderr=process.communicate(timeout=1.)
    wall=time.perf_counter()-started
    events=[]
    malformed=[]
    for line in stdout.splitlines():
        if not line.strip():
            continue
        try:
            event=json.loads(line)
            if not isinstance(event,dict) or 'event' not in event:
                raise ValueError('not an event')
            events.append(event)
        except (ValueError,TypeError):
            malformed.append(line)
    status='timed_out' if timed_out else 'completed' if process.returncode == 0 and not malformed and events and events[-1]['event']=='completed' else 'failed'
    # Compute deterministic cryptographic digest `result` for provenance verification.
    result=dict(status=status,returncode=process.returncode,wall_s=wall,events=events,stderr=stderr,
                worker_hash=hashlib.sha256(WORKER.encode()).hexdigest(),config=cfg,malformed_stdout=malformed)
    atomic_json(root/'run.json',result)
    return result

# Step 4 — Add content-addressed publication and selection: Publication and activation are separate; rollback uses the same...
def publish(store, artifact):
    """Content-address one JSON artifact. Publishing does not activate it."""
    store=Path(store)
    identifier=digest(artifact)
    atomic_json(store/'artifacts'/(identifier+'.json'),artifact)
    return identifier


def read_artifact(store, identifier):
    # Guard input contract (`len(identifier) != 64 or any((c not in '0123456789abcdef' for c in identifier))`) and fail fast if violated.
    if len(identifier) != 64 or any(c not in '0123456789abcdef' for c in identifier):
        raise ValueError('invalid artifact identifier')
    artifact=json.loads((Path(store)/'artifacts'/(identifier+'.json')).read_text())
    # Guard input contract (`digest(artifact) != identifier`) and fail fast if violated.
    if digest(artifact) != identifier:
        raise ValueError('artifact digest mismatch')
    return artifact


def artifact_metrics(artifact):
    """Independent held-out arithmetic for this fixed linear-model release contract."""
    params=artifact.get('state',{}).get('params',[])
    # Guard input contract (`len(params) != 2 or any((not math.isfinite(float(v)) for v in params))`) and fail fast if violated.
    if len(params)!=2 or any(not math.isfinite(float(v)) for v in params):
        raise ValueError('invalid model parameters')
    inputs=(-1.5,-.37,.22,1.5)
    mse=sum((params[0]*x+params[1]-(2*x+1))**2 for x in inputs)/len(inputs)
    return dict(held_out_mse=mse,acceptance_limit=1.,passed=mse<=1.)


def activate(store, identifier):
    artifact=read_artifact(store,identifier)
    # Guard input contract (`artifact.get('validation', {}).get('passed') is not True`) and fail fast if violated.
    if artifact.get('validation',{}).get('passed') is not True:
        raise ValueError('artifact has no passing validation evidence')
    required=['worker_hash','config_hash','data_hash','state']
    # Guard input contract (`any((name not in artifact for name in required))`) and fail fast if violated.
    if any(name not in artifact for name in required):
        raise ValueError('artifact provenance incomplete')
    # Guard input contract (`not artifact_metrics(artifact)['passed']`) and fail fast if violated.
    if not artifact_metrics(artifact)['passed']:
        raise ValueError('held-out model validation failed')
    previous=None
    pointer=Path(store)/'active.json'
    if pointer.exists():previous=json.loads(pointer.read_text())['current']
    atomic_json(pointer,dict(current=identifier,previous=previous))
    return identifier


def rollback(store):
    pointer=json.loads((Path(store)/'active.json').read_text())
    # Guard input contract (`not pointer.get('previous')`) and fail fast if violated.
    if not pointer.get('previous'):raise ValueError('no previous version')
    return activate(store,pointer['previous'])

# Step 5 — Rehearse a local release and rollback: The artifact contains a checkpoint from an actual successful JAX job.
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='ops-release-') as folder:
    base=Path(folder)
    run=launch(base/'run')
    state=json.loads((base/'run'/'checkpoint.json').read_text())
    store=base/'registry'
    artifact=dict(worker_hash=run['worker_hash'],config_hash=state['config_hash'],data_hash=state['data_hash'],state=state,validation={'passed':True,'check':'completed CPU fixture and checksum'})
    version_a=publish(store,artifact)
    assert not (store/'active.json').exists()
    activate(store,version_a)
    version_b=publish(store,dict(artifact,release_note='reviewed metadata revision'))
    activate(store,version_b)
    rejected=publish(store,dict(artifact,validation={'passed':False}))
    before=(store/'active.json').read_bytes()
    try:
        activate(store,rejected)
    except ValueError:
        rejected_without_change=(store/'active.json').read_bytes()==before
    else:
        raise AssertionError('bad release activated')
    assert rejected_without_change
    assert rollback(store)==version_a
    chosen=json.loads((store/'active.json').read_text())
    assert chosen['current']==version_a
print('first / second content IDs:',version_a,version_b)
print('failed gate kept selection:',rejected_without_change,'rollback restored first:',chosen['current']==version_a)
Exercise solution
# Exercise solution: Publish two compatible validated artifacts that differ in an explicit...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    one=publish(folder,dict(artifact,release_note='candidate one'))
    two=publish(folder,dict(artifact,release_note='candidate two'))
    activate(folder,one)
    activate(folder,two)
    assert rollback(folder)==one
    assert read_artifact(folder,one)['release_note']=='candidate one'
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:51:39.679728+00:00
first / second content IDs: 810b956e3376228ff3c1f03f469feb3ab26653b488ba51271e82277672590b80 aed1378a7842598237e59c5d189b13d486068b6284d9c1ca3d4e865866ba6990
failed gate kept selection: True rollback restored first: True
first / second content IDs: 810b956e3376228ff3c1f03f469feb3ab26653b488ba51271e82277672590b80 aed1378a7842598237e59c5d189b13d486068b6284d9c1ca3d4e865866ba6990
failed gate kept selection: True rollback restored first: True
PASS: operations-04

Reject an incomplete provenance record
# Reject an incomplete provenance record (Transfer / diagnosis): The gate establishes only the declared local contract; it...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    incomplete=dict(artifact)
    del incomplete['worker_hash']
    identifier=publish(folder,incomplete)
    # Run the boundary check and catch the expected exception:
    try:
        activate(folder,identifier)
    except ValueError:
        pass
    else:
        raise AssertionError('missing provenance accepted')
The gate establishes only the declared local contract; it still does not authenticate who supplied those claims.
Check rollback without history
# Check rollback without history (Transfer / diagnosis): A runbook needs a defined failure path when no compatible...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    identifier=publish(folder,artifact)
    activate(folder,identifier)
    before=(Path(folder)/'active.json').read_bytes()
    # Run the boundary check and catch the expected exception:
    try:
        rollback(folder)
    except ValueError:
        pass
    else:
        raise AssertionError('invented rollback history')
    assert before==(Path(folder)/'active.json').read_bytes()
A runbook needs a defined failure path when no compatible previous version is available.
Checkpoint
Answer: The payload matches its recorded content identity. A digest is an integrity/identity mechanism. Quality evaluation and authenticated authority require separate evidence and controls.
Capacity, utilization, and operating cost
Assembled example code
# Complete runnable example (operations-05)
"""Bounded local JAX subprocess supervisor and lifecycle verifier."""
from pathlib import Path
import hashlib
import json
import math
import os
import subprocess
import sys
import tempfile
import time


def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()


def atomic_json(path, value):
    """Replace one local JSON file only after its bytes have been flushed."""
    path = Path(path)
    path.parent.mkdir(parents=True, exist_ok=True)
    fd, temporary = tempfile.mkstemp(prefix=path.name+'.', suffix='.tmp', dir=path.parent)
    # Run the boundary check and catch the expected exception:
    try:
        # Enter `os.fdopen(fd, 'w')` context block:
        with os.fdopen(fd, 'w') as stream:
            json.dump(value, stream, sort_keys=True, allow_nan=False)
            stream.flush()
            os.fsync(stream.fileno())
        os.replace(temporary, path)
    finally:
        if os.path.exists(temporary):
            os.unlink(temporary)

# This file is materialized only inside the caller-owned temporary run folder.
WORKER = r'''
import hashlib, json, os, sys, time
from pathlib import Path
import jax
import jax.numpy as jnp
import numpy as np
root = Path(sys.argv[1])
cfg = json.loads((root/'config.json').read_text())
worker_hash = hashlib.sha256(Path(__file__).read_bytes()).hexdigest()
def emit(event, **fields):
    print(json.dumps(dict(event=event, monotonic_s=time.monotonic(), **fields)), flush=True)
def digest(value):
    return hashlib.sha256(json.dumps(value,sort_keys=True,separators=(',', ':'),allow_nan=False).encode()).hexdigest()
def write_checkpoint(state):
    target = root/'checkpoint.json'
    temporary = root/'checkpoint.pending'
    with temporary.open('w') as stream:
        json.dump(dict(state,checksum=digest(state)),stream,sort_keys=True,allow_nan=False)
        stream.flush()
        os.fsync(stream.fileno())
    os.replace(temporary,target)
    emit('checkpoint',step=state['step'],state_hash=digest(state))
try:
    emit('started',pid=os.getpid(),backend=jax.default_backend(),device_count=jax.device_count())
    if jax.default_backend() != cfg['backend'] or jax.device_count() < cfg['min_devices']:
        raise ValueError('runtime backend/device contract failed')
    x = jnp.linspace(-1.,1.,64)
    y = 2*x+1
    data_hash = digest(dict(x=np.asarray(x).tolist(),y=np.asarray(y).tolist()))
    training = {name:cfg[name] for name in ('seed','learning_rate','momentum','batch_size')}
    config_hash = digest(training)
    if cfg['resume']:
        saved = json.loads((root/'checkpoint.json').read_text())
        checksum = saved.pop('checksum',None)
        if checksum != digest(saved) or saved.get('worker_hash') != worker_hash:
            raise ValueError('checkpoint checksum/source mismatch')
        if saved['schema_version'] != 1 or saved['config_hash'] != config_hash or saved['data_hash'] != data_hash:
            raise ValueError('checkpoint provenance mismatch')
        state = saved
        step = saved['step']
        params=jnp.array(saved['params'])
        velocity=jnp.array(saved['velocity'])
        key=jnp.array(saved['key'],dtype=jnp.uint32)
        if not isinstance(step,int) or isinstance(step,bool) or step < 0 or step > cfg['steps'] or params.shape != (2,) or velocity.shape != (2,) or key.shape != (2,):
            raise ValueError('invalid checkpoint state shape or step')
        if not bool(jnp.all(jnp.isfinite(params))) or not bool(jnp.all(jnp.isfinite(velocity))):
            raise ValueError('nonfinite checkpoint state')
        emit('restored',step=step,state_hash=digest(saved))
    else:
        step=0
        params=jnp.zeros(2)
        velocity=jnp.zeros(2)
        key=jax.random.PRNGKey(cfg['seed'])
    def update(params,velocity,key):
        key, sample = jax.random.split(key)
        indices=jax.random.choice(sample,64,(cfg['batch_size'],),replace=False)
        objective=lambda p:jnp.mean((p[0]*x[indices]+p[1]-y[indices])**2)
        loss, grad=jax.value_and_grad(objective)(params)
        velocity=cfg['momentum']*velocity+grad
        params=params-cfg['learning_rate']*velocity
        return params,velocity,key,loss
    compiled=jax.jit(update)
    # Compile and synchronize once without consuming actual training state.
    begin=time.perf_counter()
    warm=compiled(params,velocity,key)
    jax.block_until_ready(warm)
    emit('ready',compile_warmup_s=time.perf_counter()-begin,step=step)
    while step < cfg['steps']:
        if cfg.get('stall_at') == step:
            emit('stall_injected',step=step)
            time.sleep(cfg.get('stall_seconds',10.))
        begin=time.perf_counter()
        params,velocity,key,loss=compiled(params,velocity,key)
        jax.block_until_ready((params,velocity,key,loss))
        elapsed=time.perf_counter()-begin
        step+=1
        state=dict(schema_version=1,worker_hash=worker_hash,step=step,params=np.asarray(params).tolist(),velocity=np.asarray(velocity).tolist(),key=np.asarray(key).tolist(),config_hash=config_hash,data_hash=data_hash)
        emit('progress',step=step,loss=float(loss),examples=cfg['batch_size'],update_s=elapsed,state_hash=digest(state))
        if step % cfg['checkpoint_every'] == 0 or step == cfg['steps']:
            write_checkpoint(state)
        if cfg.get('fail_after') == step:
            raise RuntimeError('controlled failure after update')
    write_checkpoint(state)
    emit('completed',step=step,state_hash=digest(state))
except Exception as error:
    emit('failed',kind=type(error).__name__,message=str(error))
    raise SystemExit(23)
'''

# Step 3 — Add bounded launch and result collection: The supervisor owns the child handle, captures its output and...
def default_config(**changes):
    cfg=dict(seed=3,learning_rate=.04,momentum=.8,batch_size=8,steps=8,
             checkpoint_every=2,backend='cpu',min_devices=1,resume=False,
             fail_after=None,stall_at=None,stall_seconds=10.)
    # Update state in place with the new values.
    cfg.update(changes)
    for name in ('steps','checkpoint_every','batch_size','min_devices'):
        # Guard input contract (`not isinstance(cfg[name], int) or isinstance(cfg[name], bool) or cfg[name] < 1`) and fail fast if violated.
        if not isinstance(cfg[name],int) or isinstance(cfg[name],bool) or cfg[name] < 1:
            raise ValueError(name+' must be a positive integer')
    # Guard input contract (`cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or (not 0 < cfg['learning_rate'] < 1)`) and fail fast if violated.
    if cfg['batch_size'] > 64 or not 0 <= cfg['momentum'] < 1 or not 0 < cfg['learning_rate'] < 1:
        raise ValueError('invalid training configuration')
    return cfg


def launch(root, config=None, timeout=10.):
    root=Path(root)
    root.mkdir(parents=True,exist_ok=True)
    cfg=default_config(**(config or {}))
    # Guard input contract (`timeout <= 0`) and fail fast if violated.
    if timeout <= 0:
        raise ValueError('timeout must be positive')
    atomic_json(root/'config.json',cfg)
    worker=root/'worker.py'
    worker.write_text(WORKER)
    # Configure environment variable before initializing the runtime.
    env=dict(os.environ,JAX_PLATFORMS=cfg['backend'],PYTHONUNBUFFERED='1')
    started=time.perf_counter()
    process=subprocess.Popen([sys.executable,str(worker),str(root)],stdout=subprocess.PIPE,stderr=subprocess.PIPE,text=True,env=env)
    timed_out=False
    try:
        stdout,stderr=process.communicate(timeout=timeout)
    except subprocess.TimeoutExpired:
        timed_out=True
        process.terminate()
        try:
            stdout,stderr=process.communicate(timeout=1.)
        except subprocess.TimeoutExpired:
            process.kill()
            stdout,stderr=process.communicate(timeout=1.)
    wall=time.perf_counter()-started
    events=[]
    malformed=[]
    for line in stdout.splitlines():
        if not line.strip():
            continue
        try:
            event=json.loads(line)
            if not isinstance(event,dict) or 'event' not in event:
                raise ValueError('not an event')
            events.append(event)
        except (ValueError,TypeError):
            malformed.append(line)
    status='timed_out' if timed_out else 'completed' if process.returncode == 0 and not malformed and events and events[-1]['event']=='completed' else 'failed'
    # Compute deterministic cryptographic digest `result` for provenance verification.
    result=dict(status=status,returncode=process.returncode,wall_s=wall,events=events,stderr=stderr,
                worker_hash=hashlib.sha256(WORKER.encode()).hexdigest(),config=cfg,malformed_stdout=malformed)
    atomic_json(root/'run.json',result)
    return result

# Step 4 — Add metric summaries and capacity arithmetic: Keep measured quantities separate from invented planning inputs...
def summarize(result):
    updates=[e for e in result['events'] if e['event']=='progress']
    checkpoints=[e['step'] for e in result['events'] if e['event']=='checkpoint']
    count=sum(e['examples'] for e in updates)
    update_s=sum(e['update_s'] for e in updates)
    latest=max((e['step'] for e in updates),default=0)
    checkpoint=max(checkpoints,default=0)
    return dict(status=result['status'],updates=len(updates),examples=count,last_step=latest,checkpoint_step=checkpoint,
                uncheckpointed_updates=max(0,latest-checkpoint),update_s=update_s,
                update_examples_per_s=count/update_s if update_s else 0.,
                job_examples_per_s=count/result['wall_s'] if result['wall_s'] else 0.,
                update_duty_fraction=update_s/result['wall_s'] if result['wall_s'] else 0.)

def capacity(measured_job_s, arrivals_per_hour, workers, hourly_rate, reserve_fraction=.25):
    """Illustrative one-job-per-worker plan; inputs are not cloud price discovery."""
    values=[measured_job_s,arrivals_per_hour,hourly_rate,reserve_fraction]
    # Guard input contract (`any((not math.isfinite(x) for x in values)) or measured_job_s <= 0 or arrivals_per_hour < 0 or (hourly_rate < 0)`) and fail fast if violated.
    if any(not math.isfinite(x) for x in values) or measured_job_s <= 0 or arrivals_per_hour < 0 or hourly_rate < 0:
        raise ValueError('invalid finite capacity inputs')
    # Guard input contract (`not isinstance(workers, int) or isinstance(workers, bool) or workers < 1 or (not 0 <= reserve_fraction < 1)`) and fail fast if violated.
    if not isinstance(workers,int) or isinstance(workers,bool) or workers < 1 or not 0 <= reserve_fraction < 1:
        raise ValueError('invalid workers or reserve')
    offered=arrivals_per_hour*measured_job_s/3600
    load=offered/workers
    required=max(1,math.ceil(offered/(1-reserve_fraction)))
    return dict(offered_worker_hours_per_hour=offered,load_fraction=load,
                minimum_workers_with_reserve=required,hourly_budget=workers*hourly_rate,
                hypothetical_cost_per_job=measured_job_s*hourly_rate/3600,
                within_reserve=load <= 1-reserve_fraction)

# Step 5 — Measure jobs before evaluating assumptions: Every duration comes from a completed child; arrival and price...
samples=[]
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='ops-capacity-') as folder:
    for steps in [8,32,64]:
        run=launch(Path(folder)/str(steps),dict(steps=steps))
        assert run['status']=='completed'
        samples.append((steps,run,summarize(run)))
measured=max(run['wall_s'] for _,run,_ in samples)
plan=capacity(measured_job_s=measured,arrivals_per_hour=600,workers=2,hourly_rate=1.5,reserve_fraction=.25)
assert plan['hourly_budget']==3.
print('measured local job seconds:',[r['wall_s'] for _,r,_ in samples])
print('illustrative capacity plan:',plan)
print('assumptions: 600 arrivals/hour, 2 workers, hypothetical 1.50 per worker-hour, 25% reserve')
Exercise solution
# Exercise solution: Using the measured service-time input, calculate the minimum worker...
changed=capacity(measured,1200,2,1.5,.4)
required=changed['minimum_workers_with_reserve']
demand=1200*measured/3600
assert demand/required <= .6 + 1e-12
if required>1: assert demand/(required-1) > .6
print('required workers under changed hypothetical reserve:',required)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:51:47.444738+00:00
measured local job seconds: [0.543132500257343, 0.5599589156918228, 0.5557856247760355]
illustrative capacity plan: {'offered_worker_hours_per_hour': 0.09332648594863713, 'load_fraction': 0.046663242974318564, 'minimum_workers_with_reserve': 1, 'hourly_budget': 3.0, 'hypothetical_cost_per_job': 0.0002333162148715928, 'within_reserve': True}
assumptions: 600 arrivals/hour, 2 workers, hypothetical 1.50 per worker-hour, 25% reserve
measured local job seconds: [0.6144686662591994, 0.5638747080229223, 0.5770753328688443]
illustrative capacity plan: {'offered_worker_hours_per_hour': 0.10241144437653323, 'load_fraction': 0.05120572218826661, 'minimum_workers_with_reserve': 1, 'hourly_budget': 3.0, 'hypothetical_cost_per_job': 0.00025602861094133306, 'within_reserve': True}
assumptions: 600 arrivals/hour, 2 workers, hypothetical 1.50 per worker-hour, 25% reserve
nominal load at two demand scenarios: 0.05120572218826661 0.10241144437653323
required workers under changed hypothetical reserve: 1
PASS: operations-05

Account for failed attempts
# Account for failed attempts (Transfer / diagnosis): Failure overhead belongs in the budget even when it does not...
per_attempt=measured*1.5/3600
per_completion=125*per_attempt/100
assert abs(per_completion-1.25*per_attempt)<1e-12
Failure overhead belongs in the budget even when it does not count as successful throughput.
Reject impossible capacity inputs
# Reject impossible capacity inputs (Transfer / diagnosis): Input validation makes the assumptions visible and prevents...
for change in [dict(reserve_fraction=1.),dict(workers=0),dict(measured_job_s=float('nan'))]:
    inputs=dict(measured_job_s=measured,arrivals_per_hour=600,workers=2,hourly_rate=1.5)
    inputs.update(change)
    # Run the boundary check and catch the expected exception:
    try:capacity(**inputs)
    except ValueError:pass
    else:raise AssertionError('invalid plan accepted')
Input validation makes the assumptions visible and prevents numeric output from looking authoritative when the inputs are invalid.
Checkpoint
Answer: The fraction of local job wall time inside synchronized updates. The timing boundary is an application measurement. Hardware occupancy and queue latency require additional evidence from the actual target workload.
MLOps: data contracts, CI gates and monitoring
Assembled example code
# Step 1 — Prepare the explicit contract: The fixture gives every observation an ID, a source group and a split.
import hashlib, json, math

# Step 2 — Run and inspect the controlled experiment: The input mix changes from [0.9,0.1] to [0.5,0.5] across two...
def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()

def validate_rows(rows):
    """An observation has a stable identity, split, group, input and target."""
    # Guard input contract (`not rows`) and fail fast if violated.
    if not rows:
        raise ValueError('empty dataset')
    ids = set()
    groups = {}
    for row in rows:
        # Guard input contract (`set(row) != {'id', 'group', 'split', 'x', 'y'}`) and fail fast if violated.
        if set(row) != {'id', 'group', 'split', 'x', 'y'}:
            raise ValueError('schema mismatch')
        # Guard input contract (`not isinstance(row['id'], str) or not row['id'] or row['id'] in ids`) and fail fast if violated.
        if not isinstance(row['id'], str) or not row['id'] or row['id'] in ids:
            raise ValueError('duplicate or empty ID')
        # Guard input contract (`not isinstance(row['group'], str) or not row['group']`) and fail fast if violated.
        if not isinstance(row['group'], str) or not row['group']:
            raise ValueError('missing source group')
        # Guard input contract (`row['split'] not in {'train', 'validation', 'test'}`) and fail fast if violated.
        if row['split'] not in {'train', 'validation', 'test'}:
            raise ValueError('unknown split')
        for name in ['x', 'y']:
            # Guard input contract (`isinstance(row[name], bool) or not isinstance(row[name], (float, int)) or (not math.isfinite(row[name]))`) and fail fast if violated.
            if isinstance(row[name], bool) or not isinstance(row[name], (float, int)) or not math.isfinite(row[name]):
                raise ValueError('nonfinite or nonnumeric observation')
        # Guard input contract (`row['group'] in groups and groups[row['group']] != row['split']`) and fail fast if violated.
        if row['group'] in groups and groups[row['group']] != row['split']:
            raise ValueError('source group leaks between splits')
        # Execute `ids.add(row['id'])`
        ids.add(row['id'])
        groups[row['group']] = row['split']
    return digest(rows)

def gate_metrics(errors, slices, limit):
    """Count-weighted MSE plus every required slice; no empty-slice pass."""
    # Guard input contract (`len(errors) != len(slices) or not errors or (not math.isfinite(limit)) or (limit < 0)`) and fail fast if violated.
    if len(errors) != len(slices) or not errors or not math.isfinite(limit) or limit < 0:
        raise ValueError('invalid metric contract')
    # Guard input contract (`any((not math.isfinite(e) or e < 0 for e in errors))`) and fail fast if violated.
    if any(not math.isfinite(e) or e < 0 for e in errors):
        raise ValueError('invalid squared error')
    # Guard input contract (`not set(slices) <= {'low', 'high'}`) and fail fast if violated.
    if not set(slices) <= {'low', 'high'}:
        raise ValueError('unknown slice')
    result = {name: {'count': slices.count(name), 'mse': None} for name in ['low', 'high']}
    for name, item in result.items():
        selected = [e for e, s in zip(errors, slices) if s == name]
        if selected: item['mse'] = math.fsum(selected) / len(selected)
    result['overall'] = {'count': len(errors), 'mse': math.fsum(errors) / len(errors)}
    result['passed'] = all(v['count'] > 0 and v['mse'] <= limit for v in result.values())
    return result

rows = [dict(id=f'r{i}', group=f'g{i}', split='train' if i<4 else 'validation', x=float(i), y=2.*i+1.) for i in range(6)]
fingerprint = validate_rows(rows)
# Accumulate the next contribution into `changed[-1]['x']`.
changed = [dict(r) for r in rows]
changed[-1]['x'] += 1
assert validate_rows(changed) != fingerprint
leaked = [dict(r) for r in rows]
leaked[-1]['group'] = rows[0]['group']
# Run the boundary check and catch the expected exception:
try:
    validate_rows(leaked)
except ValueError:
    pass
else:
    raise AssertionError('cross-split source leakage accepted')
errors = [.01] * 9 + [4.]
slices = ['low'] * 9 + ['high']
metrics = gate_metrics(errors, slices, .5)
assert math.isclose(metrics['overall']['mse'], .409)
assert metrics['overall']['mse'] < .5 and not metrics['passed']
assert metrics['high']['count'] == 1 and metrics['high']['mse'] == 4.
assert not gate_metrics([.01]*9, ['low']*9, .5)['passed']
# Total variation on two declared bins: changed input mix is a diagnostic, not proof of degraded accuracy.
reference_mix = [.9, .1]
current_mix = [.5, .5]
shift = .5 * sum(abs(a-b) for a,b in zip(reference_mix,current_mix))
assert math.isclose(shift, .4)
print('Overall MSE:',metrics['overall']['mse'],'high-slice MSE:',metrics['high']['mse'],'release:',metrics['passed'])
print('Two-bin input total variation:',shift,'(requires investigation; not an automatic retraining order)')
Exercise solution
# Exercise solution: Show that averaging slice means without counts changes the overall error.
wrong=(metrics['low']['mse']+metrics['high']['mse'])/2
assert math.isclose(wrong,2.005) and not math.isclose(wrong,metrics['overall']['mse'])
print('Unweighted slice average:',wrong)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:51:48.399230+00:00
Overall MSE: 0.409 high-slice MSE: 4.0 release: False
Two-bin input total variation: 0.4 (requires investigation; not an automatic retraining order)
Overall MSE: 0.409 high-slice MSE: 4.0 release: False
Two-bin input total variation: 0.4 (requires investigation; not an automatic retraining order)
Aggregate-only acceptance would miss the high-slice failure.
Unweighted slice average: 2.005
New population MSE: 3.601
PASS: operations-06

Change the population mix
# Change the population mix (transfer): Aggregate performance changes with population mix even when...
shifted=gate_metrics([.01]+[4.]*9,['low']+['high']*9,.5)
assert math.isclose(shifted['overall']['mse'],3.601)
assert shifted['high']['mse']==metrics['high']['mse']
print('New population MSE:',shifted['overall']['mse'])
Aggregate performance changes with population mix even when each slice’s error is unchanged. Report both before attributing the change to a model regression.
Checkpoint
Answer: Investigate the change and gather quality evidence before choosing a response.. MLOps connects data validation, training, evaluation, packaging, delivery and monitoring. Continuous integration tests code and contracts; model promotion additionally needs data and quality evidence. Automatic retraining is a policy decision, not the inevitable response to any drift alert.
LLMOps: version prompts, evaluate behavior and trace requests
Assembled example code
# Step 1 — Prepare the explicit contract: For a text generator, record the model revision, tokenizer, prompt...
import os
# Configure environment variable before initializing the runtime.
os.environ["MLFLOW_DISABLE_AGENT_HINT"]="1"
# Configure environment variable before initializing the runtime.
os.environ["MLFLOW_ENABLE_ASYNC_TRACE_LOGGING"]="false"
# Configure environment variable before initializing the runtime.
os.environ["MLFLOW_ENABLE_TELEMETRY"]="false"
# Import required JAX, NumPy, and standard-library modules.
import tempfile
from pathlib import Path
import mlflow
from mlflow import MlflowClient

# Step 2 — Run and inspect the controlled experiment: A trace connects one request’s spans: retrieval, model invocation,...
def llm_case(case, answer, allowed_citations):
    """Deterministic replay evaluator, not an LLM judge or a general safety classifier."""
    if set(answer) != {'answer', 'citations', 'abstain'} or not isinstance(answer['answer'], str):
        return False
    if not isinstance(answer['citations'], list) or any(not isinstance(c, str) for c in answer['citations']):
        return False
    if type(answer['abstain']) is not bool or not set(answer['citations']) <= set(allowed_citations):
        return False
    if case['unanswerable']:
        return answer['abstain'] and not answer['citations'] and answer['answer'] == ''
    return not answer['abstain'] and answer['answer'] == case['expected'] and case['document'] in answer['citations']

cases = [dict(id=f'answerable-{i}', unanswerable=False, expected='CPU', document='course-v1') for i in range(9)]
# Accumulate the next contribution into `cases`.
cases += [dict(id='unsupported', unanswerable=True)]
answer = dict(answer='CPU', citations=['course-v1'], abstain=False)
unsafe = [dict(answer) for _ in cases]
guarded = [dict(answer) for _ in cases[:-1]] + [dict(answer='', citations=[], abstain=True)]
results = []
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='llmops-') as folder:
    # Execute `mlflow.set_tracking_uri('sqlite:///' + str(Path(folder) / 'traces.db'))`.
    mlflow.set_tracking_uri('sqlite:///' + str(Path(folder) / 'traces.db'))
    client = MlflowClient()
    experiment = client.create_experiment('replay-evaluation', artifact_location=(Path(folder)/'artifacts').as_uri())
    mlflow.set_experiment(experiment_id=experiment)
    for name,replies in [('always-answer',unsafe),('contract-aware',guarded)]:
        with mlflow.start_span(name='evaluate-replay', span_type='CHAIN') as span:
            span.set_inputs({'candidate': name, 'dataset_version': 'public-fixture-v1', 'case_count': len(cases)})
            passed = [llm_case(case, reply, ['course-v1']) for case,reply in zip(cases,replies)]
            summary = {'overall': sum(passed)/len(passed), 'answerable': sum(passed[:-1])/9, 'unanswerable': float(passed[-1])}
            span.set_outputs(summary)
            results.append(summary)
    traces = mlflow.search_traces(experiment_ids=[experiment], return_type='list')
    assert len(traces) == 2
assert results[0] == {'overall': .9, 'answerable': 1., 'unanswerable': 0.}
assert results[1] == {'overall': 1., 'answerable': 1., 'unanswerable': 1.}
assert not llm_case(cases[0],dict(answer='CPU',citations=['invented'],abstain=False),['course-v1'])
print('Observed replay scores:', results)
print('Two real MLflow traces; no LLM API was called and no general model quality was evaluated.')
Exercise solution
# Exercise solution: Add a response with an invented citation and require the evaluator to...
for citation in ['invented','old-index-v0']:
    assert not llm_case(cases[0],dict(answer='CPU',citations=[citation],abstain=False),['course-v1'])
print('Unrecognized citations rejected.')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:51:53.818799+00:00
Observed replay scores: [{'overall': 0.9, 'answerable': 1.0, 'unanswerable': 0.0}, {'overall': 1.0, 'answerable': 1.0, 'unanswerable': 1.0}]
Two real MLflow traces; no LLM API was called and no general model quality was evaluated.
Observed replay scores: [{'overall': 0.9, 'answerable': 1.0, 'unanswerable': 0.0}, {'overall': 1.0, 'answerable': 1.0, 'unanswerable': 1.0}]
Two real MLflow traces; no LLM API was called and no general model quality was evaluated.
Release decisions: [False, True]
Complete inventory: {'count': 10, 'passed': 9, 'fraction': 0.9} ; missing, duplicate and unknown responses rejected.
Unrecognized citations rejected.
An abstention flag alone does not satisfy the output contract.
Failed answerable work remains in denominator: {'count': 10, 'passed': 9, 'fraction': 0.9}
PASS: operations-07

Check abstention structure
# Check abstention structure (transfer): Validate the full response object; a boolean alone cannot...
bad=dict(answer='An unsupported claim',citations=[],abstain=True)
assert not llm_case(cases[-1],bad,['course-v1'])
print('An abstention flag alone does not satisfy the output contract.')
Validate the full response object; a boolean alone is distinct from that the application withheld an answer.
Keep failed work in the evaluation inventory
# Keep failed work in the evaluation inventory (Transfer): The fixture represents an unsuccessful answer as an empty...
timeout_replies = [{'id': case['id'], 'response': dict(reply)} for case, reply in zip(cases, guarded)]
timeout_replies[0]['response'] = dict(answer='', citations=[], abstain=True)
timeout_summary = score_replay(cases, timeout_replies, ['course-v1'])
assert timeout_summary == {'count': 10, 'passed': 9, 'fraction': .9}
print('Failed answerable work remains in denominator:', timeout_summary)
The fixture represents an unsuccessful answer as an empty abstention. A real trace should additionally distinguish timeout, retrieval failure and deliberate abstention as causes, while retaining all cases in the predeclared metric.
Checkpoint
Answer: The evaluator accepts these fixtures; live model and held-out application evaluation remain separate.. LLMOps versions the whole application: model and tokenizer, prompt, retrieval corpus and index, tools, decoding configuration, evaluators and runtime. A model weight version alone cannot reproduce a retrieval-augmented or tool-using answer.
ModelOps: own, approve, roll back and retire a model
Assembled example code
# Step 1 — Prepare the explicit contract: Record the model artifact, data/evaluation identity, image digest,...
import hashlib, json, math, tempfile
from pathlib import Path

# Step 2 — Run and inspect the controlled experiment: A registry alias chooses a version.
def digest(value):
    return hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':'), allow_nan=False).encode()).hexdigest()

def approval_for(bundle, actor, now, expires):
    # Guard input contract (`not actor or expires <= now`) and fail fast if violated.
    if not actor or expires <= now:
        raise ValueError('invalid reviewer or expiry')
    return {'bundle_hash': digest(bundle), 'reviewer': actor, 'approved_at': now, 'expires_at': expires}

def verify_release(bundle, approval, now, target):
    required = {'model_hash', 'data_hash', 'evaluation_hash', 'image_digest', 'owner', 'target', 'passed'}
    # Guard input contract (`set(bundle) != required or bundle['passed'] is not True or (not bundle['owner']) or (bundle['target'] != target)`) and fail fast if violated.
    if set(bundle) != required or bundle['passed'] is not True or not bundle['owner'] or bundle['target'] != target:
        raise ValueError('release contract rejected')
    for key in ['model_hash', 'data_hash', 'evaluation_hash']:
        value = bundle[key]
        # Guard input contract (`not isinstance(value, str) or len(value) != 64 or any((c not in '0123456789abcdef' for c in value))`) and fail fast if violated.
        if not isinstance(value, str) or len(value) != 64 or any(c not in '0123456789abcdef' for c in value):
            raise ValueError('invalid content digest')
    image = bundle['image_digest']
    # Guard input contract (`not isinstance(image, str) or not image.startswith('sha256:') or len(image) != 71 or any((c not in '0123456789abcdef' for c in image[7:]))`) and fail fast if violated.
    if not isinstance(image, str) or not image.startswith('sha256:') or len(image) != 71 or any(c not in '0123456789abcdef' for c in image[7:]):
        raise ValueError('resolve a real container digest before approval')
    # Guard input contract (`approval.get('bundle_hash') != digest(bundle) or not approval.get('reviewer')`) and fail fast if violated.
    if approval.get('bundle_hash') != digest(bundle) or not approval.get('reviewer'):
        raise ValueError('approval belongs to another release')
    # Guard input contract (`not approval['approved_at'] <= now < approval['expires_at']`) and fail fast if violated.
    if not approval['approved_at'] <= now < approval['expires_at']:
        raise ValueError('approval is not currently valid')
    return True

def activate(store, version, bundle, approval, now, target):
    """A single-writer local fixture; a deployed service needs concurrency control and auth."""
    verify_release(bundle, approval, now, target)
    store = Path(store)
    store.mkdir(parents=True, exist_ok=True)
    pointer = store / 'active.json'
    previous = json.loads(pointer.read_text())['current'] if pointer.exists() else None
    selected = {'current': version, 'previous': previous, 'bundle_hash': digest(bundle)}
    temporary = store / 'active.tmp'
    temporary.write_text(json.dumps(selected))
    temporary.replace(pointer)
    return selected

# Compute deterministic cryptographic digest `bundle` for provenance verification.
bundle = dict(model_hash=digest({'weight':2,'bias':1}), data_hash=digest(['fixture-v1']), evaluation_hash=digest({'high_slice_mse':.01}), image_digest='sha256:'+'1'*64, owner='course-team', target='cpu-demo', passed=True)
# This image digest is a format-valid fixture. Real releases must use the observed build digest.
approval = approval_for(bundle,'reviewer-fixture',now=100,expires=200)
checks = [True]
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix='modelops-') as folder:
    active = activate(folder,'model-v1',bundle,approval,150,'cpu-demo')
    pointer = Path(folder)/'active.json'
    before = pointer.read_bytes()
    for candidate,at,target in [(dict(bundle,model_hash=digest({'weight':3})),150,'cpu-demo'), (bundle,200,'cpu-demo'), (bundle,150,'edge-device')]:
        # Run the boundary check and catch the expected exception:
        try:
            activate(folder,'rejected-v2',candidate,approval,at,target)
        except ValueError:
            checks.append(False)
        else:
            raise AssertionError('invalid release activated')
        assert pointer.read_bytes() == before
assert checks == [True,False,False,False]
print('Accepted original / changed artifact / expired approval / wrong target:',checks)
print('All failed gates preserved the selected version. This fixture does not authenticate reviewers.')
Exercise solution
# Exercise solution: Change the evaluation hash while keeping the model unchanged, and...
rechecked=dict(bundle,evaluation_hash=digest({'high_slice_mse':9.}))
# Run the boundary check and catch the expected exception:
try:
    verify_release(rechecked,approval,150,'cpu-demo')
except ValueError:
    print('Changed evaluation invalidates the old approval.')
else:
    raise AssertionError('stale approval accepted')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:51:54.787441+00:00
Accepted original / changed artifact / expired approval / wrong target: [True, False, False, False]
All failed gates preserved the selected version. This fixture does not authenticate reviewers.
Accepted original / changed artifact / expired approval / wrong target: [True, False, False, False]
Accepted original / changed artifact / expired approval / wrong target: [True, False, False, False]
All failed gates preserved the selected version. This fixture does not authenticate reviewers.
Expiry is exclusive: 199 accepted, 200 rejected.
Changed evaluation invalidates the old approval.
Ownership change requires renewed review.
PASS: operations-08

Review a changed owner
# Review a changed owner (transfer): Ownership is an operational responsibility, so this policy...
changed_owner=dict(bundle,owner='different-team')
assert digest(changed_owner)!=approval['bundle_hash']
# Run the boundary check and catch the expected exception:
try:
    verify_release(changed_owner,approval,150,'cpu-demo')
except ValueError:
    print('Ownership change requires renewed review.')
else:
    raise AssertionError('changed owner accepted')
Ownership is an operational responsibility, so this policy requires review after it changes. Organizations may choose different policies, but the rule must be explicit.
Checkpoint
Answer: No. The fixture checks binding and expiry; trusted identity and authorization are separate requirements.. Here ModelOps means the operational ownership of models across their lifecycle: inventory, intended use, review, deployment status, monitoring, incident response and retirement. Teams use overlapping MLOps and ModelOps terms; the useful distinction is the responsibility and evidence each process owns.
Masked language modeling: predict hidden tokens
Assembled example code
# Step 1 — 1. Define corruption and the selected-token objective: The functions separate the input boundary from the differentiable...
import jax
import jax.numpy as jnp
import numpy as np

def masked_ce(logits, targets, selected):
    # Caller validates a nonempty mask before a transformed training step.
    logp = jax.nn.log_softmax(logits, axis=-1)
    nll = -jnp.take_along_axis(logp, targets[..., None], axis=-1)[..., 0]
    return jnp.sum(jnp.where(selected, nll, 0.0)) / jnp.sum(selected)

def validate_mask(selected, shape):
    # Convert `a` to a host NumPy array for inspection or verification.
    a = np.asarray(selected)
    # Guard input contract (`a.shape != shape or a.dtype != np.bool_ or (not a.any())`) and fail fast if violated.
    if a.shape != shape or a.dtype != np.bool_ or not a.any():
        raise ValueError('a nonempty Boolean mask of the target shape is required')

def corrupt_tokens(tokens, selected, mask_id):
    validate_mask(selected, tokens.shape)
    return jnp.where(selected, mask_id, tokens)

def mlm_logits(p, corrupted):
    h = p['embedding'][corrupted]
    # Bidirectional single-head attention, deliberately no causal mask.
    scores = h @ jnp.swapaxes(h, -1, -2) / jnp.sqrt(h.shape[-1])
    # Perform matrix / vector contraction (`@`) to compute `context`.
    context = jax.nn.softmax(scores, axis=-1) @ h
    return context @ p['head']

# Step 2 — 2. Construct a batch whose answers you can inspect: Before continuing, inspect corrupted: each row must contain mask...
tokens = jnp.array([[0, 0, 0, 0], [1, 1, 1, 1], [2, 2, 2, 2]], jnp.int32)
selected = jnp.array([[False, True, False, False]] * 3)
corrupted = corrupt_tokens(tokens, selected, 3)
# Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
key = jax.random.key(7)
# Sample deterministic random values into `p` using an explicit PRNG key.
p = {
    'embedding': jax.random.normal(key, (4, 6)) * 0.2,
    'head': jnp.zeros((6, 3)),
}
loss = lambda p: masked_ce(mlm_logits(p, corrupted), tokens, selected)
# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(jax.value_and_grad(loss))
history = []

# Step 3 — 3. Train, then change the corruption: The loop measures loss before each update.
for _ in range(100):
    value, g = step(p)
    history.append(float(value))
    # Transform every leaf of the parameter PyTree (`p`).
    p = jax.tree.map(lambda a, b: a - 0.4 * b, p, g)

assert history[-1] < history[0] * 0.15
np.testing.assert_allclose(history[0], np.log(3), atol=1e-6)
# Changing the clean target after constructing corrupted input cannot change the forward pass.
changed_targets = tokens.at[:, 1].set((tokens[:, 1] + 1) % 3)
assert not np.isclose(
    float(masked_ce(mlm_logits(p, corrupted), changed_targets, selected)),
    history[-1],
)
held_mask = jnp.array([[False, False, True, False]] * 3)
held_loss = float(
    masked_ce(mlm_logits(p, corrupt_tokens(tokens, held_mask, 3)), tokens, held_mask)
)
assert held_loss < 0.2
print('MLM initial/final/changed-mask:', history[0], history[-1], held_loss)
Exercise solution
# Exercise solution: Select the first position instead of the second and evaluate the...
first_mask = jnp.array([[True, False, False, False]] * 3)
first_loss = float(
    masked_ce(mlm_logits(p, corrupt_tokens(tokens, first_mask, 3)), tokens, first_mask)
)
assert first_loss < 0.2
print('Changed position loss:', first_loss)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:51:59.021149+00:00
MLM initial/final/changed-mask: 1.0986123085021973 0.010633035562932491 0.010457751341164112
MLM initial/final/changed-mask: 1.0986123085021973 0.010633035562932491 0.010457751341164112
Unselected output logits have zero direct loss gradient.
Token-weighted / sequence-weighted: 0.6577723026275635 0.51289606
Changed position loss: 0.010457751341164112
Empty mask rejected
Independent masked softmax gradient agrees.
PASS: pretraining-01

Reject a missing learning signal
# Reject a missing learning signal (Transfer): A skipped batch requires an explicit training policy.
# Run the boundary check and catch the expected exception:
try:
    corrupt_tokens(tokens, jnp.zeros_like(tokens, dtype=bool), 3)
except ValueError:
    print('Empty mask rejected')
else:
    raise AssertionError('empty mask accepted')
A skipped batch requires an explicit training policy. It must not silently become a zero loss or a NaN update.
Derive the output gradient without autodiff
# Derive the output gradient without autodiff (Challenge): This verifies the entire derivative tensor, including zeros...
# Reduce along axis=-1 to compute `analytic`.
analytic = (
    (jax.nn.softmax(audit_logits, axis=-1) - jax.nn.one_hot(audit_targets, 3))
    * audit_mask[..., None]
    / audit_mask.sum()
)
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(
    jax.grad(masked_ce)(audit_logits, audit_targets, audit_mask),
    analytic,
    atol=1e-6,
)
print('Independent masked softmax gradient agrees.')
This verifies the entire derivative tensor, including zeros at unsupervised outputs. It says nothing by itself about intermediate embedding gradients.
Checkpoint
Answer: They supply context to predictions at selected positions through the encoder.. The mask controls the supervised outputs, while attention controls how input context influences them.
Masked image modeling: reconstruct missing patches
Assembled example code
# Step 1 — 1. Define patch layout and masked error: Trace the transpose against the numbered top-left patch.
import jax
import jax.numpy as jnp
import numpy as np

def patchify(images, patch=2):
    b, h, w, c = images.shape
    # Guard input contract (`h % patch or w % patch`) and fail fast if violated.
    if h % patch or w % patch:
        raise ValueError('image dimensions must be divisible by patch size')
    return (
        images.reshape(b, h // patch, patch, w // patch, patch, c)
        .transpose(0, 1, 3, 2, 4, 5)
        .reshape(b, (h // patch) * (w // patch), patch * patch * c)
    )

def masked_mse(prediction, target, hidden):
    # Reduce along axis=-1 to compute `per_patch`.
    per_patch = jnp.mean((prediction - target) ** 2, axis=-1)
    return jnp.sum(jnp.where(hidden, per_patch, 0.0)) / jnp.sum(hidden)

def validate_mask(selected, shape):
    # Convert `a` to a host NumPy array for inspection or verification.
    a = np.asarray(selected)
    # Guard input contract (`a.shape != shape or a.dtype != np.bool_ or (not a.any())`) and fail fast if violated.
    if a.shape != shape or a.dtype != np.bool_ or not a.any():
        raise ValueError('a nonempty Boolean mask of the target shape is required')

# Four patches share an amplitude plus a fixed spatial offset; no real photographs.
amplitude = jnp.array([0.1, 0.3, 0.6, 0.8])
# Construct and reshape `base_image` into the target tensor dimensions.
base_image = jnp.arange(16, dtype=jnp.float32).reshape(4, 4, 1) / 32
images = amplitude[:, None, None, None] + base_image[None]
patches = patchify(images)
# Convert `` to a host NumPy array for inspection or verification.
np.testing.assert_array_equal(patches[0, 0], np.asarray(images[0, :2, :2, :]).reshape(-1))
hidden = jnp.array([[False, True, True, False]] * 4)
validate_mask(hidden, patches.shape[:2])
# The encoder receives only visible patches; original hidden pixels are targets only.
visible = patches[:, [0, 3], :]
# Construct and reshape `features` into the target tensor dimensions.
features = jnp.concatenate([visible.reshape(4, -1), jnp.ones((4, 1))], axis=1)
w = jnp.zeros((9, 16))
history = []
# Construct and reshape `loss` into the target tensor dimensions.
loss = lambda w: masked_mse((features @ w).reshape(4, 4, 4), patches, hidden)
# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(jax.value_and_grad(loss))

# Step 3 — 3. Fit the decoder and audit the reconstruction: The host loop checks the reduction independently.
for _ in range(100):
    value, g = step(w)
    history.append(float(value))
    w = w - 0.15 * g

# Construct and reshape `prediction` into the target tensor dimensions.
prediction = (features @ w).reshape(4, 4, 4)
assert history[-1] < history[0] * 0.02
# A scalar host loop is independent of the vectorized reduction.
expected = np.mean(
    [
        float(np.mean((np.asarray(prediction[b, k]) - np.asarray(patches[b, k])) ** 2))
        for b in range(4)
        for k in [1, 2]
    ]
)
np.testing.assert_allclose(loss(w), expected, rtol=1e-5)
visible_changed = prediction.at[:, [0, 3], :].set(999.0)
# Execute `np.testing.assert_allclose(`
np.testing.assert_allclose(
    masked_mse(visible_changed, patches, hidden), loss(w), atol=1e-7
)
held_images = jnp.array([0.2, 0.5])[:, None, None, None] + base_image[None]
held_patches = patchify(held_images)
# Construct and reshape `held_features` into the target tensor dimensions.
held_features = jnp.concatenate(
    [held_patches[:, [0, 3], :].reshape(2, -1), jnp.ones((2, 1))], axis=1
)
# Construct and reshape `held_loss` into the target tensor dimensions.
held_loss = float(
    masked_mse((held_features @ w).reshape(2, 4, 4), held_patches, hidden[:2])
)
assert held_loss < 0.02
print(
    'Masked pixel MSE initial/final/held amplitudes:',
    history[0],
    history[-1],
    held_loss,
)
Exercise solution
# Exercise solution: Verify the bottom-right patch against a direct slice and explain why a...
np.testing.assert_array_equal(
    patches[2, 3], np.asarray(images[2, 2:, 2:, :]).reshape(-1)
)
print('Bottom-right patch order verified.')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:52:02.405713+00:00
Masked pixel MSE initial/final/held amplitudes: 0.5538085699081421 0.0016928859986364841 0.0011766081443056464
Masked pixel MSE initial/final/held amplitudes: 0.5538085699081421 0.0016928859986364841 0.0011766081443056464
Hidden MSE unchanged; full-image MSE is large.
Ambiguous target MSE at predictions 0, 1, 2: 2, 1, 2
Bottom-right patch order verified.
The zero-loss shortcut receives hidden pixels; the real features contain only eight visible pixels and a bias.
All rectangular RGB patches agree; hidden-pixel intervention preserves visible features.
PASS: pretraining-02

Expose the leakage shortcut
# Expose the leakage shortcut (Transfer): An information-flow check is necessary because the leaked...
shortcut = patches
assert float(masked_mse(shortcut, patches, hidden)) == 0.0
# Check tensor shape invariant: `features.shape[1] == 9`
assert features.shape[1] == 9
print('The zero-loss shortcut receives hidden pixels; the real features contain only eight visible pixels and a bias.')
An information-flow check is necessary because the leaked solution can outperform the honest model on the objective itself.
Audit every patch of a rectangular color image
# Audit every patch of a rectangular color image (Challenge): The rectangular multichannel case catches axis errors that a...
# Construct and reshape `numbered` into the target tensor dimensions.
numbered = np.arange(2 * 4 * 6 * 3, dtype=np.float32).reshape(2, 4, 6, 3)
# Construct and reshape `oracle` into the target tensor dimensions.
oracle = np.stack(
    [
        np.stack(
            [
                image[row : row + 2, col : col + 2, :].reshape(-1)
                for row in range(0, 4, 2)
                for col in range(0, 6, 2)
            ]
        )
        for image in numbered
    ]
)
# Create device-backed JAX array ``.
np.testing.assert_array_equal(patchify(jnp.asarray(numbered)), oracle)
changed_images = images.at[:, :2, 2:, :].add(17.0).at[:, 2:, :2, :].add(-9.0)
changed_patches = patchify(changed_images)
# Execute `np.testing.assert_array_equal(changed_patches[:, [0, 3], :],`
np.testing.assert_array_equal(changed_patches[:, [0, 3], :], visible)
assert not np.array_equal(
    np.asarray(changed_patches[:, [1, 2], :]), np.asarray(patches[:, [1, 2], :])
)
print('All rectangular RGB patches agree; hidden-pixel intervention preserves visible features.')
The rectangular multichannel case catches axis errors that a single square grayscale patch can miss. The intervention independently checks that hidden targets cannot enter this encoder.
Checkpoint
Answer: A leaked target can produce a perfect loss without learning to infer missing content.. Correct reduction does not prevent input leakage. Audit the visible-only boundary and validate patch order.
Contrastive learning: views, positives and negatives
Assembled example code
# Step 1 — 1. Define both retrieval directions: Row and column log-softmax share scores but normalize different...
import jax
import jax.numpy as jnp
import numpy as np

def paired_contrastive(left, right, temperature=0.2):
    left = left / jnp.maximum(jnp.linalg.norm(left, axis=-1, keepdims=True), 1e-6)
    right = right / jnp.maximum(jnp.linalg.norm(right, axis=-1, keepdims=True), 1e-6)
    scores = left @ right.T / temperature
    return -0.5 * (
        jnp.mean(jnp.diag(jax.nn.log_softmax(scores, axis=1)))
        + jnp.mean(jnp.diag(jax.nn.log_softmax(scores, axis=0)))
    )

# Step 2 — 2. Construct paired views and an encoder: The fixed perturbations preserve source identity.
left = jnp.array(
    [[1.0, 0.0, 0.2], [0.0, 1.0, -0.2], [-1.0, 0.0, 0.1], [0.0, -1.0, -0.1]]
)
right = left + jnp.array(
    [[0.02, -0.01, 0.0], [-0.01, 0.02, 0.0], [0.01, 0.01, 0.0], [-0.02, -0.01, 0.0]]
)
w = jnp.array([[0.2, 0.1], [0.1, 0.1], [0.02, -0.01]])
history = []
# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(
    jax.value_and_grad(lambda w: paired_contrastive(left @ w, right @ w, 0.2))
)

# Step 3 — 3. Train, then inspect identity and symmetry: The host calculation checks both denominators.
for _ in range(60):
    value, g = step(w)
    history.append(float(value))
    w = w - 0.03 * g

assert history[-1] < history[0]
# Perform matrix / vector contraction (`@`) to compute `zi`.
zi = left @ w
# Perform matrix / vector contraction (`@`) to compute `zt`.
zt = right @ w
zi = zi / jnp.linalg.norm(zi, axis=1, keepdims=True)
zt = zt / jnp.linalg.norm(zt, axis=1, keepdims=True)
scores = zi @ zt.T / 0.2
# Convert `host` to a host NumPy array for inspection or verification.
host = np.asarray(scores, dtype=np.float64)

def host_ce(a):
    return np.mean(
        np.log(np.exp(a - a.max(1, keepdims=True)).sum(1)) + a.max(1) - np.diag(a)
    )

np.testing.assert_allclose(
    paired_contrastive(left @ w, right @ w, 0.2),
    0.5 * (host_ce(host) + host_ce(host.T)),
    atol=1e-6,
)
assert np.array_equal(np.argmax(host, axis=1), np.arange(4))
# Create device-backed JAX array `permutation`.
permutation = jnp.array([2, 0, 3, 1])
np.testing.assert_allclose(
    paired_contrastive(left @ w, right @ w),
    paired_contrastive((left @ w)[permutation], (right @ w)[permutation]),
    atol=1e-6,
)
print(
    'Paired contrastive initial/final:',
    history[0],
    history[-1],
    '; all four nearest pairs correct',
)
Exercise solution
# Exercise solution: Permute only the right-hand embeddings after training and demonstrate...
wrong_pair_loss = float(paired_contrastive(left @ w, (right @ w)[permutation]))
assert wrong_pair_loss > float(paired_contrastive(left @ w, right @ w))
print('Incorrect pair mapping loss:', wrong_pair_loss)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:52:06.547124+00:00
Paired contrastive initial/final: 0.564157247543335 0.013556718826293945 ; all four nearest pairs correct
Paired contrastive initial/final: 0.564157247543335 0.013556718826293945 ; all four nearest pairs correct
Collapsed baseline: 1.3862943649291992
Temperature/loss: 0.2 0.006715348921716213
Temperature/loss: 1.0 0.31326162815093994
Temperature/loss: 2.0 0.4740769863128662
Incorrect pair mapping loss: 7.493563652038574
Duplicated diagonal-only penalty: 0.6931472215801477
Step / finite difference / autodiff: 0.001 -1.3803242444992065 -1.3803226947784424
Step / finite difference / autodiff: 0.0005 -1.3802646398544312 -1.3803226947784424
PASS: pretraining-03

Duplicate a source and inspect the objective
# Duplicate a source and inspect the objective (Transfer): The extra log(2) comes from duplicating each denominator...
duplicated = float(
    paired_contrastive(jnp.tile(left @ w, (2, 1)), jnp.tile(right @ w, (2, 1)))
)
original = float(paired_contrastive(left @ w, right @ w))
np.testing.assert_allclose(duplicated - original, np.log(2), atol=1e-5)
print('Duplicated diagonal-only penalty:', duplicated - original)
The extra log(2) comes from duplicating each denominator candidate without adding the second copy to the positive set. Use source/semantic identity to define multi-positive supervision when appropriate.
Check the encoder gradient through normalization
# Check the encoder gradient through normalization (Challenge): This checks the complete input-to-normalized-similarity chain.
audit_w = jnp.array([[0.2, 0.1], [0.1, 0.1], [0.02, -0.01]])
objective = lambda weights: paired_contrastive(left @ weights, right @ weights, 0.2)
# Differentiate the objective to obtain `auto` via automatic differentiation.
auto = float(jax.grad(objective)(audit_w)[0, 0])
for epsilon in [1e-3, 5e-4]:
    delta = jnp.zeros_like(audit_w).at[0, 0].set(epsilon)
    estimate = float(
        (objective(audit_w + delta) - objective(audit_w - delta)) / (2 * epsilon)
    )
    np.testing.assert_allclose(estimate, auto, rtol=3e-3, atol=1e-3)
    print('Step / finite difference / autodiff:', epsilon, estimate, auto)
This checks the complete input-to-normalized-similarity chain. Trying two step sizes helps distinguish truncation error from a broken derivative.
Checkpoint
Answer: The encoder solves those pairs under that pairing and augmentation contract.. It is separate from downstream task quality or robustness to a new data distribution.
Supervised fine-tuning with response-only token loss
Assembled example code
# Step 1 — 1. Define sequence log-probability sums: The slice removes the final logit and first token.
import jax
import jax.numpy as jnp
import numpy as np

def response_logps(logits, tokens, response_mask):
    # logits at t predict token t+1; the role mask belongs to the target token.
    logp = jax.nn.log_softmax(logits[:, :-1, :], axis=-1)
    selected = jnp.take_along_axis(logp, tokens[:, 1:, None], axis=-1)[..., 0]
    return jnp.sum(jnp.where(response_mask[:, 1:], selected, 0.0), axis=-1)

def validate_mask(selected, shape):
    # Convert `a` to a host NumPy array for inspection or verification.
    a = np.asarray(selected)
    # Guard input contract (`a.shape != shape or a.dtype != np.bool_ or (not a.any())`) and fail fast if violated.
    if a.shape != shape or a.dtype != np.bool_ or not a.any():
        raise ValueError('a nonempty Boolean mask of the target shape is required')

# Token 0/1 is a prompt; 2/3 is its response; 4 marks the end.
tokens = jnp.array([[0, 2, 4], [1, 3, 4]], jnp.int32)
roles = jnp.array([[False, True, True]] * 2)
validate_mask(roles[:, 1:], tokens[:, 1:].shape)
p = jnp.zeros((5, 5))
history = []

def sft_objective(p):
    return -jnp.sum(response_logps(p[tokens], tokens, roles)) / jnp.sum(roles[:, 1:])

# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(jax.value_and_grad(sft_objective))

# Step 3 — 3. Fit the transition table and check the final position: The table learns only local transitions.
for _ in range(100):
    value, g = step(p)
    history.append(float(value))
    p = p - 0.5 * g

np.testing.assert_allclose(history[0], np.log(5), atol=1e-6)
assert history[-1] < 0.15
assert np.array_equal(np.argmax(np.asarray(p)[[0, 1]], axis=1), [2, 3])
# The final position predicts nothing and has no contribution.
base_logits = p[tokens]
changed = base_logits.at[:, -1, :].set(100.0)
# Execute `np.testing.assert_allclose(`
np.testing.assert_allclose(
    response_logps(changed, tokens, roles),
    response_logps(base_logits, tokens, roles),
)
print('Response-only token NLL initial/final:', history[0], history[-1])
Exercise solution
# Exercise solution: Score only the first response token in each sequence and compare the...
first_only = roles.at[:, 2].set(False)
# Aggregate array values to compute `value`.
value = -jnp.sum(response_logps(p[tokens], tokens, first_only)) / jnp.sum(
    first_only[:, 1:]
)
assert int(jnp.sum(first_only[:, 1:])) == 2
# Ensure all array elements remain finite: `np.isfinite(float(value))`
assert np.isfinite(float(value))
print('Two first-response targets:', float(value))
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:52:09.960042+00:00
Response-only token NLL initial/final: 1.6094379425048828 0.07985548675060272
Response-only token NLL initial/final: 1.6094379425048828 0.07985548675060272
Prompt rows learn to predict first answers; the final end-token row has no target.
Supervised targets per sequence: [2 3]
Two first-response targets: 0.07894014567136765
No-target SFT batch rejected
Identical final tokens force identical table predictions despite different contexts.
PASS: posttraining-01

Reject a batch with no answer targets
# Reject a batch with no answer targets (Transfer): An empty answer mask should trigger a clear skip/rejection...
# Run the boundary check and catch the expected exception:
try:
    validate_mask(jnp.zeros_like(roles[:, 1:]), tokens[:, 1:].shape)
except ValueError:
    print('No-target SFT batch rejected')
else:
    raise AssertionError('empty supervision accepted')
An empty answer mask should trigger a clear skip/rejection policy before the update; a fabricated zero objective disguises lost training data.
Create a failure this model cannot fix
# Create a failure this model cannot fix (Challenge): A model that conditions on the earlier context can represent...
contexts = jnp.array([[1, 0], [3, 0]])
last_logits = p[contexts[:, -1]]
# Execute `np.testing.assert_array_equal(last_logits[0], last_logits[1]`
np.testing.assert_array_equal(last_logits[0], last_logits[1])
conflicting_targets = jnp.array([2, 3])
assert conflicting_targets[0] != conflicting_targets[1]
print('Identical final tokens force identical table predictions despite different contexts.')
A model that conditions on the earlier context can represent this distinction. More iterations on the same transition-table architecture cannot.
Checkpoint
Answer: No. They remain context; only their target eligibility changes.. Attention visibility and supervised output positions are separate contracts.
LoRA: adapt, save and merge low-rank updates
Assembled example code
# Step 1 — 1. Define the frozen-plus-adapter forward pass: The base is an input to the forward pass but is not in the adapter...
import jax
import jax.numpy as jnp
import numpy as np

def lora_forward(x, base, a, b, alpha=1.0):
    rank = a.shape[1]
    return x @ base + (alpha / rank) * (x @ a @ b)

# Step 2 — 2. Train a base, freeze it and initialize the adapter: This step includes the source-task training.
x = jnp.asarray(np.random.default_rng(4).normal(size=(24, 6)), jnp.float32)
# Construct and reshape `source_w` into the target tensor dimensions.
source_w = jnp.arange(24, dtype=jnp.float32).reshape(6, 4) / 40
base = jnp.zeros_like(source_w)
# Differentiate the objective to obtain `base_step` via automatic differentiation.
base_step = jax.jit(jax.grad(lambda w: jnp.mean((x @ w - x @ source_w) ** 2)))
for _ in range(150):
    base = base - 0.15 * base_step(base)
assert float(jnp.mean((x @ base - x @ source_w) ** 2)) < 1e-4
# Convert `frozen` to a host NumPy array for inspection or verification.
frozen = np.asarray(base).copy()
u = jnp.array([[0.2], [-0.3], [0.1], [0.2], [-0.1], [0.4]])
v = jnp.array([[0.5, -0.2, 0.3, 0.1]])
# Perform matrix / vector contraction (`@`) to compute `target`.
target = x @ (base + u @ v)
# Initialize explicit deterministic PRNG key `a`.
a = jax.random.normal(jax.random.key(4), (6, 1)) * 0.1
# Allocate initialized array `b` with the specified shape and dtype.
b = jnp.zeros((1, 4))
params = (a, b)
loss = lambda ab: jnp.mean((lora_forward(x, base, *ab, alpha=1.0) - target) ** 2)
# Evaluate both scalar loss and parameter gradients in one pass (`step`).
step = jax.jit(jax.value_and_grad(loss))
history = []
initial_grads = step(params)[1]
# Allocate initialized array `` with the specified shape and dtype.
np.testing.assert_array_equal(initial_grads[0], np.zeros((6, 1)))
assert np.linalg.norm(initial_grads[1]) > 0

# Step 3 — 3. Adapt and verify the serving merge: The reference target has rank one by construction.
for _ in range(250):
    value, g = step(params)
    history.append(float(value))
    # Transform every leaf of the parameter PyTree (`params`).
    params = jax.tree.map(lambda a, b: a - 0.4 * b, params, g)

a, b = params
assert history[-1] < history[0] * 0.02
# Execute `np.testing.assert_array_equal(base, frozen)`
np.testing.assert_array_equal(base, frozen)
merged = base + a @ b
np.testing.assert_allclose(
    lora_forward(x, base, a, b), x @ merged, rtol=1e-5, atol=1e-6
)
print(
    'LoRA initial/final:',
    history[0],
    history[-1],
    '; trainable:',
    a.size + b.size,
    'base:',
    base.size,
)
Exercise solution
# Exercise solution: Save both adapter factors and their rank/scaling metadata, reload them...
import tempfile
from pathlib import Path

# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory() as folder:
    path = Path(folder) / 'adapter.npz'
    # Convert `` to a host NumPy array for inspection or verification.
    np.savez(
        path,
        a=np.asarray(a),
        b=np.asarray(b),
        alpha=np.array(1.0),
        rank=np.array(1),
    )
    # Enter `np.load(path, allow_pickle=False)` context block:
    with np.load(path, allow_pickle=False) as z:
        # Check tensor shape invariant: `int(z['rank']) == z['a'].shape[1]`
        assert int(z['rank']) == z['a'].shape[1]
        np.testing.assert_allclose(
            lora_forward(x, base, z['a'], z['b'], float(z['alpha'])),
            x @ merged,
            atol=1e-6,
            rtol=1e-5,
        )
print('Adapter round trip and merge checked.')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:52:13.228766+00:00
LoRA initial/final: 0.043869297951459885 2.466217665642034e-07 ; trainable: 10 base: 24
LoRA initial/final: 0.043869297951459885 2.466217665642034e-07 ; trainable: 10 base: 24
Both zero factors produce zero first gradients.
Both LoRA factor gradients match the matrix-calculus oracle at alpha/r = 1.5.
Adapter round trip and merge checked.
New-input merge passes; accidental double merge changes outputs.
Nonunit scaling passes; best rank-one identity-input MSE is 0.25.
PASS: posttraining-02

Check the merge on new inputs
# Check the merge on new inputs (Transfer): The second check detects an operational merge error that...
new_x = jnp.asarray(np.random.default_rng(91).normal(size=(7, 6)), jnp.float32)
np.testing.assert_allclose(
    lora_forward(new_x, base, a, b), new_x @ merged, atol=1e-6, rtol=1e-5
)
assert np.linalg.norm(np.asarray(new_x @ (base + 2 * a @ b) - new_x @ merged)) > 1e-3
print('New-input merge passes; accidental double merge changes outputs.')
The second check detects an operational merge error that training loss alone would not reveal.
Test nonunit scaling and an impossible rank-one target
# Test nonunit scaling and an impossible rank-one target (Challenge): The residual predicts a capacity limit independently of an...
rng = np.random.default_rng(8)
# Create device-backed JAX array `a2`.
a2 = jnp.asarray(rng.normal(size=(6, 2)), jnp.float32)
# Create device-backed JAX array `b2`.
b2 = jnp.asarray(rng.normal(size=(2, 4)), jnp.float32)
np.testing.assert_allclose(
    lora_forward(x, base, a2, b2, alpha=3.0),
    x @ (base + 1.5 * a2 @ b2),
    rtol=1e-5,
    atol=2e-6,
)
target_update = np.diag([3.0, 1.0])
u_s, s_s, v_s = np.linalg.svd(target_update)
# Perform matrix / vector contraction (`@`) to compute `rank_one`.
rank_one = (u_s[:, :1] * s_s[:1]) @ v_s[:1]
# Execute `np.testing.assert_allclose(np.sum((target_update - rank_one) ** 2), 1.0)`.
np.testing.assert_allclose(np.sum((target_update - rank_one) ** 2), 1.0)
# Construct an identity matrix ``.
np.testing.assert_allclose(
    np.mean((np.eye(2) @ target_update - np.eye(2) @ rank_one) ** 2), 0.25
)
print('Nonunit scaling passes; best rank-one identity-input MSE is 0.25.')
The residual predicts a capacity limit independently of an optimizer. The nonunit-alpha case catches a scaling bug that the main rank-one demonstration would miss.
Checkpoint
Answer: No. The base is frozen; the selected adapter parameters receive updates.. Freeze ownership should be checked in code, not inferred from an adapter-shaped parameter name.
Learn a reward model from pairwise preferences
Assembled example code
# Step 1 — 1. Define chosen-minus-rejected likelihood: The loss sees feature differences.
import jax
import jax.numpy as jnp
import numpy as np

def preference_loss(w, chosen, rejected):
    # Perform matrix / vector contraction (`@`) to compute `margin`.
    margin = (chosen - rejected) @ w
    return jnp.mean(jax.nn.softplus(-margin))

# Step 2 — 2. Construct and inspect the three comparisons: Write the desired order before fitting: response zero above one,...
features = jnp.array([[1.0, 0.0], [0.0, 1.0], [-1.0, -1.0]])
chosen = features[jnp.array([0, 0, 1])]
rejected = features[jnp.array([1, 2, 2])]
w = jnp.zeros(2)
history = []
# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(
    jax.value_and_grad(lambda w: preference_loss(w, chosen, rejected))
)

# Step 3 — 3. Fit rewards and check their invariances: The host logaddexp oracle checks stable likelihood values.
for _ in range(100):
    value, g = step(w)
    history.append(float(value))
    w = w - 0.1 * g

# Perform matrix / vector contraction (`@`) to compute `rewards`.
rewards = features @ w
assert rewards[0] > rewards[1] > rewards[2]
np.testing.assert_allclose(history[0], np.log(2), atol=1e-6)
assert history[-1] < 0.1
# Convert `margins` to a host NumPy array for inspection or verification.
margins = np.asarray((chosen - rejected) @ w, dtype=np.float64)
# Execute `np.testing.assert_allclose(`.
np.testing.assert_allclose(
    preference_loss(w, chosen, rejected),
    np.mean(np.logaddexp(0, -margins)),
    atol=1e-6,
)
# Only differences are identified: a common score offset leaves preference probabilities unchanged.
np.testing.assert_allclose(
    jax.nn.sigmoid((chosen @ w + 9) - (rejected @ w + 9)),
    jax.nn.sigmoid((chosen - rejected) @ w),
    atol=1e-6,
)
print(
    'Synthetic preference NLL initial/final:',
    history[0],
    history[-1],
    '; rewards:',
    np.asarray(rewards),
)
Exercise solution
# Exercise solution: Calculate the initial loss for tied reward scores independently and...
np.testing.assert_allclose(
    preference_loss(jnp.zeros(2), chosen, rejected), -np.log(0.5), atol=1e-6
)
assert np.all(np.asarray((chosen - rejected) @ w) > 0)
print('Tied baseline and preference directions verified.')
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:52:15.398245+00:00
Synthetic preference NLL initial/final: 0.6931471824645996 0.08669456839561462 ; rewards: [ 1.9811294  0.327278  -2.3084073]
Synthetic preference NLL initial/final: 0.6931471824645996 0.08669456839561462 ; rewards: [ 1.9811294  0.327278  -2.3084073]
Forward/reversed preference NLL: 0.08596369624137878 2.94565486907959
Balanced conflicting labels prefer a zero margin.
Tied baseline and preference directions verified.
Ranking unchanged; confidence and downstream reward scale change.
Independent reward gradients agree in both label directions.
PASS: posttraining-03

Show that feature scale can change scores without changing ranking
# Show that feature scale can change scores without changing ranking (Transfer): A policy’s reward-versus-KL tradeoff depends on reward scale.
# Perform matrix / vector contraction (`@`) to compute `scaled_rewards`.
scaled_rewards = features @ (2 * w)
# Execute `np.testing.assert_array_equal(np.argsort(rewards), np.argsor`
np.testing.assert_array_equal(np.argsort(rewards), np.argsort(scaled_rewards))
assert float(preference_loss(2 * w, chosen, rejected)) < float(
    preference_loss(w, chosen, rejected)
)
print('Ranking unchanged; confidence and downstream reward scale change.')
A policy’s reward-versus-KL tradeoff depends on reward scale. Rank agreement alone is distinct from an equivalent RL objective.
Derive the linear reward gradient
# Derive the linear reward gradient (Challenge): Checking both directions catches a sign error that a single...
probe_w = jnp.array([0.2, -0.4])
for positive, negative in [(chosen, rejected), (rejected, chosen)]:
    # Convert `difference` to a host NumPy array for inspection or verification.
    difference = np.asarray(positive - negative, dtype=np.float64)
    # Perform matrix / vector contraction (`@`) to compute `margin_host`.
    margin_host = difference @ np.asarray(probe_w)
    # Reduce along axis=0 to compute `analytic`.
    analytic = np.mean(
        (1 / (1 + np.exp(-margin_host)) - 1)[:, None] * difference, axis=0
    )
    # Differentiate the objective to obtain gradients ``.
    np.testing.assert_allclose(
        jax.grad(preference_loss)(probe_w, positive, negative),
        analytic,
        atol=1e-6,
    )
print('Independent reward gradients agree in both label directions.')
Checking both directions catches a sign error that a single decreasing training curve might conceal.
Checkpoint
Answer: Reward differences under the chosen comparison model, not an absolute universal utility.. A shared additive offset cancels from every pairwise probability.
RLHF mechanics: a frozen reward and PPO policy updates
Assembled example code
# Step 1 — 1. Define the reward likelihood and signed PPO loss: Keep reward fitting and policy loss separate.
import jax
import jax.numpy as jnp
import numpy as np

def preference_loss(w, chosen, rejected):
    # Perform matrix / vector contraction (`@`) to compute `margin`.
    margin = (chosen - rejected) @ w
    return jnp.mean(jax.nn.softplus(-margin))

# Define `ppo_loss(logits, old_logps, actions, advantages...)` to evaluate the objective and its automatic derivatives:
def ppo_loss(
    logits, old_logps, actions, advantages, reference_logps, beta=0.1, clip=0.2
):
    # Evaluate numerically stable log-space cross-entropy/likelihood (`logp`).
    logp = jax.nn.log_softmax(logits)
    ratios = jnp.exp(logp[actions] - jax.lax.stop_gradient(old_logps))
    advantages = jax.lax.stop_gradient(advantages)
    # Combine or mask array elements to form `clipped`.
    clipped = jnp.clip(ratios, 1.0 - clip, 1.0 + clip)
    surrogate = jnp.mean(jnp.minimum(ratios * advantages, clipped * advantages))
    # Exact categorical KL in this one-prompt, one-action teaching environment.
    kl = jnp.sum(
        jnp.exp(logp) * (logp - jax.lax.stop_gradient(reference_logps))
    )
    return -surrogate + beta * kl

# Step 2 — 2. Fit and freeze reward, then identify reference state: The reference is stored before policy updates.
features = jnp.array([[1.0, 0.0], [0.0, 1.0], [-1.0, -1.0]])
chosen = features[jnp.array([0, 0, 1])]
rejected = features[jnp.array([1, 2, 2])]
reward_w = jnp.zeros(2)
# Differentiate the objective to obtain `reward_step` via automatic differentiation.
reward_step = jax.jit(jax.grad(lambda w: preference_loss(w, chosen, rejected)))
for _ in range(100):
    reward_w = reward_w - 0.1 * reward_step(reward_w)
rewards = jax.lax.stop_gradient(features @ reward_w)
# A fixed reference policy and a learned reward, with one terminal response action.
reference = jax.nn.log_softmax(jnp.array([0.2, 0.0, -0.2]))
theta = jnp.array([0.2, 0.0, -0.2])
# Convert `reference_copy` to a host NumPy array for inspection or verification.
reference_copy = np.asarray(reference).copy()
# Create or split explicit PRNG key(s) (`key`) for reproducible randomness.
key = jax.random.key(11)
history = []
kl_history = []
# Evaluate both scalar loss and parameter gradients in one pass (`step`).
step = jax.jit(jax.value_and_grad(ppo_loss))

# Step 3 — 3. Collect rollouts and reuse each batch correctly: Each outer iteration collects a fresh batch; each inner step...
for iteration in range(40):
    # Evaluate numerically stable log-space cross-entropy/likelihood (`old`).
    old = jax.nn.log_softmax(theta)
    probs = jnp.exp(old)
    # Create or split explicit PRNG key(s) (`(key, draw)`) for reproducible randomness.
    key, draw = jax.random.split(key)
    # Draw pseudorandom samples for `actions` using the explicit RNG state.
    actions = jax.random.categorical(draw, old, shape=(128,))
    old_selected = jax.lax.stop_gradient(old[actions])
    advantage = jax.lax.stop_gradient(
        rewards[actions] - jnp.sum(probs * rewards)
    )
    for _ in range(3):
        _, g = step(
            theta, old_selected, actions, advantage, reference, 0.2, 0.2
        )
        theta = theta - 0.15 * g
    # Evaluate numerically stable log-space cross-entropy/likelihood (`logp`).
    logp = jax.nn.log_softmax(theta)
    history.append(float(jnp.sum(jnp.exp(logp) * rewards)))
    kl_history.append(float(jnp.sum(jnp.exp(logp) * (logp - reference))))

# Execute `np.testing.assert_array_equal(reference, reference_copy)`
np.testing.assert_array_equal(reference, reference_copy)
# Aggregate array values to compute `initial_reward`.
initial_reward = float(jnp.sum(jnp.exp(reference) * rewards))
assert history[-1] > initial_reward and kl_history[-1] > 0
# Independent finite-action expectation: no evaluation sampling error here.
np.testing.assert_allclose(
    history[-1],
    sum(float(a) * float(b) for a, b in zip(jnp.exp(logp), rewards)),
    rtol=1e-6,
)
print(
    'Reward initial/final and final KL:',
    initial_reward,
    history[-1],
    kl_history[-1],
)
print(
    'Synthetic preference bandit with actual sampled PPO updates; synthetic preference target or language-generation claim.'
)
Exercise solution
# Exercise solution: Check the KL at the fixed reference and compare it with the final...
# Aggregate array values to compute `zero_kl`.
zero_kl = float(jnp.sum(jnp.exp(reference) * (reference - reference)))
assert zero_kl == 0.0 and kl_history[-1] > zero_kl
print('Reference/final KL:', zero_kl, kl_history[-1])
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:52:18.834855+00:00
Reward initial/final and final KL: 0.28191882371902466 1.9185447692871094 0.7824773192405701
Synthetic preference bandit with actual sampled PPO updates; synthetic preference target or language-generation claim.
Reward initial/final and final KL: 0.28191882371902466 1.9185447692871094 0.7824773192405701
Synthetic preference bandit with actual sampled PPO updates; synthetic preference target or language-generation claim.
Clipped surrogate terms: [ 2.4 -1.6]
Enumerated baseline score gradient matches exact expected-reward gradient.
Reference/final KL: 0.0 0.7824773192405701
Behavior log probabilities and advantages are detached.
Regularized objective reference/trained/optimum: 0.28191882371902466 1.7620493173599243 1.7987911701202393
PASS: posttraining-04

Verify detached behavior information
# Verify detached behavior information (Transfer): Detaching is not enough if you recompute old probabilities...
# Differentiate the objective to obtain `(old_grad, adv_grad)` via automatic differentiation.
old_grad, adv_grad = jax.grad(ppo_loss, argnums=(1, 3))(
    theta, old_selected, actions, advantage, reference, 0.2, 0.2
)
# Allocate initialized array `` with the specified shape and dtype.
np.testing.assert_array_equal(old_grad, np.zeros(old_grad.shape))
# Allocate initialized array `` with the specified shape and dtype.
np.testing.assert_array_equal(adv_grad, np.zeros(adv_grad.shape))
print('Behavior log probabilities and advantages are detached.')
Detaching is not enough if you recompute old probabilities after every optimizer step. Store their values at collection time and verify identity across all epochs on that batch.
Compare with the finite-action regularized optimum
# Compare with the finite-action regularized optimum (Challenge): An independently derived optimum bounds this finite-action...
beta = 0.2
# Evaluate numerically stable log-space cross-entropy/likelihood (`optimal_logp`).
optimal_logp = jax.nn.log_softmax(reference + rewards / beta)

def regularized(logp):
    return jnp.sum(jnp.exp(logp) * rewards) - beta * jnp.sum(
        jnp.exp(logp) * (logp - reference)
    )

optimum = float(regularized(optimal_logp))
trained = float(regularized(logp))
baseline = float(regularized(reference))
assert optimum >= trained - 1e-5 and optimum >= baseline - 1e-5
print(
    'Regularized objective reference/trained/optimum:',
    baseline,
    trained,
    optimum,
)
An independently derived optimum bounds this finite-action objective. It does not qualify language generation or the reward model’s judgment.
Checkpoint
Answer: The behavior policy follows the current policy; the reference policy remains frozen.. Behavior identity belongs to the collected data. Reference identity belongs to the regularized objective.
Direct preference optimization and reference-corrected margins
Assembled example code
# Step 1 — 1. Define the reference-corrected pair objective: The reference correction is detached, while current policy log...
import jax
import jax.numpy as jnp
import numpy as np

# Define `dpo_loss(policy_logps, reference_logps, chosen, rejected...)` to evaluate the objective and its automatic derivatives:
def dpo_loss(policy_logps, reference_logps, chosen, rejected, beta=0.2):
    margin = (policy_logps[chosen] - policy_logps[rejected]) - jax.lax.stop_gradient(
        reference_logps[chosen] - reference_logps[rejected]
    )
    return jnp.mean(jax.nn.softplus(-beta * margin))

# Step 2 — 2. Freeze reference probabilities and comparison IDs: The initial policy equals a nonuniform reference.
reference = jax.nn.log_softmax(jnp.array([0.2, 0.0, -0.2]))
chosen = jnp.array([0, 0, 1])
rejected = jnp.array([1, 2, 2])
theta = jnp.array([0.2, 0.0, -0.2])
history = []
# Evaluate numerically stable log-space cross-entropy/likelihood (`loss`).
loss = lambda theta: dpo_loss(
    jax.nn.log_softmax(theta), reference, chosen, rejected, 0.3
)
# Differentiate the objective to obtain `step` via automatic differentiation.
step = jax.jit(jax.value_and_grad(loss))
np.testing.assert_allclose(loss(theta), np.log(2), atol=1e-6)

# Step 3 — 3. Fit the policy and test cancellation: The host stable-softplus calculation checks final margins.
for _ in range(120):
    value, g = step(theta)
    history.append(float(value))
    theta = theta - 0.4 * g

assert history[-1] < history[0] * 0.5
# Evaluate numerically stable log-space cross-entropy/likelihood (`policy`).
policy = jax.nn.log_softmax(theta)
# Convert `margin` to a host NumPy array for inspection or verification.
margin = np.asarray(
    (policy[chosen] - policy[rejected]) - (reference[chosen] - reference[rejected]),
    np.float64,
)
# Execute `np.testing.assert_allclose(`.
np.testing.assert_allclose(
    loss(theta), np.mean(np.logaddexp(0, -0.3 * margin)), atol=1e-6
)
assert np.all(margin > 0)
np.testing.assert_allclose(loss(theta + 50), loss(theta), atol=1e-6)
print(
    'DPO initial/final:',
    history[0],
    history[-1],
    '; reference-corrected margins:',
    margin,
)
Exercise solution
# Exercise solution: Swap chosen and rejected IDs after training and verify that the loss...
reverse = float(dpo_loss(policy, reference, rejected, chosen, 0.3))
assert reverse > float(dpo_loss(policy, reference, chosen, rejected, 0.3))
print('Reversed-label loss:', reverse)
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:52:21.092144+00:00
DPO initial/final: 0.6931471824645996 0.27227783203125 ; reference-corrected margins: [3.0890286  6.17805719 3.08902884]
DPO initial/final: 0.6931471824645996 0.27227783203125 ; reference-corrected margins: [3.0890286  6.17805719 3.08902884]
Corrected/unadjusted initial loss: 0.6931471824645996 0.6540467739105225
Loss before/after: 0.6931471824645996 0.5418724417686462 ; chosen probability: 0.4 -> 0.3
Reversed-label loss: 1.5064733028411865
Reference gradient is zero.
One-pair logit gradient agrees with independent margin derivative.
PASS: posttraining-05

Freeze the reference numerically and in autodiff
# Freeze the reference numerically and in autodiff (Transfer): Also retain the actual reference checkpoint and tokenizer...
# Differentiate the objective to obtain `reference_grad` via automatic differentiation.
reference_grad = jax.grad(dpo_loss, argnums=1)(
    policy, reference, chosen, rejected, 0.3
)
# Allocate initialized array `` with the specified shape and dtype.
np.testing.assert_array_equal(
    reference_grad, np.zeros(reference_grad.shape)
)
print('Reference gradient is zero.')
Also retain the actual reference checkpoint and tokenizer identity. A detached but reloaded different model is still a changed reference.
Derive a one-pair categorical gradient
# Derive a one-pair categorical gradient (Challenge): The unpaired logit is absent from this categorical...
probe = jnp.array([0.6, -0.3, 0.1])
choice = jnp.array([0])
reject = jnp.array([1])
beta = 0.3
# Evaluate numerically stable log-space cross-entropy/likelihood (`one_pair`).
one_pair = lambda logits: dpo_loss(
    jax.nn.log_softmax(logits), reference, choice, reject, beta
)
margin_value = float((probe[0] - probe[1]) - (reference[0] - reference[1]))
factor = -beta / (1 + np.exp(beta * margin_value))
# Differentiate the objective to obtain gradients ``.
np.testing.assert_allclose(
    jax.grad(one_pair)(probe), [factor, -factor, 0.0], atol=1e-6
)
print('One-pair logit gradient agrees with independent margin derivative.')
The unpaired logit is absent from this categorical difference, yet its normalized probability can change when the other logits move.
Checkpoint
Answer: No. It optimizes reference-corrected preferences from the supplied pairs.. Its data and objective differ from the learned-reward PPO loop; evaluation quality remains a separate question.
Select a TPU slice and provision your Cloud TPU VM
Assembled example code
# Step 1 — Write the runtime contract and synchronized pmap verifier: The verifier checks both device discovery and a synchronized pmap...
# Import hashlib for this computation.
import hashlib
import json
import os
import platform
import jax
import jax.numpy as jnp
import numpy as np


# Function `verify_runtime_contract(expected_backend, min_devices)` implementing this stage's computation:
def verify_runtime_contract(expected_backend=None, min_devices=1):
    # Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for `backend`.
    backend = jax.default_backend()
    # Query the active JAX devices into `devices`.
    devices = jax.devices()
    # Query the active JAX devices into `local_devices`.
    local_devices = jax.local_devices()
    # Compute `target` from `expected_backend or backend`
    target = expected_backend or backend
    # Create evenly spaced index values in `x`.
    x = jnp.arange(len(local_devices) * 8, dtype=jnp.float32).reshape(len(local_devices), 8)
    # Reduce across the target axis to summarize `per_device`.
    per_device = jax.pmap(lambda row: jnp.sum(row * row))(x)
    # Synchronize host execution until asynchronous device computation completes.
    total = float(jax.block_until_ready(jnp.sum(per_device)))
    # Create evenly spaced index values in `expected_total`.
    expected_total = float(np.sum(np.arange(len(local_devices) * 8, dtype=np.float64) ** 2))
    # Evaluate the compound expression for `contract_ok`.
    contract_ok = (
        backend == target
        and len(devices) >= min_devices
        and np.isclose(total, expected_total)
    )
    # Construct dictionary `receipt` with the structured fields for this stage.
    receipt = {
        "python": platform.python_version(),
        "jax": jax.__version__,
        "expected_backend": target,
        "observed_backend": backend,
        "device_count": len(devices),
        "local_device_count": len(local_devices),
        "device_kinds": [str(d.device_kind) for d in devices],
        "pmap_sum_of_squares": total,
        "expected_sum_of_squares": expected_total,
        "contract_ok": bool(contract_ok),
    }
    # Read or serialize artifact data on disk (`receipt['receipt_sha256']`).
    receipt["receipt_sha256"] = hashlib.sha256(
        json.dumps(receipt, sort_keys=True, separators=(",", ":")).encode()
    ).hexdigest()[:16]
    # Return `receipt` to the caller.
    return receipt


# Step 2 — Compare single-host TPU slice topologies and emit the receipt: Calculating total chips and HBM per slice makes the hardware...
topologies = [
    {"slice": "v5litepod-1", "hosts": 1, "chips_per_host": 1, "hbm_gib_per_chip": 16},
    {"slice": "v5litepod-4", "hosts": 1, "chips_per_host": 4, "hbm_gib_per_chip": 16},
    {"slice": "v5litepod-8", "hosts": 1, "chips_per_host": 8, "hbm_gib_per_chip": 16},
    {"slice": "v6e-4", "hosts": 1, "chips_per_host": 4, "hbm_gib_per_chip": 32},
]
# Iterate over `spec` to step through the computation:
for spec in topologies:
    # Compute `spec["total_chips"]` from `spec["hosts"] * spec["chips_per_host"]`
    spec["total_chips"] = spec["hosts"] * spec["chips_per_host"]
    # Compute `spec["total_hbm_gib"]` from `spec["total_chips"] * spec["hbm_gib_per_chip"]`
    spec["total_hbm_gib"] = spec["total_chips"] * spec["hbm_gib_per_chip"]

# Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for `receipt`.
receipt = verify_runtime_contract(expected_backend=jax.default_backend(), min_devices=1)
# Assert invariant `receipt["contract_ok"] is True` holds
assert receipt["contract_ok"] is True
# Print the observed values to compare against the expected result.
print("Verified runtime receipt:", json.dumps(receipt, sort_keys=True))
# Print diagnostic summary of the computed outputs.
print("Single-host TPU slice HBM totals (GiB):", {t["slice"]: t["total_hbm_gib"] for t in topologies})
Exercise solution
# Exercise solution: Call verify_runtime_contract for the active backend with...
checked = verify_runtime_contract(expected_backend=jax.default_backend(), min_devices=1)
# Run `next` to compute `v5e4`.
v5e4 = next(t for t in topologies if t["slice"] == "v5litepod-4")
# Print the observed values to compare against the expected result.
print("Checked receipt sha256:", checked["receipt_sha256"], "v5litepod-4 chips:", v5e4["total_chips"], "HBM GiB:", v5e4["total_hbm_gib"])
# Assert that `checked["contract_ok"] is True and v5e4["total_chips"] == 4 and v5e4["total_hbm_gib"] == 64`.
assert checked["contract_ok"] is True and v5e4["total_chips"] == 4 and v5e4["total_hbm_gib"] == 64
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:52:22.243997+00:00
Verified runtime receipt: {"contract_ok": true, "device_count": 1, "device_kinds": ["cpu"], "expected_backend": "cpu", "expected_sum_of_squares": 140.0, "jax": "0.9.2", "local_device_count": 1, "observed_backend": "cpu", "pmap_sum_of_squares": 140.0, "python": "3.14.3", "receipt_sha256": "4ddc0cbb323fe3bd"}
Single-host TPU slice HBM totals (GiB): {'v5litepod-1': 16, 'v5litepod-4': 64, 'v5litepod-8': 128, 'v6e-4': 128}
Verified runtime receipt: {"contract_ok": true, "device_count": 1, "device_kinds": ["cpu"], "expected_backend": "cpu", "expected_sum_of_squares": 140.0, "jax": "0.9.2", "local_device_count": 1, "observed_backend": "cpu", "pmap_sum_of_squares": 140.0, "python": "3.14.3", "receipt_sha256": "4ddc0cbb323fe3bd"}
Single-host TPU slice HBM totals (GiB): {'v5litepod-1': 16, 'v5litepod-4': 64, 'v5litepod-8': 128, 'v6e-4': 128}
Mismatch contract_ok: False observed: cpu devices: 1
Requires --worker=all and jax.distributed.initialize(): {'v5litepod-1': False, 'v5litepod-4': False, 'v5litepod-8': False, 'v5litepod-16': True}
Checked receipt sha256: 4ddc0cbb323fe3bd v5litepod-4 chips: 4 HBM GiB: 64
Slices fitting 48 GiB: ['v5litepod-4', 'v5litepod-8', 'v6e-4']
Expected 4-device pmap sum of squares: 10416.0
PASS: tpu-01

Check whether a model state fits on a single-host TPU slice
# Check whether a model state fits on a single-host TPU slice (Foundations): A single v5litepod-1 chip has 16 GiB HBM, whereas...
fitting_slices = [t["slice"] for t in topologies if t["total_hbm_gib"] >= 48]
# Print the observed values to compare against the expected result.
print("Slices fitting 48 GiB:", fitting_slices)
# Assert invariant `fitting_slices == ["v5litepod-4"` holds
assert fitting_slices == ["v5litepod-4", "v5litepod-8", "v6e-4"]
A single v5litepod-1 chip has 16 GiB HBM, whereas v5litepod-4 (64 GiB), v5litepod-8 (128 GiB), and v6e-4 (128 GiB) fit a 48 GiB sharded state on a single host.
Verify the pmap sum-of-squares formula for 4 TPU devices
# Verify the pmap sum-of-squares formula for 4 TPU devices (Transfer / diagnosis): On a 4-chip TPU VM (v5litepod-4 or v6e-4), x has shape (4,...
# Aggregate array values to compute `four_device_expected`.
four_device_expected = float(np.sum(np.arange(4 * 8, dtype=np.float64) ** 2))
# Print the observed values to compare against the expected result.
print("Expected 4-device pmap sum of squares:", four_device_expected)
# Assert invariant `four_device_expected == 10416.0` holds
assert four_device_expected == 10416.0
On a 4-chip TPU VM (v5litepod-4 or v6e-4), x has shape (4, 8) and the synchronized sum of squares across the 4 chips is 10416.0.
Checkpoint
Answer: Running a Python check on the TPU VM that verifies jax.default_backend() == 'tpu' and a synchronized computation, copying receipts back, running gcloud compute tpus tpu-vm delete, and confirming list is empty. Only an in-process JAX check on the TPU VM confirms TPU device discovery and execution, and only tpu-vm delete verified by tpu-vm list stops Cloud TPU VM billing.
Bootstrap .venv and verify a TPU runtime receipt
Assembled example code
# Step 1 — Define the closed-form sum-of-squares oracle and pmap receipt builder: Each local device computes the sum of squares of its 8-element row...
# Import hashlib for this computation.
import hashlib
import json
import platform
import jax
import jax.numpy as jnp
import numpy as np


# Function `closed_form_sum_of_squares(num_devices, width)` implementing this stage's computation:
def closed_form_sum_of_squares(num_devices, width=8):
    # Evaluate `num_devices) * int(width` and convert the result into Python scalar/collection `n`.
    n = int(num_devices) * int(width)
    # Return `float((n - 1) * n * (2 * n - 1) // 6)` to the caller.
    return float((n - 1) * n * (2 * n - 1) // 6)


# Function `build_runtime_receipt()` implementing this stage's computation:
def build_runtime_receipt():
    # Query the active JAX devices into `devices`.
    devices = jax.local_devices()
    # Run `len` to compute `n_dev`.
    n_dev = len(devices)
    # Construct and reshape `x` into the target tensor dimensions.
    x = jnp.arange(n_dev * 8, dtype=jnp.float32).reshape(n_dev, 8)
    # Reduce across the target axis to summarize `per_device`.
    per_device = jax.pmap(lambda row: jnp.sum(row * row))(x)
    # Synchronize host execution until asynchronous device computation completes.
    observed_total = float(jax.block_until_ready(jnp.sum(per_device)))
    # Run `closed_form_sum_of_squares` to compute `expected_total`.
    expected_total = closed_form_sum_of_squares(n_dev, 8)
    # Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for `payload`.
    payload = {
        "python": platform.python_version(),
        "jax": jax.__version__,
        "backend": jax.default_backend(),
        "local_device_count": n_dev,
        "per_device_sums": [float(v) for v in np.asarray(per_device)],
        "observed_total": observed_total,
        "expected_total": expected_total,
        "verified": bool(np.isclose(observed_total, expected_total)),
    }
    # Read or serialize artifact data on disk (`payload['receipt_sha256']`).
    payload["receipt_sha256"] = hashlib.sha256(
        json.dumps(payload, sort_keys=True, separators=(",", ":")).encode()
    ).hexdigest()[:16]
    # Return `payload` to the caller.
    return payload


# Step 2 — Verify the active runtime receipt and tabulate multi-chip expectations: Knowing the exact expected sum for 1, 4, and 8 devices lets you...
slice_expectations = [
    {"slice": "1-device (CPU / v5e-1)", "devices": 1, "expected_sum": closed_form_sum_of_squares(1)},
    {"slice": "4-device (v5litepod-4 / v6e-4)", "devices": 4, "expected_sum": closed_form_sum_of_squares(4)},
    {"slice": "8-device (v5litepod-8 / v6e-8)", "devices": 8, "expected_sum": closed_form_sum_of_squares(8)},
]
# Run `build_runtime_receipt` to compute `receipt`.
receipt = build_runtime_receipt()
# Assert invariant `receipt["verified"] is True` holds
assert receipt["verified"] is True
# Print the observed values to compare against the expected result.
print("Runtime receipt:", json.dumps(receipt, sort_keys=True))
# Print diagnostic summary of the computed outputs.
print("Expected pmap sums by slice:", {s["slice"]: s["expected_sum"] for s in slice_expectations})
Exercise solution
# Exercise solution: Compute closed_form_sum_of_squares(4) and...
s4 = closed_form_sum_of_squares(4)
# Run `closed_form_sum_of_squares` to compute `s8`.
s8 = closed_form_sum_of_squares(8)
# Print the observed values to compare against the expected result.
print("4-chip expected sum:", s4, "8-chip expected sum:", s8, "receipt hash:", receipt["receipt_sha256"])
# Assert invariant `s4 == 10416.0 and s8 == 85344.0 and receipt["verified"] is True` holds
assert s4 == 10416.0 and s8 == 85344.0 and receipt["verified"] is True
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:52:23.450063+00:00
Runtime receipt: {"backend": "cpu", "expected_total": 140.0, "jax": "0.9.2", "local_device_count": 1, "observed_total": 140.0, "per_device_sums": [140.0], "python": "3.14.3", "receipt_sha256": "8c6bd0cbe29edc78", "verified": true}
Expected pmap sums by slice: {'1-device (CPU / v5e-1)': 140.0, '4-device (v5litepod-4 / v6e-4)': 10416.0, '8-device (v5litepod-8 / v6e-8)': 85344.0}
Runtime receipt: {"backend": "cpu", "expected_total": 140.0, "jax": "0.9.2", "local_device_count": 1, "observed_total": 140.0, "per_device_sums": [140.0], "python": "3.14.3", "receipt_sha256": "8c6bd0cbe29edc78", "verified": true}
Expected pmap sums by slice: {'1-device (CPU / v5e-1)': 140.0, '4-device (v5litepod-4 / v6e-4)': 10416.0, '8-device (v5litepod-8 / v6e-8)': 85344.0}
Per-chip sums on a 4-chip slice: [140.0, 1100.0, 3084.0, 6092.0] Total: 10416.0
Teardown verifier passed for empty and non-empty gcloud list outputs.
4-chip expected sum: 10416.0 8-chip expected sum: 85344.0 receipt hash: 8c6bd0cbe29edc78
Simulated 4-chip TPU check: True Local CPU check: False
Overnight idle cost avoided (USD): 74.4
PASS: tpu-04

Detect a silent fallback from 4 TPU chips to 1 CPU device
# Detect a silent fallback from 4 TPU chips to 1 CPU device (Foundations): Requiring backend == 'tpu', local_device_count == 4, and the...
def is_four_chip_tpu_receipt(r):
    # Return `bool(r['backend'] == 'tpu' and r['local_device_count'] == 4 and np.isclose(r['observed_total'], 10416.0))` to the caller.
    return bool(r["backend"] == "tpu" and r["local_device_count"] == 4 and np.isclose(r["observed_total"], 10416.0))

# Compute `simulated_tpu` from `{"backend": "tpu", "local_device_count": 4, "observe...`
simulated_tpu = {"backend": "tpu", "local_device_count": 4, "observed_total": 10416.0}
# Print the observed values to compare against the expected result.
print("Simulated 4-chip TPU check:", is_four_chip_tpu_receipt(simulated_tpu), "Local CPU check:", is_four_chip_tpu_receipt(receipt))
# Assert invariant `is_four_chip_tpu_receipt(simulated_tpu) is True` holds
assert is_four_chip_tpu_receipt(simulated_tpu) is True
Requiring backend == 'tpu', local_device_count == 4, and the 4-chip pmap total prevents a misconfigured environment from passing as a 4-chip TPU run.
Estimate hourly billing savings from immediate teardown
# Estimate hourly billing savings from immediate teardown (Transfer / diagnosis): Deleting the Cloud TPU VM immediately after copying...
hourly_rate = 4.80
# Run `round` to compute `saved_usd`.
saved_usd = round((16.0 - 0.5) * hourly_rate, 2)
# Print the observed values to compare against the expected result.
print("Overnight idle cost avoided (USD):", saved_usd)
# Assert invariant `saved_usd == 74.4` holds
assert saved_usd == 74.4
Deleting the Cloud TPU VM immediately after copying artifacts back avoids paying for 15.5 idle hours.
Checkpoint
Answer: Because jax.pmap + jax.block_until_ready proves that libtpu compiled and executed a multi-device XLA computation across every local chip and returned the expected numerical result. A synchronized pmap reduction tests compilation, HBM allocation, and execution across all local devices rather than just querying a string.
Stage and launch checkpointed TPU jobs
Assembled example code
# Step 1 — Define deterministic hashing and atomic checkpoint writes: Writing to a temporary sibling file, flushing with fsync, and...
# Import hashlib for this computation.
import hashlib
import json
import os
from pathlib import Path
import tempfile
import time
import jax
import jax.numpy as jnp
import numpy as np


# Function `digest_obj(value)` implementing this stage's computation:
def digest_obj(value):
    # Return `hashlib.sha256(json.dumps(value, sort_keys=True, separators=(',', ':')).encode()).hexdigest()[:16]` to the caller.
    return hashlib.sha256(
        json.dumps(value, sort_keys=True, separators=(",", ":")).encode()
    ).hexdigest()



# Function `atomic_write_json(path, payload)` implementing this stage's computation:
def atomic_write_json(path, payload):
    # Read or serialize artifact data on disk (`path`).
    path = Path(path)
    # Run `path.parent.mkdir` to perform the next check or state transition.
    path.parent.mkdir(parents=True, exist_ok=True)
    # Run `path.with_suffix` to compute `tmp`.
    tmp = path.with_suffix(path.suffix + ".tmp")
    # Enter managed runtime/context scope for this block:
    with tmp.open("w", encoding="utf-8") as f:
        # Run `json.dump` to perform the next check or state transition.
        json.dump(payload, f, sort_keys=True)
        # Run `f.flush` to perform the next check or state transition.
        f.flush()
        # Run `os.fsync` to perform the next check or state transition.
        os.fsync(f.fileno())
    # Run `os.replace` to perform the next check or state transition.
    os.replace(tmp, path)


# Step 2 — Implement the TPU-ready job runner with warmup separation and resume: Warmup compiles the JIT function without mutating w, b, m_w, m_b,...
# Define `run_tpu_ready_job(run_dir, steps, save_every, resume...)` to evaluate the objective and its automatic derivatives:
def run_tpu_ready_job(run_dir, steps=6, save_every=2, resume=False, seed=0, lr=0.05):
    # Read or serialize artifact data on disk (`run_dir`).
    run_dir = Path(run_dir)
    # Run `run_dir.mkdir` to perform the next check or state transition.
    run_dir.mkdir(parents=True, exist_ok=True)
    # Compute `events_path` from `run_dir / "events.jsonl"`
    events_path = run_dir / "events.jsonl"
    # Compute `ckpt_path` from `run_dir / "checkpoint-latest.json"`
    ckpt_path = run_dir / "checkpoint-latest.json"

    # Function `emit(event)` implementing this stage's computation:
    def emit(event, **fields):
        # Check which hardware backend (`cpu`, `gpu`, or `tpu`) JAX selected for `record`.
        record = {"event": event, "backend": jax.default_backend(), "devices": jax.device_count(), **fields}
        # Enter managed runtime/context scope for this block:
        with events_path.open("a", encoding="utf-8") as f:
            # Compute `f.write(json.dumps(record, sort_keys` as `True) + "\n")`.
            f.write(json.dumps(record, sort_keys=True) + "\n")
        # Return `record` to the caller.
        return record

    # Generate a uniform grid of points in `x`.
    x = jnp.linspace(-1.0, 1.0, 64, dtype=jnp.float32).reshape(64, 1)
    # Compute `target_y` from `3.0 * x - 0.5`
    target_y = 3.0 * x - 0.5

    config = {"schema": 1, "seed": int(seed), "lr": float(lr), "data": "linspace64-target-3x-minus-0.5-v1", "batch_size": 16, "optimizer": "momentum-0.8-noise-key-v1"}
    config_hash = digest_obj(config)
    # A requested resume requires an existing, compatible, intact checkpoint.
    if resume:
        if not ckpt_path.exists():
            raise FileNotFoundError(f"resume requested but checkpoint is missing: {ckpt_path}")
        saved = json.loads(ckpt_path.read_text(encoding="utf-8"))
        supplied_hash = saved.pop("state_hash", None)
        if supplied_hash != digest_obj(saved):
            raise ValueError("checkpoint state hash mismatch")
        if saved.get("config_hash") != config_hash or saved.get("config") != config:
            raise ValueError("checkpoint run configuration mismatch")
        step = int(saved["step"])
        w = jnp.array(saved["w"], dtype=jnp.float32)
        b = jnp.array(saved["b"], dtype=jnp.float32)
        m_w = jnp.array(saved["m_w"], dtype=jnp.float32)
        m_b = jnp.array(saved["m_b"], dtype=jnp.float32)
        key = jnp.array(saved["key"], dtype=jnp.uint32)
        state_payload = dict(saved)
        state_payload["state_hash"] = supplied_hash
        emit("restored", step=step, state_hash=supplied_hash)
    else:
        step = 0
        w = jnp.zeros((1, 1), dtype=jnp.float32)
        b = jnp.zeros((1,), dtype=jnp.float32)
        m_w = jnp.zeros_like(w)
        m_b = jnp.zeros_like(b)
        key = jax.random.PRNGKey(seed)
        emit("started", step=step)
        state_payload = {"step": 0, "w": np.asarray(w).tolist(), "b": np.asarray(b).tolist(), "m_w": np.asarray(m_w).tolist(), "m_b": np.asarray(m_b).tolist(), "key": np.asarray(key).tolist(), "config": config, "config_hash": config_hash}
        state_payload["state_hash"] = digest_obj(state_payload)
        atomic_write_json(ckpt_path, state_payload)
    if step > steps:
        raise ValueError(f"checkpoint step {step} exceeds requested final step {steps}")

    @jax.jit
    # Function `train_step(w, b, m_w, m_b, ...)` implementing this stage's computation:
    def train_step(w, b, m_w, m_b, key):
        # Split the PRNG key deterministically into independent subkeys (`(key, subkey)`).
        key, subkey = jax.random.split(key)
        # Draw pseudorandom samples for `idx` using the explicit RNG state.
        idx = jax.random.choice(subkey, 64, shape=(16,), replace=False)
        # Compute `xb, yb` from `x[idx], target_y[idx]`
        xb, yb = x[idx], target_y[idx]

        # Function `loss_fn(w_in, b_in)` implementing this stage's computation:
        def loss_fn(w_in, b_in):
            # Perform matrix contraction / projection to compute `pred`.
            pred = xb @ w_in + b_in
            # Return `jnp.mean((pred - yb) ** 2)` to the caller.
            return jnp.mean((pred - yb) ** 2)

        # Evaluate both scalar loss and parameter gradients in one pass (`(loss, (gw, gb))`).
        loss, (gw, gb) = jax.value_and_grad(loss_fn, argnums=(0, 1))(w, b)
        # Compute `m_w` from `0.8 * m_w + gw`
        m_w = 0.8 * m_w + gw
        # Compute `m_b` from `0.8 * m_b + gb`
        m_b = 0.8 * m_b + gb
        # Compute `w` from `w - lr * m_w`
        w = w - lr * m_w
        # Compute `b` from `b - lr * m_b`
        b = b - lr * m_b
        # Return `(w, b, m_w, m_b, key, loss)` to the caller.
        return w, b, m_w, m_b, key, loss

    if step == steps:
        emit("completed", step=step, state_hash=state_payload["state_hash"])
        return {"final_step": step, "state_hash": state_payload["state_hash"], "w": float(np.asarray(w).squeeze()), "b": float(np.asarray(b).squeeze()), "warmup_ms": 0.0, "step_losses": [], "step_times_ms": []}

    # Record execution timing or profiler trace in `t0`.
    t0 = time.perf_counter()
    # Run `train_step` to compute `warm`.
    warm = train_step(w, b, m_w, m_b, key)
    # Synchronize host execution until asynchronous device computation completes.
    jax.block_until_ready(warm)
    # Record execution timing or profiler trace in `warmup_ms`.
    warmup_ms = (time.perf_counter() - t0) * 1000.0
    # Run `emit` to perform the next check or state transition.
    emit("warmup", warmup_ms=warmup_ms, step=step)

    # Compute `step_losses` from `[]`
    step_losses = []
    # Compute `step_times_ms` from `[]`
    step_times_ms = []
    while step < steps:
        t_step = time.perf_counter()
        w, b, m_w, m_b, key, loss = train_step(w, b, m_w, m_b, key)
        jax.block_until_ready((w, b, m_w, m_b, key, loss))
        elapsed_ms = (time.perf_counter() - t_step) * 1000.0
        step += 1
        state_payload = {
            "step": step,
            "w": np.asarray(w).tolist(),
            "b": np.asarray(b).tolist(),
            "m_w": np.asarray(m_w).tolist(),
            "m_b": np.asarray(m_b).tolist(),
            "key": np.asarray(key).tolist(),
            "config": config,
            "config_hash": config_hash,
        }
        state_payload["state_hash"] = digest_obj(state_payload)
        step_losses.append(float(loss))
        step_times_ms.append(float(elapsed_ms))
        emit("step", step=step, loss=float(loss), step_ms=elapsed_ms, state_hash=state_payload["state_hash"])
        if step % save_every == 0 or step == steps:
            atomic_write_json(ckpt_path, state_payload)
            emit("checkpoint", step=step, state_hash=state_payload["state_hash"])

    # Run `emit` to perform the next check or state transition.
    emit("completed", step=step, state_hash=state_payload["state_hash"])
    # Return `{'final_step': step, 'state_hash': state_payload['state_hash'], 'w': float(np.asarray(w).squeeze()), 'b': float(np.asarray(b).squeeze()), 'warmup_ms': warmup_ms, 'step_losses': step_losses, 'step_times_ms': step_times_ms}` to the caller.
    return {
        "final_step": step,
        "state_hash": state_payload["state_hash"],
        "w": float(np.asarray(w).squeeze()),
        "b": float(np.asarray(b).squeeze()),
        "warmup_ms": warmup_ms,
        "step_losses": step_losses,
        "step_times_ms": step_times_ms,
    }



# Step 3 — Compare a checkpoint-resumed run against an uninterrupted control run: Because parameters, momentum buffers, and PRNG keys are all...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix="tpu-launch-") as tmp:
    # Read or serialize artifact data on disk (`root`).
    root = Path(tmp)
    # Run `run_tpu_ready_job` to compute `part1`.
    part1 = run_tpu_ready_job(root / "resumed", steps=3, save_every=3, resume=False)
    # Run `run_tpu_ready_job` to compute `part2`.
    part2 = run_tpu_ready_job(root / "resumed", steps=6, save_every=3, resume=True)
    # Run `run_tpu_ready_job` to compute `control`.
    control = run_tpu_ready_job(root / "control", steps=6, save_every=3, resume=False)
    # Compute `resumed_losses` from `part1["step_losses"] + part2["step_losses"]`
    resumed_losses = part1["step_losses"] + part2["step_losses"]

# Assert invariant `part2["state_hash"] == control["state_hash"]` holds
assert part2["state_hash"] == control["state_hash"]
# Assert that `np.allclose(resumed_losses, control["step_losses"])`.
assert np.allclose(resumed_losses, control["step_losses"])
# Print the observed values to compare against the expected result.
print("Resumed state_hash matches uninterrupted control:", part2["state_hash"])
# Print diagnostic summary of the computed outputs.
print("Losses across 6 steps:", [round(v, 5) for v in control["step_losses"]])
Exercise solution
# Exercise solution: Run run_tpu_ready_job for 4 steps (save_every=2), resume to 8 steps,...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix="tpu-ex-") as tmp:
    # Read or serialize artifact data on disk (`ex_root`).
    ex_root = Path(tmp)
    # Run `run_tpu_ready_job` to compute `r1`.
    r1 = run_tpu_ready_job(ex_root / "resumed", steps=4, save_every=2, resume=False)
    # Run `run_tpu_ready_job` to compute `r2`.
    r2 = run_tpu_ready_job(ex_root / "resumed", steps=8, save_every=2, resume=True)
    # Run `run_tpu_ready_job` to compute `ctrl8`.
    ctrl8 = run_tpu_ready_job(ex_root / "control", steps=8, save_every=2, resume=False)
# Print the observed values to compare against the expected result.
print("Step 8 resumed vs control hash:", r2["state_hash"], ctrl8["state_hash"])
# Assert that `r2["state_hash"] == ctrl8["state_hash"] and len(r1["step_losses"] + r2["step_losses"]) == 8`.
assert r2["state_hash"] == ctrl8["state_hash"] and len(r1["step_losses"] + r2["step_losses"]) == 8
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:58:53.178365+00:00
Resumed state_hash matches uninterrupted control: ecba6a13e41beb0003af0371f8422efa3b08538c4420efb07a9bc61b0a10cdc1
Losses across 6 steps: [3.6712, 3.78913, 1.91372, 2.09553, 1.81174, 1.16636]
Resumed state_hash matches uninterrupted control: ecba6a13e41beb0003af0371f8422efa3b08538c4420efb07a9bc61b0a10cdc1
Losses across 6 steps: [3.6712, 3.78913, 1.91372, 2.09553, 1.81174, 1.16636]
Warmup ms: 79.34 Median steady step ms: 0.0432
Resume rejection: checkpoint state hash mismatch
Step 8 resumed vs control hash: eba1c0bcfb80184d9f5108c1d6539369e21f95276e5d6806234237f41eccbed9 eba1c0bcfb80184d9f5108c1d6539369e21f95276e5d6806234237f41eccbed9
Recorded event sequence: ['started', 'warmup', 'step', 'step', 'checkpoint', 'completed', 'restored', 'warmup', 'step', 'step', 'checkpoint', 'completed']
Loaded step: 4 Leftover tmp files: []
PASS: tpu-02

Inspect the JSONL event sequence from a resumed run
# Inspect the JSONL event sequence from a resumed run (Foundations): The single append-only events.jsonl log captures both the...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix="tpu-events-") as tmp:
    # Read or serialize artifact data on disk (`ev_dir`).
    ev_dir = Path(tmp) / "job"
    # Run `run_tpu_ready_job` to perform the next check or state transition.
    run_tpu_ready_job(ev_dir, steps=2, save_every=2, resume=False)
    # Run `run_tpu_ready_job` to perform the next check or state transition.
    run_tpu_ready_job(ev_dir, steps=4, save_every=2, resume=True)
    # Read or serialize artifact data on disk (`event_names`).
    event_names = [json.loads(line)["event"] for line in (ev_dir / "events.jsonl").read_text().splitlines()]
# Print the observed values to compare against the expected result.
print("Recorded event sequence:", event_names)
# Assert that `"started" in event_names and "restored" in event_names and event_names[-1] == "completed"`.
assert "started" in event_names and "restored" in event_names and event_names[-1] == "completed"
The single append-only events.jsonl log captures both the initial run (started -> warmup -> step -> checkpoint -> completed) and the resumed run (restored -> warmup -> step -> checkpoint -> completed).
Verify atomic checkpoint file replacement
# Verify atomic checkpoint file replacement (Transfer / diagnosis): os.replace atomically swaps the flushed .tmp file into...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix="tpu-atomic-") as tmp:
    # Read or serialize artifact data on disk (`target`).
    target = Path(tmp) / "checkpoint-latest.json"
    # Run `atomic_write_json` to perform the next check or state transition.
    atomic_write_json(target, {"step": 2})
    # Run `atomic_write_json` to perform the next check or state transition.
    atomic_write_json(target, {"step": 4})
    # Read or serialize artifact data on disk (`leftovers`).
    leftovers = list(Path(tmp).glob("*.tmp"))
    # Read or serialize artifact data on disk (`loaded`).
    loaded = json.loads(target.read_text(encoding="utf-8"))
# Print the observed values to compare against the expected result.
print("Loaded step:", loaded["step"], "Leftover tmp files:", leftovers)
# Assert invariant `loaded["step"] == 4 and leftovers == []` holds
assert loaded["step"] == 4 and leftovers == []
os.replace atomically swaps the flushed .tmp file into checkpoint-latest.json, leaving zero partial files behind.
Checkpoint
Answer: To trigger XLA compilation and synchronize the warmup result without altering the initial or restored training state, keeping compilation latency out of steady-state step measurements. JAX compiles @jax.jit functions on their first call for a given input shape and dtype; warming up on the initial state without overwriting (w, b, m_w, m_b, key) isolates compile time from step time while preserving exact state trajectories.
Run course scripts and multi-host TPU Pod slices
Assembled example code
# Run course scripts and multi-host TPU Pod slices: Every lesson in this course generates a self-contained script in...
# Import json for this computation.
import json
import jax
import numpy as np

# Initialize list `SLICE_CATALOG` for the stage values.
SLICE_CATALOG = [
    {"slice": "v5litepod-4", "hosts": 1, "chips_per_host": 4, "hbm_per_chip_gib": 16},
    {"slice": "v5litepod-8", "hosts": 1, "chips_per_host": 8, "hbm_per_chip_gib": 16},
    {"slice": "v5litepod-16", "hosts": 4, "chips_per_host": 4, "hbm_per_chip_gib": 16},
    {"slice": "v6e-16", "hosts": 4, "chips_per_host": 4, "hbm_per_chip_gib": 32},
]
# Iterate over `entry` to step through the computation:
for entry in SLICE_CATALOG:
    # Compute `entry["global_chips"]` from `entry["hosts"] * entry["chips_per_host"]`
    entry["global_chips"] = entry["hosts"] * entry["chips_per_host"]
    # Compute `entry["total_hbm_gib"]` from `entry["global_chips"] * entry["hbm_per_chip_gib"]`
    entry["total_hbm_gib"] = entry["global_chips"] * entry["hbm_per_chip_gib"]
    # Compute `entry["multi_host"]` from `entry["hosts"] > 1`
    entry["multi_host"] = entry["hosts"] > 1


# Function `build_tpu_experiment_commands(tpu_name, zone, lesson_id, hosts)` implementing this stage's computation:
def build_tpu_experiment_commands(tpu_name, zone, lesson_id, hosts=1, execution_class="review-required"):
    if execution_class == "review-required":
        raise ValueError("classify and review the script before generating a TPU launch command")
    if execution_class == "cpu-only":
        if hosts != 1:
            raise ValueError("CPU-only scripts must use the CPU route")
        return {"run": f"python public/exercises/{lesson_id}.py", "multi_host": False}
    if execution_class == "single-host-compatible" and hosts != 1:
        raise ValueError("single-host scripts cannot run across a TPU Pod")
    if hosts > 1 and execution_class != "multi-host-qualified":
        raise ValueError("multi-host launch requires a qualified training program")
    worker_flag = " --worker=all" if hosts > 1 else ""
    scp_stage = f"gcloud compute tpus tpu-vm scp public/exercises/{lesson_id}.py {tpu_name}:~/jax-tpu-lab/ --zone={zone}{worker_flag}"
    ssh_run = f"gcloud compute tpus tpu-vm ssh {tpu_name} --zone={zone}{worker_flag} --command='set -o pipefail; JAX_PLATFORMS=tpu ~/jax-tpu-lab/.venv/bin/python ~/jax-tpu-lab/{lesson_id}.py | tee ~/jax-tpu-lab/{lesson_id}-tpu.txt'"
    scp_fetch = f"gcloud compute tpus tpu-vm scp {tpu_name}:~/jax-tpu-lab/{lesson_id}-tpu.txt ./ --zone={zone}"
    return {"scp_stage": scp_stage, "ssh_run": ssh_run, "scp_fetch": scp_fetch, "multi_host": hosts > 1}

# Run `build_tpu_experiment_commands` to compute `single_cmds`.
single_cmds = build_tpu_experiment_commands("jax-tpu-course", "us-west1-c", "distributed-02", hosts=1, execution_class="cpu-only")
# Run `build_tpu_experiment_commands` to compute `pod_cmds`.
pod_cmds = None  # This lesson has no multi-host-qualified training program.
# Assert the CPU route does not request TPU execution.
assert single_cmds["run"] == "python public/exercises/distributed-02.py"
# Assert that `"--worker=all" in pod_cmds["scp_stage"] and "--worker=all" in pod_cmds["ssh_run"]`.
try:
    build_tpu_experiment_commands("jax-tpu-pod", "us-west1-c", "distributed-02", hosts=4, execution_class="cpu-only")
except ValueError:
    print("Correctly rejected CPU-only lesson for TPU Pod execution")
else:
    raise AssertionError("CPU-only lesson must not be routed to TPU Pod")
# Print the observed values to compare against the expected result.
print("Slice catalog global chips:", {s["slice"]: s["global_chips"] for s in SLICE_CATALOG})
# Print diagnostic summary of the computed outputs.
print("CPU route:", single_cmds["run"])
Exercise solution
cpu_cmds = build_tpu_experiment_commands("jax-tpu-course", "us-west1-c", "distributed-02", hosts=1, execution_class="cpu-only")
print("CPU route:", cpu_cmds["run"])
assert cpu_cmds["run"] == "python public/exercises/distributed-02.py"
for kwargs in ({}, {"hosts": 4, "execution_class": "cpu-only"}):
    try:
        build_tpu_experiment_commands("jax-tpu-pod", "us-west1-c", "distributed-02", **kwargs)
    except ValueError:
        print("Rejected unsafe route:", kwargs)
    else:
        raise AssertionError("unreviewed or CPU-only work must not be routed to a TPU Pod")
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:58:54.082998+00:00
CPU route: python public/exercises/distributed-02.py
CPU-only route remains excluded from TPU Pod execution
Correctly rejected CPU-only lesson for TPU Pod execution
Slice catalog global chips: {'v5litepod-4': 4, 'v5litepod-8': 8, 'v5litepod-16': 16, 'v6e-16': 16}
CPU route: python public/exercises/distributed-02.py
v5litepod-16 global chips: 16 Idle chips without --worker=all: 12
Total HBM GiB by slice: {'v5litepod-4': 64, 'v5litepod-8': 128, 'v5litepod-16': 256, 'v6e-16': 512}
CPU route: python public/exercises/distributed-02.py
Rejected unsafe route: {}
Rejected unsafe route: {'hosts': 4, 'execution_class': 'cpu-only'}
Multi-host Pod slices: ['v5litepod-16', 'v6e-16']
Per-host batch: 32 Global batch: 128
PASS: tpu-05

Filter multi-host slices from the catalog
# Filter multi-host slices from the catalog (Foundations): Both 16-chip slices span 4 hosts (4 chips per host) and...
pod_slices = [s["slice"] for s in SLICE_CATALOG if s["multi_host"]]
# Print the observed values to compare against the expected result.
print("Multi-host Pod slices:", pod_slices)
# Assert invariant `pod_slices == ["v5litepod-16"` holds
assert pod_slices == ["v5litepod-16", "v6e-16"]
Both 16-chip slices span 4 hosts (4 chips per host) and therefore require multi-host coordination.
Compute per-host vs global batch size on a 4-host Pod slice
# Compute per-host vs global batch size on a 4-host Pod slice (Transfer / diagnosis): Each host feeds its 4 local chips (32 sequences per host),...
microbatch_per_chip = 8
# Compute `per_host_batch` from `microbatch_per_chip * 4`
per_host_batch = microbatch_per_chip * 4
# Compute `global_batch` from `microbatch_per_chip * 16`
global_batch = microbatch_per_chip * 16
# Print the observed values to compare against the expected result.
print("Per-host batch:", per_host_batch, "Global batch:", global_batch)
# Assert invariant `per_host_batch == 32 and global_batch == 128` holds
assert per_host_batch == 32 and global_batch == 128
Each host feeds its 4 local chips (32 sequences per host), yielding a synchronized global batch of 128 sequences across the 16-chip mesh.
Checkpoint
Answer: Only worker 0 starts Python, so jax.distributed.initialize() hangs waiting for the other 3 hosts (or 12 of the 16 TPU chips sit idle). Every host in a multi-host TPU Pod slice runs its own OS and Python process; --worker=all is required so all hosts join the collective mesh.
TPU generations and HBM memory budgeting
Assembled example code
# Step 1 — Define TPU generation specs and compute Roofline ridge points: Dividing peak BF16 FLOP/s by HBM bandwidth (B/s) gives the minimum...
# Import jax for this computation.
import jax
import jax.numpy as jnp
import numpy as np

# Initialize list `TPU_SPECS` for the stage values.
TPU_SPECS = [
    {"gen": "v5e", "hbm_gib": 16.0, "bw_gbs": 819.0, "bf16_tflops": 197.0},
    {"gen": "v5p", "hbm_gib": 95.0, "bw_gbs": 2765.0, "bf16_tflops": 459.0},
    {"gen": "v6e", "hbm_gib": 32.0, "bw_gbs": 1600.0, "bf16_tflops": 918.0},
]
# Iterate over `s` to step through the computation:
for s in TPU_SPECS:
    # Run `round` to compute `s['ridge_flops_per_byte']`.
    s["ridge_flops_per_byte"] = round((s["bf16_tflops"] * 1e12) / (s["bw_gbs"] * 1e9), 1)


# Step 2 — Estimate training-state and KV-cache HBM budgets across precisions: Computing both training state and KV-cache GiB upfront prevents...
def estimate_memory_gib(params_billions, kv_tokens, layers=32, kv_heads=8, head_dim=128):
    # Compute `n_params` from `params_billions * 1e9`
    n_params = params_billions * 1e9
    # Compute `kv_elements` from `2.0 * layers * kv_tokens * kv_heads * head_dim`
    kv_elements = 2.0 * layers * kv_tokens * kv_heads * head_dim
    # Evaluate `1024 ** 3` and convert the result into Python scalar/collection `gib`.
    gib = float(1024 ** 3)
    # Return `{'fp32_train_state_gib': round(n_params * 16.0 / gib, 3), 'mixed_bf16_train_state_gib': round(n_params * 18.0 / gib, 3), 'kv_fp32_gib': round(kv_elements * 4.0 / gib, 3), 'kv_bf16_gib': round(kv_elements * 2.0 / gib, 3), 'kv_int8_gib': round(kv_elements * 1.0 / gib, 3)}` to the caller.
    return {
        "fp32_train_state_gib": round((n_params * 16.0) / gib, 3),
        "mixed_bf16_train_state_gib": round((n_params * 18.0) / gib, 3),
        "kv_fp32_gib": round((kv_elements * 4.0) / gib, 3),
        "kv_bf16_gib": round((kv_elements * 2.0) / gib, 3),
        "kv_int8_gib": round((kv_elements * 1.0) / gib, 3),
    }



# Run `estimate_memory_gib` to compute `budget_7b`.
budget_7b = estimate_memory_gib(params_billions=7.0, kv_tokens=8192)
# Run `estimate_memory_gib` to compute `budget_1p5b`.
budget_1p5b = estimate_memory_gib(params_billions=1.5, kv_tokens=4096)
# Assert that `budget_7b["mixed_bf16_train_state_gib"] > 64.0 and budget_7b["mixed_bf16_train_state_gib"] <`.
assert budget_7b["mixed_bf16_train_state_gib"] > 64.0 and budget_7b["mixed_bf16_train_state_gib"] < 128.0
# Assert invariant `budget_1p5b["mixed_bf16_train_state_gib"] < 64.0` holds
assert budget_1p5b["mixed_bf16_train_state_gib"] < 64.0
# Print the observed values to compare against the expected result.
print("TPU ridge points (FLOP/byte):", {s["gen"]: s["ridge_flops_per_byte"] for s in TPU_SPECS})
# Print diagnostic summary of the computed outputs.
print("7B memory budget (GiB):", budget_7b)
# Print diagnostic summary of the computed outputs.
print("1.5B memory budget (GiB):", budget_1p5b)
Exercise solution
budget_check = estimate_memory_gib(params_billions=1.5, kv_tokens=4096)
usable_hbm_gib = 4 * 16.0 * 0.8
state_and_kv_gib = budget_check["mixed_bf16_train_state_gib"] + budget_check["kv_bf16_gib"]
print("1.5B state plus BF16 KV cache (GiB):", state_and_kv_gib)
assert budget_check["mixed_bf16_train_state_gib"] < 30.0
assert state_and_kv_gib < usable_hbm_gib
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:58:55.101094+00:00
TPU ridge points (FLOP/byte): {'v5e': 240.5, 'v5p': 166.0, 'v6e': 573.8}
7B memory budget (GiB): {'fp32_train_state_gib': 104.308, 'mixed_bf16_train_state_gib': 117.347, 'kv_fp32_gib': 2.0, 'kv_bf16_gib': 1.0, 'kv_int8_gib': 0.5}
1.5B memory budget (GiB): {'fp32_train_state_gib': 22.352, 'mixed_bf16_train_state_gib': 25.146, 'kv_fp32_gib': 1.0, 'kv_bf16_gib': 0.5, 'kv_int8_gib': 0.25}
TPU ridge points (FLOP/byte): {'v5e': 240.5, 'v5p': 166.0, 'v6e': 573.8}
7B memory budget (GiB): {'fp32_train_state_gib': 104.308, 'mixed_bf16_train_state_gib': 117.347, 'kv_fp32_gib': 2.0, 'kv_bf16_gib': 1.0, 'kv_int8_gib': 0.5}
1.5B memory budget (GiB): {'fp32_train_state_gib': 22.352, 'mixed_bf16_train_state_gib': 25.146, 'kv_fp32_gib': 1.0, 'kv_bf16_gib': 0.5, 'kv_int8_gib': 0.25}
KV cache GiB (FP32 / BF16 / INT8): 2.0 1.0 0.5
7B mixed train state GiB: 117.347 Minimum chips at 80% usable HBM: 10
1.5B state plus BF16 KV cache (GiB): 25.646
Arithmetic intensity: 341.3333333333333 FLOPs/byte
v6e-4 80% usable GiB: 102.4 Fits 7B state estimate: False
PASS: tpu-03

Compare arithmetic intensity against the TPU v5e and v6e ridge points
n = 1024
intensity = (2 * n**3) / (3 * 2 * n**2)
print("Arithmetic intensity:", intensity, "FLOPs/byte")
assert intensity == n / 3.0
assert intensity > TPU_SPECS[0]["ridge_flops_per_byte"]
The matrix multiply performs about 341.3 FLOPs per byte. That exceeds the v5e ridge point of 240.5 FLOPs/byte, so this idealized operation is compute-bound by the Roofline comparison. Actual kernels may have different data reuse and overhead.
Size a Trillium v6e-4 slice for a 7B training state
v6e4_usable_gib = 4 * 32.0 * 0.8
fits_v6e4 = budget_7b["mixed_bf16_train_state_gib"] <= v6e4_usable_gib
print("v6e-4 80% usable GiB:", v6e4_usable_gib, "Fits 7B state estimate:", fits_v6e4)
assert fits_v6e4 is False
A 4-chip v6e slice has 128 GiB total HBM and 102.4 GiB at an 80% budget. The 117.347 GiB named-tensor estimate exceeds that budget, before activations and other excluded allocations.
Checkpoint
Answer: The minimum FLOPs performed per byte transferred from HBM required to become MXU compute-bound rather than HBM bandwidth-bound. Below the ridge point, execution speed is limited by HBM memory bandwidth; above the ridge point, execution is limited by MXU matrix compute throughput.
bfloat16, int8 precision, and XProf profiling on TPU
Assembled example code
# Step 1 — Compare BF16 (FP32 vs BF16 accumulation) and per-channel INT8 matmul errors: Measuring both max and mean absolute error across accumulation...
# Import pathlib (Path) for this computation.
from pathlib import Path
import os
import time
import jax
import jax.numpy as jnp
import numpy as np


# Function `evaluate_precision_policies(seed)` implementing this stage's computation:
def evaluate_precision_policies(seed=0):
    # Create or split explicit PRNG key(s) (`(k1, k2)`) for reproducible randomness.
    k1, k2 = jax.random.split(jax.random.PRNGKey(seed))
    # Sample deterministic random values into `x` using an explicit PRNG key.
    x = jax.random.normal(k1, (64, 256), dtype=jnp.float32)
    # Sample deterministic random values into `w` using an explicit PRNG key.
    w = jax.random.normal(k2, (256, 64), dtype=jnp.float32) * 0.25
    # Cast or evaluate `ref_fp32` in explicit floating-point precision.
    ref_fp32 = jnp.dot(x, w, preferred_element_type=jnp.float32)
    # Cast or evaluate `out_bf16_fp32acc` in explicit floating-point precision.
    out_bf16_fp32acc = jnp.dot(
        x.astype(jnp.bfloat16), w.astype(jnp.bfloat16), preferred_element_type=jnp.float32
    )
    # Cast or evaluate `out_bf16_bf16acc` in explicit floating-point precision.
    out_bf16_bf16acc = jnp.dot(
        x.astype(jnp.bfloat16), w.astype(jnp.bfloat16), preferred_element_type=jnp.bfloat16
    ).astype(jnp.float32)
    # Reduce across the target axis to summarize `scale`.
    column_max = jnp.max(jnp.abs(w), axis=0, keepdims=True)
    scale = jnp.where(column_max == 0, 1.0, column_max / 127.0)
    # The scale of 1 for a zero column avoids division by zero; its quantized values remain zero.
    w_int8 = jnp.clip(jnp.round(w / scale), -127, 127).astype(jnp.int8)
    # Cast or evaluate `out_int8_fp32acc` in explicit floating-point precision.
    out_int8_fp32acc = jnp.dot(x, w_int8.astype(jnp.float32) * scale, preferred_element_type=jnp.float32)
    # Initialize list `policies` for the stage values.
    policies = [
        ("bf16 (fp32 accum)", out_bf16_fp32acc),
        ("bf16 (bf16 accum)", out_bf16_bf16acc),
        ("int8 per-col (fp32 accum)", out_int8_fp32acc),
    ]
    # Compute `results` from `[]`
    results = []
    # Loop over `(label, tensor)` in `policies`:
    for label, tensor in policies:
        # Run `jnp.abs` to compute `diff`.
        diff = jnp.abs(tensor - ref_fp32)
        # Append the computed value via `results.append({`.
        results.append({
            "policy": label,
            "max_abs_err": round(float(jnp.max(diff)), 5),
            "mean_abs_err": round(float(jnp.mean(diff)), 5),
            "weight_bytes": int(w_int8.size),
            "scale_bytes": int(scale.size * 4),
        })
    # Return `results` to the caller.
    return results



# Step 2 — Capture a warmed XProf trace and verify *.xplane.pb output: Warming up before entering jax.profiler.trace ensures the captured...
def capture_warmed_trace(steps=4, trace_dir=None):
    # Construct `x` via `jnp.ones((256, 256), dtype=jnp.bfloat16)`
    x = jnp.ones((256, 256), dtype=jnp.bfloat16)
    # Wrap with `jax.jit` (`step_fn`) so XLA traces and compiles the function.
    step_fn = jax.jit(lambda a: jnp.dot(a, a, preferred_element_type=jnp.float32).astype(jnp.bfloat16))
    # Record execution timing or profiler trace in `t0`.
    t0 = time.perf_counter()
    # Synchronize host execution until asynchronous device computation completes.
    jax.block_until_ready(step_fn(x))
    # Record execution timing or profiler trace in `warmup_ms`.
    warmup_ms = (time.perf_counter() - t0) * 1000.0
    # Enter managed runtime/context scope for this block:
    trace_dir = Path(trace_dir or os.environ.get("TPU_TRACE_DIR", "./tpu-xprof-trace")).expanduser().resolve()
    trace_dir.mkdir(parents=True, exist_ok=True)
    with jax.profiler.trace(str(trace_dir)):
        # Record execution timing or profiler trace in `t1`.
        t1 = time.perf_counter()
        # Repeat the update loop over `range(steps)` steps:
        for _ in range(steps):
            # Run `step_fn` to compute `x`.
            x = step_fn(x)
        # Synchronize host execution until asynchronous device computation completes.
        jax.block_until_ready(x)
        # Record execution timing or profiler trace in `steady_ms`.
        steady_ms = (time.perf_counter() - t1) * 1000.0 / steps
    # Collect files from the retained trace directory.
    xplane_files = list(trace_dir.rglob("*.xplane.pb"))
    # Return `{'warmup_ms': warmup_ms, 'steady_ms': steady_ms, 'xplane_count': len(xplane_files)}` to the caller.
    return {"warmup_ms": warmup_ms, "steady_ms": steady_ms, "xplane_count": len(xplane_files), "trace_dir": str(trace_dir)}



# Run `evaluate_precision_policies` to compute `prec_table`.
prec_table = evaluate_precision_policies()
# Run `capture_warmed_trace` to compute `trace_info`.
trace_info = capture_warmed_trace()
# Assert invariant `trace_info["xplane_count"] >= 1` holds
assert trace_info["xplane_count"] >= 1
# Assert invariant `prec_table[0]["max_abs_err"] < prec_table[1]["max_abs_err"]` holds
assert prec_table[0]["max_abs_err"] < prec_table[1]["max_abs_err"]
# Print the observed values to compare against the expected result.
print("Precision comparison:", prec_table)
# Print diagnostic summary of the computed outputs.
print("Retained trace directory:", trace_info["trace_dir"])
print("Captured *.xplane.pb trace count:", trace_info["xplane_count"], "steady_ms:", round(trace_info["steady_ms"], 4))
Exercise solution
# Exercise solution: Run evaluate_precision_policies(seed=42) and...
p42 = evaluate_precision_policies(seed=42)
# Run `capture_warmed_trace` to compute `t3`.
t3 = capture_warmed_trace(steps=3)
# Print the observed values to compare against the expected result.
print("Seed 42 mean errors:", {r["policy"]: r["mean_abs_err"] for r in p42}, "xplane files:", t3["xplane_count"])
# Assert that `p42[0]["mean_abs_err"] < p42[1]["mean_abs_err"] and t3["xplane_count"] >= 1`.
assert p42[0]["mean_abs_err"] < p42[1]["mean_abs_err"] and t3["xplane_count"] >= 1
Recorded reference execution
Saved instructor CPU run · 2026-10-20T10:58:58.362237+00:00
Precision comparison: [{'policy': 'bf16 (fp32 accum)', 'max_abs_err': 0.03718, 'mean_abs_err': 0.00756, 'weight_bytes': 16384, 'scale_bytes': 256}, {'policy': 'bf16 (bf16 accum)', 'max_abs_err': 0.05545, 'mean_abs_err': 0.00912, 'weight_bytes': 16384, 'scale_bytes': 256}, {'policy': 'int8 per-col (fp32 accum)', 'max_abs_err': 0.12516, 'mean_abs_err': 0.02322, 'weight_bytes': 16384, 'scale_bytes': 256}]
Captured *.xplane.pb trace count: 4 steady_ms: 0.0845
Precision comparison: [{'policy': 'bf16 (fp32 accum)', 'max_abs_err': 0.03718, 'mean_abs_err': 0.00756, 'weight_bytes': 16384, 'scale_bytes': 256}, {'policy': 'bf16 (bf16 accum)', 'max_abs_err': 0.05545, 'mean_abs_err': 0.00912, 'weight_bytes': 16384, 'scale_bytes': 256}, {'policy': 'int8 per-col (fp32 accum)', 'max_abs_err': 0.12516, 'mean_abs_err': 0.02322, 'weight_bytes': 16384, 'scale_bytes': 256}]
Retained trace directory: /Users/tahabsn/Documents/ChatGPT/jaxpathways/tpu-xprof-trace
Captured *.xplane.pb trace count: 4 steady_ms: 0.0663
BF16-accum / FP32-accum max error ratio: 1.49
Warmup ms: 16.804 Traced steady step ms: 0.0663
Seed 42 mean errors: {'bf16 (fp32 accum)': 0.0075, 'bf16 (bf16 accum)': 0.00902, 'int8 per-col (fp32 accum)': 0.02182} xplane files: 4
Mean error (per-channel vs per-tensor): 0.01389 0.0979
xplane.pb bytes: 259893
PASS: tpu-06

Compare per-channel vs per-tensor INT8 quantization error
# Compare per-channel vs per-tensor INT8 quantization error (Foundations): One outlier channel stretches a per-tensor scale factor and...
# Create or split explicit PRNG key(s) (`w_skew`) for reproducible randomness.
w_skew = jax.random.normal(jax.random.PRNGKey(9), (128, 32), dtype=jnp.float32) * 0.2
# Compute `w_skew` from `w_skew.at[:, 0].multiply(10.0)`
w_skew = w_skew.at[:, 0].multiply(10.0)
# Create or split explicit PRNG key(s) (`x_in`) for reproducible randomness.
x_in = jax.random.normal(jax.random.PRNGKey(10), (32, 128), dtype=jnp.float32)
# Cast or evaluate `ref` in explicit floating-point precision.
ref = jnp.dot(x_in, w_skew, preferred_element_type=jnp.float32)
# Reduce along axis=0 to compute `s_col`.
s_col = jnp.max(jnp.abs(w_skew), axis=0, keepdims=True) / 127.0
# Aggregate array values to compute `s_glb`.
s_glb = jnp.max(jnp.abs(w_skew)) / 127.0
# Combine or mask array elements to form `q_col`.
q_col = jnp.clip(jnp.round(w_skew / s_col), -127, 127).astype(jnp.int8)
# Combine or mask array elements to form `q_glb`.
q_glb = jnp.clip(jnp.round(w_skew / s_glb), -127, 127).astype(jnp.int8)
# Aggregate array values to compute `err_col`.
err_col = float(jnp.mean(jnp.abs(jnp.dot(x_in, q_col.astype(jnp.float32) * s_col) - ref)))
# Aggregate array values to compute `err_glb`.
err_glb = float(jnp.mean(jnp.abs(jnp.dot(x_in, q_glb.astype(jnp.float32) * s_glb) - ref)))
# Print diagnostic summary of the computed outputs.
print("Mean error (per-channel vs per-tensor):", round(err_col, 5), round(err_glb, 5))
# Assert invariant `err_col < err_glb` holds
assert err_col < err_glb
One outlier channel stretches a per-tensor scale factor and crushes small channels into a few integer buckets; per-channel scaling isolates each column.
Verify non-empty XProf *.xplane.pb byte size
# Verify non-empty XProf *.xplane.pb byte size (Transfer / diagnosis): Verifying a non-empty *.xplane.pb file confirms the profiler...
# Create an isolated temporary directory to run and inspect artifacts safely:
with tempfile.TemporaryDirectory(prefix="tpu-xplane-size-") as d:
    # Construct `a` via `jnp.ones((128, 128), dtype=jnp.bfloat16)`
    a = jnp.ones((128, 128), dtype=jnp.bfloat16)
    # Wrap with `jax.jit` (`fn`) so XLA traces and compiles the function.
    fn = jax.jit(lambda z: z @ z)
    # Synchronize host execution until asynchronous device computation completes.
    jax.block_until_ready(fn(a))
    # Enter managed runtime/context scope for this block:
    with jax.profiler.trace(d):
        # Synchronize host execution until asynchronous device computation completes.
        jax.block_until_ready(fn(a))
    # Read or serialize artifact data on disk (`pb`).
    pb = list(Path(d).rglob("*.xplane.pb"))[0]
    # Run `pb.stat` to compute `size_bytes`.
    size_bytes = pb.stat().st_size
# Print the observed values to compare against the expected result.
print("xplane.pb bytes:", size_bytes)
# Assert invariant `size_bytes > 0` holds
assert size_bytes > 0
Verifying a non-empty *.xplane.pb file confirms the profiler flushed device and host events before closing.
Checkpoint
Answer: So the captured *.xplane.pb trace measures steady-state TPU execution and collective communication rather than one-time Python tracing and XLA HLO compilation. Separating warmup from the traced steps ensures the XProf timeline reflects actual steady-state device execution, host input dispatch, and ICI collectives.
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